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It has been observed that if an extra scalar field (in addition to the inflaton) is present during the
inflationary phase, its decay into thermal radiation after baryogenesis gives rise to fluctuations in
the initially smooth entropy-per-baryon ratio. There was a hope that these perturbations were of
the isocurvature type and that they may help explain several observed features in the large-scale
structure of the Universe. We study in detail the generation of perturbations in such a two-field
inflationary model. We find that the resulting fluctuations are not of the isocurvature type, but that
the entropy perturbation induces a curvature fluctuation which is larger than the entropic one be-
fore the wavelengths of the perturbations enter the Hubble radius. Thus, this model is not a good
candidate to provide the initial conditions for the baryon isocurvature perturbations.

I. INTRODUCTION

One of the main achievements of the inflationary
scenario is that it has provided a natural mechanism to
explain the origin of the energy-density fluctuations in
the early Universe. The usual picture' is that they arise
during the inflationary era from quantum fluctuations of
the scalar field which drives inflation and that these quan-
tum fluctuations give rise to perturbations in the classical
energy density when the wavelength of the perturbations
becomes larger than the Hubble radius. When the scalar
field decays, the fluctuations in the energy density of its
decay products follow the original fluctuations of the sca-
lar field. In the usual model, baryogenesis occurs after
the reheating due to the decay of a heavy boson, but it is
also possible to produce the baryon asymmetry during
the process of decay of another scalar field.> In both
cases the ratio of the resulting baryon asymmetry to en-
tropy is only dependent on microphysical parameters,
such as the coupling constants and the temperature at
which B-violating interactions go out of equilibrium, and
it is not expected to show any spatial variation. Thus,
these fluctuations are of the adiabatic type.

However, it has been noticed that adiabatic fluctua-
tions are not the only possibility, but that fluctuations of
the isocurvature or isothermal type may also be produced
provided that other scalar fields were present during the
inflationary era. This point has first been studied in the
case of the axion® and has then been extended to more
general scalar fields. Since the contribution of these sca-
lar fields to the global energy density during inflation was
small, their fluctuations did not affect it too much and so
they can be considered to be of the isocurvature type.
However, the interest in these models comes from the
fact that, if some of these fields interact weakly with the
other fields, during the expansion of the Universe, their
energy density will decay more slowly than that of the
products of the inflaton decay, so that they will eventual-
ly dominate and their inhomogeneities will becomes im-
portant. The resulting spectrum of density fluctuations
in a wide class of models including several interacting
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scalar fields has been studied in Ref. 6.

Further, it has recently been pointed out by Peebles’
that if one of these scalar fields decays into radiation after
baryogenesis, the fluctuations of this scalar field will give
rise to fluctuations in the ratio of baryon asymmetry to
entropy, which are absent in other models that do not
modify the baryogenesis mechanism. This gives rise to
baryon isocurvature fluctuations. (There is another
scenario in which baryon isocurvature fluctuations arise,
recently proposed by Turner, Cohen, and Kaplan.® In
this model an alternative baryogenesis scenario’ is con-
sidered, the so-called spontaneous baryogenesis, in which
the baryon asymmetry produced is a function of spatial
position, but it is not in the scope of this work to analyze
it.)

Finally, the interest in these models has increased re-
cently as some problems have been found within the stan-
dard cold-dark-matter adiabatic perturbation model.'
The main points are that the epoch of galaxy formation
seems to occur too late and that the fluctuations in the
mass distribution are anticorrelated on scales larger than
~50-100 Mpc, which seems to be inconsistent with ob-
servations of large-scale velocity fields and structures in
the galaxy distribution.!" This calls attention to models
with baryon isocurvature initial fluctuations, as in this
context galaxies can form early (z~30), and mass fluc-
tuations on the scale A; can drive large-scale velocity
fields.!? On the other hand, detailed studies of the
cosmic-microwave-background radiation anisotropies
show that this is a crucial point to test the viability of
these models.'>'* This is the reason why it is interesting
to develop a model for the origin of this type of fluctua-
tions.

In this paper, we analyze in detail the fluctuations pro-
duced in models with an additional scalar field that is
present during inflation and that decays into radiation
afterwards. The two main steps in this study are the cal-
culation of the spectrum of quantum fluctuations during
the inflationary era (this will give the initial conditions
for the classical fluctuations), and following the evolution
of the fluctuations outside the Hubble radius, for which it
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is necessary to know the evolution of the background un-
perturbed variables. This will allow us to know the am-
plitude of the density fluctuations when they reenter the
Hubble radius, and to estimate if they are predominantly
of the adiabatic or the isocurvature type. The subsequent
evolution of the fluctuations has been studied before in
the context of phenomenological models, which assume
the isocurvature as an initial condition in the radiation-
dominated era.

In order to study the evolution of the fluctuations from
the time they leave the Hubble radius during the
inflationary era up to the time they reenter the Hubble
radius in the radiation- or matter-dominated era and then
inside the Hubble radius, it is necessary to follow the evo-
lution of the fluctuations in the multicomponent system
composed by the inflaton, the products of its decay, the
other scalar field and eventually the products of its decay
(for example, in the Peebles model analyzed here, the sca-
lar field decays into radiation). This study is simplified if
we consider one component as composed by the inflaton
¢ and the radiation and baryons to which it decays
(¢ +R,+B,) and another component by the other scalar
field and its decay products (y +R,). With this choice,
we can reduce the problem to the study of the evolution
of the fluctuations in a system of two uncoupled fluids at
least up to the time at which y decays in radiation. Up to
this time, we can assume that the stress tensor of each
component is individually conserved T77,,/V=0 (we will
use the greek indices a and S for the fluid components
and use pu,v for the tensorial labels, running from 0 to 3).
After y decays in radiation, it is necessary to consider the
momentum transfer from one component to the other
through electron scattering.

The evolution of the perturbations in a multicom-
ponent system has been studied by Kodama and Sasaki'®
in the linear approximation. As this is the formalism
used here, a brief review of the variables used to describe
the system and their equations of motion is given in the
Appendix. We will consider only the case of a spatially
flat-spacetime background.

