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We perform a next-to-leading-order QCD analysis of the recent data for deep-inelastic lepton-
nucleon scattering and related processes, in which we pay particular attention to the forms of the
parton distributions at very small x. We discuss in detail, and we incorporate in the analysis, the
theoretical QCD results leading to the singular x '~'-type behavior of the gluon and sea-quark dis-

tributions, as well as the modifications due to shadowing efFects. We find the QCD shadowing
corrections are significant for x 10 even though the parton distributions are below their satura-
tion limit. We give predictions for the structure functions F2 and FL accessible at the DESY ep col-
lider HERA, and for 8'and Z production up to the energies of the CERN Large Hadron Collider
and the Superconducting Super Collider. We discuss the possibility of experiments at these collid-
ers probing the parton distributions in the very-small-x region.

I. INTRODUCTION

The small-x limit of parton distributions is of consider-
able importance both theoretically and phenomenologi-
cally. We shall be primarily concerned with deep-
inelastic lepton-proton scattering for which

2Mv

where M is the proton mass, Q
—= —q, v—:p q/M, with

q being the four-momentum transfer between the incom-
ing and outgoing lepton and p being the proton four-
momentum. We are particularly interested in the small-x
region, 2Mv))Q, in which Q is also kept large (i.e., at
least a couple of GeV or so), so that the QCD-improved
parton model is applicable. This region of very small x
and large Q will soon be probed by experiments at the
DESY ep collider HERA.

One of the most important predictions of perturbative
QCD in this very-small-x limit is the strong increase of
the gluon and sea-quark distributions. This has implica-
tions far beyond deep-inelastic lepton-nucleon scattering
and is, in fact, relevant to all high-energy hadron col-
lisions. Indeed the dramatic increase of the parton distri-
butions at small x can in many cases compensate the in-
herent "smallness" of the cross sections of the "hard"
QCD subprocesses which contribute to a particular
hadron-hadron collision. As a consequence, at
sufficiently high energy these processes, which corre-
spond to the collisions of partons carrying a very small
fraction of the momentum of their parent hadron, can
compete successfully with the "soft" processes which
have traditionally been regarded as being responsible for
the bulk of the hadronic cross section. Unlike the "soft"
processes, these so-called "semihard" processes can be
computed in perturbative QCD. As the energy increases

the semihard processes are expected to give an increasing
and an appreciable part of the total hadronic cross sec-
tion.

The measurements of the structure functions of deep-
inelastic lepton-nucleon scattering that have so far been
performed do not reach into the small-x regime for
Q )4 GeV . On the other hand, many detailed
theoretical QCD studies have been made to predict the
general form of the parton distributions at small x. '
Clearly these theoretical expectations must be incorporat-
ed in any phenomenological analysis of structure-
function data which hopes to give realistic extrapolations
of the parton distributions into the experimentally unex-
plored and important small-x regime.

The traditional double leading-logarithm [1n(Q ) and
ln(l/x )] approximation is not appropriate for the form
of the gluon and sea-quark distributions at very small x.
An alternative summation of QCD diagrams is necessary
giving a small-x behavior of these distributions which
may be approximated by

xf;(x, Q')-h, (Q )x

with A, -0.5. In Sec. II we attempt to expose, in the sim-
plest possible way, the physical ideas that underlie this
theoretical prediction.

The very strong growth in the number of partons with
decreasing x leads in turn to another problem which must
be addressed. As we have mentioned above, as x de-
creases an increasing number of partons could initiate the
sernihard process and, though the cross section for any
individual subprocess is relatively small, the total interac-
tion area eventually becomes comparable to the area of
the proton: the partons then spatially overlap and can no
longer be regarded as free. Their interaction leads to sha-
dowing eft'ects which can eventually result in parton satu-
ration. The indefinite increase of parton distributions

42 3645 1990 The American Physical Society



3646 KWIECINSKI, MARTIN, STIRLING, AND ROBERTS

with decreasing x is thereby slowed down; yet they exhib-
it linear scaling violation. These shadowing effects are, in

principle, reasonably well understood theoretically, and
clearly must be incorporated if the results of a phenome-
nological analysis are extrapolated to very small x.
Again we attempt, in Sec. III, a simple review of the un-
derlying theoretical ideas in preparation for the phenom-
enological study which we present in Sec. IV.

The experimental data at present available for Q R4
GeV lie in an x range (x ~0.01) for which the singular
x ' behavior and the shadowing corrections are not
important. In other words, in a purely phenomenologieal
analysis the shapes of the parton distributions are still to
a large extent determined by terms which are nonleading
in the small-x limit. As we have emphasized above, if we
wish to extrapolate the results of such a strueture-
function analysis into the very-small-x region we must
choose parametric forms of the "starting" parton distri-
butions at Q =Qo ( =4 GeV ) which can accommodate
the theoretical expectations at small x. The parametric
forms that we fit to the available data are given in Sec.
IV, and incorporate the theoretical expectations at small
x that we discuss in Sec. II. It is in this latter respect that
the phenomenological analysis, presented here, differs
from our previous work, hereafter referred to as HMRS.
In Sec. IV we present the new "global" fit to the deep-
inelastic and related data, and show some of the proper-
ties of the resulting parton distributions.

When the parton distributions are extrapolated to
make predictions in the small-x region, below that of the
existing data, we include the shadowing corrections de-
scribed in Sec. III. The quantitative estimate of the sha-
dowing contributions is subject to several ambiguities, the
most important one being the value of the radius parame-
ter R describing the transverse size of the region of the
nucleon where the interacting partons are concentrated.
We show predictions for two different values of R which
should more than span the physically acceptable range of
possible values.

In See. V we show that the size of the sea-quark distri-
bution at small x can be determined from the magnitude
of the gluon distribution. Furthermore, the results of the
phenomenological analysis, which we present in Sec. IV,
turn out to be in remarkable agreement with these
theoretical estimates.

