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We construct a nonrelativistic field theory for the second-quantized N-body system of point parti-

cles with Chern-Simons interactions. Various properties of this model are discussed:

its obvious

and hidden symmetries, its relation to a relativistic field theory, and its supersymmetric formulation.

We present classical,

static solutions—solitons—that satisfy a self-dual equation, which is

equivalent to the Liouville equation; hence, it is completely solvable. The dynamical role of the

Chern-Simons interaction is demonstrated:

the interaction does not merely change statistics but

also provides the forces that bind the classical solitons.

I. INTRODUCTION

Dynamics for a collection of N point particles moving
nonrelativistically on a plane and interacting with each
other through the mediation of a U(1) gauge field, with
Chern-Simons kinetic action,!? is described by a Hamil-
tonian consisting solely of the particle kinetic energy:

N
H=73 %mpupz. (1.1)
p=1

Here m, is the particle mass and v,

its velocity—the
time derivative of the position vector r,: v,=f,. Asis
the case for magnetic systems, the interaction is hidden in
the nontrivial relation between the particle’s kinetic
momentum m, v, and its canonical momentum p,, conju-
gatetor,:

_ ©p

m,v,=p,——-a (ry, ...

- 2 (1.2a)

,Ty) .
The vector potential a, seen by particle p describes point
vortices located at all the other particles:

J— ]
» r

PRy (1.2b)
—I'

al(ry,...,ry)= ’fz
P Ty) q

27TK a7p
Each particle carries the “charge” e,, c is the velocity of
light, and « is a measure of the interaction. The vector
potential involves the curl of the Laplacian Green’s func-
tion:

1 i*r‘j ij 1
5‘;617——618j;lnr , (1.3a)
VL lnr=8%r) . (1.3b)
2w

[In the plane the curl of a vector V is a scalar S, and the
curl of a scalar is a vector: in components S=e"9, V7,
(VXS)=€"3;S] The “magnetic” field arising from
(1.2b), VXa,, is a sum of § functions, vanishing almost
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everywhere. Consequently, the potential a, may be
presented as a singular pure gauge:
Ly r/ y 1
—_ = = — 9
Pyl 2 d;arctan . Py 9;
(1.3¢)
r=(x,y)=(r cosf,r sinf) .

The singularity at r=0 is also seen from the identity

€79,3,0=2md(r) , (1.3d)

which is a consequence of (1.3a), (1.3b), (1.3c).
The above action-at-a-distance description follows
from a local formulation based on the Lagrangian

L :Lmatler +LCS +L1nteracnon . (1.4)
The matter Lagrangian is conventional,
N
Lmatter= 2 m UZ ’ (1.5a)
=1

while the Chern-Simons Lagrangian provides the kinetic
term for the gauge fields:

Les=7 [dre® 3, A4,

=2icfd2ra,Ax A—«[d 4°B . (1.5b)
Here the fields depend on time ¢ and on the field point r,
i.e., on the three-vector x*=(ct,r); B is the “magnetic”
field B=V X A; also we define the “electric” field by
E=—-VA°—(1/¢)3, A. Finally, the interaction La-
grangian may be alternatively presented by particle vari-
ables

1 N
Linleracli0n=? 2 V -\ l l' )

(1.5¢)
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or by field variables in terms of a conserved current
j#=(cp,j), 3,p+V-j=0,

1 ;

L = —:fdzr Aﬂj“

interaction ~

1
=—|drA-j— [drd%, 1.5d
- f rA-j f A p ( )
with the current depending on field and matter coordi-
nates:

(1.6)

The previous Hamiltonian description (1.1) and (1.2) is
derived by eliminating the gauge-field variables in favor
of matter variables by use of the gauge-field equation of
motion, which in the present case reduces to a field-
current identity:' 3

5P g =Ke'P8, A= % i (1.7a)
1

B=—=p, 1.7b

P (1.7b)

= Le'jjj . (1.7¢)
CK

(One finds that self-interactions are absent.*)

Various symmetries are present. First, there are the
obvious space translation and rotation symmetries, with
associated momentum P and angular momentum J con-
stants of motion (generators):

N

P=3 m,v, , (1.8)
p=1
N

J=3 I, Xm,v, . (1.9)

p=1
Moreover, there is a hidden SO(2,1) conformal invari-
ance:* redefining time by a translation t —¢ —a, by a dila-
tion t—at, or by a special conformal transformation
1/t—1/t+a, is an invariance provided the particle
coordinate is transformed, _ respectively, as
1,(t)—r1,(t +a), rp(t)—>\/a 1,(t/a), and
r,(t)—(1—at)r,[¢t/(1—at)]. The respective generators

p
are the Hamiltonian (1.1), the dilation generator

N
D=tH-1% mp(rp'vp+vp-rp) , (1.10)
p=1

and the conformal generator

N

K=—t’H+2tD+1 3 m,r; . (1.11)
p=1

Finally, our system is invariant against Galileo boosts

r—r+ Vi, generated by

N
G=tP— 21 m,r, .
p=

(1.12)

In all the generators the interaction is again hidden in the

relation (1.2) between kinetic and canonical momenta.
The quantum-mechanical problem requires solving the

N-body Schrodinger equation for the wave function

Y1y, ..., Ty

2

iw=3 . (1.13)
» 2m

=1 p

e
— .__p
Vp Iﬁc a,

Time may be separated in the usual way,

Y= By, | (1.14)
and uj solves an eigenvalue problem:
N ﬁZ ) ep 2
EuE=p§l— 2m, Vp—zgap ug . (1.15)

Owing to the pure-gauge nature of a,, the interaction
may be removed by redefining the phase of uy. From
(1.2b) and (1.3c¢) it follows that

. 1 N a N
al(ry,...,ty)=——e'— ¥ e In|r,—r,|
ptD VAN q I q
2Tk dr) 7,
1 J
== — e, 0., (1.16)
27K or, q§p 779
Yo ™Y
tan9pq=~———p !
Xp T~ X
Hence, by defining
up=e %u (1.17)
0= 3 v,,0,, , (1.18a)
pP<q
_ %% —
qu—-m, h=2mh, (1.18b)

we see that the wave function u2 solves the free N-body

Schrodinger equation
h?_

2mp

N
Eu)=H%}= S — Voup , (1.19)
p=1

while the interaction is hidden in the complicated bound-
ary conditions satisfied by ug: Since u is single valued
but @ is not, up must be appropriately multivalued so
that u,=e ©u remains single valued (for noninteger
Vpg> Which measure the magnetic flux due to particle g
and felt by particle p; integer v, is invisible). As a conse-
quence, even though H is a sum of free one-body Hamil-
tonians, u2 is not a product of free one-body wave func-
tions (plane waves). Rather it must be an appropriate su-
perposition of one-body wave functions (orbitals), where
the superposition is chosen so that the correct mul-
tivaluedness of u is achieved.