In addition to being interested in the evolution of the
gauge-invariant fluctuations of the energy density and ve-
locity of each component A, and V,, and of the total
fluid ones A and V, we are also interested in the entropy
fluctuations, which are given by

g % 8p
Ftw, 1twg’

(1.1

where §,=08p,/p, and w,=p,/p,, in terms of the ener-
gy density p and the pressure p. S5 is gauge invariant
and measures the relative fluctuations between com-
ponents.

Adiabatic fluctuations are characterized by having
S ,5=0, which means that all the components fluctuate in
the same way. Isocurvature fluctuations instead corre-
spond to relative fluctuations between the different com-
ponents such that the total curvature is left invariant.

In general fluctuations will not be exclusively of the
adiabatic or isocurvature type. In order to see which is
the dominant mode in a particular problem, the magni-
tude of the entropy perturbation S5 and the total energy

perturbation A must be compared. If |S,z|>>[Al, this
means that the fluctuations in the individual components
compensate one with another giving a small total
energy-density fluctuation, and in this case we can say
that the fluctuations are predominantly of the isocurva-
ture type.

On the other hand, entropy and energy-density pertur-
bations are not decoupled, even outside the Hubble ra-
dius. In particular, as it has been pointed out in Refs. 16
and 17, entropy perturbations act as a source for density
fluctuations. We follow in the particular model con-
sidered in this paper the evolution of entropy and
energy-density perturbations outside the Hubble radius.
The main result obtained is that, in the model studied
here, perturbations which were of the isocurvature type
at the Hubble radius crossing during inflation generate a
large curvature perturbation by the Hubble radius reen-
trance time in the radiation- or matter-dominated era.
The sources of this effect are nonadiabatic pressure per-
turbations originated by the presence of the entropy per-
turbation S 4.

The organization of the paper is as follows. In Sec. II
we study the perturbations in the energy density and ve-
locity of a two-component system originated by quantum
fluctuations during inflation of the two scalar fields. In
Sec. III we specify the model analyzed in this paper in de-
tail and follow the evolution of the unperturbed variables.
In Sec. IV we compute the amplitudes of the adiabatic
and isocurvature modes when a given wavelength leaves
the Hubble radius, and follow the subsequent evolution
up to the time it reenters the Hubble radius. Section V is
devoted to a discussion of the results.

Units are chosen so that ¢ =87G =#=1.

II. QUANTUM FLUCTUATIONS OF TWO
UNCOUPLED SCALAR FIELDS

Let ¢ be the inflation field and y the other scalar field
which contributes to the energy density much less than ¢
during inflation: p, <<p,. Both fields will have quantum
fluctuations during inflation, 8¢%(x,t)={¢(x,t)$(0,1))
and &x2(x,t)=(x(x,t)x(0,1)).

We define the Fourier transform of these quantities as

1
(2m)?

and similarly for y. These fluctuations will be computed
in the context of generalized inflationary cosmologies, % !°
making it possible to apply this analysis to a variety of
inflationary models, and as a particular case to the usual
exponential inflation. The scale factor takes the form

8¢%(x,1)= [’k e**8¢2(k,1) @.1)

a(t)=a, (2.2)

H, i
1+ (t—t )| ,
p

where a,, H,, and t, are constants and p=2/3(1+w).

For p>1, it corresponds to ‘“power law” or
“subinflation,” for p-—>o it describes exponential
inflation and for negative p “pole law” or
“superinflation,”!® Solving the Klein-Gordon equation

for a massless scalar field in the expanding background
and replacing it in the definition of 8¢*(x,t), the expres-
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sion obtained for the Fourier transformation is
2

, (2.3)

v

where H =a /a is the Hubble constant, H,, are the Hank-
el functions and v=(1—3p)/2(1—p). For wavelengths
well outside the Hubble radius, it can be approximated by

—2v
1 p rw?

4r p—1 43H

Kk __ P
aH 2(p —1)

8¢k, 1)~

(2.4)

Note that for p — oo,v—»% and we recover the quantum
fluctuations of a scalar field in a de Sitter space,

HZ
2k’

which corresponds to a scale-invariant spectrum of densi-
ty fluctuations. However, the spectral index is modified if
other values of p are considered, as can be seen from Eq.
(2.4).

The gauge-invariant fluctuations in the energy density
and velocity produced by the fluctuations of the scalar
fields can be computed as follows (see the Appendix):

86—~ (2.5)

paAa=pa8a+3pa(1+wa)%

Comparing the perturbed stress tensor of a scalar field,
given by Eq. (A3), with that of a fluid, given by Eq. (A2),
we can identify

=—A¢*+$5$+U,5¢ ,

(v,—B) . (2.6)

Pgds (2.7a)

Pl +w, 0, =B+ 2 gog 2.75)

where U denotes the potential energy of the scalar field
and U,=09U/3¢. So

pebs=— A2+ $56— 35 .

It is possible to associate a gauge-invariant variable to 8¢
byZO

(2.8)

B_E’HT

X ¢, (2.9)

—54+ 2
D=5+

in terms of which the gauge-invariant perturbation to the
stress tensor of the scalar field can be expressed as

V4= §D¢ , (2.10a)
peby=9’®+$(Dd)—4D¢ , (2.10b)

where ® is a gauge-invariant quantity which character-
izes the perturbations in the geometry and is defined in
the Appendix. Similar equations hold for the fluctuations
corresponding to the scalar field y.

We are interested in computing the magnitude of the
fluctuations in the individual components and total ener-
gy density and velocity at Hubble radius crossing
(k/aH =1) in terms of he fluctuation in the scalar field
D¢. Noting that

2

D=—"—(p,AFp,Ay) .11
2k

can be computed from Eq. (2.10b) and its equivalent for y

as

k2

P 2——

x2+42?) ]=¢(D¢)'—$D¢+)'((Dx)'—i('DX ,

(2.12)

we see that at Hubble radius crossing the total density
perturbation is

Al =~ —éDp+x(Dy)—

¥Dxl| , (2.13)
H

where the contribution of the kinetic energy to the total
energy during inflation has been neglected (y %,¢ 2 << H?).