One of the main objectives of extracting parton distri-
butions from a "global" fit of deep-inelastic and related
data is to provide a range of predictions at small x which
incorporate both the singular small-x behavior and the
shadowing corrections. We find that the shadowing
effects become increasingly significant as x is extrapolated
below about 10 . In Sec. VI we give predictions for the
deep-inelastic electron-proton scattering structure func-
tions F2 and FL in the small-x kinematic region which
will be explored at HERA. Measurements of these struc-
ture functions at HERA will probe the small-x behavior
of the sea-quark and gluon distributions, respectively.
We also present predictions for 8' and Z production at
the planned pp colliders which should probe the sea-
quark distributions at ultrasmall x. We present our con-
clusions in Sec. VII.

II. THEORETICAL EXPECTATIONS FOR THE
PARTON DISTRIBUTIONS AT SMALL x

It is conventional to determine the form of the parton
distributions f; (x, Q ) as functions of x and Q using the
Altarelli-Parisi equations, which take account of the lead-
ing (and usually the next-to-leading) powers of ln(Q ).
Starting distributions are assumed at some scale Qo of the
order of a few GeV and the Altarelli-Parisi evolution
equations are then employed to determine the distribu-
tions at higher values of Q . For example, for the gluon
it is traditional to assume

f;(x,g )~v ~x (2)

The choice 5=0 in (1) for the gluon (and for the sea
quarks) was originally motivated by the belief that the
Pomeron describing diffractive scattering had intercept
az =1. However, this traditional form, with

xg(x, go)~const as x~0,
is not stable. When evolved to higher Q it rapidly devel-
ops a steeper shape. In fact at high Q we find xg(x, Q )

increases, as x ~0, faster than any power of ln(1/x ), but
slower than any power of x. Indeed starting from a non-
singular xg(x, QO) it is possible to solve the Altarelli-
Parisi equations analytically at very small x and large Q
to give

xg(x, g )-exp[2[((Q )ln(1/x )]'~~I

with

(4)

where C~ =N, =3, the number of colors, and where we
have neglected in (4) slowly varying functions of the argu-
ment of the exponential. Another manifestation of the
lack of stability of the Q dependence resulting from (1) is
that "downwards" evolution into the region Q (Qo
would result in a distribution which became negative.
This is to be contrasted with the stability in Q of the
small-x behavior of the valence-quark distributions

q, (x, Q ) o-x

where the intercepts az ——„' for the leading Regge trajec-
tories responsible for nondiffractive scattering [see (27)
below].

Equation (4) is known as the double leading-logarithm
approximation (DLLA) as it sums the leading powers of
ln(Q ) and ln(1/x ). That is, for each additional factor of
a, we keep only the ln(Q )ln(1/x) term accompanying
that a, . It is useful to give a simple diagrammatic ex-
planation of the OLLA. In axial gauges, it can be
shown' that these leading double logarithms at large Q

xg(x, go)-x (1—x)~

with 5 set to zero, with a similar form for the sea quarks.
The small-x behavior of the parton distributions is con-
trolled by the intercept a of the appropriate Regge-
exchange trajectories
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and small x are generated by the diagrams of Fig. 1(a) in
which the gluons have strongly ordered transverse mo-
menta

Q »kr»k„T» . »k2T»k, r»Qo .

Of course the longitudinal momenta are also ordered,

(7)

x &x„« . x2 &x&

and, as we explain below, in the DLLA they too become
strongly ordered. Thus as we proceed along the chain
from the proton momentum p towards that of the probe
q, the proton is split into smaller and smaller pieces. In
each cell the integration over the transverse momentum
is logarithmic (dk;Tlk;r) and the strong ordering gen-
erates a ln"(Q )/n! behavior, where the n! arises from the
nested form of the integrals. The integrations over the
longitudinal momenta are dominated by the region in
which the x, are also strongly ordered, for which
z;=x,./x;, are small and the gluon splitting functions

Pgg(z, ) -1/z;. The nested dz, /z; logarithmic integrations
thus generate a ln"(1/x)/n! behavior. Thus we say that
the DLLA is generated by the sum of gluon ladder dia-
grams with strongly ordered transverse and longitudinal
momenta, Fig. 1(b). The contributions in the other re-
gions of phase space [that is, other than given by (7)] to-
gether with the contributions from nonladder diagrams
are found to be nonleading. To see how the DLLA of (4)
follows from the sum of ladder diagrams we simply use
the relation

the coupling a, then a, ln( Q ) becomes g( Q )

o-in[in(Q )] of(5).
We now return to the lack of stability in Q of (3). It

hints that the gluon needs modification at very small x.
Evolution using the Altarelli-Parisi equations in DLLA
of a form satisfying (3) does not take into account all the
leading terms in the small-x limit. It neglects, by
definition, those terms in the perturbative expansion
which contain the leading power of ln(1/x) but which
are not accompanied by the leading power of ln(Q ). Let
us define the sum of the leading powers of ln(1/x ) [and
arbitrary powers of ln(Q )] as the LL(l/x) approxima-
tion. Thus at very small x we must, following Lipatov et
al.," sum different contributions to those of the conven-
tional approach. We must sum LL(1/x ) terms but retain
the exact Q dependence, and not just LL(Q ) terms. (Of
course the gluon obtained will approach the conventional
gluon at sufficiently large Q . ) Clearly we must relax the
strong ordering (7) of the kT's, which generated the
ln"(Q )/n! behavior, and integrate over the full kT phase
space.

The simplest way to see the form of the small-x behav-
ior resulting from the LL(1/x) summation is to relate
the contribution, T„(x,kT ), of the ladder diagram with n

rungs to that with n —1 rungs. Here x and kT are the
longitudinal and transverse momenta of the probed
gluon. In the LL(1/x ) approximation the recursion rela-
tion has the general form

I

T„(x,kT)=f, f dkr'K(kT, kT)T„,(x', kT ),
x x

=Io(y )— (9) (10)

for large y, where —,'y =a, ln(Q )ln(l/x) and Io is a
modified Bessel function. If we include the running of

where the kernel K, which contains a factor of a„de-
scribes the emission of real gluons as well as allowing for
the possibility of including virtual corrections. Depend-
ing on the form of the kernel, this relation holds whether
or not the transverse momenta are ordered. For example
in the DLLA the kernel is particularly simple:

xp kT

x„p kT

x~ p
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FIG. 1. Diagrammatic representation for probing the gluon
content of the proton at high Q', where Q = —

q . In the
DLLA the transverse (k, T) and longitudinal (x,p) components
of the gluon momenta are strongly ordered along the chain. On
squaring the amplitude of (a) we generate the ladder diagram of
(b) which, when summed, gives the probability of finding a
gluon (k„T,x„)via a quark (kT, x).