The nontrivial task of constructing a superposition of
free wave functions so that a complicated boundary con-
dition is satisfied has been solved so far only for the two-
body problem.* (Owing to the absence of self-
interactions, the one-body problem is trivial.) The gen-
eral case is reminiscent of the N-body problem on a line,
with the interaction potential comprising a sum of one-
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dimensional & functions. There too the many-body wave
function is obtained by superposing one-body, free wave
functions in a fashion prescribed by the Bethe Ansatz.
While the two-dimensional generalization of the 6-
functional potential problem has resisted solution, it may
be that our dynamics, with velocity-dependent & func-
tions contributing to the Lorentz force [in
E(r,)+(v,/c)XB(r,), E and B are sums of & functions
according to (1.6) and (1.7)] is more tractable.

An alternative and equivalent approach to the N-body
problem with identical particles (m,=m, e,=e) is
through second quantization: The Schroédinger problem
is replaced by a nonrelativistic field theory. By the addi-
tion of a magnetic interaction, we obtain a two-
dimensional, gauged nonlinear Schrodinger equation.
This paper is devoted to a study of such a field theory and
to an elaboration of the self-dual soliton solutions that we
have recently found in the classical version of the model.’

Of course, the second-quantized one-dimensional prob-
lem with §-function potentials also leads to the nonlinear
Schrodinger equation in one dimension, whose analysis
on the classical level was an important achievement in
the complete integrability program for nonlinear partial
differential equations.® Moreover, finding solitons of the
nonlinear one-dimensional Schrédinger equation, quan-
tizing them, and reproducing the Bethe solution was a
milestone in the semiclassical, nonperturbative analysis of
nonlinear quantum field theories.” No useful results are
known for the wungauged, two-dimensional, nonlinear
Schrodinger equation. However, adding a Chern-Simons
gauge interaction evidently opens new possibilities for
solution.

In Sec. II we present our field theory. Owing to parti-
cle number conservation, the model may be analyzed in
the N-particle sector, where we reproduce the
Schrodinger equation (1.15), with an additional magnetic
interaction. The classical field theory is analyzed in Sec.
III, and static, self-dual, zero-energy solutions are
presented. Section IV is devoted to concluding remarks
about several further features of the model. In particular,
relativistic and supersymmetric generalizations of our
model are discussed, and it is demonstrated that the
Chern-Simons term does not merely alter statistics, but in
general gives rise to dynamical interactions as well.

II. NONRELATIVISTIC QUANTUM FIELD THEORY

A. Hamiltonian and equation of motion

We consider a quantum field operator ¥ and its Hermi-
tian conjugate V', obeying (bosonic) commutation rela-
tions at equal times (a time argument of our operators is
suppressed):

[W(r),¥(r)]=0, [¥'(r),¥'(r)]=0,

. 2.1
[W(r), ¥ (r)]=8(r—1') .

(For definiteness and simplicity we take a bosonic alge-
bra; similar analysis can be given with a fermionic alge-
bra.) We posit a Hamiltonian, which governs time evolu-
tion. Ordering of noncommutating operators is impor-
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tant; the normal-ordering prescription of putting all ¥ to
the left of ¥ is made and is denoted by colons. To de-
scribe the Hamiltonian accurately, we begin by defining
the operator covariant derivative

£

II(r)= Zic

V—i—— A(r) |¥(r)=DW¥(r) (2.2)

and its conjugate Hfz(D\I/)*, where the Hermitian vec-
tor potential operator A is constructed from the number
density operator

p=v"v (2.3)
by a formula that solves the Chern-Simons relation be-
tween magnetic field B=V X A and charge density ep;
compare (1.7b):

e
—_e 2.4)
B P (
We take
AN=YX< [drGr—r)p(r'), (2.5)
K

with G the Green’s function for the Laplacian, as in (1.3).
Hence, as explained there, VXG(r—r') may also be
presented as a gradient:

1

VXG(r—r')= 2TrV@(r—r’),
, (2.6)
tan®(r—r')= 2 y, .
x —x

Note that the ® is multivalued, since ®=0 and ®@=27
are identified.

From the commutation relations it follows that

[A(r),\l/(r’)]z—i—VXG(r—r’)\l’(r'). (2.7)

VXG(r) is ill defined at the origin; we shall prescribe
that it vanishes there; i.e., we have in mind a regulariza-
tion that preserves the antisymmetry of VXG under
space reflection. Therefore, W(r) and \lff(r) commute
with A(r), and no ordering ambiguity afflicts Il and ',
Also p(r) commutes with p(r’) and so do the vector po-
tential components with each other.

The posited Hamiltonian is®

H= fdzl'?{ 5 (2.8a)

(2.8b)

In view of (2.3) and (2.4), this may alternatively be writ-
ten as

# gK
o IT (r)-II(r)+ e :B(r)p(r): ,
which shows that the quartic term in (2.8b) describes a
magnetic-field—charge-density interaction of strength
gk/2e?. Note that although Il and m' are separately
normal ordered, ' is not.

The field equation of motion follows by commutation:

H(r)= (2.8¢)
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i#0,W(r)=[W(r),H]

2
S gLD W(r)+ed%r)W(r)—gp(r)W(r)
+ dr'VG(r—r')
2mc2K2 f r
-VG(r—r')p(r)¥(r) . (2.9)
The scalar potential 4°in (2.9) is given by
Ar)=—-= [drGr—r)VXj(r), (2.10)
cK
where j is the number current-density operator:
= e'm-me) . (2.11)
2mi

The third term on the right-hand side of (2.9) comes from
the magnetic-quartic interaction, while the last term

d*r'
(r
2mc2 2 f (2m)? {r—r lzp

is a quantum correction arising from reordering; it will
play a crucial role in the following. The magnetic next-
to-last term in (2.9) may also be written as
—g fdr'S(r—r’ )p(r')W(r); hence it is of the same dimen-
sionality as the reordering term, since 8(r) scales as r 2.

Because the matter density p satisfies the continuity
equation

")W(r)

o,p=— [H pl=—V-j, (2.12)

the number operator N=fd2rp commutes with the
Hamiltonian. Also, with the help of (2.12) we see that the
formula (2.10) for the scalar potential A4° solves the
remaining Chern-Simons field-current identity between
the electric field and the current density [compare (1.7¢)]:

=3, 49— L3 4= ¢iiji (2.13)
c cK
We record one further commutator that will be used
below:
—[p(r , j( ')]——p(r )V8(r—r') . (2.14)
(In this section and below, in contrast with Sec. I, p and j
are defined without the gauge coupling constant e; they
are matter densities; the charge densities of Sec. I are ob-
tained upon multiplication by e.)