In the same way, the total velocity fluctuation can be
computed from (2.10a) and its equivalent for y:

_ Vet X’Vy _k §Do+xDx
$2+x* @ $+x?
At Hubble radius crossing

| _HQDQ+XDX
é*+x?

In Eq. (2.13), Al is given as a function of (D¢) and
(D), so we need their expressions in terms of D¢ and
Dy. They can be computed by solving approximately the
equations of motion for D¢ and Dy near the Hubble ra-
dius crossing time (k /a ~H). D¢ satisfies®

k-

(2.14)

(2.15)

H

2
(D¢) " +3H(D¢) + +U¢¢ D¢=—4¢>+2U, ,

(2.16)

where U, =3*U /3¢”.

Using Eq. (2.12), ® and & can be replaced in terms of
D¢ and its derivatives. The complicated resulting equa-
tion for D¢ can be largely simplified in a period of
mﬂatlonary expansion (using the slow-rolling approxima-
tion, ¢2<<U(¢) and ¢ <<3H o, Uss) and near the Hub-
ble radius crossing time. Changing finally the derivative
variable from time to the scale factor a, Eq. (2.16) yields

d*Dé¢ 44dD¢ k2
da* a da H?a*

which has the form of a Bessel equation. Solving it, it
can be seen that, for k /a ~H,

D¢~0, 2.17)

(D¢))~—HD¢ . (2.18)
Replacing this in Eq. (2.13), we obtain that
1 . .
Aly 3H(¢D¢+XDx) . (2.19)

The quantum fluctuations of the scalar fields given in
(2.3) have been computed in the unperturbed metric, so
they correspond to the fluctuations 8¢ and 6y in any
gauge in which the fluctuations in the geometry are
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small.

In the case in which mi,mé <<H? we have D¢ ~Dy
and, as can be seen from Eq. (2.19), the major contribu-
tion to the total density fluctuation will be given by the
scalar field which has larger kinetic energy when a given
wavelength leaves the Hubble radius, which corresponds
to having the larger potential energy derivative (Uy or
Uy).

The initial condition for the fluctuations in each partic-
ular component can also be computed to be

Pobyly~—dHDSly, pAly~—XHDxly, (2.20
and
HD
V¢iH~—.5U , VX|H~M : (2.21)
é ‘H X H

These give the initial conditions for the evolution of
the classical perturbations outside the Hubble radius.

III. BACKGROUND EVOLUTION

In order to go on with the analysis of the evolution of
these fluctuations, it is necessary to specify in more detail
the evolution of the background model: during inflaton,
in addition to the inflaton field ¢, we will consider anoth-
er scalar field y, whose contribution to the total energy
density is much smaller than that of the inflaton, but
whose interactions with the rest of the matter are much
weaker, so that the mean life of the associated particles is
larger. At the reheating time, ¢ decays into radiation and
matter, and baryogenesis takes place as usual. The
Universe becomes radiation dominated and its energy
density decays as @ ~*. As in this period the interactions
of the field y can be neglected, it behaves as a free mas-
sive field, so its energy density decreases as a ~° and after
some time it becomes the dominant contribution to the
total energy density. After this epoch, the decay of y
into radiation begins to be important and finally this radi-
ation becomes the dominant component. This corre-
sponds to the radiation-dominated epoch of the standard
model. Meanwhile, the energy density of the matter pro-
duced by the inflaton decay is decreasing as a ~* and
when it becomes dominant we enter the matter-
dominated era.

We will study now the evolution of the background
variables that will be needed in the next section to solve
the fluctuation evolution equations. We consider a com-
ponent a formed by the inflaton and its decay products,
and a component 8 formed by y and the radiation in
which it decays. During inflation a=¢,8=y, and the
main contribution to the total energy density is given by
the potential energy of ¢. In a flat Friedman universe,

ds?*=dt*—a*(t)(dx*+dy*+dz?) 3.1
the Einstein equation is
=L ~U4) .
() 3 3 (3.2)
The equation of motion for y is
X+3Hx+U,=0. (3.3)

It is useful to change the variable of derivation from ¢ to
the scale factor a:

d _.d d*_.,d> | . did

—=4—, =q “——=+d— . 4

dt “da’ dr? ¢ da?  “da da 3.4
It can be seen that

44 (1+w)H~H (3.5)

da

where w=p /p, and in the last term the kinetic energy
has been neglected with respect to the total energy
(|1+w| <<1). Then, (3.3) can be written as

d’ ,, dx , Mi
=2 +4a—2+—x=0, 3.6
a 4o a 72 X (3.6)
where Y has been taken as a massive noninteracting field.
Changing the variable to X =a?y,

d*’x 1

da? a?

(3.7

In the case that mi << H?, it gives the following behavior
for y:

Xx=A+Ba"?, (3.8)

where 4 and B are constants. It has a constant mode
and a decaying mode. After a few expansion times, the
constant mode will be the dominant one and this shows
that, in this regime, the energy density of the component
B stays nearly constant: p,~1m}x’. During this period
the evolution of the inflaton is not affected by y and so
ps=U(9).

