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Proton and neutron structure functions in a Fermi-gas approximation

R. P. BickerstafP and J. T. Londergan
Department ofPhysics and Mathematical Physics, University ofAdelaide, G.P.O. Box 498, Adelat de '5001, South Australia

(Received 11 December 1989)

The proton and neutron deep-inelastic scattering structure functions are found to be fit reason-

ably well by a finite-temperature Fermi-gas (effective) description of the confined quarks. Support
problems at negative x are avoided completely and formal sum rules are satisfied. The characteris-
tic difference between the u and d valence distributions, which is diScult to achieve in many models
of nucleon structure, arises naturally as a consequence of the different densities of u and d quarks in

the nucleon.

I. INTRODUCTION

The theoretical determination of deep-inelastic-
scattering (DIS) structure functions is an outstanding

problem in high-energy nuclear physics. While we be-
lieve that their Q dependence is explained by perturba-
tive QCD we must always refer to an empirical deter-
mination at some given scale Qo. A theoretical under-
standing of what governs the shape of DIS structure
functions has become a matter of increased importance
with the discovery of apparent dependence of nucleon
structure functions on the nuclear environment, i.e., the
European Muon Collaboration (EMC) effect. ' Our lack
of understanding of structure functions hampers interpre-
tation of this phenomenon.

Attempts to calculate structure functions in quark
models invariably encounter support problems. The re-
gion of physical support is x E[0,1] where x =Q /2p q
is the Bjorken scaling variable (Q = —

q where q is the
four-momentum transfer and p is the target four-
momentum). The upper bound, x =1 is a kinematic limit
determined by the requirement that the Anal-state invari-
ant mass in inclusive scattering must be at least that of
the (stable) target while the lower bound x =0 is deter-
mined by the requirement that the energy loss v=—q be
positive. In the parton model x may be interpreted as the
fraction k+/p+ of momentum of the target carried by
the struck quark, where k+ =(k +k )/&2 is the projec-
tion of the quark's momentum k along the light cone.
Thus good support corresponds to k ~ k (since p+ &0
always) plus the statement that no quark can carry more
momentum than that of the target as a whole. Unfor-
tunately these conditions are found to be violated in naive
quark model calculations. The calculated structure func-
tions typically receive contributions over the entire re-
gion —oo (x (+ ao.

There have been some calculations conducted in
Bethe-Salpeter and light-cone formalisms which do avoid
support problems. However they suffer from loss of the
insight afForded by quark models.

Our purpose here is to explore an approximation
scheme for the nucleon which removes the negative x
problem, and provides some insight into the shape of
(spin-averaged) DIS structure functions. We find, in par-

ticular, that the spread of the structure functions is relat-
ed to the fermionic density of the quarks and also that
the shape is insensitive to small changes in the quark
mass. In brief, our approximation scheme is to treat the
quarks as part of an infinite free Fermi gas at finite tem-
perature. This is consistent with the inspiration for the
original MIT bag model where free quarks propagate in a
confining cavity. A similar picture has also been em-

ployed quite successfully for the quasielastic response of
nuclei. A subtle but important difference here is our use
of a finite temperature. This mimics some of the
volume-dependent effects of confinement.

It is obvious that such a model for nucleon structure
allows great simplicity for calculations. First, a model
with free quarks eliminates any problems with spurious
contributions to structure functions at negative x. For
any free (on-mass-shell) physical (i.e., timelike) particle
the energy is greater than any component of momentum
and thus k+)0. The (approximate) validity of the free
quark picture can be linked with the light-cone domi-
nance of DIS and the asymptotic freedom property of the
QCD interactions between quarks. Second, an infinite
uniform medium eliminates problems that would other-
wise arise from center-of-mass (c.m. ) motion. The
difficulties in extracting c.m. motion in many-body sys-
tems are well known. These difficulties are compounded
in the calculation of the nucleon structure functions be-
cause of the need for a relativistic description of the
bound state for light quarks. In a relativistic system
even the definition of the c.m. is problematic. '

It should also be apparent that such a simple model
has seemingly serious conceptual difficulties. First, what
is the connection between an infinite-Fermi-gas approxi-
mation and a nucleon (presumably a system of three
valence quarks, gluons, and an ocean of qq pairs all local-
ized in space)? Second, why should the assumption of a
finite-temperature Fermi gas be an appropriate parame-
trization of the effects of confinement in nucleon struc-
ture~ And does not the use of free quarks trivialize the
support problem? We shall provide some answers to
these questions in this paper. We claim that the calcula-
tion of DIS in this model is actually a much closer repre-
sentation of reality than one would naively expect. "

Given the simplicity of the physical picture employed,
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our results provide good qualitative agreement with ex-
perimental structure functions. In particular, we obtain
remarkably good results for the proton and neutron elec-
tromagnetic structure functions F~z and Fz. In most
quark-model calculations it is quite dificult to reproduce
the rather different shape of these, given the near degen-
eracy of the proton and neutron masses and almost iden-
tical single-quark wave functions. ' However, in the
present model the different densities of u and d quarks in
the nucleon lead, via the Pauli exclusion principle, to
different quark momentum distributions for these two
flavors; this produces a d-quark distribution which falls
off faster than the u-quark distribution as x approaches
1—in qualitative agreement with experiment. The
different charge weightings of the dominant quark species
then lead to different F2 structure functions for proton
and neutron.

%e commence the main body of this paper in Sec. II
with discussion and motivation for our finite-temperature
Fermi-gas approximation. We argue that a reasonable es-
timate of leading-twist effects in DIS can be obtained
from a model with freely propagating positive-energy
quarks. We also discuss our notion of a finite-
temperature Fermi gas relative to the original MIT bag-
model paper. Our interpretation of the role of the finite
temperature and indeed of the relevance of the Fermi-gas
picture is noted to be very different from that espoused in
the MIT paper. In Sec. III we derive the equations of
state for the Fermi gas. We compare our results with
those obtained in three different models of quark
confinement. When one makes a uniform-medium ap-
proximation we show that our equations of state agree
with those for quarks in the interior of the MIT bag, in
soliton bag models, and in the color-dielectric model.

In Sec. IV we derive analytic formulas for the quark
distributions in a Fermi gas. %e also derive baryon num-
ber and momentum sum rules in this approximation.
Our model is shown to reproduce successfully the
baryon-number sum rule, in contrast to similar work by
Cleymans and Thews. ' Like several previous calcula-
tions, our model predicts that the valence quarks satu-
rate the momentum sum rule, in disagreement with ex-
periment. We therefore evolve our quark distributions
with lowest-order perturbative QCD up to a momentum
scale where the quarks carry half of the nucleon rnomen-
tum. In Sec. V we present our results for the proton and
neutron structure functions. We conclude in Sec. VI with
a discussion.

II. FINITE- TEMPERATURE FERMI-GAS ANSATZ

The notion that quarks inside a hadron behave like a
free Fermi gas at finite temperature was discussed in
some detail in the original paper on the MIT bag model.
The clear implication there is that the finite temperature
is associated with a two-phase picture of QCD. At low
temperature QCD is believed to be a confining theory
which undergoes a deconfining phase transition at higher
temperature. Since the observed scaling behavior of DIS
structure functions indicates that quarks behave as if free
inside a hadron, the MIT group argued that the interior
region could be likened to the high-temperature

deconfining phase. However, a rather different interpre-
tation is advocated here.