B. State space and the Schrodinger equation

The two commuting operators H and N can be simul-
taneously diagonalized, and we label eigenstates by their
eigenvalues |E,N ):

H|E,N)=E|E,N) ,
N|E,N)=NI|E,N) .

(2.15)
(2.16)

Also, we posit the existence of the ‘““vacuum” zero state
|Q), annihilated by ¥,

3503
n|Q)=0=(Q|¥'(r) (2.17)

and also by N and H:
N|Q)=0=HI|Q) . (2.18)

However, W' operating on |Q) produces another state,
and in particular we define

(QUW(r) - WDIEN)=uglry, ..., ty) . (2.19)

It is clear that exactly N field operators are needed to
connect |E,N) to [Q). Also, as a consequence of its
definition (2.19) and the commutativity of the operators
W, ug(ry,...,ry) is a bosonic wave function, symmetric
under position interchange.

By considering the commutator matrix element

(QI[W(r) - W(ry),HE,N)Y=Eug(r,,...,ty),

(2.20)

evaluating the commutators from (2.9), and reexpressing
the resultant matrix elements in terms of uy again, one
arrives at the Schrodinger equations obeyed by the N-
body wave functions u.

For example, in the one-body problem we have

1)={(Q|¥(r)|E 1),
Eug(r)=(Q|[¥(r),H]|E,1) .

(2.21a)
(2.21b)

The commutator given by (2.9), involves operators that
contain W' standing on the left and anmhllatmg (Q], ex-
cept for the Laplacian portion of D?W:

2
(QI[W(r), H]= — 2 v2(|W(r)

2m

Hence the one-body problem is free—there are no self-
interactions:

2
—LVZuE(r)zEuE(I‘) .

2.21
m ( c)
For two bodies we begin with
up(r,r))={Q|W(r,)¥(r,)|E,2) , (2.22a)
Eug(r,r,))=(Q|[¥(r,)¥(r,),H]|E,2)
ﬁZ
== — VX Q|W(r)¥(r,)|E,2)
+(Q|W(r)[V(r,),H]E2) . (2.22b)

Here the matrix element of the remaining commutator is
no longer trivial, since the W(r,) operator is interposed.
The evaluation is straightforward, with the result

2
#? ie?
EuE(rl,rz): m Vl”EVlXG(rl—rz)
2
#? ie?
—E 2"FV2XG(TZ"Y1)
—g8(r,—r,) |ug(ry,r,) (2.22¢)
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It is instructive to follow the steps leading to (2.22c),
since the reordering last term in (2.9) plays a crucial role:
it is needed to reconstruct the full covariant Laplacian
[V,—(ie?/#ick)V X G]* from the free Laplacian V3 seen
in (2.22b). Equation (2.22¢) is just the two-body equation
of (1.15) for identical, bosonic particles, with an addition-
al &-function interaction. Note that this further contact
interaction, which as we remarked can be viewed as an
interaction with the magnetic field, does not affect wave
functions that vanish at r,=r,; however, careful analysis
of the Schrodinger operator is required to ensure self-
adjointness.® It will be shown below that the additional
contact interaction, with a definite value for its strength,
g, is a very natural modification of the minimal theory.

We do not here pursue further the quantum-
mechanical problem. Also, we leave for future analysis
the subject of divergences and renormalization in our
quantum field theory.

C. Removing the gauge field

We stated in Sec. I that the interaction with the gauge
potential a, can be removed by using the fact that a, is
locally a pure gauge, which disappears after a phase
redefinition of the wave function [see (1.16)—(1.19)]. This
is again seen explicitly (2.22¢). According to (2.6),

jo? -2
—f;—KVLZXG(rl—rZ): £y

fick 2
Therefore, by redefining the single-valued wave function
ur according to

O(r,—r,) .

—ivl, 0

ug(r,r,)=e ug(r,,r,), (2.23)
where r=r, —r,=(r cosf,r sinf) and
2
e
= , 24
V= . (2.24)
the gauge-field interaction is eliminated:
# #
Eul(r),r,)= _—ZEV% EV%
—g8(r,—r1y) [ud(r,,r,), (2.25)

but u2 satisfies a nontrivial boundary condition that is
sensitive to magnetic flux with noninteger v:

— 27y

ud(r),1,) gz, =™ ul(r,, 1)l o0 - (2.26a)

Note that rotating the relative separation r by 27 corre-
sponds to a double interchange: (r;,r,)—(r,,r;)—(r,,1,).
Since ug(ry,r,)=ug(r,,r;), it follows that

imv, 0

ud(ry,ry))=e™ud(r,r,) . (2.26b)
The question we wish to address is how this
phenomenon manifests itself in the quantum-field-

theoretic formalism. The discussion involves mathemati-
cally delicate manipulation, and care must be exercised to
avoid blunders.

At issue is whether the vector potential operator (2.5),
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which occurs in the covariant derivative (2.2), is in some
sense a pure gauge. As a consequence of (2.6), we may
certainly write A as

A(r)=——E—fdzr’V(D(r—r’)p(r’) .

2.27)
2Tk (

However, moving the gradient with respect to r out of
the integral and thus displaying A as a pure gauge is in
general not correct; the integration cannot be inter-
changed with the differentiation. The reason for this is
that ® is multivalued and integrating ® over the two-
dimensional r’ plane requires specifying a cut in r’, which
begins at r. The details of the cut are immaterial, but
now the range of the r’ integration depends on r, and
consequently, moving the r derivative outside the r’ in-
tegral gives an additional contribution.

There is an exceptional situation where we need not ex-
ercise the above-described care: The r gradient can be
moved outside the integral with impunity and the vector
potential is a pure gauge. This happens when the matter
density p is localized at points, i.e., when it is a superposi-
tion of § functions. Of course, in the present context p is
an operator, but in nonrelativistic quantum field theory
the eigenvalues of this operator are indeed & functions.
So for the problem at hand, we can write

— _ [4 2.0 R ’
A(r)=V T fd r'O(r—r’)p(r’)

=Vol(r) . (2.28)

This is consistent with B=V X A= —(e /k)p as long as p
vanishes almost everywhere, which it does in nonrela-
tivistic quantum field theory. The magnetic field VX Vo
[see (1.3d)] is present at isolated points owing to the mul-
tivaluedness of the gauge function @, which in turn is a
consequence of ® being multivalued and p being a sum of
6 functions.

But when p is nonvanishing and is smoothly distribut-
ed over an extended region, (2.28) is not consistent with
nonvanishing B, no matter whether or not w is single
valued.