For times larger than the reheating time, the energy
density of the inflaton field has been converted into radia-
ation energy and the Universe expands as a ~¢ 172 the en-
ergy density decreases as
-4

2 , (3.9)

h

PPy Prh

where p,, and a, refer to their values at the end of
inflation.
The evolution equation for Y in this case can be written
as
2
d’x ., dx . Mk
2 —
SA 42074+ —ZLy=0,
? da? da H? X
where the relation dd /da = — H has been used. Replac-
ing H? in terms of a and changing variables to Y=ay
there results

(3.10

2 Im?: 2
dY x4y,

: (3.11)
da P g

which has the form of a Bessel equation. We obtain for
the field y,

ma?
2e

maz

- —1/.2
—=a
2e

CJy , (.12

X +DJ_y
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where €=1/p,,/3a%, and C and D are constants which
must be fixed from the initial conditions for y at the end
of the inflationary era. The expression for y can be ap-
proximated using the asymptotic form of Bessel functions
for small (m <<H) and large (m >>H) arguments. If
m <<H /2=V4p,/3(a,, /a)? then

1/4 —1/4

-_C
X~ T(5/4)

m
4¢

m

4e (3.13)

r/4)

As y is negligible at the last stages of inflation, the ini-
tial condition is that D must be very small. Then, in this
regime Y stays approximately constant, and consequently

also p,.
When H becomes smaller than m,
4 172 : 4
x=a 32| =% Ccos |24 2T
mr 2e 8
+Dcos | M _T (3.14)
2e 8 ’ '

which corresponds to an oscillating function of time with
frequency @=m and a global damping term. The total
energy density associated with y is given by

py=imix*+ix?*. (3.15)
Differentiating Eq. (3.14), ¥ can be computed and it

can be seen from Eq. (3.15) that the potential and kinetic

energy contributions are comparable in amplitude and

that they oscillate with opposite phases; i.e., the energy is

transformed from potential to kinetic with an overall

damping

-3

a

h—————————-a 3'16
V2e/m (3.16)

P =Py

where p} denotes the value of p, at a=V2e/m. The
density decreases more slowly than the radiation energy
and after some time it becomes the dominant component:

H*~1p, . (3.17)

This case has been studied in the regime that the oscil-
lation period is much smaller than the expansion time
(m>>H) (see, e.g., Ref. 21). Under this assumption,
averaging the kinetic term over one oscillation period, it
can be seen that

-3
Py=pPyto) {i] . (3.18)
ay
and {p)=0.
When the damping of the oscillations due to the decay
of x into light particles (radiation) is taken into account,
the evolution is modified to

RS PR
e o,

Py=pPt0) (3.19)

For times larger than I" ~! (mean life of the y particles),
the scalar field energy has mainly been converted into ra-
diation. After this time the evolution is identical to that

In ¢

In a

FIG. 1. Evolution of the background model. The dashed line
corresponds to p, and the solid line to pg. a; corresponds to the
scale factor at the end of the inflation, a, to that when the y
field becomes dominant, a; to that when y decays into radiation
and a, to that when the Universe becomes matter dominated.

in the standard model.

The general behavior of the energy density of com-
ponents a and S can be followed in Fig. 1. When the
scale factor equals a; and a,, p,=pg.

IV. EVOLUTION OF THE FLUCTUATIONS

In this section the evolution of the fluctuations in the
two-component system is studied. The formalism used'’
is reviewed in the Appendix. The fluctuations are
characterized by the gauge-invariant variables A,, Ag
and A corresponding to the energy-density fluctuations of
each component and the total energy, V,, V4, and V cor-
responding to the velocity fluctuation of each component
and the total fluid velocity one, the entropy fluctuation
S,p given by Eq. (1.1) and the relative velocity fluctuation
between components V5. They are properly defined in
the Appendix. Their equations of motion are given by
Egs. (A8), (A11), and (A13). We will refer with a to the
component corresponding to the inflaton and its decay
products and with S to the y field and its decay products.

The evolution is divided into different periods accord-
ing to the changes in the equation of state of the com-
ponents. The equations of motion are solved in each
period with w, and wg approximately constant. The ini-
tial conditions are taken from Sec. II and the matching
between different periods is made by imposing the con-
tinuity of all the fluctuation variables. Up to the time in
which y decays into radiation, the two components are
decoupled, so @, =E_,=F,=0 (and also for ).

A. Inflationary period

The first period to be studied is the inflationary one. In
this period a=¢ and =Y and the energy density of both
fields is dominated by the potential term (|1+w,|<<1
and |1+wpg| <<1). We study both fields making an anal-
ogy with two fluids, so we also need to determine the as-
sociated sound velocity to solve the equation of evolution

for the fluctuations. It is defined by c2,=p,/p, In the
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case of a scalar field ¢, differentiating the associated pres-
sure and energy density we obtain

3Hy+2U
cgw=—‘f’—.—¢ . 4.1)
3HY
In the slow-rolling approximation, we have

3Hy~ —U,ﬁ We see from Eq. (4.1) that with this hy-
pothesis |c v T 1] <<1. We will take cszd, ~—1 and
cszx =~ —1. Another point to be taken into account is that,
when dealing with scalar fields, the individual entropy
perturbations 7, cannot be neglected; they are given by
Eq. (A12). In this case, w,n,=2A4, and wgng=2Ag.

We define g, as the value of the scale factor at the time
at which the wavelength associated with k leaves the
Hubble radius (a, H /k =1), and a new variable {=a /a,.

In order to solve the system of coupled equations in
this period, it is convenient to begin by solving the equa-
tions for the entropy S,z and the relative velocity Vg
[Eq. (A11)], as they form a system decoupled from the
rest of the variables:

2
_aH
aB™ k VaB

18+

L
d§ aH ’

(4.2)

Vap —2V 4 k —S
d§ T aH

They can be combined to give a second-order equation
for and noting that, for constant w, k/aH
_§—1+ 1+w )/2 , we obtain

Vet | 16— 314w 2028
PR T
2
k.

aB
—=0. 4.3
20 (4.3)

§

For wavelengths much larger than the Hubble radius
(k/aH <<1), Eq. (4.3) admits power-law solutions,
V.5 < E". Taking into account that |1+w| <<1, it follows
that

+ (4+3(14+w)+

174 :A§—1—3(1+w)/2+B§—4+3(1+w)
af ’
(4.4)
SaB:_[3+_g_(l+w)]A§~3(l+w)

—[6—3(1+w)]BE3T30+w/2

where A4 and B are constants.

