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Analysis of multiparticle production using split-bin correlation functions
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We discuss the study of correlations in multiparticle processes, using split-bin correlation func-
tions (SBCF's). We show how SBCF's can be used to study different production mechanisms, such
as production via jetlike or resonancelike sources. We illustrate some possibilities with calculations
of various SBCF's in simple models. One of the main advantages of SBCF's is the possibility of us-

ing transverse-energy correlations as well as multiplicity correlations in order to differentiate the
various mechanisms of particle production. We show that in general the transverse-energy SBCF s
and the multiplicity SBCF s are very similar, but also discuss some models for which these classes of
SBCF s will be different. Finally, we provide useful formulas for the analysis of SBCF data using
simple analytic models, including effects due to curvature of the single-particle distribution.

I. INTRODUCTION

We have proposed' the use of split-bin correlation
functions (SBCF's) in order to facilitate the study of
short-range correlations in multiparticle production pro-
cesses. Scaled-factorial-moment analysis ' shows that
the correlations seen in heavy-ion collisions are much
larger than those seen in leptonic and hadronic collisions,
when corrected for multiplicity effects. ' There is also
evidence from p-p data ' for structure in hadronic corre-
lations on the scale of 0.1 units of rapidity. These large
correlations and small-scale structure are not yet under-
stood. We suggest that the use of SBCF's could lead to
greater understanding of the structure and origin of ha-
dronic correlations than is possible with currently used
correlation functions.

Measurement of the differences between various
SBCF's provides much clearer information about the
sources of correlations than measurements of standard
two-particle correlation functions alone. The very clear
physical meanings of the various SBCF's facilitate the
construction of SBCF's to differentiate between specific
models of hadronic correlations. The Aexibility of
SBCF's makes discussion of the full possibilities of this
approach impossible, so we will show only the most sim-
ple and remarkable advantages of this technique.

We begin by defining the general form for split-bin
correlation functions in Sec. II. We define S2, the sim-
plest SBCF, and compare it to the second scaled factorial
moment I'2. We then discuss various uses for SBCF's. In
Sec. III, we first calculate the effect on S2 of curved
single-particle distributions. We then calculate S2 as a
function of the total multiplicity N, the number of corre-
lated pairs N„and the distribution of rapidity separa-
tions for correlated pairs p, ( ~y2

—y, ~
). Finally, we derive

multiplicity scaling relations that can be used to compare
SBCF data for different event samples.

In Sec. IV, we use simple models to illustrate the po-
tential value of SBCF's for distinguishing effects of
different multiparticle production mechanisms. We show
that Sz is likely to be larger than Sf for "resonancelike"
production mechanisms, while the converse is true for
"jetlike" production mechanisms. We show that mea-
surements of transverse-energy SBCF's can be used to
differentiate models, just as we can use measurements of
multiplicity SBCF's. We also show that it is possible for
transverse-energy and multiplicity SBCF's to give
different results, yielding further constraints on models of
hadronization. We then show a novel approach, using
SBCF's, to the study of azimuthal angle correlations. Fi-
nally, we discuss ways to use SBCF's to selectively study
the roles of the various resonances, jets, Bose-Einstein
correlations, and other effects thought to be significant in
multiparticle production.

II. SPLIT-BIN CORRELATION FUNCTIONS

The general form of the split-bin correlation function
of order i is

where the rapidity window is divided into M equal bins,
each bin is divided into i sub-bins, n . is the number of
particles in the jth sub-bin of the mth bin, and X is the
number of particles in the jth sub-bin of the entire rapidi-
ty window. In this paper, we concentrate on second-
order SBCF's such as
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Sz(M) =M
(n~n~)

where n ' ' is the number of particles in the left (right)
half of the mth bin, and N ' ' is the number of particles
in the left (right) half of the rapidity window.

We could also, in analogy to the inclusive scaled fac-
torial moments, construct the second-order SBCF

Sz(M) =
M & f '

'dy, f '
dyzp"'(yi, yz)

m=1
yp+AY/2 yp+b Yy, '--. y p"'y y

yp

(4)

where y; =yo+idY/2M. It is readily apparent from the
definition (4) that Sz(M) will exhibit a power-law diver-
gence as M~ ~ if intermittency occurs, since the mean
value of p' ' then has a power-law divergence.

