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Consistency of Faddeev-Popov ghost statistics with gravitationally induced pair creation
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It has been noted that Bose-Einstein statistics of a scalar field follows from gravitationally in-

duced particle creation. We point out that Fermi-Dirac statistics is allowed when there are two or
more scalar fields obeying the same field equation. We determine the general form of allowed an-

ticommutation relations and find that the anticommutation relations satisfied by Faddeev-Popov
ghosts fit into this form and, therefore, that they are consistent with particle creation caused by a
gravitational background. A similar result is obtained for allowed (bosonic) commutation relations
of spinor fields. These opposite spin-statistics relations require negative-norm states.

It is known that the spin-statistics relation can be de-
rived for spin-0 and spin- —, fields by requiring consistency
of the commutation relations in curved spacetime. ' This
result has recently been extended to higher-spin fields.
(The connection between spin and statistics and the inner
product in curved spacetime has also been noted by
Wald. Sorkin" has suggested that a spin-statistics corre-
lation will exist whenever the underlying theory incorpo-
rates the possibility of pair creation. ) Since the Faddeev-
Popov (FP) ghosts in covariantly quantized gauge
theories are fermions with spin 0, it is natural to ask
whether the anticommutation relations for the FP ghosts
are consistent with their dynamical evolution in curved
spacetime. A brief calculation shows that their anticom-
mutation relations are indeed consistent with their pair
creation due to the gravitational background field. In
this paper, instead of simply showing this fact, we obtain
the most general form of allowed anticommutation rela-
tions for scalar fields which are consistent with particle
creation in curved spacetime.

Let us first review how Bose-Einstein statistics follows
from gravitationally induced particle creation for a scalar
field as shown in Refs. 1 and 2. Assume that the space-
tirne is flat for t & T, and t ) T2, and is nonflat for
T, & t & T2. Let a scalar field P satisfy a Klein-Gordon
field equation

( +gR +m )/=0,
throughout the whole region of the spacetime including
T, &t & T2. Let us expand the field/I) as

2 (ukak+ "k ak )
k

where the uk are positive-frequency solutions in the re-
gion t & T& and

tt/= g ("kak +u ka k)
k

(3)

a
p4

where a and P are matrices themselves defined by the
components a/k and p/k. Let us further define a row vec-
tor f as

where the uk are positive-frequency solutions in the re-
gion t ) T2. The subscript k refers to momentum. (The
summation symbol here represents integration over k. )

If f and g are two solutions of Eq. (l), the Klein-
Gordon inner product

(f,g & =i fdX"(f*d„g —gt)+') (4)

is conserved, where dX" is the surface element of space-
like hypersurface. We normalize the solutions uk and uk
as

( uk, u/ ) —( uk, u/ ~ &k/

The 5k/ is a shorthand notation for 5 (k —/t). We find

that positive- and negative-frequency solutions are or-
thogonal to each other. That is,

(u/, u/ ) —(u/, , u / ) =0

The solutions in the two regions t & T& and T2 & t are
related in general as

uk u/a/k + ul ~lk

k uI Ik + ul~/k

If some of the coefficients /33/k are nonzero, there is parti-
cle creation. This relation is known as a Bogolubov
transformation. Let us define a matrix M as
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f=(u, u*), (10) that

and Eqs. (5) and (6) are written as

(f,f') =(f,f & =X, (12)

where the superscript T indicates transposition and the
matrix X is defined by

&Ik

0 —SIk
(13)

The matrix M depends on the portion of the spacetime
with T, & t & T2. However, the conservation of the sca-
lar product implies

(f,f)=M (f,f)M . (14}

Using Eq. (12), we find that the matrix M satisfies

M~XM =X . (15)

where u and u * are row vectors themselves defined by the
components u„and u„*, and similarly for f. Then the
above relations between two complete sets of solutions
are concisely written as

{b,b "I =(M'M)-' (23)

y(n) y (u a(n)+u «a(n)t)
k

—y (g — + — — t)
k

(24)

We define the column vectors b'"' (b '"') of creation and
annihilation operators, ak"' and ak"' (a k"' and a k"'), in
the same way as we defined b and b. The operators b'"'
and b '"' for each field satisfy Eq. (19) with the same ma-
trix M. Let us impose the following anticommutation re-
lations at early times t & T~.