There have been published analyses of relativistic
quantum field theory, where the gauge field (2.27) is writ-
ten as in (2.28).° However, in relativistic field theory the
eigenvalues of p are not sums of 6 functions; particles are
not points, but are extended. Hence the representation
(2.28) is inconsistent with nonvanishing B arising from a
smooth p.'® Rather, the correct expression for A, which
takes into account the contribution from the cut, is

=Vo— L€l j
A=Vo—-—é [dzp(z) . (2.29)
Here the line integral of p is along the cut z, which begins
at r and passes to infinity in some arbitrary but r-
independent fashion, e.g., z=r+ f(7), f(0)=0, f(1)=o0.

Another context where the Chern-Simons gauge poten-
tial is not a pure gauge is classical field theory, whether
nonrelativistic or relativistic, because there p is a smooth,
distributed function. In the next section we shall give vi-
vid demonstration of the influence of a nontrivial Chern-
Simons vector potential on classical field-theory dynam-
ics.
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Returning now to our nonrelativistic quantum field
theory, we may use (2.28) together with a redefinition of
the matter field

W(r)zei(e/ﬁc}wwO(r) , (2.30)

to reduce the covariant derivative operator (2.2) to
I(r)=e'*/")*y¥Or) and the Hamiltonian density (2.8b)
to

ﬁl

?{=E’;V\PO*V\P°~§:(\P°+\P°)2: ‘ (2.31)

The gauge fields also disappear from the equation of
motion (2.9), and this happens in an interesting way.
First, 4° of (2.10) is rewritten as

3505
A%r)= —fd’r’[VXGr r')]-j(r
—_ 2. ’
oo [dirver—r)jir)
= — 2. —_
2‘n_c‘(fdr@r r')v-j(r’)
— 21
——21TCder®r r')d,p(r’)
=——a,w(r). (2.32)
¢

We have used current conservation and freely dropped
surface terms because the densities are local —for distri-
buted densities these steps would be illegitimate. Thus,
according to (2.30) and (2.32), the operator equation of
motion (2.9) in the nonrelativistic quantum field theory
becomes

iﬁa,‘l’o(l‘): _ ,iﬁ__VZWO(r)__gp(r)wO(r)_ ifie —:(e/ﬁc)matel(e/ﬁc)w+ %e *l(e/ﬁc)watwel(e/ﬁc)m
m
2mc2 Zfd VG (r—r')-VG(r—r)p(r') [Wr) . (2.33)
The first two terms in the large parentheses do not cancel, because d,w, which involves 3,p0= —V-j, does not commute

with o, as is seen from (2.14). When this noncommutation is taken into account, one finds that the entire expression in
large parentheses vanishes—once again, the last reordering term is needed.
We conclude that the W fields satisfy equations of motion without gauge potentials; with g =0 these are free equa-

tions. However, the commutation relations are now modified:

\I’( )\FO (r')=e —ile/fic w(r)\lj(r)e—l(e/ﬁc)wr)\p( ")

=e —i(e/fic)ow(r)+w(r’)

lgi(e* /her @ =Dy (£ )W(r')

= —i(e/#c )[w(r)+w(r’)]ei(ez/hcx)G(r’—r)ei(e/ﬁc)w(r')\l/O(rr )ei(e/ﬁc)w(r)wo(r)

o Py —
=e1(e /hek)[O(r' —1)

=e i'rrv\PO(

Or=rhyO(r' )0 r)
r)W%r) .

[We use v from (2.24).] Thus upon defining the wave
function u 2 by

(QWor WO, |E,2)=ul(r,1,), (2.35)

we see that under interchange, u2 acquires the phase
e'™, and under double interchange, the phase change is
e'2™, in agreement with (2.26).
Fmally we remark that a calculation similar to (2.35)
shows that the canonical commutator is unchanged:

[¥or)), ¥ (r,)]1=8(r,—T,) . (2.36)
III. NONRELATIVISTIC
CLASSICAL FIELD THEORY

A. Hamiltonian and equation of motion

We now consider ¥ to be a classical c-number field and
v its complex conjugate W*. The Hamiltonian is, as in
(2.8),

H= [dx#, (3.1a)

(2.34)

ﬁ2
2m
but the classical equation of motion does not include the
quantum reordering term —the last term in (2.9):
SH
SW*(t,r)
ﬁZ

=——2—D2W(t,r)+eA0(t,r)\ll(t,r)

—gp(t,r)¥(e,r) .

o=

<D\1/)*-(Dq/)—§(w*w>2 , (3.1b)

i#9,¥(t,r)=

(3.2)

The derivative D is covariant, as in (2.2); the vector and
scalar potentials describe Chern-Simons gauge fields that
satisfy the field-current identities:

B=VXxA=-%p, (3.3a)
Ei=—aiA0_%agAi: ﬁeijjj s (33b)
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where the matter density and current are as in (2.3) and
(2.11). Explicit formulas for A and 4° are as in (2.5) and
(2.10), except now it is useful to leave arbitrary a gauge
function:

— _6_ 2. ) ’
A0 =YX [d’r'Glr—rp(1,r)

+gauge term , (3.4a)
A%, 1)=—VX— [d*r'G(r—r)j(t,r')
cK
+gauge term . (3.4b)
Upon setting
Y =ile/hclopl /2 (3.5)

Eq. (3.1) is decomposed into real and imaginary parts. It
is found that the imaginary part of (3.2) is the continuity
equation

9,p+V-j=0, (3.6)
while the real part yields

Vzlnp=ihnz—1(eA0—gp)

2
#c?

+ eA—ﬁZLVXInp eA+ﬁ2£VX1np

’

(3.7
where the potentials are given by formulas (3.4) with ad-
ditional gauge contributions coming from w. Note that
the current density takes the London form!

. e
=——pA. (3.8)
J met

From (3.4a) we see that the nontrivial part of A is a
nonlocal functional of p, and therefore so is j. Decom-
posing the latter into a longitudinal component j, , deter-

mined by 9,p (3,p=—V-j, ) and a transverse component
VX J,
=i TVXj, (3.9)

allows expressing the nontrivial part of 4 in terms of j:

e .
A0=—_] .
CK

(3.10)

Thus the nontrivial part of 4 also is a functional of p,
and (3.7) is recognized to be a nonlinear and nonlocal
equation for p at fixed time, while (3.6) determines the
time dependence.

For static configurations, (3.6) requires j to be trans-
verse; i.e., j; vanishes and j=VXj. Let us choose a
gauge so that A in (3.8) is transverse. To ensure
transversality of j, we must have A-Vp=0. This sug-
gests a local Ansatz for the p dependence of A:
A=VXa(p)=(VXp)a'(p), where a is a function of p.
Comparison with (3.8) and (3.9) shows that
a'(p)=—mcj'(p)/ep, and

e A=—mc(VXInp)j'(p) . (3.1D

Hence, with the local Ansatz, (3.7) reduces to

e’m cK
Vzlnpz 5 | —%
e
2m? |, A ||, A |(Vp)
+ + | = :
# 2m [J 2m pr (3.12)
while (3.3a) and (3.11) imply
7] 2
Vinp=— e _J" V) (3.13)

mek j'jp
Below we shall present solutions of these static equations.

