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Branching ratios for the decays K+~~ m+m. y, K+~n. +m. m. y, and KL ~m+~ m y are calcu-
lated in the large-N limit using an effective low-energy Lagrangian which gives a good description of
the nonradiative K~mmm decays. In addition to the bremsstrahlung contributions to the ampli-

tude, the direct-emission terms are systematically included and found to be significant. The results
are in reasonable agreement with the existing data.

INTRODUCTION EFFECTIVE LAGRANGIAN

Effective chiral Lagrangians can provide a useful low-

energy description of hadronic interactions, particularly
the pseudoscalar mesons. ' They are also of considerable
interest as the large-N limit of quantum chromodynam-
ics. Calculations based on this approach have been rath-
er successful in describing the nonleptonic kaon decays
K —+2~ (Refs. 3 —5) and K~3m. . Including the Wess-
Zumino ' terms in the effective chiral Lagrangian, the
amplitude for the radiative weak decay E~mvry has also
been calculated. " ' Here we extend this work to the
processes E~mm~y. Our results agree reasonably well
with the existing data on the decay modes
E+~tr ~+a y (Ref. 14) and K+~7r+sr tt- y. ' We
also present results for the decay mode EL ~sr+~ ~ y,
which has not yet been observed.

The bremsstrahlung contributions to E+ ~~+m+m. y
were considered some time ago by Dalitz. ' Our calcula-
tions show the amplitude for direct emission of the y is a
significant contribution, particularly since it interferes
with the amplitude for bremsstrahlung. The effective-
Lagrangian approach now enables one to systematically
include these direct-emission contributions.

In the next section we briefly review the effective low-
energy Lagrangian and then proceed to use it to calculate
the partial widths for the K ~vr~~y decays. Analytic ex-
pressions for the distributions in the energy of the odd
pion and energy of the photon were calculated in the
center of mass of the three pions. The integrations over
the two remaining energies were finally done numerically
to obtain the partial decay widths.
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Here U =exp(i II/f), where II =+A,,n' is the usual 3 X 3
matrix of pseudoscalar meson fields and
M =diag(m„, md, m, ) is the mass matrix. The coupling
of constant f is related to the pion decay constant
F =93 MeV by

F =f (1+m /Ao), (2)

to lowest order in the pion mass. Taking into account
flavor-SUI3) breaking, the kaon decay constant
Fz =1.22F is given by

FK=F [1+(m xm )/Ao] . (3)

From Eqs. (2) and (3), one finds f =91.3 MeV and

In the large-N limit, the effective low-energy Lagrang-
ian describing the strong interactions of pseudoscalar
mesons contains only the terms with single traces over
color indices:
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Ao=1.02 GeV. ' The parameter r is determined from
the ~ and K masses and the values of the current quark
masses:

r =2m l(m„+mz)=2m+1(m„+m, ) . (4)

In our numerical calculations only the combination rM

was needed and its value was determined by the meson
masses m and m~. We have also used the values

A, =0.93 GeV and A&=1.26 GeV, obtained from the
best fit to the K~3m. data.

The effective weak interaction is determined in the
large-N limit through the procedure of "bosonization" of
the weak current. The bosonized weak quark current is

J,~)
=e; y "(1 ys—)re

=if 8"U U — (M d"U d"U—M) — (UB'U O)'UB"U d" U—d"U O'U U )+ (UB"U 8"UB'U )
2A

(5)

Neglecting CP-nonconserving contributions, the effective
weak interaction is then the sum of AI =

—,
' and —', parts,

which can be written in terms of the quark operators Q,
and Qz.

& ..k= —go[(Q~ —Qi)+(~~&2)(Q~+2Q&)] .

The operators Q, and Q, are given in terms of quark
operators by

(6)]. That is, the derivatives B„U are replaced by covari-
ant derivatives

D„U =B„U+ieA„[Q, U],
where Q =diag(='„——,', —

—,') is the usual 3X3 charge ma-

trix. The lowest-order terms in the interaction which
contribute to the processes K ~mrmy are

and

Qi = y„( y»—»y„(1—y~)d

Q~=sy„(1 —ys)d uy„(1 y, )u—,

X,',„,„s=ie A„Tr(B„U[Q,U ]+[Q, U]B„U ),
4

and

X'„„„=iegf A „(B„U[Q, U ]+[Q, U]B„U")&,

(10)

where it is understood that the corresponding bosonized
weak currents are given by Eq. (5). The values of go and
co in Eq. (6) have previously been determined empirically
and are in quite good agreement with the theoretical
values found in explicit calculations of the next-to-
leading order in X. We shall use the values
go=8. 8X10 GeV and co= —,', in our numerical calcu-
lations.

Finally, the electromagnetic interactions are intro-
duced by gauging the effective strong-interaction La-
grangian [Eq. (1)] and the effective weak interaction [Eq.

