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Analysis of 2y and x+x y decays of rl and g' using chiral anomalies
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Using chiral anomalies for q, q' 2y and q z+z y amplitudes, we determine that the q, g'

mixing angle Hr = —20.8' ~1.6', f8/f, -1.23+'0.06, and fo/f =1.04~007. Predictions are

made for the rate and dipion spectra for g, g' x+x y.

There has been interest in studying the ri and rl' mixing
problem and the determination of their decay constants as
a result of the recent accurate measurements of ri, ri' yy
widths. Most of the theoretical studies' make use of the
process g, g' yy, and hence use only the data on

rl, rl' yy. In an extensive study of the rl, rl' mixing-angle
problem, Gilman and Kauffman found that ri, rl' yy
could be reasonably well understood by assuming fs/
f,=1.25. They obtained

Op = —23'+ 3'+ 1',

=1.04+ 0.04+ 0.05.

The first error is statistical, and the second takes into ac-
count the 5% theoretical uncertainty in fs/f =1.25. Us-
ing the chiral anomaly and vector-meson dominance, they
also studied rl tt+tr y with the above values of Hp, fs,
and fo. Their result on the ri tt+tt y width, however,
was about a factor of 2 smaller than the experimental
rate. This was interpreted as our lacking the knowledge of
how to extrapolate the amplitude from the chiral limit to
the physical region for ri decays. Since they used two ex-
periments, ri, ri' yy, to determine three parameters Hp,

fs, and fo, they had to assume the value of f&/f =1.25 to
determine the other two parameters.

The purpose of the present note is to reanalyze rl, rl'

tr+tr y using the chiral-anomaly theorems. " The
problem encountered by Gilman and Kauffman was not
new. In fact, a few years ago, it was pointed out by
Freund and Zee that there was a problem of reconciling
pure vector-meson dominance (VMD) with the low-

energy chiral-anomaly theorems. A correct solution to
this problem was first given by Fujiwara etal who added.
a contact term to the VMD P x+x y amplitudes.
(Here, P =tr, rl, and tt'. ) The strength of the contact term
is such that the low-energy theorems are recovered in the
chiral limit. The resulting g, q' n+z y amplitudes
satisfy the low-energy theorems, but violate unitarity.

Recently, one of us (T.N.T.) (Ref. 8) showed that it is
possible to construct P x+z y amplitudes satisfying
the chiral-anomaly theorems and unitarity by demanding
the self-consistency in the calculation of P yy using the

P tr tt y anomaly. Dispersion relations and unitarity,
or unitarized chiral perturbation theory, was used for this
purpose. In the approximation where the imaginary part
of the P tr+tr y amplitude is neglected, the result of
Fujiwara et al. is recovered.

Here we use the decay rates of P yy and rl
x+z y to determine the g, g' mixing angle Op and the

decay constants fs and fo. We then make predictions for
the rate of ri' tt+tr y and for the dipion spectrum in

tr+tt y. It should be emphasized that we do not
make use of any theoretical calculations of f, and/or fo,
which is in contrast with previous analyses. Since we have
three independent data and three unknown parameters to
be fixed, our determination of three parameters Hp, fs,
and fo is free of theoretical uncertainty in assuming cer-
tain values for fs and/or fo. Therefore, the analysis
presented here is not the same as the earlier studies, even
though we get essentially the same numerical values for
those parameters within the error.

Let us define Ft »(p ) by

At(P(p) y(e~, k~)+y(E'2, k2))

ep ygpe fk te2 k )Fpyr (p )

The axial chiral anomaly predicts

F,„„(0)= 4tt'f,

F„,„„(0)= F,„„(0),
3 8

&/z

F„,„„(0)=2 2 f.F.„„(0),

(la)

(lb)

(1c)

le& pe" k'q'+q Fp (s, t, u ), -

where f„=93 MeV. Equation (la) gives I (tr yy)
=7.6 eV, compared with the experimental value
7.57 ~ 0.32 eV.