B. Space-time symmetries

The field-theoretic dynamics admits the same space-
time symmetries as the particle dynamics. These sym-
metries were discussed in Sec. I, but we did not there in-
clude the g-dependent magnetic interaction. However,
this addition does not alter the invariances of the theory.
Here we record the field-theoretic conserved quantities
(generators) and the field transformation laws.

Consider first space-time translations ¢—t—a
r—r+r, Under the former the field transforms as

»

Y(t,r)—¥(t+a,r), (3.14)

and the conserved generator is the Hamiltonian H of
(3.1)—the spatial integral of the Hamiltonian density,
which we here call 7%, the time-time component of a
nonrelativistic energy-momentum tensor:

H= [dx#, (3.152)

2
7{=T°":—2ﬁ—|D\v|2—ﬁp2. (3.15b)
m

2
The time independence of H is assured by the continuity
equation satisfied, as a consequence of the equations of
motion, by T% and the energy flux T'°,

3,T®+93,T"=0, (3.16)
the latter being given by
, 2
T0=— *zﬁ—[(D,\l/)*D,\l/+(D,-‘I/)*(D,\P)] )
m
(3.17)
D,V = a,-H%AO V.
Space translations induce the field change
Y(t,r)—>W(r, r—ry) (3.18)

generated by the momentum P, which is an integral of
the momentum density ?'—also denoted by T

P= [dn P, (3.192)

73"=T°"=mj'=%[W*(D,.W)—(D,.W)*W] . (3.19b)

Note that the momentum density does not coincide with
the energy flux T+ T'°: the energy-momentum tensor is
not symmetric since the theory is not Lorentz invariant.
Again, a continuity equation holds with the momentum
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flux T:

9, T¥+9,T/"=0 . (3.20)

The momentum flux, the stress tensor T, is given by
7= [(D,9)*(D.W)+(D,¥)*(D,¥)
2m i J J 1

—8Y(D,W)*(D, ¥)]

+-ﬁ—(8”V2——2aia-)p+8”ﬂ . 3.21)
4m !
TY is symmetric—this follows from rotation invariance
(see below). Also, T" has been improved so that its trace
is twice the energy density:
SITU=2#=2T% . (3.22)
The possibility of finding such an improvement is related
to the conformal symmetry (see below). [Recall that in a
Lorentz-invariant theory with conformal symmetry, the
relation corresponding to (3.22) contains a single factor of
energy density: 8/T/=#=T%]
Next, we consider rotations, whereby the coordinate r
is rotated by a rotation matrix R :

rf—>R'jrj, Rin kj=8ik ,

W(t,r)—>¥(t,R "'r) . .29
The density & for the angular momentum J,

J=[dxd, (3.24a)

F=rXP=mrXj, (3.24b)

satisfies a continuity equation as a consequence of T be-
ing symmetric:

3,F+03,e"x"Tm=0 . (3.25)

Equation (3.24) shows that the angular momentum is pro-
portional to the magnetic dipole moment. One verifies
that J generates on W(z,r) an infinitesimal rotation of the
coordinate r, supplemented by a gauge transformation
SW=—rXVV¥—i(e/hck)QV¥, Q =efd2rp. Hence J
may be decomposed into orbital and spin parts J =L +S,
where L generates the coordinate change, while S gen-
erates the gauge transformation. The magnitude of the
spin S=(1/4mck)Q? coincides with what is found by
other methods.?

Finally, the remaining conventional symmetry
comprises Galileo boosts: r—r+ V¢, which act on the
fields with a one-cocyle:

W(t,r)—expi(m /AN V-r—L1V2)W(1,r—V1) . (3.26)

The generator G involves the electric dipole moment

G=tP—m [drrp, (3.272)
and is obtained from the density &,
g=tP—mrp , (3.27b)

which satisfies a continuity equation:
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9, 9"+8j(tT"f—r"T°j)=O . (3.28)

Now we turn to the unexpected conformal sym-
metries.* Under a dilation t—at, r—Var, the field
transforms as

Wen— = | L (3.29)
which is generated by D:

D=tH—! [d>1-P. (3.30a)
The corresponding density 9,

D=tH—1r-P, (3.30b)
satisfies the continuity equation

9, D+9,tT =1/ ThH=0, (3.31)

as a consequence of the trace property of T [see (3.22)].
A conformal redefinition 1/t —1/t+a, r—r/(1+at)
is implemented on the fields by

t T

— 2 —
e ~imar /2#4(1 athy ,
l1—at 1—at

Y(t,r)—

1—at
(3.32)

The constant of motion can be constructed from (3.30a),
because dilation invariance frequently (but not always)
implies conformal invariance: We write (3.30a) from
(3.19b) as

2
Ly >

i :i ,__l 2 2 - i
dt(tD) |3 4fa’ r(9;r )mj' .

An integration by parts and the current continuity equa-
tion allow presenting the above as
r2

D=1 g2 2
2H tD 4.fdrrp

-4
0=

We conclude therefore that the following quantity, in-
volving the electric quadrupole moment, is a constant of
motion; indeed, it generates the transformation (3.32):

K=—t2H+2tD+1;-fd2rr2p. (3.33a)
The corresponding density #,
H=12H —tr-P+ ’—;—rzp , (3.33b)

satisfies the continuity equation, again as a consequence
of the trace property of TY:

A, H+03,(t*T"°—tr/ T+ Lr2T%)=0 . (3.34)

It should be understood that the transformation laws

(3.14), (3.18), (3.23), (3.26), (3.29), and (3.32) imply that if

W(t,r) solves the field equation (3.2), then so also does the

transformed field, given in the right-hand side of these

equations. Using this fact allows constructing time-
dependent solutions from time-independent ones.
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C. Static self-dual systems

According to (3.2), the Hamiltonian (3.1) is stationary
on static solutions. They satisfy (3.7), or if the local An-
satz (3.11) is made, then (3.12) and (3.13) hold. Rather
than solving these equations, we take an indirect ap-
proach.

Observe the identity

€
fic

Therefore, in view of (3.3a), the energy density %/ in
(3.1b) is

ID\!/V:I(DIJ_riDz)\I/IZi%Vin Bp.  (3.35)

) # . #i . g, te’ 2
H=—|(D,£iD,¥V|*+ -V Xj— | &=+ 2,
2mlllz)‘ 2 J 22mCK'p
(3.36)
Consequently, with
2
g=7 T (3.37)
mck

and sufficiently well-behaved fields so that the integral
over all space of V X j vanishes, the energy is
# L
HZE;fdzrl(DlzzDz)\lflz : (3.38)
This is non-negative and attains its minimum, zero, when
WV satisfies

D, V=FiD,V¥ . (3.39a)

The self-dual character of this equation is recognized
when it is written as

DY=F/DXV . (3.39b)

We shall henceforth make the choice (3.37) for the
strength g of the nonlinearity, equivalently for the
strength of the magnetic-field—charge-density coupling.’
As will be indicated below, this is in fact a very natural
choice.

