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Angular distribution of photons in the parity-changing one-photon radiative decays of quarkonia
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We derive a general expression, correct to order U'/c and valid in any potential model, for the
angular distribution of photons in the parity-changing one-photon radiative decays of quarkonia, in
terms of its different multipole contributions E1, M2, and E3. The expression is given in terms of
Clebsch-Gordan coefficients and six reduced matrix elements. We make detailed numerical calcula-
tions for the radiative decays of charmonium using Buchmuller-Tye and Gupta-Radford-Repko po-
tential models and find that there is not much difference in the angular distributions between the
two models. It is interesting to note that the E3 contributions to the decays 1( ~y, +y and

1iz~f+ y are nonvanishing only if g and 1( have admixtures of D states in them.

I. INTRODUCTION

The electric dipole (El) radiative decays of charmoni-
um, and also of the bb system, have been studied exten-
sively, both theoretically' and experimentally, ' but
so far most of the work has focused on the decay rates
and the branching ratios of these decays. The general
conclusion of the many theoretical papers is that the
relativistic corrections to the E1 decay rates are impor-
tant, and that they tend to depress the nonrelativistic
rates by a considerable fraction. More information on
the potential, the states, and the E1 transition operator
can be obtained by looking at the angular distribution of
the photons in the radiative decays. In the nonrelativistic
limit, the transition operator involved is a pure E1 opera-
tor, and it gives a characteristic electric dipole angular
distribution which depends only on the initial and final
angular momentum states. It is completely independent
of the dynamics and in particular on the potential used.
But when first-order relativistic corrections to the radia-
tive transition operator are introduced, the transition am-
plitude involved is not pure El, but a coherent mixture of
E1, M2, and E3 amplitudes. As a result the angular dis-
tributions change considerably. The relative strengths of
these M2 and E3 parts in the transition amplitude, and
hence in the angular distribution, depend on the dynam-
ics, in particular on the potential used and how the initial
and final states are constructed. One of the challenging
problems in charmonium physics has been the explana-
tion of the rather large leptonic annihilation rate of P'
(3769.9 MeV). One way to solve the problem is to intro-
duce D-state mixing in the wave function of g (which is
supposed to be predominantly 25) and S-state mixing
into the wave function of g" (which is supposed to be
predominantly 1D) (Ref. 3). Such mixing is, of course,
theoretically possible, especially if the 2S and 1D eigen-
states of the nonrelativistic charmonium Hamiltonian are
nearly degenerate. However, it is very difficult to predict
the exact mixing coefficients since the 1D-2S nonrelativis-

tic energy difference depends sensitively on the potential
model used. We find that when we introduce the relativ-
istic corrections to the one-photon transition operator,
the angular distribution of the photon in the 1b' and p"
radiative decays to gJ depend on the D- and S-state mix-

ing coefficients. It is especially interesting to note that
the E3 multipole transition amplitude of 1b ~yz+y will

be zero if 1(' has no D-state mixing. So the E3 amplitude
in P ~y2+ y is directly proportional to the D-state mix-

ing coefficient. In the radiative decay 1b'~yi+y there
can be no E3 amplitude because of angular momentum
conservation. By the same reasoning, g'~yo+y is pure
E1. The interesting question now is whether the same
mixing coefficients which explain the leptonic annihila-
tion rate will also explain the angular distributions of the
photons. Another interesting aspect of the study of angu-
lar distributions is that any deviation from the pure E1
distribution is a hint that the relativistic corrections to
the E1 transition operator are important. A precise
determination of these angular distributions will give us
an estimate of the relative strengths of these relativistic
corrections.

In the past, several authors' ' have studied the ques-
tion of angular distributions in the E1 radiative decays of
charmonium. But their studies have been mostly on the
kinematics of the problem, where the coefficients of the
higher multipole contributions to the angular distribution
are treated as free parameters and are not related to the
dynamics of the problem. Here we show how these
higher multipoles will arise naturally when we introduce
relativistic corrections to the interactions of the radiation
field with the quarkonium. We also express these
coefficients in terms of radial integrals involving the radi-
al wave functions of the charmonium states, and numeri-
cally evaluate these coefficients for two potential models:
namely, the Buchmiiller-Tye potential and the Gupta-
Repko-Radford (GRR) potential. We have plotted these
angular distributions for various mixing coefficients of D
and S states.
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The format of the rest of the paper is as follows. In
Sec. II we give the outline of our calculation and give a
general result for the angular distribution of any E1 one-
photon transition (correct to first order in relativistic
corrections) in terms of Clebsch-Gordan (CG) coefficients
and various reduced matrix elements, which is valid for
all initial and final angular momentum states. It should
be noted that we give angular distributions after sum-

ming over final photon polarizations and the final spin
states of charmonium. In Sec. III we give the details of
the numerical calculations for the radiative decays in
charmonium. The reduced matrix elements are first ex-

I

pressed in terms of four radial integrals which can be cal-
culated once the potential is specified. We also plot the
numerical results on the angular distribution for various
decays and for different mixing coefficients in Figs. 1 —9.
Finally, in Sec. IV we make some concluding remarks.