The equations of motion for the total fluid velocity and
energy-density fluctuations are also simplified in this case.
The system (A 13) can be written as

A . Ak v
48 3l = X (1tw)—,

ag e~ an e 4.5)
@V V_ 3eHA, k 1 A

et e T2k e dHIrw E

Then, in this particular case, the global variables
behave as the velocity and energy fluctuations of a single
fluid, without feeling the individual component fluctua-
tions; and it can be seen that there is a constant of motion

for wavelengths larger than the Hubble radius, as is dis-
cussed at the end of the Appendix. The solutions are

AzC§—2+3(l+wl+D§—3+3(1+w)/2
(4.6)

= —143(1+w)/2 4 3 2

v 1+wg +3De

From these solutions for A, V, S,g, and V5, we can
construct the remaining quantities in which we are in-
terested (A, Ag V,, and Vg). The four constants
A, B, C, and D can be computed by evaluating Eqgs.
(4.4) and (4.6) at the Hubble radius crossing time and
equating them to the values given by the quantum fluc-
tuations of the fields during inflation. So, let us specify
the fluctuations computed in Sec. II for our model. The
fluctuations in the total energy density and velocity are
given by Egs. (2.19) and (2.15) in terms of the quantum
fluctuations of the fields. We see that the dominant con-
tribution corresponds to the field with larger time deriva-

tive. Typically, this will be the inflation.’> Then
D ~HD¢
Aly~=—
| H |, Vg = il 4.7

We also need the initial conditions for V5 and S 4.
They can be computed from (2.20) and (2.21):

HDX

~—_—_ A

Vagln

H

(4.8)
HD)(
aB|H~2

H

Note that these expressions imply that the fluctuations
are initially of the isocurvature type, as S,gly >>Aly
(during inflation ¢,y << H).

The constants 4 and B in Eq. (4.4) can be computed
from Eq. (4.8),

and C and D in Eq. (4.6) can be computed from Eq. (4.7):

D=0, c=—%2¢

4.9
, 30 (4.9b)

H

From these initial conditions and the evolution laws
during inflation, the amplitude of the perturbations at the
end of inflation (which correspond to a value a, for the
scale factor in Fig. 1) can be calculated:
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. g, |230Hw)
Ay . _$Do ! ,
1 3H |y |ax
—1-3(1+w)/2
v ~HD$ | |4 N
1— : ’
¢ H ay
(4.10)
8 HD —3(1+w)
1
Saph~SH2X )| |2 ,
X o | %
—1-3(1+w)/2
8 HDy a;
Vaﬁll”_g . -
X H ai

B. First radiation-dominated period

After the decay of the inflaton, the component a is
mainly made of radiation, so w,=1 and ¢, ~1. The
component S is still given by the field y, Wthh soon be-
gins to oscillate around the minimum of the potential. In
this regime, (p ,3) O and this component behaves essen-
tially as dust (wg~ sB ~0). However, the fact thatitis a
scalar field does not allow us to neglect the entropy per-
turbation 7, that satisfies wznz;=Ag For the component
a we can take 17,=0. This hypothesis holds up to the de-
cay of x. In this regime there are two periods to be con-
sidered, first when the Universe is dominated by radiation
(component a) and then when it is dominated by Y (com-
ponent ). For both of them, the system of equations to
be solved is

dS.s k
60 = ap Vor T30 (4.11a)
dVaB k 1
ZTaB_ K 4.11b
dé aH3(SB 28p) , (4.11b)
dA A k VvV
— 3w—=—(14tw)—7——, (4.11¢c)
dg £ aH §°
AV _V_ _3aHA & kA
d§¢ ¢ 2 k & 14+waH &
_ 1k 1P
3(1+w) aH € p
A aH
gt =35 Vo (4.11d)

Let us first analyze the period dominated by the radia-
tion, which corresponds to the scale factor evolving from
a, to a,. In this period it is convenient to normalize the
variable £ with a1,§z(a /a;) and it is easy to see that
aH /k=(a;H,/k)¢" " and pPp/pa=(a,/a,)§. With these
expressions and the help of Eq. (A8a) for Ag, Egs. (4.11a)
and (4.11b) can be combined to give

Vig V! 14
L ya—L _j0—2L =
3 3 3

k
a H,

bt

2
] (26v'—1v),
4.12)

where d /d £ has been denoted by a prime. This equation
holds for wavelengths much larger than the Hubble ra-
dius. On the other hand, from Egs. (4.11c¢), (4.11d), and
(A8a), we obtain (for k /aH <<1)

V" V' vV
V2 —4— 4

& g ¢
aB —5 VaB

§ &

Equations (4.12) and (4.13) form a system of coupled
equations for ¥ and V,g. As initially the amplitude of
the relative velocity is much larger than the total veloci-
ty, we will solve the system, neglecting the right-hand
side of (4.12), solving first for ¥,z and inserting this solu-
tion into the source term on the right-hand side of (4.13).
This corresponds to studying the effect of the entropy
perturbations as a source for curvature perturbations,
which can be important in this problem, and not vice ver-
sa. The result is

(4.13)

3 a,
=____ Vll
4 a,

V.s=E sin(V'5In§)+F cos(V5In£)+GE?

~ 4.14)
a, 2VSF+13E . . . ~
| J——— _——— '\/
vV . 78 &sin(V'51ng)
—2V'5E+13F - 27
_ TeVoLET ol v ELpey)
28 Ecos(V5Ing)+ 20 G¢

+I§2+J§+§£ ,

where E, F, G, I, J, and K are constants. The remain-
ing perturbation variables can be computed with the help
of these expressions. In particular,

k |91 |5V5F+E
=K | L 2X22 TR Gn( V5
A i ) £sin(V'51né)
+$2E+F§cos(\/gln§)—%G§3
2 K
e LK.
(4.15)

SaB:_%[(VSFHE)sin(xGlng)

+(—V'5E+2F)cos(V51In§)— 18GE*] .