The MIT group argued that for highly excited states
the temperature T was approximately 8' (of order 150
MeV) where 8 is the bag constant. This correspondence
was drawn by assuming a high-temperature limit for the
quark gas so that the T radiation law applies. Now 150
MeV is a very high temperature (approximately 10' K);
but for the MIT argument to be valid, the temperature T
must be much greater than the quark momenta. This is
not the case: the quark momenta are of the same order
as 8'~ or even larger (particularly for high excitations).
There is no physical regime in which the T law is valid.

The temperature T in our model is an effective tempera
ture, introduced to impart to the (infinite) Fermi gas some
of the qualitative features of quarks confined to a small
volume, e.g. , the presence of qq pairs. This effective tem-
perature in our model is determined self-consistently; in
the following section we show that such temperatures are
an order of magnitude smaller than suggested by the MIT
group. There is no reason to believe this lower tempera-
ture is associated in any way with a deconfining phase
transition. '

The MIT group also asserted that a statistical descrip-
tion of the quarks as a free Fermi gas would not be valid
for low-lying states. They argued that the wavelength of
the quark has to be much smaller than the bag dimen-
sions for the interactions in the boundary region to be
negligible. For low-lying states the quark three-
momentum ~k~, is of order 1/R (where R is the bag ra-
dius) and so this condition is not met. Since we employ a
Fermi-gas picture for the ground state of the nucleon we
need to justify our procedure. The key lies in our inter-
pretation of the Fermi gas and its correspondence with
the nucleon. We note here that Cleymans and Thews'
assumed the NIT interpretation to be relevant to DIS
structure functions and were led by the above MIT argu-
ment to exclude low x from the region of validity of the
Fermi-gas model. This is not the case with our interpre-
tation.

It is appropriate to begin by explaining what we do not
do. %e do not claim that three quarks moving in orbits
with discrete energies look anything like a Fermi gas with
a continuous spectrum. The picture of quarks with
discrete energies can in fact be very misleading when it
comes to calculating a structure function. It implies solv-
ing the time-dependent Schrodinger equation for quarks
in an effective potential to obtain localized wave func-
tions and eigenenergies e. Since the quarks are localized
they are not in eigenstates of momentum. However, one
can make a Fourier expansion of the wave function in k
space. It is tempting to presume that the quark distribu-
tions in DIS are then obtained from the momentum dis-
tribution in k space by defining mx=e+k . Unfor-
tunately the distribution in k extends from —oo to + ao

and the wrong support is obtained for the distribution in
x (which is simply the distribution in k /m translated
from the origin to elm). An essential problem here is
that the energy eigenvalue e fully incorporates the effect
of the confining interaction. %e suggest here that this is
inappropriate. Also e is not associated with an energy-
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conserving (or, more to the point, a p+-conserving)
quark-hadron vertex. Thus there is no basis for associat-
ing the "quark-model quark" in its energy eigenstate with
the quark of the parton model. Considering the nature of
the quark-model quark, ' it is little wonder that naive cal-
culations result in unphysical support.

To proceed we need to understand what is measured in
DIS. We take some guidance from experiment and QCD.
DIS reveals pointlike constituents of the nucleon through
scaling behavior of the structure functions. Slow loga-
rithmic scaling violations may be ignored for the mo-
ment: to first approximation the (quark) constituents
behave as if free. This does not mean that there are no
gluons present, but merely that an impulse approxima-
tion for the struck quark is valid.

How can the quarks appear to be free in a confining
theory? The answer' lies in the asymptotic-freedom
property of QCD' wherein the interactions between
quarks vanish at large spacelike momenta, and the nature
of DIS which probes the (nucleon) target matrix element
of a current commutator close to the light cone. ' This
matrix element is intimately related to the amplitude for
forward virtual Compton scattering, depicted graphically
in Fig. 1, where we have assumed that at high Q the vir-
tual photon interacts with a single quark constituent. Be-
cause of the high momentum flowing through this quark
line it propagates (along the light cone) between 0 and g
in a quasifree state, i.e., on its mass shell. This validates a
free-field picture such as the parton model, modulo loga-
rithms generated by gluon radiation and vertex correc-
tions. ' The struck quark is not really free, but its strong
interactions with the spectator quarks are not sensed dur-
ing the virtual Compton scattering. However, these
strong interactions are present in the initial state (before

FIG. 1. Forward virtUal Compton scattering. (a) Free-field

theory; (b) parton-model approximation to QCD; (c) final-state

QCD interactions, which generate higher-twist terms which
vanish as a power of 1/Q'.

the photon interaction) and must be included in a calcula-
tion of the structure function. ' It is only the quark
current which may be treated as if free.

Since we cannot calculate the details of the confined
nucleon state in QCD we must model it; we then calcu-
late the DIS structure functions in a manner consistent
with this model. As a preliminary consider free-field

theory. At high momentum transfer only the leading
light-cone singularity of the current commutator sur-

vives. In a free-field theory it is well known that the
relevant piece for an electromagnetic probe is

x(g„.g„,+g„,g,.—g„.g.,)a s(g')+ (2 1)

The resulting contribution to the electromagnetic struc-
ture functions F, and F2 is often referred to as the
leading-twist (specifically twist-2) piece and may be ex-
pressed ' in terms of a light-cone Fourier transform of
the correlation function

C(z)= — (@~1(t+(g)g+(0)~p ), ~& I, o o, ~
. (2.2)

p po

Here g, i denotes an average over the polarization states
of the nucleon target with four-momentum p,
g+ ——

—,'(I+a )1( where f is the quark field operator, c
denotes a connected matrix element, and p is the average
density of the quarks. In an interacting theory the situa-
tion is considerably more complicated. The usual pro-
cedure is to write an operator-product expansion for the
current commutator. The twist-2 terms constitute an
infinite series analogous to a Taylor expansion of the
quark bilinears in (2.1). However, each term in this series
is now an ultraviolet-divergent composite operator re-

I

quiring renormalization. (This renormalization intro-
duces momentum dependence and scaling violations. )

Since each renormalized term has its own renormaliza-
tion constant, the formal summation of the series is not
normally possible. Thus there is no immediate analo-
gue of the quark correlation function in Eq. (2.2).

Fortunately, things are simplified in a quark model be-
cause there the quantum fluctuations are neglected. In
other words, we are dealing with a mean-field theory. In
this case the composite operators are rendered finite by
application of standard mean-field normal-ordering
prescriptions, and a quark correlation function may be
properly defined. However, the resulting correlation
function is not the same as in free field theory. In a
mean-field approximation to QCD, the interactions modi-

fy the leading light-cone singularity such that a gauge
factor P exp[ —i f z~dz„A "(z)] appears in the correlation

function (2.2). This gauge factor precisely cancels the
effect of the vector gluon field on the space-time evolu-
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tion of g(g). The quark correlation function may be eval-
uated (almost) as if the gluons were not there at all.
Thus all we need know is the Fourier expansion of the
quark field at t=0. It is only here that the strong
confining interactions enter the problem: the effect of
confinement will dictate the quark and antiquark occupa-
tion numbers in k space.