We can also construct split-bin correlation functions
using transverse energy 8 =6 sin8, where v is the ener-

gy in a bin and 0 is the angle with respect to the beam
direction, measured from the primary interaction vertex.
This construction gives a transverse-energy analogue for
every multiplicity correlation function. For example, the
transverse-energy analogue of S2 is

(n~n~)
Sz(M) =4M

N

where X is the total number of particles in the rapidity
window. However, S2 exhibits fictitious long-range
correlations, unlike S2. Thus, experimenters who con-
struct S2 must be careful when comparing events with
different multiplicities.

S2 can also be expressed in terms of rapidity densities,
yielding

III. BEHAVIOR OF SBCF's

In this section, we first show how to calculate the
effects of curvature in the single-particle distribution. We
then show how to calculate S2 in terms of the total multi-
plicity N, the number of correlated pairs N„and the dis-
tribution of rapidity separations for correlated pairs
p, ( ~y,

—
yz ~

). Finally, we show that Sz should, under
reasonable assumptions, obey a multiplicity scaling law
that is almost identical to the multiplicity scaling law
proposed for scaled factorial moments.

If the particle distribution dN/dy is flat, and particle
rapidities are uncorrelated, the two-particle density p' ' is
independent of y& and y2. In this case, it is trivial to
show that Sz(M) = 1 for all values of M. If rapidities are
uncorrelated but dN/dy is not constant, Sz(M)%1. In
this case, we recommend that experimenters present the
value of S2 due to the curved rapidity distribution alone,
S2, along with their data. It is possible to use a multipli-
cative correction factor for curvature effects, as is sug-
gested for scaled factorial moments, but it is more
difficult to analyze corrected data because the curvatures
of the rapidity distributions, and thus the correction fac-
tors, may be different for correlated and uncorrelated
pairs.

The component of S2 due to curvature of the single-
particle distribution (for uncorrelated particles), Sz, is

S'M =M m=1

(N')(N')
S2 can also be expressed in terms of the normalized rapi-
dity distributions

(7)

where N is the multiplicity and pz(y) is the single-
particle rapidity density for events with multiplicity N.
We consider here just the simplest case where

p~(y) =p(y), (8)

S,'(M) =M
( ETE T )

(5)
independent of X. In this case, the two-particle density is

p"'(y, ,y, ) = (N(N —1) )p(y )p(y ),
where @T

~~+~ is the transverse energy in the left (right)
half of the mth bin, and EI ~z~ is the transverse energy in
the left (right) half of the rapidity window.

S2 is very close to S2 for many models of multiparticle
production, and all of the analytic formulas that we will
present for S2 in Sec. III hold for S2 as mell if there is
only one transverse-energy scale. This is not true for all
models; however, such general problems are too difficult
to pursue analytically. Instead, we compare S2 and S2
for some of the simple models of Sec. IV, in order to
show qualitative features of the behavior of split-bin
correlation functions. We also compare some of the oth-
er second-order SBCF's with their transverse-energy
analogues. We will not present the definitions of the
remaining analogues, as each is obtained simply by sub-
stituting 6' for n everywhere in the definition of the
SBCF, just as S2 is obtained from S2.

where (N(N 1) ) is the mea—n number of pairs of parti-
cles produced.

We first calculate the denominator of S2..
yp+6 Y/2 yp+b, Y

dy
& dy2p y»y2

yp yp+b, Y/2
yp+6 Y/2 yp+hY

=(N(N 1))f dy—,p(y, )f dy p(y ) .
yp yp+5 Y/2

(10)

If the window is picked so that p(y) is symmetric, which
is the usual case, we have

yp+b, Y/2 yp+6 Yf dy p(y)= f dy p(y)= —,
' . (ll)

Inserting the values of the integrals from Eq. (11) in Eq.
(10), we obtain
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yo+~ Y/2 yo+~ Y

y& y2p' ' y»y2 =
—,
' X 1V —1

(12)