II. OUTLINE OF THE CALCULATION

We begin by writing down the odd-parity one-photon
transition amplitude in the c.m. frame, correct to order
v /c . Using the result of Ref. 19 we have
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where co= ~k~ is the photon energy, k(e ) the photon
momentum (polarization) three-vector, cd ge = kp the
measured energy difference, and e„,p„,m„,cr„,m„are
the charge, position, mass, spin, and momentum of the
fermionic components of the bound state in the c.m.
frame.

The derivation of Eq. (1), which is somewhat involved,
is given in Ref. 19. To arrive at this equation we have
used the relativistic c.m. and internal variables of Krajcik
and Foldy. The states

~
A ) and ~B ) are eigenstates of

the internal Hamiltonian' ' correct to order v /c . The
interaction Hamiltonian used in first-order perturbation
theory to derive Eq. (1) was generated by the minimal re-

placement p, ~[p; —(e, /c) A;] in the Hamiltonian of the
isolated quarkonium along with the addition of certain
spin-dependent terms. These spin-dependent terms are
dictated by the requirement that when the internal in-
teraction goes to zero, the Hamiltonian of the quarkoni-
um in the presence of an external electromagnetic (e.m. )

field should reduce to the sum of two Foldy-Wouthuysen
reduced Hamiltonians for single Dirac particles in the
same external fields. The resulting Schrodinger equation
is not only gauge invariant but it leads to one- and two-
photon transition amplitudes which satisfy all the correct
Lorentz-transformation conditions' to order U /c . All
the terms obtained by the minimal replacement which are
linear in A, can be written as A, BH /c)p;

i A; [—r;,H]. These terms include the bulk of relativ-
istic corrections in the interaction Hamiltonian Hz when
the quarkonium Hamiltonian H includes leading relativ-
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FIG. l. Angular distribution for ]ij'~y, +y, with M= l.
Solid line is —10% D-state mixing; short dashed line is —5%
D-state mixing; medium dashed line is pure E1; long dashed line
is 0% D-state mixing.
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FIG. 2. Same as Fig. I, for ti/~y]+y, with M= l.
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FIG. 3. Angular distribution for y2~$+y, with M=2.

Solid line is —1.5% D-state mixing; dashed line is pure E1.

ikr,
istic corrections. After expressing the exponential e
in A, in terms of relativistic internal and c.m. variables

i k.p,we expand e ' in powers of (k p; ) and keep only terms
up to order (k p, ) . The symbol p; represents the relativ-
istic internal position operator as defined by Krajcik and
Foldy. ' ' Since the matrix element of (k p; ) is of order
U/c between bound states, this expansion is consistent in
our approximately relativistic scheme. The first term in
Eq. (1) comes from the above-mentioned commutator

ik p,.term after we place e '
by 1. The second term in Eq.

(1) also comes frotn A, [r;,H], but here we keep the
second-order term in the expansion of the exponential.
Finally, the third term of Eq. (1) is from the spin-
dependent terms in the interaction Hamiltonian H~ men-
tioned above. Two things must be noticed about Eq. (1).
First, a large part of relativistic corrections will be con-
tained in the first term when we use relativistically
corrected eigenstates

~
A ) and ~B ) in the matrix element.
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FIG. 5. Same as Fig. 3, for yz~ g+ y, with M=O.
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Second, we have only included the parity-changing terms
of Ht in the matrix elements of Eq. (1) as we are interest-

ed only in the parity-changing one-photon transitions.
Now we specialize Eq. (1) to the quarkonium problem.

As we are dealing with bound states of a particle and its
antiparticle, we let e, = —e2 =

eq and m
&

=m 2
=mq.

Also, in this case, p~
= —p2=r/2 and m

&

= —w2=p.
Then (we let c= 1)
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FIG. 9. Same as Fig. 8, for g"~y&+ y, with M= l.