It is possible that the above argument is incomplete be-
cause in soliton-bag and color-dielectric models of
confinement, the strong confining forces of QCD appear
via an effective scalar field. The effect of a confining sca-
lar field on the leading-twist contribution to DIS is not
well understood. However, in bag models the scalar po-
tential is essentially uniform in the bag interior. ' The
effect of a uniform scalar potential on the leading-twist
contribution is readily incorporated by rescaling the
quark mass, or equivalently by rescaling the correlation
length. We may implement this in a local density ap-
proximation provided that the boundary region may be
neglected on the scale of the quark correlation function.
It is important to consider whether or not this is a valid
approximation.

The strong scalar confining forces in the boundary re-

gion presumably affect the quark's propagation from 0 to
g in the light-cone correlation function, either directly be-
cause of the strong confining forces or indirectly
through reconstructing the original momentum eigen-
state of the target upon reinsertion of the quark line.
Consider the MIT bag model in which the boundary
conditions exactly confine the quarks inside a sphere of
radius R. After projecting out a momentum eigenstate
(via the Peierls-Yoccoz procedure ) the maximum permit-
ted quark correlation length (without invoking hadroni-
zation of the quark and spectators) is z =4R—
corresponding to the situation depicted in Fig. 2. The
boundary region is expected to play a significant role in
the quark correlation function well before this distance,
because the correlation function must fall smoothly to
zero.

Compare this with the light-cone correlation function
for free massless quarks, which is readily determined to
be

INITIAI - STATF
8AG

FINAL- STATE
BAG

FIG. 2. The maximum allowed correlation length z in the
center-of-mass corrected MIT bag model.

I 0 --.

we are also ignoring quark hadronization, we may legiti-
mately neglect the confining interactions.

The situation here is somewhat reminiscent of that
with the (equal-time) Pauli-exclusion-principle correla-
tions encountered in nuclear physics. There one finds
that if attention is restricted to the region of high nucleon
density the infinite-Fermi-gas correlations are very simi-
lar to those calculated with nuclear shell-model wave
functions. (The correspondence is even closer if one
makes c.m. corrections to the shell models. ) This means
that the important shorter-range correlations are dictated
by the density of the fermions and are insensitive to de-
tails of the wave functions. Since these equal-time corre-
lations are closely related to the light-cone correlations of
interest here it is not surprising that we find a similar
phenomenon.

Therefore we conclude that it is reasonable to treat the
quarks as propagating freely, for the purpose of evaluat-
ing the leading-twist contribution to DIS in baglike mod-
els. Specifically we may regard the difference between
p+(0)1(t+(0) and p+(g)1(+(0) as due to the propagation
of a packet of plane waves e' ~ with four-momenta obey-
ing k =m where m is the e+ectiue quark mass. This
guarantees that only positive-energy quarks contribute in
the k+ &0 region.

It remains to determine the occupation numbers of the
quarks in k space. This is a highly nontrivial task in a
relativistic (bag) model because, for example, we do not
know how to make precise center-of-mass corrections. It

3C(z) =—
2

1

(kFz)

+i 1

(kFz)

cos(2kFz ) sin(2kFz )

(kFz) (kFz)

sin(2kFz ) cos(2kFz )

(kFz) (kFz)
r

0.5-

-0.5-
- I.O

0

~ ~ ~ ~

~ ~

~0

Re C(z)

(2.3)
where kz is the Fermi momentum of the quarks (in a
zero-temperature Fermi gas). This is depicted in Fig. 3
where it can be seen that C(z) becomes quite small for
z ~ 4/kF (this remains true at finite temperature). Using

p =ykF /6n. and y = 12 (appropriate for three colors, two
spins, and two flavors) we find 1/kF -——', R. Thus the

correlation function is already damped on the same scale
as the bag dimensions. We conclude that the principal
damping factor is the quark density rather than the
confinement. Hence we expect that scalar confining in-
teractions will only affect the free quark correlation func-
tion in a region where it is already quite small. So long as

I-0

05-.. Zm C(z)

-0.5-
—I.O

0
I i I I

2 4

k z

FIG. 3. The real and imaginary parts of the light-cone corre-
lation function C(z) for free massless quarks.
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is at this stage that we introduce a simplifying ansatz.
We assert that the Fourier decomposition of the conjoined
quark fteld will look something like a free Fermi gas at
finite temperature T.he finite temperature smears the un-

realistic T=0 distributions and introduces antiquarks,
which we know must be present if the confining volume is
small. The value of T in our model will be determined
self-consistently by solving the equations of state for
physical values of the quark number and energy densities.
Of course the "actual" temperature is essentially zero.
To emphasize that we are dealing with an effective tem-
perature we henceforth write it with a subscript, T, . In
the fina1 analysis T, will be eliminated as an independent

degree of freedom and will become an implicit function of
the confinement volume.

By introducing this model for the quark occupation
numbers we circumvent the diSculties usually encoun-
tered with calculating structure functions in quark mod-
els. Indeed in this model we are even able to obtain an
analytic solution for the structure function. However,
there is a potential problem with the support. Since the
finite-temperature gas is an infinite system (of infinite
mass) the physical region of support in x is 0 to co rather
than [0,1] as for a nucleon. An important test of our
model is that it not produce large contributions in the un-

physical region x &1. In Sec. IV we show that for
reasonable values of the parameters the structure func-
tion is numerically negligible for x) 1. Since we com-
pletely avoid the problems typically encountered for
x (0 in other calculations (these are usually a sizable
fraction of the total structure function), we regard this
state of affairs to be satisfactory.

III. EQUATIONS OF STATE

The thermodynamics of a finite-temperature Fermi gas
has been extensively studied. In this section we will re-
view the equations of state for this model. In order to
compare our resulting equations, we also present three
conventional models of quark confinement: the MIT bag
model, the soliton bag, and the color-dielectric model.
Each of these models introduces a different mechanism
for quark confinement. For each of these models we
show that a uniform local density approximation for the
interior of the bag gives equations of state which corre-
spond directly to our Fermi gas model. We then solve
the ensuing equations of state for realistic parameters.

We adopt the standard procedure of writing the
stress-energy tensor for a uniform system as

A. The MIT bag model

The M IT Lagrangian density is

&Mn=if~& r"'d,™,)4 &—)Ov,'~sA' (3.4)

where 0~= 1 inside the bag and 0 outside while 6& is a
surface delta function, and we have defined 8—:—,'(8 —8).
A uniform local density approximation to the interior re-
gion is obtained with

X U
= Q(i y"8„m—)Q B. — (3.5)

rpv ppv+ gg Pv

where

(3.6)

- 8"'=igy"8"P (3.7)

is the quark contribution and we have used the equations
of motion in (3.6). Thus

a=a+&e ),
p= —a+-,'y &8") .

(3.8)

(3.9)

B. Freidberg-Lee soliton model"

Ignoring gluon terms the Lagrangian density is

Z„,=y(t q~a„m, g—~)q+—,'(a„o)' -U(o) —. (3.10)

U(o ) has a local minimum at cr =0 and a global
minimum at o =0.&. A two-phase soliton solution con-
nects these minima. Figure 4(a) shows a typical behavior
of the 0 field. The interior, where 0 is small and slightly

(0)

This leads to the free Dirac equations of motion for g and

f. The corresponding stress-energy tensor is

T""=(|+p )u "u' —pg"', (3.1) x JE

where 8 is the energy density, p is the pressure, and the
velocity vector u is (1,0) in the system's rest frame. Thus

&Z00) (3.2)

and

Let us now consider T" for various systems.