The numerator of S2 is also fairly simple:

M
M g f dyif dy&p

m=

=M g (N(N 1))—
m=1

X f dyp(y, ) f dyp(y, ) .
y2m —2 yam —

&

This leads to a simple expression:

(13)

S2(M)=4M g f dy, p(y, ) f dy~p(y2) .
m= y2m —2 y2m —i

(14)

The most accurate determination of S2 is made by direct
computation from dN/dy data, using Eq. (6). There is no
general closed-form expresson for the sum of integrals in
Eq. (14), but it can be approximated well by an expansion
in powers of 1/M when M is large. Large M corresponds
to small bin sizes, and the limit of zero bin size is the
most interesting case for the study of intermittency, so we
next calculate S2 in the limit M ~~.

We first approximate the integrals over the mth sub-
bins by expanding p(y) to lowest order in 5y =hY/M,
obtaining

(2) (2) + (2)
pu pe (20)

where p„'' comes from the uncorrelated pairs and p,' '

comes from the correlated pairs. The uncorrelated two-
particle density is simply

N(N —1) N, —
(2)—

Pu (21)

and we obtain

M
M Z f '

'dy, f" dy, p'."(y, ,y2)

yo+QY/2 yo+b, Y

d3 ) dP2Pu 3»3 2
yo yo+6 Y/2

N(N 1) N, — —
4

(22)

p, ( ly i
—

y2 l ). We define N, so that a source of n inter-
correlated particles produces nz(nz —1) correlated pairs.
For example, an event that contains a single resonance
that decays into six particles would have X, =30, while
an event that contains two resonances, that decay into
three particles each, would have X,= 12.

We have in total N(N 1)—pairs of particles, so we
must have N(N 1) —N,—uncorrelated pairs. We begin
by splitting the two-particle rapidity density into two
parts:

M
S2(M)=M g 5y [p (y~ i)+O(5y )] .

m=1

After converting the sum to an integral, we obtain
yo+b Y

Sz(5y)=AYf dyp (y)+O(5y ) .
yo

(15)

(16)

If we assume that the distribution of the centers of
momentum of the correlated pairs is Aat, the correlated
two-particle density is

P (y i,y2) =
&Yp, (lyi —y21) .

1 yo+hY
S2(5y)=1+ f dy q +O(5y ) .~Y yo

(17)

We can also express S2 as a function of the fractional de-
viation of p from its mean value (p = 1/6 Y),q =p b, Y—1:

r

We then obtain

M g f dyi f dy2p', "(yi,y2)=N, &Yg(5y)
y2m —2 y2m —i

(24)

It is obvious that S2 can be written in the form

S2(5y) =1+5s2(5y ),
where the correction due to curvature is

yo+6 Y

5s2(0)= f dy q =q (19) where

yo+ 5Y/2 yo+ 6 Y

3

(25)

Equation (19) is very useful for estimating the maximum
correction due to curvature for a given window AY. We
can see directly from this equation that, independent of
the function p, if we pick 5Y so that p is never less than
90% of its peak value, the maximum possible value of 5s 2
is 0.01.

We can calculate S2(M) for a simple system with N,
correlated pairs of particles and a total of N particles
(with a flat rapidity distribution) if we know the distribu-
tion of rapidity separations for the correlated pairs,

g(z) = f dy yp, (y)+ f dy(z —y )p, (y) (26)

Combining Eqs. (22), (24), and (25), we find

IN(N 1) N, ]+4N, D, Y—g(5y—)
S2(5y) =

[N(N 1) N, ]+4N, b, Y—g(b,—Y)
(27)

Equation (27) is most interesting in the limit
N, «N(N —1), which is valid in almost any possible
model for ultrarelativistic collisions. In this case, we fur-
ther simplify Eq. (27):
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4N, 6I
Sz(5y)=1+ g(6y) —g(b, Y)

n, [S2(6y)—1],(dN/dy), n,

n~ [S2(6y ) —1]b(dN/dy )b n~
(33)

N,+0
N(N 1)— (28)

If we furthermore assume that all of the particles from a
given source are intercorrelated, n, /n = n —1 =n, and
we find that

Equation (28) leads to multiplicity scaling for S2 that is
identical to the multiplicity scaling for scaled factorial
moments.