The b,I =
—,
' contribution is suppressed by a factor co= —,',

and therefore is negligible.

DECAY AMPLITUDES

The bremsstrahlung contributions Az to the decay am-
plitude 3 are given by the diagrams in Fig. 1. Explicitly,
for the decay K+ ~m+m+~ y, one finds

+. . ~

+. . ~

FIG. 1. Bremsstrahlung diagrams for the processes
&(k)~~(p& )+~(pq)+m(p3)+y(q). The weak interaction is
indicated by a square box. The ellipses indicate the photon can
be emitted from any of the charged mesons.

FIG. 2. Direct-emission diagrams for the processes
&(k) ~(pl )+~(p&)+m(p&)+y(q). The weak interaction is
indicated by a square box.
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In Eq. (12) we have used the value of the K+ ~m+7r+m.
amplitude in the center of the Dalitz plot and have re-
tained only the leading terms in the photon momentum q.

The direct-emission amplitude A DE, which can now be
treated systematically in the low-energy effective-
Lagrangian framework, is given by the contributions of
the diagrams in Fig. 2. The direct-emission amplitude
for the process K+ ~m+m+~ y is

6 p2

q p2

1 1+—', (ma —3m ) 2 z
1 2

E
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0 + — 0 ] 2
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ADE(K+ n+m ~. y)= ", egptte—(p, +'p&) —
—,'e p3]

(13)

where higher-order terms in the photon momentum q and
terms of order m „and m& have been neglected. We have
also neglected the direct-emission terms corresponding to
diagrams in which there are internal g or g' meson poles
since these violate strong isospin and are suppressed by
the factor (md —m„).

For the process K+~m. +m. m y, the bremsstrahlung
amplitude shown in Fig. 1 is

6'p 3Aa(K+ ~~+mar y ) = ,
'.egom—~

q 'p3
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(14)

For this process the leading contributions to the
direct-emission amplitude shown in Fig. 2 actually can-
cel, and the next-to-leading contributions are entirely
negligible compared to the bremsstrahlung amplitude of
Eq. (14).

For the process KL~~+~ m. y, the bremsstrahlung
amplitude shown in Fig. 1 is

(15)

The direct-emission amplitude from Fig. 2 correspond-
ing to the process KL ~~+~ ~ y is

ADE L ~ ~ ~y go pl p2) '

NUMERICAL RESULTS

A = A~+ ADE, (17)

in contrast with the processes K~m.~y, where these two
contributions lead to different final states and do not in-
terfere. " ' The partial decay width is then obtained by
integrating over phase space. This was carried out
analytically to obtain the distributions in the energies of
the odd pion and photon in the center of mass of the
three pions. The resulting formulas are rather lengthy.
The integrals over the odd-pion energy and photon ener-

gy were then carried out numerically for various values of
the minimum-photon-energy cut. The branching ratios
relative to the nonradiative K~mmm. partial width, cal-
culated using the same effective Lagrangian, are given in
Table I. The measured values'

I (K+-m'vr ny)/I'(K+. --rr'm+n )-
=(1.79+0.72) X 10

corresponding to a photon-energy cut E;„=11MeV,
and"

The bremsstrahlung and direct-emission amplitudes
must be added coherently to obtain the total amplitude

TABLE I. Branching factions for the E~m.mm. y decays assuming various values of the minimum-

photon-energy cut E,„.

Z,„(MeV)

5

10
11
15
20
25
30

r(K+-~+~ ~ y)
r(sc -~ ~ ~-)

2.43x10 -'

1.17x10 -'

1.03x10 -'

6.19x10 '
3.36 X 10
1.74x10 '
5.71 x 10- -'

r(z --~"~'~'y)
r(sc' -~ "~'~')

2.47 X 10
1.30x 10

7.61 x 10--'

4.57 x 10--'

2.75 x 10
1.63 X 10

r(z,'-~+~-~'y)
I (KL ")

8.53 x 10
4.76 x 10-'

2.90x 10
1.80x 10
1 ~ 13x10-'
6.85 x 10-'
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=(4.28+
I 67) X 10

corresponding to a photon-energy cut E;„=10 MeV, are
in reasonably good agreement with the calculated values.

SUMMARY

precise data presently available. Since the direct-
emission amplitude interferes coherently with the dom-
inant bremsstrahlung amplitude, unlike the I( ~m~y
case, the direct-emission contributions are significant,
typically amounting to about 10%. Unfortunately, the
present data are not sufFiciently precise to exhibit these
effects.

The I(:~me.my widths were calculated by introducing
gauge-invariant electromagnetic interactions into an
effective Lagrangian which describes E~mvrm decays
quite well. The direct-emission contributions were sys-
tematically included coherently with the bremsstrahlung
contributions. The numerical results, which are summa-
rized in Table I, agree reasonably well with the rather im-
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