(3.3)

FIG. 4. The soliton fields cr and y in (a) the Friedberg-Lee
and (b) the color-dielectric models.
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negative, corresponds to a baglike region. We can make
a uniform local-density approximation in the interior by
using

n&( T, ) = I exp[(E* E—F')/T, ]+I j

n„( T, ) = I exp[(E*+EF*)/T, ]+ 1 I

(3.21)

(3.22)

XU
= f(i y "8„—m—go )g —U(o ), (3.1 1}

m*=m +ger (3.12}

where o is a constant. The quarks in this approximation
obey a free Dirac equation with effective mass

Here EF is a characteristic energy for the fermion distri-
butions. In the absence of a vector potential it is equal to
the chemical potential p. ' We shall frequently express
the energies EF* in terms of an equivalent "Fermi mornen-
tum" kF defined through

and
E*:—(k +m* )'~F= I ™q (3.23)

T""=8"'+g""U(cr) . (3.13)

The equations of state are the same as those for the MIT
model [Eqs. (3.8) and (3.9)] but with the substitutions
B~U(a) and mq —+m~"

XcD=Q iy"8„'—li+ ,'o'y(—B~)' U(—y) (3.14)

U(g) has a local minimum at g = 1 and a global
minimum at y=O. A two-phase soliton solution connects
these minima. The interior region, where g slightly
exceeds 1 [see Fig. 4(b)], corresponds to a perturbative
phase in which the quarks are localized as in a bag. We
make a uniform-local-density approximation to this re-
gion by taking

(3.15)

The quarks obey a free Dirac equation with effective mass

and

m~* =m~ /y (3.16)

TP"=P~P"+gP~U(y ) (3.17)

Again, it is clear that the equations of state are the same
as in the MIT bag but with the substitutions B~ U(y)
and m ~mq*.

Thus each of these three models leads to essentially the
same equations of state. Recalling our ansatz that the
volume-dependent effects of confinement are to be rnim-
icked in the uniform local density approximation by in-
voking an effective finite temperature T, we obtain

6'=B+ g y f E*[nI,(T, )+nl, (T, )],d I(.

(2n )
(3.18)

p= B+—,
' gy, f [n—l, (T, )+nl, (T, )], (3.19)

d k k
(2n. ) E'

p, =y,f, [n~(T, )—n~(T, )l
d k

(2m )

C. Color-dielgqtrig model

After rescaling the quark fields y' g~g the Lagrang-
ian density is

where V= —', ~R is the volume of the spherical bag. In
principle we can also solve for m * in terms of m but
since m is just a parameter in this calculation, we simply
treat mq* as the parameter. Thus our parameters are R,
M, m„*, and m&.

We first pick a trial value for T, . The energies EF" and
EF*"are determined from

N,p=J y
(3.25)

where N„=2 and Nz = 1 are the numbers of quarks in a
proton. ' With these values we calculate M from Eq.
(3.24) and compare it with our input value. We then
modify T, and repeat the above procedure until our cal-
culated mass agrees with our input.

As an immediate consequence of the equilibrium con-
dition, we see from (3.18), (3.19), and (3.20) that, in the
MIT bag,

M= g E*+ (3.26)3E*
where the sum is over each quark. This relation will be
seen in the next section to play an important role in the
momentum sum rule in DIS.

It is useful to consider the case of massless quarks both
for orientation purposes and because this is a popular
choice for the MIT model. In this case (3.26) reduces to
the well-known virial theorem

M= 4(N„(E")+Ng(E ) )=4BV,

where for each quark flavor we have defined

(3.27)

(E)—: f E[nl, (T, )+nI, (T, )] (3.28)
p (2~)'

and (E")W(E") because of the different densities and
quark distributions. Also we can analytically determine
that for massless quarks

k
p~

= [1+(AT, /kF) ]6' {3.29)

Equations (3.18)-(3.22) are solved self-consistently by
noting that for equilibrium p =0. Moreover, if (as in the
MIT bag) there are no surface contributions, the nucleon
mass is just

(3.24)

where y - =6 is the degeneracy factor of quarks of flavor
j= [u, d },E*=(k +m&* )'~, and nl, and nl, are the fer-
mion and antifermion occupation number distributions

and

1+2(AT, /kF) +
,
', (nT, /kF)—.

4 1+(mT, /k).
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[Remember that kF (and (F. )) in the previous equations
are understood to be dependent upon the quark flavor j.]
Note that for T, =0, (E ) reduces to —,'kF and thus we

deduce

(3.31)

Since the physical region is a low-T, region, this setsh sets the
scale for the Fermi momenta at about one-third of the
nucleon mass. The equilibrium condition also generates
the inequalities

and

y„(kp) +yd(kF)
24~

(3.32)

(3.33)

The equilibrium surface generated by the self-

consistent solution of these equations is depicted in Fig.
5. For small masses M and small radii R there is no solu-
tion. The boundary is a straight line at T, =O corre-
sponding to the mass

1/3
9N,"~

Mz= g
j j

(3.34)

Altering the bag pressure 8 (at T, =O) moves us along
this line. For large R the surface again drops to T, =0
(and 8 =0) and the mass is ill defined (because althoug
the energy density is zero volume is infinite). Despite T,
being near zero the large R (and M) region is actually a
high-temperature region in the sense that T, ))kF, thus
(for R large and fixed) M varies as T, .

For finite quark masses we evaluate the integrals in

Eqs. (3.18)—(3.20} numerically. The resulting equilibrium
surface is not markedly different from that in Fig. 5 if the

uark masses are kept small (i.e., no more than several
tens of MeV). We shall note here only that the T, =O
boundary is now given by [cf. (3.31)]

M =N„EF*"+N„EF*" (3.35)

M5= +So .
T.

(3.36}

If T, were a genuine temperature, then the system would
further maximize its entropy by cooling to T=O at con-
stant 8. However, in our case T, WO is only a device for
introducing some of the properties of the confined states.
Unlike an actual temperature, the effective temperature is
not an independent dynamical degree of freedom and
there must exist an explicit relationship between T, and
R. On dimensional grounds we must have

cT ——
R

(3.37)

since R is the only dimensional parameter in the simplest
bag model with massless quarks. Thus the physical nu-
cleon state is constrained to lie on a line such as that
shown in Fig. 5. Along this line, where also MR is con-
stant (in the case of massless quarks), there exists an ap-
proximate dynamic equivalence between a bag o
confined quarks at zero temperature and a free quark gas
at finite temperature and the same density.

One may estimate the constant c in (3.37) by compar-
ing with the analogous simple bag model result

COOM= —', (N„+Nd ) (3.38)

where the eigenfrequency mo=2. 04 (independent of R for
massless quarks) is fixed by the (confining) bag boundary
conditions. ' However, Eq. (3.38) is subject to center-of-
mass corrections. A simple estimate of these leads to

which is not quite linear in 1/R and tends to the sum of
the quark masses as 1/R ~0.