These anticommutation relations differ from those given
by Eq. (22) unless pk, =0 for all k and 1. Thus, the mixing
between positive- and negative-frequency solutions, or
equivalently, the existence of pair creation, implies that
one cannot impose the anticommutation relations (22).

Now let us show that if there are two or more real sca-
lar fields satisfying the same Klein-Gordon equation, then
anticommutation relations can be consistently imposed.
Let P'"' ( n = 1, . . . , N) satisfy the same Klein-Gordon
field equation (1). Then one can expand P'") as

First let us impose the usual commutation relations for
& T

~
as follows: {b(m) b(n)tI —C (25)

[ak al ]=&kl [ak al] (16)

Let us define a column vector b by

a
b= (17)

a

where a and a are column vectors themselves defined by
the components ak and ak. Let us similarly define b, with
components ak and a k. The above commutation rela-
tions can be written as

[b, bt]=X . (18)

b=M 'b . (19)

Hence we find

Here, a dagger indicates the combined operation of Her-
mitian conjugation of the component operators and
transposition. Equation (11) implies that

{b (ml b (n)
] M

—({b(m) b(n)tI(Mt) —i

=C „(M XM) '=C „X . (26)

Hence the anticommutators at late times take the same
form as those at early times. In fact, Eq. (25) gives all
possible anticommutation relations consistent with pair
creation, under the assumption of Poincare invariance at
early times. (The Poincare invariance requires that

{b' ', b'"'
j
=C „X+C' „I. However, if C' „were

nonzero, then we would get the same contradiction with
pk)%0 as we did before. ) The fact that Eq. (25) describes
anticornmutators imposes the following conditions on the
matrix C „:

where C „ is a matrix to be determined. Relations
analogous to (15) and (19) imply that the anticommuta-
tion relations of Eq. (25) are invariant under the Bogolu-
bov transformation induced by the curvature of the
spacetime. That is,

[b, b ]=M '[b, b ](M } '=(M XM} '=X . (20)
Cmn Cnm Cnm (27)

which can be written as

{bb J
=I, (22)

where I is the unit matrix. Then Eq. (19) would imply

Thus, the commutation relations for t ) T2 take the same
form as those for t & T]. That is, the commutation rela-
tions (18) are consistent with gravitationally induced par-
ticle creation.

Next suppose we imposed anticomrnutation relations

{ak,al I =5k), {ak,alI =0, (21)

These conditions follow by writing out (25) in terms of
the ak"' and ak"' and then using the relations

(m) (n)
I t{ (n)t (m)] {

(m)t (n){t (28)

Equation (27) implies that the matrix C „must be pure
imaginary and antisymmetric. With this condition on
C „, Eq. (25) gives the possible anticommutators which
are consistently propagated from the initial to the final
flat spacetime.

These anticommutators can be put into the canonical
form
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))tl = —(b(2" 1) b(2n)tI =i/ & uk u( & =fik( . (36)

(1~n ~N'), (29) Now we have

where N' ~ N/2 and the other anticommutators are zero.
With N'=1, we have the anticommutation relations
satisfied by the FP ghosts in QED obtained from the La-
grangian

& uk, u( & =5k(

Then, instead of Eq. (15), we have

M M=I .

(37)

(38)

Xsh = i 8—"c„r)„c, (30)

where c and c, are the ghost and the antighost, which are
Hermitian fields. The asymptotic fields of the ghosts in
non-Abelian gauge theories satisfy the same anticommu-
tation relations. We note that the fields which satisfy the
"wrong" statistics operate in a state-vector space which
includes negative-norm states, as follows from Eq. (29).

The conditions on C „can also be obtained by impos-
ing the following local anticommutation relations on the
real fields:

IP™(x,t},$'"'(y, t)I =iC „5'(x y)—,
'(x, t), (()("'(y, t)[ =I/( )(x, t), P(")(y, t)I =0 .