K(kT kT)=,28(kT kT )T~ T
kgb

T T

where the 0 function rejects the ordering in transverse
momenta along the chain. For this kernel the recursion
relation (10) has the form

n

3Q }—ln
n x

(12)

—p(kT)5(kT —kT ) (13)

and hence we reproduce the small-x limit (4) of the
Altarelli-Parisi equation [cf. Eq. (9)].

We are, however, now interested in the case when the
transverse momenta are no longer ordered. The kernel is
then"

30's

kT IkT —kT
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where xg(x, Q )-h(Q )x ™" (24)

dk T'

lk2 —k'I(kT)= 1

(4kr +kr)'
(14)

The first term in (13) corresponds to diagrams with only
real gluon emission, whereas the second allows for dia-
grams with virtual corrections. The apparent singularity
at kT=kT cancels between the real and virtual contribu-
tions to the kernel. Insertion of this kernel into (10) gives
rise to the Lipatov equation. "

It is useful to first consider a simplified model in which
the kernel E has a factorized form

K(kT, kr)=u(kr)u(kT), (15)

which itself is of factorizable form

T„(x,kT)=u(kr)t„(x) . (17)

Rewriting the recursion relation (16) in terms of t„we ob-
tain

d
t„( x)=kf, t„,(x'),

x X

where

A, = f dkru(kr)U(kr) .

(18)

(19)

although, of course, we see that the Lipatov kernel (13)
has a more complicated structure. Substitution into (10)
gives

I

T„(x,kT)=u(kT) f, f dkr' U(kT)T„,(x', kr ),
x X

(16)

as x~0. %'e have neglected a relatively unimportant
factor of [in(1/x )] ' as well as terms down by powers
of ln(1/x), which reflect the fact that the eigenvalue
spectrum is continuous if we assume the coupling e, is
fixed. For a running coupling a, the spectrum is discrete
and the maximum eigenvalue can be shown' to satisfy
the inequalities

3.6 2 ~ & 121n2
(25)

where ko is the infrared cutoff applied to the integrals
over the transverse momenta. Taking a, -0.25 we have
A. ,„-0.5, which is significantly greater than zero and
implies

xg(x, g )-h(g )x (26)

for very sma11 x. There is nothing sacred about the pre-
cise value of the exponent —

—,'; rather, Eq. (26) should be
regarded as an approximate solution of the Lipatov equa-
tion. However, the singular form (26) differs appreciably
from the traditional "constant" behavior assumed in (3),
and moreover manifests a stability to evolution in Q that
was lacking in (3). Indeed a phenomenologically accept-
able way to proceed is to incorporate the LL(1/x ) behav-
ior of (26) in the "starting" x distribution chosen at some
fixed scale Q =Qo and then to evolve according to the
Altarelli-Parisi equations. This procedure, based on a
form such as (26), applies equally well to the sea-quark
distributions, which are driven by the gluon.

We can now understand the stability as a function of
Q of the leading small-x behavior of the valence-quark
distributions

Equation (18) is readily solved; the nested integrations
give 6,,

xq, -x 'h, (g ) (27)

t„(x ) — ln" —A,",1 „1
n! x

(20)

where the absence of a second 1/n! factor, accompanying
A,", reflects the lack of ordering in kT. Summing the t„
over n we thus generate the small-x behavior

xg(x g2) h(g2)ei 1n(1/x) —h (g2)x —2. (21)

where the exponent A, , defined by (19), can be shown to be
the eigenvalue of the kernel, viz. ,

Ku = f u(kT)v(kr)u(kr)dkr =Au . (22)

3cxq
4 ln2,

7T
(23)

and so

In general a nonfactorizable kernel, such as (13), mill

generate a small-x behavior given by a superposition of
terms such as (21) corresponding to the various eigenval-
ues of the kernel. The LL(1/x ) behavior is given by the
maximum eigenvalue, which for the Lipatov kernel of
(13) can be shown to be"

up=1+A, „-1.5, (28)

which is to be contrasted with the original expectation of
a2, =1 (or at most up= 1+@with E 0 07 to -acc.ount for
the rise of the hadronic total cross section). This implies
a power growth of the QCD so-called semihard process-
es, which therefore become an increasing fraction of the
total cross section as the energy is increased. Of course a
Pomeron with intercept ep ) 1 will ultimately violate the
Froissart bound at suSciently high energies. It should-
therefore be regarded as the bare Pomeron subject to the
usua1 unitarity corrections; hence the superscript on up.

that we noted in (6). If 5„& 1 in the input valence-quark
distributions then they are more singular than the small-z
behavior of the quark splitting function P q(z)-const,
and so evolution does not modify the behavior. The same
is true for the gluon, but here it only applies if the ex-
ponent 5 in (1) satisfies 5&0 since P s(z)- I/z for small
Z.

Comparison of (26) with the Regge form of (2) shows
that the Pomeron has the intercept
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III. SHADOWING EFFECTS AT SMALL x

We see from (21) that xg(x, g ) grows rapidly with in-

creasing ln(1/x ) at fixed Q . But this increase, as x de-

creases, cannot go on indefinitely. If the density of
gluons becomes too large they can no longer be treated as
free partons. As we proceed to very sma11 x we expect
annihilation or recombination of gluons to occur and to
compete with evolution so as to limit the growth of
xg(x, Q ). A simple geometrical argument can be used
to tell us when these gluon-gluon interactions must be-
come significant. '

Consider the gluon distribution g(x, Q ) at small x in

the frame in which the proton momentum p is large, but
in which xp »Q. A measurement of g(x, g ) probes a
gluon of transverse size —1/Q, but much smaller longitu-
dinal size —1/px. The number of gluons n per unit of
rapidity which can interact with the probe is xg(x, g ),
since dx=x dy. Therefore the transverse area of the
"thin" disc that they occupy is -xg(x, g )/Q . When,
with decreasing x, this area exceeds rrR (where R is the
proton radius) the gluons must begin to spatially overlap
in the thin disc. If we note that the gluon-gluon cross
section & —a, ( Q ) /Q, then clearly the crucial parame-
ter is'
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FIG. 3. An example of a QCD diagram coupling 4 gluons to
2 gluons.

ngcr a, (Q )
$V= — xg(x, Q ) .