These equilibrium surfaces are equivalently obtained
by maximizing the entropy with respect to volume

hange at fixed M and T . The entropy on the p =0 sur-
fface is obtained directly by integrating the first law o

thermodynamics. One finds

200

4 9 ct)o

8(N+N) R
(3.39)

150

X
100 c =85.8 MeV fm . (3.40)

Since in this simple model the nucleon and 6 are degen-
erate we may take the "nucleon" mass as 1086 MeV.
This leads to R =1.25 fm and suggests

50

0 I

.5 «l
]R (f~

FIG. 5. Equilibrium surface generated by self-consistent

solution of thermodynamic equations. The physical nucleon is

constrained to lie on a line such as that shown.

This describes the line depicted in Fig. 5. We anticipate
that relativistic center-of-mass corrections and other
effects may produce significant deviations from the sim-

le mass formula C3.39). Therefore, we have investigatedpe ma
points on the equilibrium surface in the region 900 e
~ M 1300 MeV and 0.5 fm R 1.5 fm. Small
values of c are interpreted as implying weak confining in-
teractions and large values, strong interactions. Note
that in the physical region T, is typically only a few tens
of MeV and less than the Fermi momenta.

In Table I we display some values of the effective tem-
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TABLE I. Equilibrium values of the Fermi variables for some proton masses and radii and quark
masses.

R
(fm)

0.9
1.0

1.1
1.2
1.0
1.2
0.9
1.0

M
(MeV)

1086

939

1232

m"
(MeV)

0

20
18
0
0
0
0
0
0

m"
(MeV)

0
0

20
23
0
0
0
0
0
0

kF
(MeV)

358.3
304.2
304.6
304.6
259.4
222.8
328.6
247.6
333.6
278.9

kF
(MeV)

280.0
229. 1

229.6
229.5
187.2
153.9
259.7
183.6
249. 1

198.3

T.
(MeV)

32.3
51.8
51.4
51.4
61.7
67.1

15.1
48.6
61.7
72.6

g 1/4

(Mev)

161.7
149.4
149.2
149.2
139.1
130.3
144.1

125.6
166.8
154.2

perature, Fermi mornenta, and bag constant for various
values of M and R. We use these values as input to the
formulas for the structure functions.

IV. LEADING- TWIST STRUCTURE FUNCTIONS

d k kh'(x)= ' f, 1+
pi (2m) E'

E*+k
X nk(T)5 x-

m~

The Lagrangians of Sec. III in the uniform media ap-
proximation may all be classed as a special case of the
Lagrangian studied in Ref. 24 where it was shown how
the leading-twist structure function (per particle) could
be calculated in mean-field approximation for fermions
moving in uniform scalar and vector potentials. In sum-

mary, one quantizes the fermions in the theory, taking
care to preserve Poincare symmetry, and then extracts
the leading light-cone singularity of the current cornmu-
tator. No approximation is necessary other than those
approximations standard in mean-field theory.

It is found that in mean-field approximation the struc-
ture functions scale and F2 is given by the standard
parton-model relation

E*+k—n&(T)5 x+
m~

(4.3)

[in Eq. (4.3) we have specialized to the case of no vector
potential] and

h '(x):=—h'( —x) . (4.4)

E ' is conventionally defined as the positive square root

E":—+Qk +m* (4.5)

for both quarks and antiquarks. Thus the first 5 function
in Eq. (4.3) can only be satisfied for x )0 and the second
only for x (0. Performing the angular integrations we
find

Fz(x ) =x g ej [qj(x)+q.(x)],
J

(4.1)
2pm~xh(x)= f dE*[nk(T)8(x)

4vr2p ~min'~]

q (x)=N [h'(x)O(x)+Ii i(x)8( —x)]
q~(x)=N~[h (x)8(x)+h J(x)8( —x )],

with

(4.2)

where e is the charge of the jth quark. The quark and
antiquark distributions are where

E;„(x)—= x +mg

2 X

+n„(T)O( —x)], (4.6)

m* 2

Inserting the occupation numbers for a finite-temperature
Fermi gas [Eqs. (3.21) and (3.22)] we obtain

Qm~x Te
h(x) = [8(x)ln(1+expI [E+ E,„(x)]/T, I

)+—8( —.x )ln(1+expI —[Ez+E,„(x)]/T, I )] .
4m p

(4.7)

3 mNh(x)=—
4 kF

kFxe

3
k

2

X

F

(4.8)

It is noteworthy that for T, =0, where there are no anti-
quarks, this reduces to

where EF* is now recognizable as the quark energy at the
Fermi surface. The free-field limit is obtained by taking
m*=m . It is not immediately obvious but along a line
such as described by Eq. (3.37) the distributions are in-
variant, if m& is calculated self-consistently. The essen-
tial point to note is that EF*/T, is also constant along
such a line.

Some typical distributions are shown in Fig. 6 for the
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T=0

kF = 222.8MeV

tempt to use a Boltzmann gas to describe the quarks in
the nucleon. In fact this is a problem rife in quark-
model calculations of structure functions, with many au-
thors arbitrarily renormalizing their distributions to obey
this sum rule. In our approach such arbitrary normaliza-
tion changes are neither necessary nor allowed. We have
from (4.2) and (4.3) that

0
0.0 0.2 0.4 0.6 10 1.2

dx [qJ(x) q'(—x)]

=N I dx[h'(x)+h'( —x )]J o

d k k1+ nkT, —nkT,
p~ (2~) E'

6 f / I I &
/

i ( I I I / I I s I I
/ I

Noting that the k term averages to zero in the integral
and comparing with Eq. (3.20), wherein arises the need
for self-consistency, we trivially obtain

5-
4

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

T =67. IMeV

f dx[q'(x) q'(x—)]=N (4.9)

k, = 153.9MeV

0
0.0 0.2 0.4 0.6 0.8 10 1.2

X

FIG. 6. The distributions h' and h ' for (a) u and (b) d quarks
in the Fermi-gas approximation to the proton [note that in (6a),
the antiquark distribution h„ is so small that it is indistinguish-
able from the x axis]. The T =0 curves are shown for the same
value of kF and do not correspond to equilibrium states. The
finite-temperature curves are for M = 1086 MeV and R = 1.2
fm.

case of massless quarks. The T, =0 curves illustrate the
difference between the full result Eq. (4.7), and the T, =0
limit Eq. (4.8) for the same value of EF'. For small values
of T„such as illustrated here, the antiquark distribution
is quite small. Notice that both h and h vanish at x =0.
The effect of including finite quark masses is to displace
the T, =0 curves to higher x, by an amount
(EF kF )

/mdiv,

with—out altering the shape of h (x ).
Clearly, the quark mass has to be comparable with kz to
have significant effect.