To solve (3.39), ¥ is decomposed into its phase and am-
plitude as in (3.5). Equation (3.39) then implies that the
vector potential is given by

A=Va)i%v><lnp . (3.40)
e
From (3.3a) it now follows that away from the zeros of p,
Inp satisfies the Liouville equation, all whose solutions are
known:
2

Vnp=+2-%
np p>

P (3.41)

The matter density p must be positive and nonsingular; in
particular, there can be no poles in p.

The Liouville equation possesses nonsingular, non-
negative solutoins for p when the numerical constant on
the right-hand side of (3.41) is negative. Hence the =+
sign is chosen opposite to «: For negative « the upper
sign is taken, for positive « the lower; there is no sign am-
biguity: Fe?/#ick is always a positive, dimensionless

constant a=e?/#c|«k|. According to (3.37), this means
that the nonlinear coupling g 1is always positive,
g =#e’mc |k, and therefore according to (3.1b), the self-
interaction is attractive, as in the one-dimensional, non-
linear Schrodinger equation. Nevertheless, our Hamil-
tonian is non-negative [see (3.38)].

From (3.40) we see that in the self-dual system the local
Ansatz (3.11) for the vector potential charge-density
dependence is satisfied with

Jlp)=F (3.42a)

2m
With this choice, the last terms in (3.12) and (3.13) van-
ish. Equation (3.13) then reproduces (3.41), while Eq.
(3.12) also gives (3.41), provided g is taken at the value
(3.37) and (3.42a) is integrated to

N

Jjp)=+F 5P (3.42b)
'=$LVX (3.42¢)
. 2m P '

Thus the second-order equations (3.7), (3.12), and (3.13)
are indeed solved by the self-dual system, which evidently
provides a first integral, corresponding to zero energy.
Remarkably, the remaining integration can also be per-
formed, owing to the integrability of the Liouville equa-
tion.

D. Self-dual symmetry generators

The various symmetry generators of Sec. III B take
simplified expressions in the self-dual sector. We have al-
ready remarked that the energy density is a total deriva-
tive,

#i

2

H=1 VXj= Vip, (3.43)

4m

so that for well-behaved p the total energy is zero, con-
sistent with (3.38) and (3.39).
The momentum density follows from (3.19b) and
(3.42¢); it too is a total derivative:
#

P=F_-VXp.

5 (3.44)

This integrates to zero, provided p is sufficiently well
behaved —our zero-energy solitons are at rest.

The angular momentum density is evaluated from
(3.24b) and (3.42¢):

Jd==- (3.45a)

9 | X

r-Vp= ?ﬁpigV-(rp) .

Thus, provided r’p vanishes at infinity, the angular
momentum is proportional to N = fdzrp and also to the

charge Q =eN, as well as to the flux &= —(1/k)Q:

fg=+"g .

J=FAaAN=+ — (3.45b)
e e

As remarked previously, J is also proportional to the
magnetic dipole moment.
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The Galileo generator (3.27a) is proportional to the
electric dipole moment:

G=—mfd2rrp. (3.46)
The dilation generator (3.30a)
_firo
D——4—fd rrXVp (3.47)

vanishes with single-valued p.
Finally, the conformal generator (3.33a) is related to
the electric quadrupole moment:
_m 2.2
k=""[drip. (3.48)
The integral converges provided r*p vanishes at infinity.
We have established that the density of energy 7% and
of momentum T are total divergences when evaluated
on self-dual solutions [see (3.43) and (3.44)]. The same is
true of the remaining components of the energy-
momentum tensor, T°° and T%, (3.17) and (3.21), which
are given by manifestly transverse expressions:

, #2e? -

0_— i 2
= 8m2ck Ejajp ’
ri= |2 |(59v2-3,a,)

i%;p -

Thus, apart from total derivative terms, the energy-
momentum tensor vanishes on a self-dual solution—a
circumstance familiar from other self-dual systems.

E. Explicit, self-dual solutions

The matter density that solves (3.41) is
’ 2
A= T
‘ (3.49)

z=re'?,

where f(z) is an arbitrary function, but so chosen that p
is well behaved. A natural choice is a superposition of
poles and/or zeros.

The matter density p vanishes at the zeros of |f'(z)|?
and/or poles of |f(z)|°. There, Inp is singular, and so is
V2np, which according to (3.40) contributes to the mag-
netic field. Nevertheless, the complete magnetic field will
remain nonsingular, because ® in (3.40) can be chosen to
be discontinuous, so that singularities on VX Ve cancel
those of F (#ic /2¢)V?Inp. However, since the modulus of
¥ is p'/? and the phase is , discontinuities of @ must be
quantized, so that W remains single valued when zeros of
p'/? are encircled. Below, we show in detail how this
works.

Let us examine some explicit solutions. To begin we
consider the radially symmetric, positive and nonsingular
solution to the Liouville equation. The radial equation is
an ordinary differential equation that can be solved by
quadrature. The solution depends on two parameters, n
and ry:
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n

+

n
To

r

r

¥o

4n?

plr)= (3.50)

~

ar

Alternatively, (3.50) is obtained from (3.49) with f(z)
taken to be an nth-order zero or pole, f(z)=c,z*", with
Ic,,l related to rj. Note that (3.50) is even in n, and so we
take n = 0.

The matter density vanishes as 1/72" "2 for large r and
behaves as 2" ~2 for small . Hence p is regular at the
origin for n > 1, and vanishes there for n > 1, producing a

singular contribution to the vector potential at » =0:

. pd
A‘=8,~wif£e’f?— n--l—————z’1
e r 1+(ry/r)*"
L
~ aia)iﬁge”?—(n—l). (3.51)
r—0 e r
This singularity is removed when we chose
w==1(fic /e)(n —1)6, and so the field profile is
-1
. r "
Wir)=eFitn—ve 20| 1T 4 r (3.52)
Var r o

We now see that n must be an integer for single-valued V.
Moreover, at the origin, ¥ is an analytic or antianalytic
function: W(r) ~ (2n/Va)z" 'or (2n/Va)z*)" L

r—0

Integrating p on (3.50) over all space evaluates N,

hc k|
o2

N= 2n . (3.53)

Consequently, the configuration carries flux ¢ given by
an even number 2n of flux quanta Ac /e. The Galileo gen-
erator (3.46) vanishes with this spherically symmetric
solution, while the conformal generator (3.48) takes the
value

2
_ mwhckm o
e? sin(w/n)’

K (3.54)

which requires n > 1.