Since we have differentiated Eq. (4.11) to derive (4.12)
and (4.13), we must check whether these solutions satisfy
(4.11). The result is that there are two spurious modes
and we must take G=I=0. The remaining constants
can be evaluated by matching these solutions with the
fluctuation amplitudes at the end of inflation(4.10). The
result is
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_ S8 HDy | % _ 8 HD a
F=—=22X) kg S 2k k.
9 X Hal 9\/3 X Hal
(4.16)
1% |HD¢ | 29 HDY —19% |2HD¢ | _ 16 91 H Dy
3 a, 6 |y 3a x |yl 3 a 6 |y 20ay x |y

With these values and (4.14) and (4.15), it is possible to compute the amplitude of the perturbations at the end of this

period, just before the component 3 becomes dominant:

8HDy | %1 | 7 . 8 HDy | % .
S ~——*"| — |—=siny+3cosy |, V ~——" — | —= —Coss ,
aB!Z 9 g s Vs ny Y aB |[,~ g ¥ L ‘/Ssm}’ Cossy
2
a a a ¢
A|2= _k _2 _i_ZHD .& l‘—COS’}/— 4_ siny —X s (417)
a; | a 9a, ¢ |y 913 17 7v'5 H
4 |19 HD¢ 2 10 2 . HDy
Vi,=—|=—— ——=—co =sin
= 13a 3 2T AT T,
[
where ¥y =V'51n(a, /a, ). Ay 3N _3A 8|k Sag |k Vap
C. y-dominated period £ 2& 9 |aH £ aH ¢
The next period begins when the field Y becomes dom- 4.18b
inant (pz>p,) and ends when y decays in radiation (at (4.18b)

aj3). The evolution equations for the fluctuations are also
given by (4.11). We now normalize the variable £ with
a,, £E=a/a, and we use that aH /k=(a,H,/k)§"'"?
and p,/pg=&~'. Combining Eqs. (4.11) and using (A10),
we obtain for k <<aH the couple of equations

S’ 4
ab +£SGB=3A+_

St £ £ £

, (4.18a)

5.4
_+_
2 3¢

94
2 2

As in the previous period, we solve the system neglecting
the right-hand side of Eq. (4.18a), solving for S5, then
computing ¥,z from Eq. (4.11) and inserting it into the
source term on the right-hand side of Eq. (4.18b) (which
corresponds to considering the curvature perturbation
generated by the entropy perturbation and not vice ver-
sa). The result is

SaB2L§_3/4J3/2(2‘/_6§ﬁ1/2)+M§'3/4J,_3/2(2\/.6§_1/2) ,

L

+M

where J, are the Bessel functions and L and M are con-

stants that can be computed from the initial conditions at
a,:

a
L=H2X | 2 136ny—5.6c0sy)
X |
(4.20)
a
M:M —I—(I.GSiny+9cosy).
X |g%

_ 172 _
J3/2(2‘/6§_1/2)—g‘%-’l/z(z‘/6§_l/2) ’

(4.19)

_ 172 _
J_3/2(2\/6§_1/2)+%J_]/2(2V6§*”2)’ } .

Solving for ¥V and A is more involved because the
source term has a complicated expression. The solutions
of the homogeneous equations are

Vhom 2051/2+P§—_2 ’
K (4.21)
Bpom == (062 —3PE™Y),

where O and P are constants.
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A particular solution of Eq. (4.18b) was obtained, but
its expression is too lengthy to be quoted here. The
asymptotic behavior for a >>a, is

a,a
V,~—13x1072—2Lrg !,
aj
) 4.22)
a,a
A,~1.1x1072 |2
aj

However, to compute the constants O and P, it is
necessary to fit the initial conditions at a, using the exact
solutions. There results

J

__6 %% HD¢
15 q? é

H
% HDy
a y

+ (—0.4+ 143 siny —53 cosy) ,

H

(4.23)

p_ 1 %% HD$
ERPEIN

H
9% HDx
a  y

+ (—0.224+356 siny —45cosy ) .

H

The amplitude of the perturbations at the end of this period can be obtained from these results:

HD a .
Sopl3=—— ;21-(0.12smy—0.6cosy),
H
0 [a. 172
14 B|S_M L2 (0.5siny —0.7 cosy) ,
* X g% |93
Al,~_ 99 [ 6 a9 HDg | , a HDy
3= : 5
ai |15 qf ¢ v % X |m
2
o~ |9 | |6 % HDs | | % HDY
3= : ;
a; 15 a8 4 |y a1 X |y

D. From ) decay to Hubble radius crossing

The last period to be studied before the wavelengths
reenter the Hubble radius corresponds to the epoch after
the decay of y in radiation. The situation is quite
different in this period as the hypothesis of uncoupled
fluids does not hold anymore. The Universe is composed
by radiation and baryons tightly coupled through elec-
tron scattering. Then, the momentum transfer between
components must be taken into account. This means that
the source term f, which appears in (A8) cannot be
neglected anymore, but is given by'’

4p,
3p

fszC(vm_ur)’ fm= Rc(vr_vm) ’ (4‘25)

m

where v, and v,, are the radiation and matter velocity
fluctuation defined in (A2) and R, is the ratio of the Hub-
ble radius to the mean free path for photons colliding
with electrons. The effect of this interaction corresponds
to the introduction of an extra source term in the right-
hand side of (A11b) given by Fos=f,—f5= —VusVaus
where 7,5 is proportional to R, and is much larger than
unity before decoupling. As has been pointed out in Ref.
22, S ,p stays nearly constant in this regime and the rela-

(—0.4+143 siny —53 cosy)

(—0.4+ 143 siny —53 cosy)

(4.24)

’

tive velocity between components goes to zero.

On the other hand, after the decay of y we can neglect
both 7, and 7. In this case, the couple of Egs. (A13) for
the total fluid perturbations A and ¥ can be combined to
give a second-order equation:

+ | = 3—12w+9¢)+ 2w+ % ¢} ?
2
— k hahp 2 2\ Sap
aH | ph (cZ,—ck) 2 (4.26)

The homogeneous equation in a radiation-dominated
universe has the solution A, =Q& +RE™! for wave-
lengths much larger than the Hubble radius, with Q and
R constants (we normalize here £ with the scale factor at
the radiation and matter equivalence time, a,). When
the component ¢ is mainly made of baryons and S of ra-
diation, the entropy perturbation, acting as a source,
gives rise to an extra growing mode given by
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_1|_k a A=—QE+RE+— S
8= w50 |, (4.27) 10 Q5T RE 15 | a.H, g >
a,H, 1 (4.29)
The corresponding velocity fluctuation is given by V=— 5 (20 £172— 3R £72)
3 a4H, . V2 Kk ) W3k
V=——=——(Q§—2RE ") ——— S &% . _evVe 12
4av2 k ot : 8 a.H, o 15 a,H, Sapt "
(4.28) In order to see if the perturbations so obtained are of

The constants Q and R can be computed fitting the ini-
tial conditions at the beginning of this period.