~R mR Q
(29)

~ O

~ o

00404'o

O

O
O

OOO
O
O
O
O

In the region of x and Q where 8'« I, the interaction
of gluons (in different cascade ladders) is negligible and
we may continue to evolve the gluon distribution as de-
scribed in Sec. II. However, at suSciently small x, when
8'~a„ two gluons in different cascades may interact,
generally fusing the gluon ladders together and decreas-
ing the gluon density. These "shadowing" effects can be
calculated ' ' in perturbative QCD. To be more pre-
cise they modify the QCD evolution equation for the

where the additional nonlinear term arises from the dia-
gram shown in Fig. 2. Here we have introduced a param-
eter xo which is chosen to be sufficiently large ( —10 )

so that for x xo the shadowing correction is negligible.
Of course the additional term will lead to a very small
violation of the momentum sum rule, which we restore by
a simple rescaling of the gluon distribution. The "minus"
sign in the shadowing term occurs because the scattering
amplitude corresponding to the gluon ladder is predorn-
inantly imaginary. It has the same physical origin as the
negative contribution of the Glauber' double scattering
term in a multiple-scattering expansion in which the
single-scattering amplitude is predominantly imaginary.

The radius parameter R in the nonlinear term of (30)
arises from the integration over the four-momentum k
Aowing along the gluon ladders in Fig. 2. Specifically R
comes from the integration over the transverse com-
ponents of k,

—fdk r [F(—k r2) ]~, (31)
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and its value depends on exactly how the gluon ladders

FIG. 2. Diagrammatic representation of the quadratic sha-

dowing term in the evolution equation (30). The box represents
all possible perturbative QCD diagrams which couple 4 gluons
to 2 gluons; an example of one such contribution is shown in

Fig. 3. The lower elongated blob represents the coupling of the
proton to the gluon ladders; the two possibilities for this cou-

pling are shown in Fig. 4.

FIG. 4. Two possibilities for the coupling of the proton to
the gluon ladders which is required in the shadowing diagram of
Fig. 2. In (a) the ladders arise from distinct constituents of the
proton, and in (b) from the same constituent.
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couple to the proton. If, as is generally assumed, the
ladders couple to different partons [see Fig. 4(a)], then the
form factor I is characterized by the proton radius, that
is, R -5 GeV '. It has, however, been argued ' ' that
we should include the possibility that the ladders couple
to the same constituent of the proton [Fig. 4(b)] and then
it is appropriate to take R to be the radius of a valence
quark, that is, R -2 GeV '. The evolution equation
(30), with I/R factored out of the shadowing term, is of
course a simplification of the actual situation. It neglects
the possibility that the transverse size of the gluonic
cloud of the proton increases with decreasing x. '

We note that the effect of the nonlinear term will be
greatest for low x and low Q . In fact estimates ' of the
shadowing correction based on traditional gluon distribu-
tions, satisfying the constant small-x behavior of (3},have
shown the effects are very small for x ) 10 —less than
10% or so even for Q -5 GeV. Clearly the shadowing
contributions will be enhanced for the more singular and

more theoretically acceptable gluon distributions satisfy-
ing (21). Indeed shadowing could be appreciable for the
experiments to be performed at the DESY ep collider
HERA, the CERN Large Hadron Collider (LHC), and
the Superconducting Super Collider (SSC).

To study the possible importance of shadowing we base
our starting gluon distribution g(x, Qo) on the numerical
solutions of the evolution equation (30) presented in Ref.
20. We proceed as follows. We begin with the unsha-
dowed gluon distribution g "(x,Q ) obtained in the global
analysis of the available structure function and related
data, which exist only for x ) 10 . We take the "start-
ing" distribution to have the theoretically motivated
singular form

xg "(x,Qo ) =C(x )x (32)

where C(x ) ~const for very small x [see (21}]. We then
impose shadowing corrections by modifying g "(x,Qo) for
x (xo (=10 ) through

xg(x, QO)=xg "(x,Qo)I 1+8(xo—x )[C(x }x ' —C(xc)xc '~ ]/xg„, (x, Qo) j (33)

The distribution xg„, is defined to be the gluon distribu-
tion which makes the right-hand side of the evolution
equation (30) identically zero in the DLLA at very small
x. That is,

3(z, 8 la,'x = '
(x )

16R'Q'

which gives

16R &

27mn, (Q )
(34)

In the leading shadowing approximation g„, is the value
of the gluon which would saturate the unitarity limit. Of
course, if we were to proceed to ultrasmall x, higher-
order shadowing contributions would become significant
and would need to be included in the evolution equation.
Eventually we would pass from the region in which
8'-a, into the region where W-1, that is, the region
where the saturation limit is reached [see (29) and (34)].
In the 8 —1 region we have to sum over an infinite num-
ber of shadowing contributions. A possible way of per-
forming this summation has been presented by Mueller. '

The phenomenological starting distribution of the
gluon given by (33) has some nice features. First, xg be-
comes equal to the unshadowed form xg" when shadow-
ing is unimportant, that is, when R ~~ and xg, ~ 00.
Second, from (33) we see that xg ~xg, when x ~0 and
moreover that xg joins smoothly onto the unshadowed
form xg" at x =xo ( =10 ). Finally, the analytical form
(33) reproduces to high accuracy the numerical solution
of (30) that was obtained in Ref. 20.
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FIG. 5. Diagrams giving rise to shadowing corrections to the
evolution equation, (36), for the sea-quark distributions.