In general, N is not an integer. But recall that quan-
tized solitons, unlike ordinary particles, are not approxi-
mate eigenstates of the number operator; rather they are
coherent superpositions of an undetermined number of
ordinary particles, approximating eigenstates of an opera-
tor conjugate to the number operator.’

(In a non-Abelian theory, « is quantized so that 2kck is
an integer multiple of e2.2'2 Hence, with non-Abelian
quantization for «, N is an integer, but there is no reason
for invoking this quantization in the present Abelian con-
text.)

Even though the solution carries 2n units of flux, it
clearly describes n solitons, all located at the origin—
evidently each soliton carries two units of flux. Also, all
the solitons are characterized by a common scale r,—
recall our theory is dilation invariant. More generally,
the solitons can be located at different points and have
different scales. Also, each can carry its own U(1) phase,
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although an overall phase in the wave function is imma-
terial.

With the above counting, one is led to expect that an
n-soliton solution depends on 4n parameters (two posi-
tions, one scale, one phase per soliton) and is described by
(3.49) with f(z) taken as

f2=73

. (3.55a)
i=127%
The locations of the poles z; specify the positions, while
the complex residues ¢; determine the scales and phases
of the solitons. In fact, one may give another formula for
f(z), which also leads to an n-soliton solution, but de-
pends on two additional (real) parameters. The expres-
sion

fl2)=fo+ 2‘, (3.55b)

is more natural, because unlike (3.55a), it is closed under
coordinate inversion z—z ~!, which is a symmetry of the
Liouville equation:

f —>fo+ 2

(=1 “Zi i
U e ¢ _ 1
'gl Z; z% 2 z ’

In spite of its richer structure, (3.55b) leads to a soliton
profile with the same number of parameters (4n) as that
arising from (3.55a)—the additional quantity f, enters
the formula for p only to redefine the positions and resi-
dues of the poles. This is easily seen for n =1 by comput-
ing p, with f(z)=f,+c,/(z —z,), and finding the result-
ing matter density to be the same as the one with f, ab-
sent, but with the residue ¢, replaced by ¢, /(1+|f,|?)
and the location z, shifted to z, —c,f§ /(1+]f,]?). For
arbitrary n, similar but more complicated redefinitions of
the ¢; and z; again remove dependence on f,.'* Thus, re-
gardless of which of the expressions in (3.55) is used for f,
the solitons depend on 4n parameters, with one overall
phase parameter being irrelevant.

Supplementing f(z) of (3.55) by contributions involv-
ing simple or multiple zeros increases the n “number” of
solitons—an effect that can be alternatively achieved by
increasing the number of poles. Higher-order poles in
f(z) can be obtained as suitable limits of our expression
(3.55).

The matter density (3.49) for the n-soliton solution
constructed from (3.55b) is
2

n

> lc;i/(z—z 2]

i=1

pn=2 7, (3.56a)
a n
1+ |fot Slei/(z—z)] ]
i=1
or in rationalized form
4 lf(2)V(z)]2
(r)=— s 3.56b
P a V@ P+ f v P E 30
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where f(z) is given by (3.55) and V(z)=[]/_,(z —z).
The denominator of (3.56b) is nonsingular and nonvan-
ishing, but the numerator may possess zeros that give rise
to singularities in V XInp. However, since the logarithm
of the numerator is a harmonic function, it can be re-
moved from V XlInp by a suitable choice of w in (3.40), so

that the vector potential is singularity free. This is
achieved with
w=iﬁc~argf’(z)V2(z) (3.57)
e

and with the upper sign the wave-function profile be-
comes

2 f1(2)Vz2)
Va [Vl +fV)]?

so that W is an analytic function near its zeros; when the
lower sign applies, W(r) is given by the complex conju-
gate of (3.58) and is antianalytic near its zeros.

We can determine N = f d*rp simply and universally
in terms of asymptotic data by employing the Liouville
equation to replace p by V’Inp and then using Gauss’ law
to evaluate the integral. However, before Vzlnp is
identified with p on the entire plane, the singularities
coming from the zeros of p must be removed. These
zeros are contained in the numerator of (3.56b)—nump.
Since the logarithm of nump is a harmonic function,
VZn(nump) is zero, except at the singularities where a &
function arises. We conclude that removing singularities
amounts to ignoring the numerator of (3.56b) and retain-
ing only p’s denominator. Thus,

Y(r)= (3.58)

p(r):évzlnd(r) , (3.59a)
0=V *+|f(2)V(2)|? (3.59b)
For large r, d(r) behaves as
1 Z ¢ f3
d(r)—(1+|fol>r*" | 1—2Re— -
Jo zz, (1+[foD?
(3.60)

Thus we find, as in the rotationally symmetric special
case (3.53),

2T d
N:fdzrp:“; r—é;lnd _
-”—C—'E’ﬁL 2n (3.61)
e

which again corresponds to an even number of flux quan-
ta.
The Galileo generator (3.46) becomes

12a

3 ilnd

G=-" f "do (3.622)

r=w

The angular integral picks out the subdominant contribu-
tion to d in (3.60). We get

G=—mNR , (3.62b)
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where

z,— (3.63)

R, +iR,=—3,
i=1

Cifg
L+1fo7 |

This is the center-of-mass coordinate (shifted by ).

The conformal generator (3.48) is not expressible solely
in terms of asymptotic data.

We conclude this discussion of classical solutions by
noting that time-dependent solutions may be obtained
from the above static ones by using the symmetries of the
problem. Obviously, owing to Galilean invariance, the
boosted static solution solves the time-dependent field
equation. From (3.26) we have

W(t,r)=exp[i(m/A)V-r—1V¥)W(r—Vi). (3.64)

Less trivially obvious is the conformal transform (3.32) of
the static solution:

T

1 e ~1mar2/2ﬁ<1~ar>\p
1—at

witr)= 1—at

(3.65)

It remains an open question whether other time-
dependent solutions can be constructed, indeed, whether
Eq. (3.2), or equivalently (3.6) and (3.7), can be integrated.
In this connection it is useful to note that there exists a
completely integrable (2+ 1)-dimensional system de-
scribed by the Davey-Stewartson equation, which bears
some resemblance to our planar, gauged nonlinear
Schrédinger equation.'*

IV. DISCUSSION

A. Nature of the magnetic interaction

We elaborate on the nonminimal magnetic interaction,
which we included in our model, and which gives rise to
the cubic nonlinearity with strength g in the equation of
motion (3.2). Note first that even with g =0, the equation
possesses cubic nonlinearities, owing to the interaction
with A and 4% which are functionals of field bilinears.
Thus our addition can be viewed as local modification of
already present nonlocal terms. This is especially evident
in the quantum equation of motion (2.9). As already
mentioned there, the additional local kernel gé(r—r’) is a
natural partner of the nonlocal kernel e*/8mme |
—r’|? that arises from quantum-mechanical reordering.