Because we are dealing with particles of equal mass and opposite charge, only u, +cr2 terms survive in the odd-parity
transition operator. Finally, after summing over the photon polarization, the term of interest is the angular distribution
of the photons d I /d 0:

dQ
&AITol&&" &AITol&& — &Allr Tol&&'&All Tol&&

k

+2 «& A I Tol& &*
& A IT& I& & —,& A Iit Tol& &*

& A llr T& I& ) (3)

We can reexpress components of all three-vectors in
the above expression in terms of irreducible vector opera-
tors:

A+ = — —(A„+iAy),1

v'2

A = (A„—iA~),
1

2
A3=A, .

On doing this we note that all terms in Eq. (3) can be
expressed in terms of eight irreducible tensors whose
highest-weight components are given by

T33 x +p+, T» =x+ (rXp)+2
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1.2 Other components of each tensor operator can be ob-

tained from commutation with J by the relation

[J,Aq ]=&k(k+I)+q(1—q) Ak (6)
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FIG. 8. Angular distribution for P"~yz+y, with M= I.
Solid line is 10% S-state mixing; short dashed line is 5% S-state
mixing; medium dashed line is pure F1; long dashed line is 0%
S-state mixing.

The states
I
A ) and IB ) are eigenstates of the angular

momentum operators and they can be labeled as
IP'J'M') and IPJM ), respectively. Furthermore, by use
of the Wigner-Eckart theorem we can express matrix ele-
ments of the above tensors as

&pJM IA„,lpJM)

= ( J'M'I kq; JM ) (p'J'll AI, llpJ ), (7)

where (p'J'll Ak llpJ ) is the reduced matrix element

which does not depend on M or M'.
We present the angular distribution of photons after

summing over the magnetic quantum number M' of the
final-quarkonium state and when the magnetic quantum
number M of the initial-quarkonium state is specified.
After a lengthy bit of algebra, the general form of the an-

gular distribution of photons in the decay of quarkonia,
resulting from Eq. (3), is found to be
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Special cases of interest are found in Ref. 21.

III. NUMERICAL EVALUATION

12 SiM ) =Rzs(r) Yoo(8, $)X,M,

11 3D&M ) =R &D(r) g &1MI2ml, lm, ) Yq~, (8,$)X~

(9c)

I
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l
l D,
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where a' and b' are real coefficients satisfying

(9a)

Equation (8) is quite general and should be valid in any
potential model. Only the reduced matrix elements will
depend on the form of the potential used. From now on
we specialize our discussion to the radiative decays of
charmonium: g"~yJ+y, g'~yJ+y, and yj~it+y
(J=0,1,2). Even though in general there are El, M2, and
E3 contributions, to order U Ic, because of the proper-
ties of Clebsch-Gordan coefficients, for g' or g"~y, +y
and y, ~f+y the E3 contribution vanishes, and for g'
or g"~go+ y and yo~it +y E3 and M2 contributions
vanish and only E1 contribution survives. For the decays
P' or P"~y2+y and y2~itt+y all three multipoles El,
M2, and E3 contribute. These results will also follow
from the conservation of angular momentum in the radia-
tive decays. In order to find the relative strengths of the
different multipole contributions, we have to calculate the
reduced matrix elements. Before we do that we have to
specify the initial and the final states. For a given mag-
netic quantum number M,

m, , m&

Also,

IXJ ) =11 'PJM ) (J =0, 1,2),
where

(loa)

and

=R &p(r) g & JMI lmI , lm, ) Y'& (8,$)g&
m, ml
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(lob)
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where

a +b =1 (1 lb)

ln 'SiM)=l~ SiM)o+ g a Im SiM)o
rnWn

(12a)

In the above equations the radial wave functions R,z,
R 2g R ]p etc. , need not be nonrelativistic eigenfunctions,
but could include mixing due to relativistic terms in the
Hamiltonian. For example,

a'+b' =1.
In Eq. (9a),

(9b)
~J~ &o+ & b lm PJM &o (12b)
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where ~n Si~)o and ~n PJM )0 are eigenfunctions of the
nonrelativistic Hamiltonian. The coefficients a and b
can be calculated in first-order perturbation theory treat-
ing the relativistic terms in the charmonium Hamiltonian
as a perturbation to the nonrelativistic Hamiltonian. By
calculating the matrix element of a particular component
of an irreducible tensor operator between given initial
and final states and then comparing the result with Eq.
(7), the Wigner-Eckart theorem, we can obtain all the re-
duced matrix elements occurring in Eq. (8) for the
different radiative decays in charmonium. They can be
expressed in terms of four types of radial integrals:

Ii = f r dr R„s(r)R p(r),
0

Iz= f r dr R„D(r)R p(r),

dR„S
I&= f r dr R p(r),

0 dr

dR„D
I4 = f r dr

"
R z(r) .