If the various sources of correlated particles do not in-
teract, N, is proportional to the number of sources,
which is most likely proportional to the multiplicity N.
We can then write

N, =n, (29)

n, 1Sz(5y)=1+45, Yf g(5y) —g(b, Y)+0
Nn

where n is the number of particles produced per source,
f is the fraction of produced particles that come from
sources, and n, is the number of correlated pairs pro-
duced per source. Substituting N, from Eq. (29) in

Eq. (28), we obtain

[S2(6y ) —1],(dN/dy ),
[S2(5y ) —1]b(dN/dy )b

(34)

Thus, if we know the source sizes for event sample b, we
can determine the source sizes for related event sample a
by measuring Sz.

We postpone the definition of further SBCF's until the
next section, in which we discuss ways that SBCF data
can be used to test various classes of models. We will not
calculate the corrections due to curvature for any other
SBCF, as this calculation is essentially identical to that
given for Sz. We also will not discuss scaling for any oth-
er SBCF's, as they all obey the scaling law (32) and its
corollaries (33) and (34) if Eq. (29) is valid. Equations (30)
and (31) will be somewhat modified, as the function g will
not be the same for all SBCF's, but the essential charac-
ter of these equations remains the same for any SBCF.

[Sz(5y )
—1](dN/dy ) =4f [g(5y ) —g(b Y)]

n

1+0 (31)

The scaling law (32) can be used to compare values of
Sz for different event samples which are believed to be
produced by similar processes. Because f, n„and n„are
independent of 6y, it follows immediately from the scal-
ing law (31) that the shape of S2 —1 depends only on the
function g. Thus, if correlated pairs are produced with
the same distribution of rapidity separations in two
different event samples, the shape of Sz —1 will be the
same for the two samples, independent of the relative
numbers of correlated pairs in the samples. For example,
if we consider event samples a and b, such that the distri-
bution of rapidity separations for correlated pairs is the
same for the two samples, we will find that

(dN /dy ), [S2(5y )—1 ],
(dN/dy )b [S2(5y ) —1]b

f, (n, In„ ),
(32)

independent of 6y.
If we have two different event samples where the shape

of Sz —1 is approximately the same, we can then assume

that the function g is the same for the two samples. In
this case, we can use the multiplicity scaling law (32) to
compare the relative source sizes (for correlated pairs) in

the two samples. For instance, if we assume that f is the
same for samples a and b, we find

(30)

For the Oat distributions that we are considering,
dN /dy =N/b, Y, and we find

IV. USING SBCF'S TO TEST CLASSES OF MODELS

SBCF's are very convenient tools for checking different
assumptions of hadron production mechanisms. Because
the physical content of SBCF s is very clear, it is possible
to construct specific SBCF's to test various properties.

It is dificult to calculate all of these SBCF's from ana-
lytic models, so we compare the various SBCF's using
Monte Carlo analyses of several simple models. We do
not attempt to describe the experimental data, but only to
illustrate some possibilities of SBCF s. In our models, all
direct particles are produced with random rapidities
given by the distribution

dn =D 1 —exp
dy

y ymax ymax
1 —exp

2

(35)

Here y,„=lns (we take s =400 GeV ), and D is the ap-
propriate normalization factor. The multiplicity is given
by a Poisson distribution, with an average of 14 particles
in the rapidity window ( —2, 2).

All correlations in our models are provided by decays
of direct particles. We assume that some fraction of the
direct particles are unstable and decay into two pions,
and that the remainder of the direct particles are pions.
These unstable particles are assumed to decay isotropical-
ly, resulting in a distribution of rapidity separations for
the decay products that is specified by the maximum ra-
pidity separation Ay „between products, measured in
the rest frame of the direct particle.
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FIG. 1. Comparison of I'2 and S2 vs 5y for the model given
in the text.