Given the starting distribution of the gluon at Q =Qo
we evolve to higher Q using (30), but of course taking
into account the next-to-leading-order contributions in
the first two terms which are shown symbolically on the
right-hand side of the equation. Shadowing effects thus
enter our phenomenological study (i) in the modification
of the starting distribution in the small-x region, x & xo,
and (ii) by the inclusion of the nonlinear term in the evo-
lution equation (30).

The shadowing corrections to the gluon distribution
are also refiected in the sea-quark distributions q, (x, Q )

which at small x are predominantly driven by the gluon.
These corrections will, in turn, modify our predictions for
the structure function FP'(x, Q ). We assume our start-
ing value Qo of Q is large enough that the gluon-sea
driving relation is established and so we modify the sea-
quark "starting" distribution in the region x & xo in pro-
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portion to the shadowing correction to the gluon, that is,

, g(x, Q,')
xq, (x, Qo) =xq,"(x,Qo)

g "(x Qo)
(35)

where, as before, the superscript u denotes the unsha-
dowed distribution. We tested the reliability of (35) in
the extreme case of supposing that the sea-quark distribu-
tions are entirely radiatively generated from the valence

quarks and a valencelike gluon distribution at Q =0.2
GeV . Using this radical assumption we evolve with and
without the nonlinear shadowing terms in (30) and find
that (35) is satisfied to better than an accuracy of 10%%uo

even by Q =4 GeV .
There are also shadowing corrections to the evolution

equation for the sea-quark distributions. The leading
contributions correspond to the diagrams of Fig. 5 and
the evolution equation becomes

B(xq, (x, Q )) 27a, (Q )
2 2 a, (Q )

Q2
' =P gg+P gq, — [xg(x, Q )] + 8(xo —x)f, , y(x/x')x'GH(x', Q ),aQ' " " ' 160' 'Q' ~Q x x x

(36)

8(xo —x)f, [x'g(x', Q2)]
X

where y(y)= —2y+15y —30y'+18y and GH satisfies

B(xGH(x, Q ))
QQ2

(37)

The penultimate term in (36) arises from Fig. 5(a); in
comparison to the last term of (30) the logarithmic in-
tegration over dx'ix' is absent, essentially because the
4g ~qq splitting function is less singular than the 4g ~2g
splitting function. The last term of (36) arises from the
diagram shown in Fig. 5(b). The strongly ordered part of
this contribution (corresponding to kr ))IT ) has already
been included, leading to the usual logarithmic integra-
tion dkT /kT in the evolution of the gluon. However, this
neglects contributions from terms that are linear in

IT/kT, and the last term in (36) corresponds to taking
(lr/kT)dkr/kT in the place of the usual dkr/kT contri-
bution. We see a close similarity between (37) and the
shadowing contribution to the gluon evolution equation
(30). This refiects the fact that both shadowing terms
originate from similar diagrams, Fig. 5(b) and Fig. 2, re-
spectively. The only dift'erence is the occurrence of a
gluon ladder above the box in Fig. 2 which is generated
by the linear Pzsg term in (30). No such term occurs in
(36).

cross sections. As before we work in the modified
minimal-subtraction (MS) scheme. In comparing with
experimental structure functions we chose to fit to the
BCDMS values of F~z~ rather than the EMC values only
because the former are actually more precisely deter-
mined at small x where we are concentrating our study.
Actually after an overall renormalization of the two sets
of measurements (BCDMS by —2%, EMC by +8%),
which is necessary to bring them in line with the recent
reanalysis of the SLAC data, the two data sets are mu-
tually consistent for x ~0.3. As well as using the recent
high-statistics deep-inelastic data for F~z~,

F~" /F ~~, F2, and xF&, we also constrain the
parton distributions by recent data on hadronic prompt
photon production and hadronic dimuon production.

We begin by specifying the parametrization of the
gluon distribution at Qo =4 GeV . From the discussion
in Sec. II we expect that the gluon distribution can be ac-
commodated by the form

IV. PHENOMENOLOGICAL ANALYSIS xg(x, QO)= A x '~ (1+y x)(1—x)"s, (38)

In this section we attempt to quantify the expectations
for the gluon and quark distributions at small x based on
the theoretical arguments of Secs. II and III. At HERA
we believe the important region opened up to new phys-
ics is the small-x region —perhaps even down to a few
X10 at low Q values. Our aim, therefore, is to pro-
duce distributions which are constrained as tightly as
possible by present data and which are consistent with
the correct theoretical behavior as x ~0 and then to ex-
amine what aspects of this behavior can be probed in the
future —in particular at HERA.

As in our previous works, ' we decide on a parame-
trization of the parton distributions at Qo =4 GeV and
evolve up in Q, including next-to-leading-order correc-
tions, to compute the structure functions or physical

xS =2x(u +d +s )

=A,x ' (1+@,x' +y,x)(1—x) ', (39)

since both the gluon and the sea quarks are expected to
have the same leading x ~0 behavior. As in Refs. 9 and
23 we generate the charm distribution through the evolu-
tion equations assuming that c(x,Qo)=0 and that the
charm quark is massless. Since we chose to fit to the
BCDMS data ( X0.98) we label the "singular" parame-

and it is the pp~yX prompt-photon data of WA70
which essentially constrain the parameters y and gg.
We find yg 20 Qg 5 5 Ag 0 265 gives an excellent
fit. For this choice of gluon we take the sea-quark distri-
bution at Qii =4 GeV to be
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trizations of (38) and (39) as our B fit, in analogy with
the E+,E fits of Ref. 20. We choose a sea where, at

Qo =4 GeV, u =d =2s and find

A, =0.0168, g, =9.9, e, =27.4, y, =263 .

traditional-type gluon satisfying xg(x, Qo ) ~const as
(n =4)@~0. This fit is labeled Bo and also uses AM~s =0.19

GeV but the parton distributions at Q&=4 GeV are
found to be

It, together with the valence quarks of (40}, gives an ex-
cellent description of the Drell-Yan data of the E605 ex-
periment when the I( ' factor of Ref. 9 is 1.17. For com-
pleteness we write down the values of the remaining pa-