In the matter-dominated era (£> 1) the behavior of A
and Vis given by

the isocurvature type, the amplitude of the perturbations
A and S,z must be compared. For wavelengths that
reenter the Hubble radius during the radiation- and
matter-dominated era, the magnitude of A are, respec-
tively,

AlH(,ad,’:————6+g\/2ﬂ %E—Z-Hfd’ -+-HPX (—0.4+ 143 siny —53cosy) | ,
“ “ S L (4.30)
5 a a
Aimmm):~w-‘- 6 %2 HD¢ | | HDX | (_0 44143 siny—53cosy) | -
0 a |[15a ¢ |y 1 lu

Comparison of these amplitudes with S,z from Eg.
(4.24) shows that the perturbations are no longer of the
isocurvature type, since the perturbation in the total en-
ergy density has gown larger than the entropy perturba-
tion [note that the term proportional to Dy in Eq. (4.30)
is by itself larger than the amplitude of S,z given in Eq.
(4.24)]. This result does not depend on how small the ini-
tial perturbation of A during inflation is (given by the
fluctuation in ¢), as the perturbation in the total energy
density originated by the original entropy perturbation
(given by the fluctuation in y) has grown larger than S .
This means that, in this kind of model, initially isocurva-
ture perturbations develop a large adiabatic mode, and
consequently do not provide a good model for the phe-
nomenologically proposed baryon isocurvature perturba-
tions.

Another criterion has been proposed in Ref. 22 to
define isocurvature perturbations, which has been used to
impose the initial conditions in Ref. 14. It can be seen
that the conclusion obtained is the same in this frame.
(The term Q&% in A corresponds to a growing adiabatic
mode in Ref. 14, which is not small compared to the “iso-
curvature” mode given here by A, )

V. CONCLUSIONS

The perturbations in the energy density arising from
quantum fluctuations during inflation in a model in
which there is a second scalar field present besides the
inflaton have been studied in detail. In particular, we
have considered the case in which this scalar field decays
into radiation after baryogenesis producing spatial fluc-
tuations in the baryon number per photon. The pertur-
bations in the energy density and velocity of the individu-
al components and of the total system, originated from

the quantum fluctuations. of the fields- at the Hubble ra-
dius crossing, have been determined in the case of gen-
eralized inflationary models. We then followed the evolu-
tion of the perturbations in the composite system from
the time that a given wavelength leaves the Hubble radius
up to the time it reenters it. Since the model considered
here has been proposed as a way for generating isocurva-
ture baryon perturbations, we have analyzed in detail the
evolution of the total energy perturbation A and the en-
tropy one S,;. In particular, the fact that an entropy
perturbation acts as a source for density perturbations,
even outside the Hubble radius, has been carefully con-
sidered. The main result is that this effect is very impor-
tant indeed, and is responsible for originating, from an in-
itially isocurvature model (S,5<<A), a large curvature
perturbation during the evolution of the wavelengths out-
side the Hubble radius, so that the total energy-density
perturbation grows to be proportional but approximately
2 orders of magnitude larger than the entropy perturba-
tion at the Hubble radius crossing. This result is not in
agreement with a previous claim that the evolution
should tend to maintain the initially homogeneous mass
distribution on scales larger than the matter-radiation
Jeans length.” The point here is that the Jeans length
does not correspond in this problem to the scale over
which pressure gradient effects can be neglected. The
reason being that when we deal with a nonadiabatic pres-
sure perturbation (i.e., a pressure perturbation not given
by &p =cS28p), as in the case considered here, there is an
extra source term for the energy-density perturbations
which makes fluctuations grow from an initially homo-
geneous universe, as has been shown in Refs. 16 and 17.
This source corresponds to the entropy perturbation
defined as n=m; —(c2/w)8."” In the case of a two-
component fluid, it is given by n=(p,m,+pgng)/
pt+hohglcl,—ck)S./hp. So, there are two kinds of



contributions, corresponding to a nonadiabatic pressure
perturbation of the individual components (as it happens,
for example, when one of them is given by a scalar field)
and to the relative fluctuation between components. In
the model analyzed here, both need to be taken into ac-
count. As has been stressed before, the effect is
significant and in the model discussed here it is responsi-
ble for the growth of the adiabatic mode which prevents
the model from being a good candidate for the origin of
baryon isocurvature fluctuations.
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APPENDIX: EVOLUTION OF THE FLUCTUATIONS
IN A MULTICOMPONENT SYSTEM

The analysis can be done in close analogy with the
one-fluid case.!” We will concentrate only on scalar per-
turbations as this is the only mode which is excited when
dealing with scalar fields. Perturbations in all the vari-
ables are expanded in terms of a complete set of scalar
harmonics Y(x) (a label k indicating the associated wave
number will be everywhere understood). The metric per-
turbations are described by four functions of time,
A,B,H; ,Hy, defined by

ds’=—(14+2A4Y)dt*—aBY;dt dx’
+a*(8,;+2H; 8, Y +2H Y, )dx'dx/
where Y,=k'V,Y and YijEkHZViVjY+§8in (latin

indices denote spatial labels running from 1 to 3). We
can define the gauge-invariant variables

Hy  gH a .
o=H; + 3 + X B kHT R

o H I (A1)
=A+—B —B——(a’H;) .
V=4 kB+akB kz(aHT)

The matter perturbations must be studied more care-
fully because when dealing with a many-component sys-
tem, the stress of each one is not conserved individually;
we define T%,,)*=Q. The source terms are constrained
by the total energy-momentum conservation T7,,""
=0, 3,05 =0.