(31)

(32)

q(n) —y (u a(n)+u n (n)t}

k

(33)

where the uk are positive-frequency solutions in the re-
gion t & T]. Here the subscript k represents the spin an-
gular momentum as well as the momentum of the solu-
tion. The conserved inner product is

(34)

for two solutions f and g of the Dirac equation. We have

One again finds that C „has to be pure imaginary and
antisymmetric and that these conditions on C „are
sufficient for consistency.

The situation is similar when we impose bosonic com-
mutation relations on spinor fields satisfying the same
Dirac equation. Since free fields may all be considered
Majorana fields, we study the case where there are two or
more Majorana spinor fields g(") satisfying the same
Dirac equation. These fields can be expanded in the Ma-
jorana representation as

Suppose that we impose commutation relations

[b(m) b(n)'t] ( (39}

Lsh=cngc (41)

where c and c, are Majorana spinor fields. This is the
conventional spinor-ghost Lagrangian in supergravity. '

In summary, we have determined the general form of
possible anticommutation relations allowed for sets of
scalar fields when their consistency with pair creation due
to the background gravitational field is imposed. They
are essentially the ones satisfied by the FP ghosts in gauge
theories. We also did the same analysis for sets of spinor
fields and obtained similar results.

This is invariant under Bogolubov transformations satis-
fying Eq. (38). As in the case of scalar fields discussed be-
fore, Eq. (39) gives the tnost general commutators con-
sistent with gravitationally induced particle creation, un-
der the assumption of Poincare invariance at early times.
The fact that these are commutation relations implies,
again, that C „has to be pure imaginary and antisym-
metric. (This also results from imposing local commuta-
tion relations on the spinor fields. ) One can redefine the
fields so that they satisfy

[b(2n) b(2n —1)t]— [b(2n —1) b(2n)t]

(1~n ~N'), (40)

where N'&N/2 and the other commutators are zero.
(The fields satisfying these commutation relations act in a
space involving negative-norm states for the same reason
as in the case of scalar fields. } These are the commuta-
tion relations satisfied by spinor ghosts with the Lagrang-
ian

&u„,u,'&=0.
Let us normalize the solutions uk as

(35) This material was based upon work supported by the
National Science Foundation under Grant No.
PHY8603173 (L.P.) and Grant No. PHY8716803 (A.H.).
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We emphasize here that the FP ghosts are essential even in {co-
variantly quantized) quantum electrodynamics (@ED) for
cancellation of unphysical particles. This is because the usual

Gupta-Bleuler condition V"A(„+) ~phys) =0, where A'„+' is
the positive-frequency part, cannot be used in curved space-
time due to the absence of a unique definition of the positive-
frequency part. Thus, one must use the condition
Qs ~phys) =0, where Qs is the Becchi-Rouet-Stora-Tyutin
charge. This necessitates introduction of the FP ghosts even
in (covariantly quantized) QED.

Our notation here is the same as in N. D. Birrell and P. C. W.
Davies, Quantum Fields in Curued Space (Cambridge Univer-
sity, Cambridge, England, 1982), except that the matrices akl
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and Pkl here are the transposed matrices of those in that text-
book.

We could consistently impose the usual bosonic commutation
relations, but our point is to show that certain anticommuta-
tion relations are also consistent.

sOne can go from Eq. (25) to Eq. (29) by means of the orthogo-
nal transformation 0 „,which block diagonalizes the matrix
C „. The orthogonal matrix 0 is given by

e, +e& e&
—

e&

&2 ' &2i

eN +&N' eN'
&~1& ' ' ' & ~N —2N'

&2 ~2i

where e; is an eigenvector satisfying Ce;=A, , e; and the F,
satisfy CF, =0. Here the A,; are real and positive and C is the

matrix with elements C „. Then the transformation 0 CO

gives a block-diagonal pure imaginary matrix as follows:

0 CO=i diag
0 A. , 0

0 ' —A,2 0

0 A,N

0 '0''' '0—A.N'

A further rescaling of the 6eld then puts the anticommutation
relations into the form of Eq. (29).
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