(n =4)
rameters of the 8 fit; A&~s =0.19 GeV and the
valence-quark distributions at Qo =4 GeV, which give
the overall optimum fit, are

xg(x }=2.87(1 —x )

xS(x ) =0.55(1 —x )' (1+6.lx ' +4.2x ),
x[u„(x)+d,(x)]=0.42x . '(1 —x)

X ( 1+8. 1x ' ~ + 17.3x ),
xd„(x)=1.49x '"(1—x) ' (1+1.12x' )

(41}

x [u„(x)+d„(x )]=0.38x ' (1—x )

X ( 1+9.9x ' + 17.7x ),
x d, (x)=1.50x ' '(1 —x) (1+1.08x' )

(40)

The small-x behavior of these valence distributions is
tightly constrained by the behavior of the ratio F~z" /F~z~

which is now measured very precisely by the NMC.
The exponent of x for x(u, +d, ) may seem low when
compared with the naive Regge expectation of —,

' but the
measured convergence of the Gottfried sum rule is quite
consistent with this value.

In order to gauge the sensitivity to measurements in
the small x region, we also perform a fit with a

Before going on to study the small-x region which is yet
unexplored we demonstrate that the above fits are indeed
consistent with existing data. As an example we show in
Fig. 6 the comparison with I'~z data from BCDMS and in
Fig. 7 the comparison with the F~&" /F~z~ ratios measured
by NMC, BCDMS, and EMC. The preliminary data
from NMC have very small uncertainties and
significantly constrain the parameters which govern the
small-x region. The quality of the fits to the data for the
various processes is illustrated in Table I, together with
the corresponding y values of our previous HMRS(B) set
of partons.

Next we inspect how low in x we can get experimental
constraints from existing I'z data without going below
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FIG. 6. F~~(x, Q ) from BCDMS (Ref. 5) renormalized down by 2%. The curves correspond to the two fits B and Bo described
in the text. For those x values where the two fits are distinguishable, 8 is shown as a solid line, 8O as a dashed line.
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FIG. 7. The measurements of F~&" /F~2 by EMC (Ref. 25),

BCDMS (Ref. 26), and NMC (preliminary} (Ref. 27). The

values of Q' vary across the x range and the calculated values

take this into account. Where the curves of the two fits are dis-

tinguishable, B is shown as a solid line, Bo as a dashed line.

0.5 1.0

our Q cutoff of 4 GeV . Recent deep-inelastic data from
EMC on deuterium have probed down to x=0.0015;
however, the Q values there are below 2 GeV . If we fix

Q =5 GeV then we can get realistic limits on F~z down
to x =0.004. Figure 8 shows our estimates for these ex-
perimental limits, together with the predictions of F~z

obtained from the B and Bo sets of partons. It is clear
that the data do not suggest any rise at low x as one
might naively expect from a x ' behavior of the sea
and gluon. We can see that our B prediction only be-
gins to grow around x=10 . For comparison we also
show the HMRS(B) fit of Ref. 9 where the parametriza-
tion at Qo =4 GeV allowed the sea to actually vanish at
x=0. As we evolve to higher Q this zero of course
disappears, but we can see from Fig. 8 that this type of
small-x behavior is disfavored by the experimental
bounds, as well as being suspect theoretically. As Q2 in-

creases, the evolution of the sea produces the familiar rise

O. I—~B
B

0 2
'

HqR

Di
0001 0002 0005 001 0 02 005 01 02 05 i0

FIG. 8. F~zD(x ) at Q'=5 GeV'. The shaded lines represent
realistic upper and lower experimental limits obtained from the
recent EMC data (Ref. 3), together with previous data. The
predictions obtained from the B and Bo sets of partons are
shown as solid and dashed curves, respectively. Also indicated
is the prediction of the HMRS(B) partons of Ref. 9.

at small x even for the Bo At. Figure 9 shows the behav-
ior of the proton structure function at Q =20 GeV pre-
dicted at small x, together with the quality of the fit to
the data available at larger x. We see that between x of
10 to 10 ' the shape is essentially flat but below 10
the x ' behavior associated with the B At results in a
more dramatic increase.

Now we turn to the effects of shadowing discussed in
Sec. III to see what modifications to the x ' behavior
of the gluon and sea distributions could be discernible at
low x. Since the role of shadowing is to restore consisten-
cy of the "semihard" cross sections with the Froissart
bound, it is expected to give the largest modifications to
our B set of parton distributions. An approximate gen-
eral form of the shadowing corrections to the gluon
"starting" distribution was given in (33). In the expres-
sion for xg„,(x) given in (34) we consider two values of
the radius R =5 GeV ' and 2 GeV ' representing the
two distinct limits: (i) gluon ladders coupling to different
partons and (ii) gluon ladders coupling to the same par-
ton. Figure 10 shows that at go=4 GeV there is a
difference at x = 10 between the unshadowed gluon and

TABLE I. The contributions to y' resulting from the various fits to the data. Note that the prelimi-
nary NMC data (Ref. 27) were slightly diFerent for the HMRS analysis (Ref. 9) although the entry in
the table corresponds to the current values. Prompt photon data of WA70 (Ref. 28) were also used to
constrain the parton distributions.

Data

F",~ (BCDMS, Ref. 5)
F2 (CDHSW, Ref. 6)
xF3~ (CDHSW, Ref. 6)
F","/F", (BCDMS, Ref. 26)
F~" /F", (EMC, Ref. 25)
F~" /F", (NMC, Ref. 27)
Drell-Yan (E605, Ref. 29)

No. points

142
84
94
11
10
11

8

134
77
61

5

4
27
16

g' values

~o

140
57
60

5

3
22
16

HMRS(B)

164
55

115
9
3

15
12
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FIG. 9. F)2~(x ) at Q2=20 GeV' showing the quality of the
fits to the BCDMS data (Ref. 5) and the predictions for small x.
The effect of shadowing is shown in Fig. 12.