Each component is described by a perfect-fluid stress-
energy tensor. Denoting by p, and p, the background
energy and pressure density, perturbations are defined by

T%=—p(1+8,Y),
Ta(j?z(pa+pa)<va_B)Yj ’
Ta6= _(pa+pa )Uan ’

T =p (8 +11.,8;+11,Y]) .

If the component a is given by a scalar field, which can
be decomposed as ¢(x,7)=¢(t)+5¢4Y(x), the perturbed
energy-momentum tensor is
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TH=—142~U+(A44*—$56—U,5¢)Y ,

k .
. (A3)
T¢{;=—(B(;§2+;¢8¢)Yf ,

T =[142—U—(A4>— 8+ U,;84)Y]5} .

Writing the source term in the background as
Q%=(—aQ*%0), the unperturbed continuity equation for
a given component is given by

po=—"3Hh,+Q,,

where h,=p,+p,-

In addition, it is necessary to consider perturbations as-
sociated to the energy-momentum source term. They are
characterized by two new variables €, and f, given by

0%=—aQ[1+(A—€,)Y],

~ (A4)
Q=a[Q%v—B)+Hh,f,]Y;,
where v corresponds to the total fluid velocity perturba-
tion.
Gauge-invariant variables can be defined from the
gauge-dependent ones as
a H,,

Voe=v,— X

1--2

A,=8,+3(1+w,) S,

(AS)

2
sa

naEnLa- w

5

« -
a
and Il 1, is gauge invariant by itself.

Analogously, for the energy-momentum source pertur-
bations

(05=B), Fu=fo= (V=) .

A, corresponds to the perturbation in the energy densi-
ty of the component a with respect to its own rest frame.
It is useful, when comparing the fluctuations in different
components, to use, instead of A, the perturbation rela-
tive to the total matter rest frame A_,, which is given by

__Q° |Ha _
T (v—B) . (A6)

A,=8,+3(1+w,) p

These variables are related to the total fluid perturba-
tion variables A, V, I, and II;, by

pPA= S p A,y HV=Fh,V,,
a a

(A7)
pHL: EpaHLa’ pHT: zpaHTa .
a a

The equations of motion for the perturbation variables
A, and V,, neglecting the anisotropic stress perturba-
tions I11, and in a flat universe, are



dA A hg V,
a_3wa_"=_iﬂ(1+ a)_iz B
da a 2 k H? a
k Va 1 Qa
(1+w“)aH a aH p,
Fq
+(1+wa)~;~ , (A8a)
Vo Va_ 3aHA
da a 2 k a
+ k cszcz A(X wa na Fa
aH [ 14+w, a 1+w, a a’
(A8b)

where V,g=V,— V5. Another variable of interest is the
entropy perturbation already introduced in (1.1):
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__Bea
ap= 1+w,

s Lo
The interpretation of this variable is quite clear when

the component a describes matter and the component 8

radiation, then Sz reduces to

Ss

N 8(n/s)
4 p, n s

, A9
n/s (A9

where 7 is baryon number density and s the entropy den-
sity of radiation. A useful relation is

A, A

Ttw, 1+tw

h H, h
B B
—— S t3—/ P
If the fluids are uncoupled Q,=F_ =E_, =0.
The equations of motion for S,z and V4 for a two-

component system when the interactions between com-
ponents can be neglected are given by

Vg - (A10)

ASep __ k Yap | Wa Ma__Wp Tp
da aH a 1+w, a 1+wgz a
: ’ (A1)
av V —h,_ +h
aB aB 2 2 a B aB
= 1=k +epl— =3l —cp) ; ;
2 —cip) « h,+hg | S,
=_lf__£cSa—5ﬁ_A l_k_( sza+cs2[3) /3+1_l(_( SZQ_CSZB) B B
aH 1+w a 2 aH 2 aH h a
_k__l WaNa o anB
aH a | 1+w, 1+uwg

For the interacting case, see Ref. 15.
We will assume that 1, =0 except when the component
a is a scalar field. In this case, it can be seen that

On the other hand, the equations for the total fluid per-
turbations are given by

ETE S

da a aH a (A13)
dv V 3 aqH A k

4y 4 L=_285 28 + :
da a 2 k a Yl aH ah 2 PyTy C”’p Acy)

This couple of equations is equlvalent to the second-
order equation for the Bardeen variable ®, related to A
by ®=2(aH/k)*A. In the one-component case, this
equation has a first integral for wavelengths larger than
the Hubble radius;?® this can be easily seen by writing
(A13) in terms of ® and '=(aH /k)V

@42 sa+wl, (Al4a)

da a a

ar _, £_=_¢’ _H 2_7’l —

da a1t )a k § “r"h a V=P
+— (A14b)

1
py > (pyny-l-cszypyAy) ,
¥

When there is only one component, the second term on
the right-hand side of (A 14b) vanishes and the third one
is much smaller than the first for wavelengths larger than
the Hubble radius, so there is an approximate constant of
motion given by Z=®—I. The physical meaning of
this quantity can be understood by noting that

Hy  aH
3 + X (V—B).

Then, in the comoving gauge what is conserved is the
spatial curvature of hypersurfaces orthogonal to the total
fluid flow [it can be seen that 8(°R)=4(k /a)*R Y, with
R=H;+H/3].

However, when dealing with a multicomponent sys-
tem, this conservation law need not necessarily hold. In
the first place, the second term in the right-hand side of
(A14b) only vanishes in the case that all the components
have the same sound velocity or when the perturbations
in the velocity of all the components are equal. And
second, the third term can only be neglected in the case
that the perturbations in the energy density of the indivi-
dual components are comparable to (or smaller than) the
perturbation in the total energy density. This is actually
true for adiabatic perturbations, but not for isocurvature
ones. So, in general, the spatial curvature of hypersur-
faces orthogonal to the total fluid flow is not a constant of
motion outside the Hubble radius.

®—T=H, + (A15)
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