The structure function F2 obtained from the above in
the massless case agrees with that of Cleyrnans and
Thews' who used a quite different derivation. Their in-
terpretation though and their numerical results differ
markedly from ours. In particular they find that they
"underestimate the baryon content by a substantial frac-
tion. " It appears that this is due to a failure on their part
to determine the chemical potential and temperature
self-consistently with the nucleon mass and volume.
Without a self-consistent formalism one will not obtain a
properly normalized distribution (and the momentum
sum rule will also be violated). A problem with the
baryon-number sum rule was also encountered in an at-

(This result justifies our assertion that we have no spuri-
ous negative-x contributions. ) The upper limit of integra-
tion here is infinity because we are deahng with an infinite
system. In approximating the finite mass nucleon by this
system we require that the contribution to this integral
from the region beyond x =1 be small. We have checked
this numerically and find that for realistic parameters the
region x & 1 typically contributes much less than 1%.

Similarly we may obtain an expression for the momen-
tum sum rule. Again noting that (k ) =0 and also that
((k ) ) =

—,
' (k ), we obtain

N.
f dx x[q~(x)+q ~(x)]= E'+ . (4.10)

0 mN

Recalling Eq. (3.26) we thus have the result that the
quarks saturate this sum rule, i.e., when summed over all
quarks the right-hand side (RHS) of (4.10) equals + l.
This result for the MIT bag was first noted by Jaffe.

Unfortunately this prediction for the momentum sum
rule is in disagreement with experiment, which measures
only about one-half for the fraction of momentum carried
by the quarks. The present model prediction can be
modified readily by several means. The most obvious is
to include a vector gluon field in the equation of state.
This alters the equations of state for nonzero tempera-
tures. However even for very high temperatures this
mechanism seems insufficient to transfer 50% of the
nucleon's momentum away from the quarks. " We note
that in the present model we can also modify the momen-
tum sum rule by including surface terms in Eq. (3.24) for
the nucleon mass.

In subsequent work we intend to take a closer look at
the thermodynamics of interacting ferrnions, but for the
present we adopt a procedure advocated by De Rujula
and Martin and Jaffe and Ross several years ago
(though the genesis of the idea appeared even earlier ).
In this approach, the quark distributions are evolved with
perturbative @CD until the quarks carry only 50% of the
nucleon momentum. This procedure was implemented
with a measure of success for Jaffe's attempted calcula-
tion of the MIT bag structure functions. (See also Close
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F( Fz =x[ ,'(u ——d—)+—,'(u —d )] .

The sum of these, on the other hand, is

F/+F& =
—,'xX —

—,'x[(s —c)+(s —c)],
where the dominant piece

(4.1 1)

(4.12)

X=+(q +q ),
J

is a pure singlet and mixes with the gluon distribution 6
under evolution. At the starting scale p the sum over j
includes just u and d; s and c are zero. Because the nons-
inglet distributions s —c and s —c are initially zero, they
remain so under evolution and the second term in Eq.
(4.12) may be discarded, in our model, at any Q ."

The evolution equations may be found in Ref. 56.
There are several numerical methods available in the
literature for implementing them. We have tried most
and found quite a few to be unsatisfactory. The method
of Jacobi polynomials has been found adequate provid-
ed very careful attention is paid to the choice of weight
function.

(4.13)

V. RESULTS

The input distributions to the QCD evolution equa-
tions are those such as in Fig. 6(b). Any contribution in

et al. for an updated analysis. ) The basic idea is that
because gluons have not been explicitly included in the
model we should regard the quarks as being dressed with
gluons. In this respect the idea is the same as in the
valon model. ' Specifically, it is postulated in Refs. 4, 48,
and 50 that the quark-model matrix elements correspond
to those of field operators renormalized at some (low-)
momentum scale. By evolving with perturbative QCD
the gluon dressing is removed.

In what follows we shall be content with leading-order
(LO) evolution. This may disturb some readers because
we have to evolve a long way in ln Q to remove 50% of
the momentum. However beyond LO it is not clear how
to define the quark distributions. This is a well-known
problem in the literature. To specifically relate it to our
case, consider the prescription followed recently by Mar-
tin et al. , i.e., scheme S of Furmanski and Petronzio.
In scheme S one evolves quark, antiquark, and gluon dis-
tributions in next-to-leading order and then calculates the
leading-twist structure functions in terms of these using
various coefKicient functions. The relationship between
the structure functions and the quark distributions can be
approximated by parton-model relations such as Eq. (4.1)
only at high Q . However, in the mean-field theory the
parton-model relations are valid independent of Q and
in particular must be taken as valid at the starting scale
)u for the evolution procedure [where, for example, the
sum rule (4.9) is valid]. Until we better understand the
connection between the mean-field structure functions
and those of the full theory we should be reluctant to go
beyond LO. One advantage of our model is that this
problem can be systematically studied.

We conclude this section by noting that the valence
distributions u„=u —u and d, =—d —d are pure nonsing-
let as is

the region x ) 1 is discarded. (In most cases this results
in less than 1% of the total momentum being lost. If
more than 2% is lost we regard the infinite Fermi-gas ap-
proximation as having failed. ) After evolution we com-
pare with data, primarily from the European Muon Col-
laboration ' (EMC), at Q =15 GeV . At this scale the
EMC finds that the valence quarks carry 39.1+2.0% of
the nucleon momentum and all quarks and antiquarks to-
gether carry 46. 5+ 2. 3%%uo. Gluons are presumed to carry
the remaining 53.5%.

The fraction of momentum carried by gluons is fairly
well agreed upon. However, the division of the balance
of the momentum between valence quarks and ocean
quarks appears to be less certain with neutrino experi-
ments finding a significantly lesser amount to be carried
by valence quarks than that found by the EMC. This
raises the issue of whether we should evolve the model
distributions until the nonsinglet valence distribution
u„+d, carries 39.1 jo of the momentum or until the sing-
let distribution X carries 46.5%%uo. In general it is not pos-
sible to obtain both simultaneously. We choose to be
governed by the valence distribution since that is the
more reliably determined distribution in our model.
Thus the amount of evolution is determined by the QCD
expression for the second moments of xu„+xd„:

M"'(Q')
,—=exp( —d N's ),Mval( 2)

(5.1)

where

2

s =ln ln
~LO

2

ln
2

~LO
(5.2)

We have M', "(Q ) =0.391; Mz" (p ) is a model-
dependent number close to 1 and d2 is the second nons-
inglet anomalous dimension in LO. The value of ALO
chosen then determines the starting scale p . The actual
value of p is of little interest; we typically find values
about 1.5 times AL, &

for reasonable values of ALo (say 200
MeV). Note that the amount of evolution is determined
entirely by the combination d 2 s and our results for the
valence distributions are independent of both the choice
of AL0 and the number of flavors. In contrast the total
quark distribution X does depend on the number of
effective flavors used. We have chosen to evolve all the
way from p to Q with just two effective flavors because
on a logarithm scale the bulk of the evolution is below all
higher flavor thresholds. We do not believe that it is sen-
sible to use more flavors without a proper treatment of
the thresholds.