The P z+x y amplitudes are also given by the
chiral anomalies. Define Fp by

At(P(p) —n+(q+)tt (q-)y(e, k))
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where s=(q++q —), etc. The chiral-anomaly relations
are

F, (000)=k, (2a)

(2b)F„„.(o,o,o)
3 8

I/2

F„, (0,0,0) =k (2c)

where X F,»(0)/ef, 9.45x 10 MeV . In order to
calculate the physical amplitudes where m Wo and
s ~ 4m„Gilman and KauH'man used p VMD to extrapo-
late Eqs. (2b) and (2c) to the physical region. '9 The
rts n+n y amplitude is

(4b)

F„...(s, t, u)- (3)
3 mp s

with a similar expression for F„,,„(s,t, u) Wit.h fs/
f, 1.25, fp/f, 1.04, and the mixing angle Hp

—20',
they found that I (rt n+n y) =37 eV, which is almost
a factor of 2 smaller than the experimental value 64.3 eV.
It can be shown that a prescription similar to Eq. (3)
would lead to I (p ny) =35 keV. [There are three
Feynman diagrams associated with Eq. (2a) (Ref. 8).)

One of us (T.N.T.) has recently shown that the type of
correction which is used in Eq. (3) would lead to an er-
roneous relation between P yy anomalies and P

n+z y anomalies. The correct results are

F„,„,(s ) F(s ) 1+—— (4a)
3 s 2 sp

' l/2F,(s) A,
— F(s) 1+——2 f 1 s

@oman 3 fp 2 Sp,

lation. y is fixed by the experimental p width, I p=152
MeV. We find ~sR =710 MeV and y=0. 185. In the
narrow-width approximation, F(s)=spl(sp —s), and Eq.
(4a) becomes

Using the usual prescription of introducing an imaginary
part in sp of Eq. (5) would result in violation of the final-
state phase theorem of 13' at s =sp. From now on, we use
Eq. (4a) and (4b) in our phenomenological analysis.

Because F„„and F„„,have the same s dependence, we
can write

F„(s) F„, (0)F(s) 1+——1 s
Sp

(6a)

F„,„(s)=F„„(0)F(s) 1+——1 s
(6b)

Sp

Using I (rt n+z y) =0.064 ~ 0.006 keV using Table I,
we have

~Fn„(0) ~
=(6.47 ~ 0.25) &&10 MeV (7)

where we have made use of the experimental fact that
B(rt z+z y) and B(rt yy) are very accurately mea-
sured but not the total g width. From the experimental in-
formation' I (rt yy) =0.51+ 0.02 ~ 0.04 keV and
I (rt' yy) 4.7+'0.5+'0.5 keV we have

F„,„.(s) = Sp 1+——1 s
sp

—s 2 sp

which is the same as that obtained from the prescription
of Fujiwara et aI.:

where

sn —sym /nF s
sn —s+ y(s —4m„') [h(s) —ip(s) j

'

' l/2
s —4m, Js + (s —4m, ) 't

h (s) — '
ln

K S 2'
with F(0) =1. These amplitudes are constructed in such
a way that the following conditions are met. (i) At s =0,
the chiral anomalies, Eqs. (2b) and (2c), are recovered.
(ii) Their phases satisfy the final-state theorem (unitarity
of the S matrix) which requires that they have the correct
P wave zn phase-shift (up to 1 GeV). (iii) At s =sp, these
amplitudes satisfy the p vector-meson-dominance rela-
tions. sn is determined by the requirement that Fp has
the correct P-wave zn phase shift due to the unitarity re-

f„cosHp
Fnrr(0) =Furr

8 3

f, sinHp
n'rr(0) =Furr

s 3

F„.„(o)=~
s 3

F„.,(o) =) '+
8 3

' 1/2
s f. .

sinOp
3 fp

r . 1/2
s f.+ — cosOp
3 fp

&/2

2 f.
sinOp

3 fp
r i ]/2

2 f.
cosOp

3 fp

~F„»(0)~
(2.49 ~ 0.10) x 10 MeV

~F„»(0)
~

(3.28+'0.24) x 10 MeV

In the nonet scheme, we have

(sa)

(8b)

(9a)

(9b)

(9c)

(9d)

TABLE 1. Rate (in keV) for r) n+n y and rt' z+z y using Eqs. (6) and (11) when

IFn, n (0)I 1.0X10 MeV. The experimental data are shown in the last column.