Not only is the form of the nonminimal interaction
“natural,” but also the specific value of the coupling that
renders the system self-dual, g = F e?#%/mck, may be un-
derstood in the following manner. Consider a two-
component spinor ¥ and construct

e

Ai
fic

S=0'|3,—i X, .1)

where o' are two Pauli matrices i=1,2 satisfying

o'o/=8Y+ieo3. It follows that the Hamiltonian density
2

H= _ﬁ_STS

m (4.2a)

also equals, apart from a total derivative,

2
7="- Dy~
2m

et

“Z Y'oyB .
2mc

(4.2b)

When y is taken to be an eigenstate of o°, y=({) or ({),
the above reduces to (2.8¢c) with gkx/e= Fe#i/mec, in
agreement with (3.37). Thus we see that the nonminimal
magnetic interaction corresponds to the two-dimensional
Pauli interaction, which is also known to be supersym-
metric.!> 10

B. Relativistic generalization

Recently, there has been found a relativistic, Abelian
Chern-Simons model that leads to self-dual equations for
classical configurations.!” In this model the matter de-
grees of freedom comprise a relativistic charged scalar
field ¢ whose nonlinear self-interactions take a particular
form. The matter Lagrange density is

#e*

L s =D, 612~
matter M C4K2

12(1p1>—v2)?, (4.3)

where D, 6=0,+i(e/fic)A
stant.

The interaction potential, which also is the ungiue
form that admits an N =2 supersymmetry,'® allows
symmetry-breaking (|¢|=v) and symmetric (¢ =0) reali-
zations of the U(1) gauge symmetry. The potential de-
scribes a theory at the critical point of a first-order transi-
tion between the two symmetry phases and, furthermore,
supports solitons that are respectively topological'”!* and
non-topological.!®?° We now show that the nonrelativis-
tic limit of (4.3) with the symmetric realization leads to
our nonlinear Schrodinger theory, with nonminimal cou-
pling at the self-dual value (3.37).

Observe first that the quadratic term in a scalar field
potential defines the mass through its coefficient, which is
m?c?. Comparison with (4.3) shows that v? should be
evaluated as

« and v? is a positive con-

|
> mc’lk|
ve=— , (4.4)
tie?
so that the Lagrange density (4.3) is
# ’
e
"Lmatter:_z— at+lZA0 ¢ _ﬁzinb‘z
c
2 2 4
—mc2|g2 4 2mIeT 0B Co1gl°. 4.5
CM c*k?
Next, we substitute in (4.5):
1 (e*/(mczﬂ/ﬁ\y_*_ei(mczt/ﬁ@*) . (4.6)

= om

All terms that oscillate as ¢ — oo are dropped. Keeping
dominant inverse powers of ¢ leaves
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eyt e = . e = . e . e =

Loier— A" [, +7A° Wil * |0, —z;AO v *—5; Vi AW = |Vt AW
fre® (p?+4pp+pH— ——=(p*+9%+9p 2 +p ") . (4.7a)

2mc | k| 8m3c?
Here p is the density of particles (charge e) p=W*W¥, while 5 correspond to antiparticles (charge—e), p=¥ *¥. In (4.7a)
particles and antiparticles are separately conserved, and so we may work in the zero antiparticle sector by setting ¥ =0.
This leaves
#? tie? #ite?
L e — i7Y* (3, +i% 4° |W— T~ |DW|>+ 2 3 4.7b)
matter ! t lﬁ m | | 2mel]| P 8m e (

Comparison with (2.8b) and (3.37) shows that we have regained the attractive quartic (p?) self-interaction with precisely
the self-dual strength, while the repulsive sixth-order (p*) self-coupling is O(c ~*) and may be dropped in the nonrela-
tivistic limit, leaving us with the nonrelativistic Chern-Simons—matter Lagrangian:

ﬁez 2
2melxl P |- “.8)

— K 2 ; 2 _ 2 0 _ 2 _ﬁ 2_
L=—"[d’rd, AX A+ifi [d’rw*8,¥— [d’r A%kB +ep)— [d’r | J—|DY|

The terms containing only gauge fields comprise the Chern-Simons Lagrangian [see (1.5b)].
To accomplish unconstrained quantization of this system, we make use of the recently publicized formalism for quan-
tizing first-order (in time) Lagrangians.?! It is useful to decompose the gauge potential into longitudinal and transverse

components; i.e., we replace the two dynamical variables contained in the two-vector A by w and B defined through

A(r)=Vo—VX [drG(r—r)B(r) .

Then (4.8) becomes, apart from total derivatives,

L=—"% [dBo+ii [drwd,¥— [d* 4B +ep)— [dr

In (4.10a) the Lagrange multiplier A° enforces the
Chern-Simons Gauss law. We solve this constraint by
setting B= —(e /k)p and also redefine the phase of W by
Y —se!l¢/i)op  This leaves

ﬁez 2
2mclk| P

2
L=ifi[d>w*3,¥— [d’r —z%imf{z—

(4.10b)

where now the derivative D is covariant with respect to
the gauge potential
A=V X< [drG(r—rp(r') . 4.11)

In (4.10b) we recognize our self-dual Hamiltonian [com-
pare (2.5), (2.8b), and (3.37)].

C. Dynamical role of the Chern-Simons interaction

We have already remarked in Sec. II C above that it is
impossible to remove the interaction with the Chern-
Simons gauge field, when the matter density p is an ex-
tended quantity, as in classical field theory or in relativis-
tic quantum field theory, contrary to assertions in the

4.9

# . e . e
ZmHV lﬁcvw lﬁcA

f

literature that such an interaction can be removed.” The
existence of regular, static soliton solutions both in the
relativistic!” 1920 and nonrelativistic® classical models, vi-
vidly supports our assertion. For if the gauge field could
be removed by a gauge transformation, our solutions
would be (gauge equivalent to) solutions that stationarize
a scalar field Hamiltonian in two spatial dimensions. But
according to well-known scaling arguments, such station-
ary configurations do not exist beyond one spatial dimen-
sion. Moreover, since in the solution B «p is extended,
A cannot be a pure gauge.

Thus it is not true that the ‘“‘effect of the (Chern-
Simons) terms is to transmute the statistics of the parti-
cles and to do nothing else.”?> On the contrary, the
Chern-Simons term supports nonperturbative excitations,
whose role in the nonrelativistic and relativistic quantum
field theory still needs to be further explored.
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