FIG. 11. The sea-quark distribution xS(x, Q') at Q'=Qo
and 5000 GeV . The lines are labeled as in Fig. 10.

the "partonic"-type shadowed gluon of nearly 30%. As
x decreases further, the separation between tlie unsha-
dowed and the two shadowed gluons becomes substantial
of course. As the gluon is evolved to higher Q, this sep-
aration is less dramatic and Fig. 10 also shows the result-
ing gluons at Q =M~ where there is no difference at
x =10 any more.

We also include the shadowing corrections to the sea-
quark distributions. First we modify the "starting" dis-
tribution at Q =Qo =4 GeV at small x, as in (35). The
result is shown in Fig. 11. Then we modify the evolution
equation for the sea quarks by including the two addi-
tional shadowing contributions given in (36). Figure 11
also shows the sea-quark distribution at high Q where
now the relative effect of shadowing is similar to that for
gluons at the same Q, as we expect. In Sec. VI we inves-

I

xg(x, Q )

100—

tigate if experiments at HERA wi11 be able to reveal the
presence of the shadowing corrections.

The shadowing contributions to the gluon and sea-
quark evolution equations were also included for the B&
set of partons. They are found to make much less
difference and for simplicity we do not show Bo predic-
tions with shadowing effects. It is interesting to note that
the B sea-quark distribution maximally corrected for
shadowing (i.e., R =2 GeV ) is similar to that of Bo,
and hence the predictions for F~~ will also be similar (see
Sec. VI). The gluon distributions, on the other hand, are
still significantly different at very small x, and this
difference is manifested in the predictions for the longitu-
dinal structure function FL (see Sec. VI). The conven-
tional belief, however, is that the B distributions with
the more modest shadowing corrections (R -5 GeV ')
will give the more reliable predictions. In this case the
sea quarks and the gluons are dramatically different from
those of the Bo set.

Let us look in more detail at the B set of partons.
Could we have anticipated the magnitude of the sea dis-
tribution at small x from the gluon? At first sight it ap-
pears that the size of the sea at small x (controlled by
A, =0.0168) is very small compared to that of the gluon
(As =0.265). However, as we shall see in the next sec-
tion, the magnitude of A, /A is in good agreement with
our theoretical expectations.

V. CONSISTENCY CHECKS FOR THE
GLUON-SEA RATIO AT SMALL x

10 10 10

There is an intimate connection between the gluon and
the sea-quark distributions. Indeed it is interesting to
check whether the theoretical estimates for the sea-to-
gluon ratio

FIG. 10. The gluon distribution xg(x, Q ) at Q'=QO=4
GeV and Q =5000 GeV . The unshadowed gluon from the
8 fit is shown as a solid line, shadowing with R =5 GeV ' as
a dashed line, and shadowing with R =2 GeV ' as a dot-dashed
line. The differences for x )0.01 result from adjusting the nor-
malization of the shadowed gluon to carry the same fraction of
momentum.

xS(x, Qo )

xg(x, Q,')
(42)

at small x are consistent with the ratio of the values of
the parameters A,. and 3 found in the B fit to the data
presented in Sec. IV, namely,
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A s 0 0 168 0 063 (43)
A 0.265

When shadowing is neglected, the leading x ' behavior
of xg and xS is unchanged by the QCD evolution (see
Sec. II), and the Q dependence at small x lies in the
coefficients; that is, we may take A, ~ A, (Q ) and
As~A (Q ). If we assume that A, (Q o)=Oat some low
scale Q o then we can compute the ratio A, (Q )/As(Q )

in terms of the evolution length parameter

(44)

@dq a, (q)
q 27T

a, (Q')
xg„,(x, Q ), (45)

where the —,
' arises from the x integration, and where we

have used the Q dependence of (34) to evaluate the in-
tegral and set Nf =3. Of course, in general, the relation
between the saturation limits is more complicated, but
(45) should be more than adequate for the estimate that
we require. From (45) we have

xS„,(x, Qc ) a, (QO )
(46}

xg, (x,Qo )
-0.08 .

which is defined in analogy to (5). The relevant LL(Q )

formulas for A, (Q ) and Ag(Q ) are (B.9) and (B.10) of
Ref. 31. We find that we can reproduce the numerical ra-
tio (43) provided that we take Q c=1.3 GeV . In fact this
theoretical estimate always gives A, (QO)/A&(QO) &0. 18
and only reaches the upper bound when Q 0~A, i.e.,
j(Q~O }~oo.

A second consistency check is provided by estimating
the sea-quark distribution xS„,(x, Q ) from the satura-
tion limit of the gluon distribution, xg, (x, Q } of (34}.
We have, keeping only the LL(Q ) g~qq transition,

x/Q ~10 GeV (47)

Note that since we are here interested primarily in the
small-x region, we can neglect the contribution to Fz
from Z exchange.

In a previous study, we examined the predictions for
F2 in the moderate x, large-Q region. We showed that
differences in F2 at currently accessible Q values
[(0(100GeV )] as parametrized, for example, by the
HMRS(E} and HMRS(B) distributions, persist to the
higher Q2 values relevant to HERA. Different AMs
values can also cause the predictions to diverge slightly at
higher Q .

Turning to the small-x region, Fig. 12 shows the pre-
dictions for the structure function Fz~ for the different
sets of partons down to x=10 at the representative
value of Q =20 GeV~. The curves correspond to the B
and Bo predictions, with strong (R =2 GeV ') and weak
(R =5 GeV ') shadowing included for B . We see that
it will be difficult to establish the existence of shadowing
effects for x ) 10 . Even the extreme form of the sha-
dowing correction only reduces FP' by about 10% at
x =10

We can regard Fig. 12 as giving a reasonable represen-
tation of the spread in predictions for Fz~ at HERA. All
the sets of partons are completely compatible with exist-
ing deep-inelastic data and it is difficult to select a "best"
prediction. As explained in previous sections the
different curves represent different choices of theoretical
input. The most physically reasonable expectation is
probably the prediction for B corrected for shadowing
with R =5 GeV '. The prediction with R =2 GeV
shadowing can be then taken as an extreme lower bound
and the unshadowed B prediction as an upper bound.
We argued in Sec. II that the Bo set of partons is dis-
favored theoretically but we see from Fig. 12 that it will

When this is combined with

xS„,(x, Qo ) A,

xg„,(x, Qo )

which follows from (35), the resulting theoretical estimate
for A, /A is again seen to be in excellent agreement with
the ratio (43) obtained from the phenomenological
analysis.