The parameter Ay, „ is related to the masses of the un-
stable particles and pions, respectively, m„and m, by

Ay „=2ln
m„ /2+ Q(m„ /2) —m

(36)

The distribution function for transverse momenta of

Unless otherwise stated, we used p=0. 3 GeV, corre-
sponding to (PT ) =0.36 GeV, and assume that 75% of
the direct particles are unstable and have Ay „=0.4.

The first feature of SBCF's that we discuss is their in-
sensitivity (in comparison with scaled factorial moments)
to pairs of particles with very small rapidity differences.
We demonstrate this insensitivity in Fig. 1, where the re-
sults of our model for F2 and Sz are presented. The
linear growth of F2 for large 5y is--due to the decrease in
the average multiplicity, as correlations on all scales lees
than 5y contribute to Fz. Because of this initial linear
growth, the slope of F2 is usually largest for large 5y.

The behavior of S2 is quite different. In general,
S2 —1 —(1/5y —1/b. Y ) for 6y=b, Y, and reaches its
maximum slope when 5y is approximately equal to the
correlation rapidity scale. This behavior of Sz for large
5y is responsible for the insensitivity of S2 to double
counting of tracks, as double counting is equivalent to the
production of spurious correlations with a scale of zero
units of rapidity.
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FIG. 2. Comparisons of SBCF's for the models given in the text. (a) S2 and S( for resonancelike sources. (b) S2 and Sf for jetlike
sources. (c) S2 and Sf for resonancelike sources. (d) S2 and Sf for jetlike sources.
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The main feature of jetlike production mechanisms is
production of clumps of particles with equal and opposite
momenta p » (pr ) (in the rest frame of the jet). In reso-
nancelike production, particles are produced in an isotro-
pic manner, with momenta p —(pz. ). Thus, we can look
for jetlike and resonancelike production mechanisms by
testing whether the correlated pairs have similar trans-
verse momenta (for resonances) or opposite transverse
rnomenta (for jets).

The simplest test is to compare the SBCF's Sz and Sf,
where Sf is constructed by splitting each of the rapidity
bins into two equal sub-bins in azimuthal angle P. This
production gives

(n+n )

.2—

0—
I

-2

~ D

~ D

D

1
I t i i i I i t I i I

0 1

-In(5y)

s/(M)=M
N+N

(3g)

where n+' ' is the number of particles in the mth bin
with cosP & ( & )0, and N+' ' is the number of particles
in the rapidity window with cos P & ( & )0. Sf gives the
strong signal when rapidities are correlated and azimu-
thal angles are anticorrelated. If Sf &Sz, the correla-
tions are most likely produced by jetlike mechanisms.
Conversely, if Sz & Sf the correlations are probably pro-
duced by resonancelike mechanisms where the transverse
momentum of the resonance is greater than or equal to
the momenta of its decay products.

In Fig. 2, we compare Sz with S( and Sz with Sf' for
our model, where Sz and Sf' are the 6 equivalents of
Sz and Sf We use .different values of p to simulate reso-
nancelike and jetlike production mechanisms. For reso-
nancelike production (a) and (c) we use p =0.3 GeV, and
for jetlike production (b) and (d) we use p =0. As we ex-
pect, S~ & S( for (a) and (c), while the converse is true for
(b) and (d). It is also apparent from Fig. 2 that multiplici-
ty and transverse-energy correlation functions can be
used interchangeably for this type of comparison, and
that their values are very similar.

Of course, typical models of production mechanisms
are much more complicated than our simple models, but
we can still obtain strong constraints on models by com-
paring SBCF's. One advantage of comparisons is that the
effects of the shape of the single-particle distribution are
the same for any two second-order SBCF's in the limit
5y ~0, and so comparison tests can be performed
without correcting the data. Thus, comparison tests can
be constructed in order to test very specific features of a
production mechanism, independent of other features
such as the average multiplicity or the shape of the
single-particle distribution.