Rate by Eq. (11)

r(rt —n+n y)
r(rt' z+ n y)

Rate by Eq. (6)

1.53 x 10
2.20

Sp =2sp

1.38 x 10
2. 10

= oo
P

1.18 x 10
1.1 1

Expt. data

(64 ~ 6) x 10-'
62+ 6
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=1.47+ 0.07, (10)

=1.02 ~ 0.07.

Using Eq. (10), we can determine F„„(0)= (5.45
~ 0.34) x 10 MeV, or using Eq. (4b), we get
I (tI' z+z y) 65+ 8 keV. This value is, however, in-
sensitive to the variation of parameters given by Eq. (10).

The dipion spectrum in g z+ z y is given by Eq.
(6a), and is approximately proportional to }At} —}1
+ —', (s/s~) } . [See Fig. 1(a), the solid curve. ] These same
relations also hold in the prescription of Fujiwara eral.
The experimental data by Layter eta/. '' is, however,
dominated by the pure p propagator }A,}

—}I+s/s~} .
We suspect the experimental data has a problem with the
systematic errors, because at larger values of s, the data
has a smaller slope than that given by the pure p propaga-
tor.

Using Eqs. (7), (8a), and (8b) in Eqs. (9a)-(9c) with
their signs determined from the chiral anomalies, we have

Op = —23.6'+ 1.8

Let us now discuss the possibility that future experi-
ments could give a smaller dipion slope than that given by
Eqs. (4) and (5). Could we modify and if so how would it
affect our analysis for Hp, f„and fo'? The solution to this
question was previously given. In the method of
Fujiwara eral. , the modification of the VMD amplitude
was made by a contact term. In the approach of one of
us (T.N.T.), a contact term was also introduced, but was
unitarized. (It corresponds to the polynomial ambiguity
in the Muskhelishvili-Omnes equations. ' ) They both
represent some uncalculable high-energy (or short dis-
tance) effects. Instead of Eqs. (4), we could represent
them by the phenomenological parametrization

F„, (s) =F„,(0)F(s) 1+—
2 Sp' S

where s~ =2s~, and could represent some p' resonance at
1.1 GeV found in the pion form-factor measurement, or
some inelastic effect. (We have to give s~ an imaginary
part for s) 1 GeV . ) The calculated rates for r), r)'

x+z y are given in Table I. It is seen that the rates
are about 10% lower. This leads to a new determination
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FIG. 1. Dipion spectra for (a) g x+~ y, and (b)
ri' x+z y in units of }F,,, (0)} XMeV': Solid curves for
Eq. (6); dash-dotted curves for Eq. (11) with s~ =2s„and dot-
ted curves for Eq. (11)with s~
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FIG. 2. (a) fg/f„and (b) fo/f vs Hp, using Eq. (11) with

s~ 2s~. %ithin one standard deviation, the allowed regime of
parameters is denoted by the shaded region. This is determined
by using Eqs. (7)-(9). The intersection point is the central
value quoted in Eq. (12).
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of the mixing angle and the decay constants

Hp 208 ~ 16

= 1.23 +' 0.06,

=1.04 w 0.07.

The allowed regions for these three parameters are shown
in Fig. 2. We note that this new set of parameters is more
consistent with the study of the mass matrix for ri and ri'

system, and also with the study of the SU(3)-breaking
effect [the value of fslf„given by Eq. (10) is too large].

In conclusion, we strongly urge experimentalists to
remeasure the dipion spectrum in ri tr+tr y to test the
above analysis. [See Fig. 1(a), the dash-dotted and dotted

curves. ] Precise measurement of the dipion spectrum in
g' x+z y, especially at low dipion, mass is also need-
ed. [See Fig. 1(b).) It is also very important to remea-
sure the pion production in the Coulomb field, '

~-+z-.—.o+z,
with a much-higher-energy incident tr beam to cover
not only the low-energy z —z but also the p-resonance re-
gion.
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