1.5

10—

0.5—

f'2 (x j at Q = 20 Gev

VI. EXPERIMENTS AT HERA, LHC,
AND SSC AS A PROBE OF SMALL x

The first definitive test of the small-x behavior of the
parton distributions discussed in the preceding sections
will come from the HERA ep collider. Detailed studies
have shown that, operating at the standard center-of-
mass energy &s =314 GeV, the F~~ structure function
can be measured in the kinematic region of x and Q
defined by

io' &0' 10 10'

FIG. 12. The structure function F& (=F~& ) as a function of
x at Q'=20 GeV'. The solid line is the continuation of the B
fit (Fig. 9) down to x =10 . The dashed and dot-dashed lines
indicate the correction due to shadowing with R =5 and 2
GeV ', respectively. For comparison the prediction from the
80 set of partons is shown by the dotted curve.
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turn fractions of the colliding quark and antiquark, a sub-

stantial fraction of the W and Z bosons is produced at
large rapidity. The steeper the sea-quark distributions at
very small x, the larger the fraction. Thus Fig. 16 shows
the Z rapidity distributions at LHC and SSC energies, for
all the 8 sets as well as 80. Note the qualitatively
different behavior at large y. A similar effect was found
in Ref. 36, where the E+, E, and HMRS(E) distribu-
tions were used.

VII. CONCLUSIONS
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I I I I i Ill

R=5Ge
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~s(TeV)

FIG. 15. The W and Z cross sections as a function of the pp
collider energy, as calculated using the B (solid curves) and Bo
(dotted curves) sets of partons. The dashed and dot-dashed

curves correspond to the B predictions with shadowing

corrections with R=5 and 2 GeV ', respectively. The data
points correspond to the measurements of the UA2 (Ref. 37)
and CDF (Ref. 38) Collaborations. At LHC and SSC energies
0.&z(pp) =0 ~z(pp) to within less than 1%.
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FIG. 16. The rapidity distribution of Z bosons produced in

pp collisions at &s =16 TeV and &s =40 TeV as predicted by
the B and Bo sets of partons. The unshadowed B prediction
is shown as a solid line, shadowing with R =5 GeV ' as a
dashed line, and shadowing with R =2 GeV ' as a dot-dashed
line. The dotted line is the Bo prediction. The details of observ-

ing the produced Z by its p+p decay mode are discussed in

Ref. 36.

In our view the most interesting physics that will be re-
vealed by the forthcoming experiments at HERA will be
new phenomena at small x ( - 10 ). For the first time
we attempt to incorporate the theoretical @CD behavior
expected in this unexplored small-x regime into a phe-
nomenological description of quark and gluon distribu-
tions which are consistent with data in the x region al-
ready probed by experiment. To be precise we have per-
formed a detailed next-to-leading-order QCD analysis of
all the relevant data in order to extract a definitive set of
parton distributions f;(x,Q ) that may be reliably extra-
polated to very small x. The parametric forms of the
"starting" distributions xf;(x, Q =4 GeV ) were chosen
to incorporate the theoretically motivated x ' behavior
of the gluon and the sea-quark distributions at small x, so
that we are able to make realistic predictions for very-
small-x values, i.e., for x in the range 10 &x ~10
much below the x values of the existing data. Only part
of this range will be probed by HERA; nevertheless, the
parton distributions are required throughout this range in
order to make realistic predictions for physics at LHC
and SSC energies.

Given the above x ' behavior, shadowing correc-
tions are found to be increasingly important as x de-
creases through the above interval. The shadowing
effects enter both the gluon and the sea-quark distribu-
tions at small x through (i) modifications of the "start-
ing" distributions and (ii) the presence of additional non-
linear terins in the Q -evolution equations. The shadow-
ing corrections arise from the need to tame the rapid
growth of gluons at very small x (x & 10 } so that the
unitarity limit is respected. We speak of gluon satura-
tion. Through g~qq splitting, and related effects, there
is a comparable slowing down of the Q evolution of the
sea-quark distributions at very small x. We find that the
shadowing corrections to the gluon and sea quarks lead
to significant modifications to the predictions for the be-
havior of the structure functions FI and F2, respectively,
in the small-x, moderate Q, range accessible to experi-
ments at HERA. Moreover, we note that the observation
of Z production at large rapidity at LHC and SSC ener-
gies can probe the behavior of sea quarks at ultrasmall
x (x &10 }.

There are several attractive features of the present
analysis. First we are able to describe a wide range of
data for difFerent processes in terms of a relatively small
number of parameters. Moreover, the parametric forms
are prescribed by underlying @CD theory. It is also satis-
fying to note that the values of the parameters describing
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the small-x behavior of the gluon and sea-quark distribu-
tions come out to be very much as expected. Finally, a
very important feature of the analysis is that different
versions of shadowing can, in principle, be distinguished
by experiment. We have considered two extreme possi-
bilities corresponding to radically different ways in which
the gluons are concentrated in the proton: (i) distributed
uniformly across the proton or (ii) localized in "hot
spots" associated with a single valence quark. However,
we should note that a slight variation of the unshadowed
x behavior, away from the canonical choice of A, =O. 5,
will give a residual uncertainty in the precise extraction
of the shadowing contribution. In the future it may be
possible to solve the Lipatov equation more precisely, so
reducing this uncertainty, and hence to isolate shadowing
effects more directly from data at very low x.

In summary, we have extracted from high-statistics ex-
perimental data (for x )0.01) parton distributions which

incorporate the expected singular behavior and the sha-
dowing corrections at very small x. The conventional ex-
pectation for shadowing is nearer (i) than (ii), as defined
above, corresponding to the 8 set of partons with R -5
GeV ', but we eagerly await the measurements of the
forthcoming low-x experiments.

The four sets of parton distributions described in this
work can be obtained by electronic mail from WJS@
UK.AC.DUR. HEP.
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