In most models, all particles have approximately the
same mean transverse energy, whether they are produced
directly or indirectly. As a result, the transverse energy
SBCF's are often nearly equal to the multiplicity SBCF's.
In Fig. 3, we compare Sz and Sz for two simple models.
For the first model, (a), we use our standard parameters,
and we find that Sz and Sz are very close. For the
second model, (b), we assume that only 10%%uo of the direct
particles are unstable, and that these unstable particles
have a mass of approximately 3 GeV. In this case, we
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FIG. 3. Comparisons of Sz and S&. (a) Typical transverse
momenta. (b) Large transverse momenta.

find that the shapes of the two SBCF's are the same, but
that Sz ))S~, as the mean transverse energy of the corre-
lated particles is much greater than the mean transverse
energy of the uncorrelated direct particles. We can thus
use comparisons of multiplicity and transverse-energy
SBCF's to constrain models, but this can be difficult as
the single-particle rapidity distribution is not always
equal to the transverse-energy rapidity distribution, and
thus the SBCF's might need correction before they are
compared.

The comparison of Sz and Sf is the simplest way to
study production mechanisms, but there are many other
possibilities, such as studies of SBCF s in P. We can
study correlations with different P symmetries by using
various SBCF's. For example, we use Sz to look for
correlations in P, and use the new SBCF S~, where we
take the products of particle numbers in opposite rapidity
bins, to look for anticorrelations in P.

We can also selectively study the correlations produced
by resonances with different masses, by constructing
SBCF's using only particles with p~ )pz, „,. In Fig. 4, we
compare Sz and S z as a function of M (the number of P
bins), both with and without a transverse-momentum cut,
using the single rapidity bin ( —1, 1). These SBCF s have
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a normalization that is equivalent to the normalization of
the inclusive scaled factorial moments, as in Eq. (3).

Figure 4(a) shows results from our simple model with
Ay „=1.5, corresponding to the decay of an unstable
particle with mass m„=0.7 GeV into two pions, and no

pT cut, while in Fig. 4(c) we use b,y „=2.0 (m„= l
GeV), again with no cut. We use the parameters from (a)
and (c) in (b) and (d), respectively, but we now accept
only particles with pT )0.3 GeV. Almost all correlations
from the unstable particles with Ay „=1.5 vanish,
while the correlations due to the unstable particles with
Ay, „=2.0 are enhanced.

If we can identify the charges of all particles, we can
construct various useful SBCF's. For example, we could
construct an SBCF that is "blind" to Bose-Einstein corre-
lations by multiplying the number of negatively charged
particles in the left sub-bin by the number of positively
charged particles in the right sub-bin. It is possible to at-
tempt to remove Bose-Einstein correlations from scaled-
factorial-moment data, but much clearer results can be
obtained using SBCF's.

Up to now we have discussed only second-order
SBCF's. However, higher-order SBCF's may provide
some additional constraints on models that have a great

deal of symmetry. For example, we can search for the
presence of disklike sources by using high-order SBCF's,
such as

where every rapidity bin is divided into j azimuthal angle
sub-bins. By observing the dependence of S on M and j,
we can search for disklike sources, and estimate their
spread in rapidity and the number of particles produced
from each source.

V. SUMMARY

We have discussed the use of a new family of correla-
tion functions for the study of multiparticle processes,
the split-bin correlation functions. These correlation
functions are easier to measure than the scaled factorial
moments, because they are less susceptible to systematic
errors such as double counting of tracks and varying
detector eKciencies. Split-bin correlation functions can
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also be measured using continuous variables such as 8,
thus increasing the number of checks on experimental
measurements and creating possible new approaches to
studies of correlations in multiparticle processes.

We have provided some analytic formulas to assist in
the analysis of SBCF data, and have shown that these
correlation functions obey the same multiplicity scaling
law as scaled factorial moments. Finally, we have shown
that SBCF's can be used to selectively study correlations
from specific sources. It is possible to (a) split bins in ra-
pidity, (b) split bins in azimuthal angle, (c) construct
transverse energy SBCF's, (d) compare results with and
without pT cuts, and (e) use the charge of particles to
create tests for various production mechanisms. We

leave it to the readers to investigate further applications
of SBCF's, and to test their behavior against di8'erent
models for high-energy phenomena.
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