Following the above procedure then, we obtain the
valence distributions for the proton shown in Figs. 7 and
8 where in the first we have varied the equilibrium radius,
R, at fixed proton mass M and in the second we have
varied M at fixed R. (In both figures we take the quark
masses to be zero. ) In addition to the EMC data we have
shown some neutrino data from the CERN-Dortmund-
Heidelberg-Saclay (CDHS) Collaboration ' and the
WA25 experiment. The differences between these data
sets are greater than the acknowledged experimental er-
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As we increase the equivalent bag radius at fixed M our
distributions become broader, though the incremental
difference becomes less as R increases. This latter feature
is to some extent an artifact of the evolution ansatz. At
large R there is an appreciable acean-quark distribution
at the starting scale and also there is a loss of momentum
from the support mismatch so that the amount of evolu-

tion involved becomes progressively less. [In the case
R =1.2 fm in Fig. 7 the amount of lost momentum has
grown to 2' (the maximum we allow) and the ocean
quarks carry just over 1%o at the starting scale whereas
for R =0.9 fm the valence quarks begin with 100% of the
momentum. ]

In Fig. 8 the case M=939 MeV leads to a distribution
which is far too narrow. This is because the equilibrium
value of the effective temperature is too small. Since the
nucleon and 5 are degenerate in our model we prefer to
use their average mass of 1086 MeV. The agreement
with data is preferable to using the physical nucleon
mass.

Taking any set of parameters the following features are
evident in our distributions. (i) The xd„distribution is

narrower than the xu, distribution, and (ii) the xd„distri-
bution peaks at a slightly, but noticeably, smaller value of
x. Both of these features are due to the d quarks having a
lower value of kF than the u quarks and this in turn

stems from their differing densities: there are two u

quarks in the proton but only one d quark. It is well-

FIG. 7. The valence distributions in the proton at Q =15
GeV' as a function of Bjorken x for M = 1086 MeV and various

bag radii. The EMC data are from Ref. 58, the CDHS data are
from Ref. 61, and the WA25 data of Ref. 62 were extrapolated
to Q'=15 GeV' in Ref. 58. The CDHS and WA25 errors are
statistical only. (a) xu„(x), (b) xd„(x).
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rors so some caution is required in judging the model re-
sults.

We see that very good agreement with the EMC data
on xd„ is obtained but that our model xu„distribution is
too narrow. The agreement with the neutrino data looks
worse though it is to be remembered that we evolved our
distributions so that the sum of the areas under the xu,
and xd, curves is 0.391 as required by the EMC data.
We have shown the neutrino data to emphasize the
difficulty in obtaining these measurements. In fact Mar-
tin et al. raise further uncertainty over the data in
drawing attention to differences between the EMC muon
data and preliminary muon data from the Bologna-
CERN-Dubna-Munich-Saclay (BCDMS) collaboration.
In their analysis of the respective distributions derived
from the experiments Martin et al. find that the BCDMS
u, distribution exceeds that of the EMC at low x (less
than about 0.45) and is less than EMC at high x. The ra-
tio peaks at about 1.25 at x =0.2. On the other hand the
BCDMS d, distribution is up to 5% less than EMC at
x (0.2 and exceeds EMC at large x. If we were to accept
this analysis then we could claim excellent agreement
with both u„and d„data. Given the approximations in
our model though this would undoubtedly be fortuitous.

0.2

0.0
0.0 0.2 0.4 0.6

I

0.8 1.0
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06—
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FIG. 8. The valence distributions in the proton at Q =15
GeV as a function of Bjorken x for R =1.0 fm and various
masses. The data is the same as in Fig. 7. (a) xu, (x), (b) xd„(x).
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known experimentally that the first of these features is
true and it has been a long-standing puzzle. We believe
that our model goes some way toward explaining it. The
data are not good enough to confirm the second feature
beyond doubt but it does favor it.

The Fermi-gas approximation could be used to make
predictions for the structure functions of the 6, provided
we overlook the fact that it is an unstable particle. In our
approximation it is degenerate with the nucleon and the

+ 0and 6 quark distributions and structure functions
will be the same as for the proton and neutron, respec-
tively. In the b++ there are three u quarks and the u-

quark distribution is predicted to be even broader than
that in the proton. The d distribution in the 6 will be
the same as the u distribution in the 6++. The possibili-
ty of scattering off of 5 constituents of nuclei has been
the subject of some speculation in connection with the
EMC effect. The present theoretical predictions though1

are possibly the first for 5 structure functions.
We have tried using nonzero quark masses. The spec-

troscopic splitting of isospin multiplets suggests that
md —m„ is about 4 to 5 MeV in bag models. The quark
masses in these models are generally considered to be the
same as the quark masses in current algebra and chiral
perturbation theory requires the current quark masses to
be small. Indeed it predicts the ratio rn /m to be about

67
Q d

one-half. Using the most lax limit of 0.78 (Ref. 68) we
note that m„=18 MeV and md =23 MeV are about the
heaviest quark masses that we can sensibly entertain.
The distributions obtained with these masses, particularly
after the evolution procedure, are not appreciably
different from those for zero quark masses. As noted in
the last section the important parameter in these distribu-
tions is EF* and this is an order of magnitude greater than
these masses. Furthermore the difference between EF"
and E~ is dictated by the differing densities of the u and
d quarks and is hardly affected by their mass difference.
Thus current quark masses have a negligible effect on the
quark distributions. Henceforth we shall content our-
selves with using zero quark masses.

The total ocean distribution, obtained by subtracting
the valence contribution from the singlet-quark distribu-
tion X is shown in Fig. 9. The ocean for R =1.0 and 1.1
fm is indistinguishable from that for 0.9 fm on the scale
of the plot. The small differences for R =1.2 fm we attri-
bute to the fact that for this value of R, T, is sufficiently
large that there is a significant nonperturbative ocean
present. %'e compare our result with the total ocean dis-
tribution 5xq extracted by the EMC. The two are very
similar though our ocean distribution is more singular at
low x. The EMC ocean is itself though rather different
from the more familiar distributions obtained from neu-
trino experiments. In particular it is very soft and falls
much more rapidly with x than normally accepted. In
fact they find a (1—x )' -type behavior rather than the
usual (1—x ) . This clearly deserves to be resolved.

The electromagnetic structure functions I'2 for the pro-
ton and neutron in our Fermi-gas approximation are
shown in Fig. 10 for M = 1086 MeV and a variety of ra-
dii. The structure at low x is genuine and results from
combining an ocean distribution, which probably is too
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FIG. 9. The total ocean distribution S{x)=xg —xu„—xd, .

P5P I I ~ 11 I I I l ~ I I I I I I I I I
W

040

0.30

o EMC

CDHS

0 WA25

0.20
(a)

010

0.00 I I I I I I I I '~l. ..
0.0 0, 2 0.4 0.6 0.8

P5P I I I ( I I I ( I I I
1

~ ~

0.40

M = l086 MeV R =09fm
R = 1.0fm
R = 1,1fm
R = 1.2fm

0.30

020 (b)

0.10

0.00
0.0 0.8 1.0

FIG. 10. The proton and neutron structure functions at
Q'=15 GeV' as a function of Bjorken x. The EMC muon data
is from Ref. 58; the CDHS and WA25 structure functions have
been calculated from the quark distribution functions measured
in the respective neutrino experiments, see Ref. 58. (a) F)(x),
(b}I"(x).

singular, with a valence contribution which is possibly
too narrow. It is not clear to what extent this structure
would survive in an improved model. Its simple origin
does suggest that careful measurements are required in

the low-x region. Although present data shows no sign of
such a structure our model is in remarkably good agree-
ment with the data especially in the case of the neutron.
That we fare better for the neutron than the proton is re-
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lated to the fact that the xd, distribution is in better
agreement with experiment than the xu, distribution.

Our proton and neutron structure functions are com-
pared directly in Fig. 11. The combination F$ Fz-is of
particular interest since it is a pure nonsinglet. The
Fermi-gas approximation is unsuccessful here, being
clearly too narrow and highly peaked. This feature is
also evident in the ratio Fz /F~z though in line with earlier
remarks preliminary BCDMS data is in closer
correspondence with the model than the EMC data. A
major problem with the data is the size of systematic er-
rors. The New Muon Collaboration (NMC) claim that
they will have much smaller systematic errors. Prelimi-
nary data from this group is shown in Fig. 11(b) with
statistical errors only. It does tend to confirm that there
is a minor systematic problem with the model structure
functions; this is most evident in the low-x region. Actu-
ally we find this encouraging because there are several
features lacking in our model, such as a pionic com-
ponent, which can be expected to affect primarily that re-
gion.

The behavior of the ratio F2/F2 as x tends to 1 is of
some theoretical interest. Since the ocean distributions
are negligible at large x the charge weightings of the

quarks yield

Fn

FP
1+4d /u
4+2 /u

(5.3)

and so the ratio of structure functions must lie between
0.25 and 4. The most simple quark model would have
d/u =

—,
' and thus Fz/Fz= —', . However, there is no

reason why the d/u ratio should be constant in x and it
certainly is not in our model. Close and Thomas' have
suggested d/u falls to 0 as x approaches 1 whereas Far-
rar and Jackson suggest —,'. Because of the support
mismatch the Fermi-gas approximation is not reliable at
x =1. Nonetheless, before evolution we can straightfor-
wardly obtain this ratio in the limit x~~ from Eqs.
(4.2) and (4.7). Since at large x the quark distribution is
very small the value of the exponential in Eq. (4.7) is also
small and a standard expansion for the logarithm may be
used. Neglecting md* —m„' on the scale of the nucleon
mass we find

d/u =exp[rEF'" EF'")/T—, ] (5.4)

which is independent of x. Indeed, because we have re-
stricted our choice of parameters so that the calculated
structure functions are negligible beyond x =1 we reach
this asymptotic region even before x =1. Examination of
the evolution equations shows that the ratio at x = 1 is
independent of Q . Thus Eq. (5.4) applies to Fig. 11(b)
where the asymptotic behavior is clearly evident (apart
from oscillations at large x which arise from severe nu-
merical problems '). Of course the exponential form of
Eq. (5.4) is a remnant of the support mismatch and also
its value is clearly sensitive to the model parameters so
that a reliable quantitative prediction is not possible.
What we do consider noteworthy is the asymptotic be-
havior of the ratio which implies that an extrapolation of
the current data to x =1 is fraught with uncertainty.

The gluon distribution that we obtain, which is gen-
erated entirely by the evolution procedure, is shown in
Fig. 12. It is somewhat more singular at low x than that
usually extracted from data. Experimental knowledge of
the gluon distribution is though very poor.

1 0~ ~
~ ~ I » ' I

)',o.s -). '. .'
[

o

R= 0.9fm
R = 1.0fm
R= 11fm
R = 12fm

IO

Fyfmi ggs: hi = 108& hleV

R = I.Ofm

~ 0J
U

06—
C 0J (b)

1086Me V
—-----EMC: R = 0.0

EMC: R = R()~p

04— o EMC
x 8COMS prellmtnary

~ NM C pre limin Dry

0.2
0.0 O.2 0.4

~ a a I I I I I I

0.6

J ~
: I

I

I-
~I

I

O8 10 0
0.00 o.io 0.20 0.30 0.40 0.50

FIG. 11. Comparison of proton and neutron structure func-
tions at Q'=15 GeV'. The data has been averaged over the Q'
range of the experiments (Refs. 58, 59, and 69). (a) F$ F2,(b)—
F"/F$

FIG. 12. The gluon distribution implied by LO QCD evolu-
tion with two effective flavors. The EMC curves are their fits
(Ref. 58) at 5 GeV evolved to 15 GeV .
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VI. DISCUSSION

We have shown that a finite-temperature Fermi-gas ap-
proximation to the nucleon leads to quite good results for
the nucleon structure functions and quark distributions.
Of course the connection between the physical nucleon
and an infinite Fermi gas is rather tenuous. However we
do not consider that the reasonable agreement we obtain
with data is coincidental. We have argued that a finite
temperature Fermi gas should indeed give a fair first ap-
proximation to baryon structure functions in the Bjorken
region of high-momentum transfer. The essential reasons
are that in the Bjorken limit DIS measures an effective
free-field decomposition of the confined quarks. The
Fourier components in this decomposition dictate the
shape of the structure functions. Because of the fermion-
ic property of the quarks a detailed knowledge of the
confined quark wave functions does not appear to be
essential to obtain an approximate knowledge of these
Fourier components (or occupation numbers). The prime
factor is the density of the quarks and that is almost trivi-
ally calculated. By comparing with the interior region of
bag models of hadron structure we have been able to
choose (self-consistent) parameters of a Fermi gas so that
the gas mimics the effective free-field decomposition seen
in DIS. The finite temperature is particularly important
in this regard. It has nothing to do though with a phase
transition to a deconfining phase of QCD as in a popular
interpretation of the MIT bag. On the contrary an essen-
tial ingredient in the calculation of the structure func-
tions is the fact that the quarks are confined.

Although our model is simple it provides some useful
insight into the shape of nucleon structure functions.
Most importantly we find a possible explanation for the
well-known mysterious differences in the shape of the
electromagnetic structure functions of the proton and
neutron and associated differences in the xu, and xd„dis-
tributions in the proton. In the Fermi-gas approximation
this arises as a simple consequence of Fermi statistics and
the fact that the proton contains two u valence quarks
and just one d valence quark. (Note that the spin averag-
ing is important here. ) We also find that the quark mass
difference md —m„plays an insignificant role in the
difference between xu„and xd, .

However, perhaps the greatest significance of this work
is that it provides a model in which structure functions
may be calculated without the theoretical difficulties that
have plagued past attempts to study quark-model struc-
ture functions. This permits us to introduce complica-
tions such as pion fields and to evaluate their importance
in preparation for a more realistic model of the nucleon
structure functions. One particularly important problem
is to better understand the role of gluons in the momen-
turn sum rule. We have followed the almost universal
trend in taking a model with no gluons and introducing
them via QCD evolution. This procedure has received
much criticism —and justifiably so. Unfortunately, pre-
vious quark-model calculations have not been sufficiently
well understood to avoid this approximation. The pres-
ence of gluons in the Fermi gas does not directly affect
the structure functions. " However they will modify the
equations of state and consequently change the appropri-
ate gas parameters. By then introducing the effect of
quantum fluctuations we would have a model with scal-
ing violations built in but with the advantage that a direct
comparison with mean-field results would be possible
over a range of Q . This model could then be compared
with the results given here and the utility of the evolution
ansatz judged. This line is currently being pursued.

One of the motivations for this work was the EMC
effect in which an apparent dependence of the nucleon
structure functions on the surrounding media is observed.
The Fermi-gas model does offer some insight into various
proposed mechanisms for explaining this which we will
discuss elsewhere.
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