0 dT

(13)

We use as mixing coefficients a
&

= 0.187 |,'R 2S
=R zs'+a iR is') and as =+0.187 (R,s =R,s'

+a2R ~zz') for Buchmiiller-Tye, and a
&

= —0.0617 and

a ~
= +0.0617 for Gupta-Radford-Repko ' (GRR).

The S-D mixing coefficients a, b, and a ', b' are treated as
phenomenological parameters to be determined from
fitting the leptonic annihilation rate of P" and the angu-
lar distribution of photons in the radiative decays of g'
and g".

We note here that we have used the relativistically
corrected wave functions in calculating the integrals I, ,

I~, I3, and I4 of Eq. (13). The relativistically corrected
integrals are significantly different from the nonrelativis-
tic integrals even though the mixing coefficients are
small.

See Ref. 21 for the needed reduced matrix elements, in
terms of these four integrals. Since we find that the re-
duced matrix element of T3 is given entirely in terms of
I2 and I4 which involves the D-state radial wave func-
tion, the E3 contribution of P'~yz+y and g2~P+y
will vanish if there is no D-state admixture in the g and

g wave functions. The E3 contribution to g"~yz+y
will be significant since the P" is expected to be predom-
inantly D. But the small admixture of S state in g" given
by the coefficient b' is important to explain the observed
leptonic annihilation rate of g". We also find that the re-
duced matrix element of T2 is real, as is the reduced ma-
trix element of X&, and so T2 does not contribute to Eq.
(8). The radial integrals of Eq. (13) are calculated using
Eqs. (12). For exainple,

R2s(r)Rip(r)r dr
0

= f R2s'(r)R I p'(r)r dr

+ g f a R' s(r)R iz'(R)r'dr
m.7 2

+ g b„f R2s'(r)R„'II(r)r3dr . (14)btl" 0

We have plotted the differential decay rate [Eq. (8)]
versus cos0 for the different charmonium decays and for
various S-D mixings in Figs. 1 —9. The plotted angular
distributions are normalized such that

1 ~ dl
2J+1 M J dO

(15)

where J is the total angular momentum of the initial
state. For the decays t('~yJ+y and g"~yJ+y we
choose —0. 1~b'~0.0. This range is motivated by the
coupled-channel mixing result from Ref. 1 (1(' contains
—3.1% 1 D, ) and our calculation of the mixing neces-
sary to bring the theoretical prediction of the P" leptonic
width into agreement with the measured value
(b' = —10%). For the decays gj ~g+ y we use
b = —1.5%, as calculated in first-order relativistic per-
turbation theory, as we expect coupled-channel effects to
be small. We note here that we are not specifying the ori-
gin of the mixing, but rather we are hoping to use the ex-
perimental measurement of the angular distribution to
determine the mixing, whatever the source. The angular
distributions as calculated in the Buchmiiller-Tye model
and in the GRR model are very nearly identical, so our
plots represent results from both models.

IV. CONCLUDING COMMENTS

States directly produced at e+e colliders are the g,
i)'j', and 1(" in an M =+1 state (angular momentum, pari-
ty, and charge conjugation implies J =1,and helici-
ty arguments imply M =+1), and so our Figs. 1, 2, 8, and
9 represent expected results from directly produced g
states at an e+e collider. In pp (or pp) collisions, P
wave states (e.g. , yz ) can also be directly produced, in ad-
dition to the g states. Similar helicity arguments imply
M =+1 here also (for pp~quarkonia), but there is ex-
perimental evidence for the presence of M=O (Ref. 24).
Thus for yz~ir'j+y (J=2,1) we include both M =+1
and M=O figures, which must be combined with produc-
tion fractions in order to predict the overall angular dis-
tribution. For completeness we include the angular dis-
tribution for y2 in an M=2 state. As a reminder, use of
our Figs. 1, 2, 8, and 9, along with the normalization con-
dition, Eq. (15), can provide the angular distributions for

P states produced with M=O.
As previously noted, our results do not differ

significantly for the two potential models used. This is
not entirely unexpected, as in the important range for
charmonium (0.1 fm~r ~ 1 fm), phenomenological po-
tentials tend to be nearly indistinguishable. However,
relativistic corrections are handled in very different
manners —the Buchmiiller- Tye result is calculated in
standard perturbation theory, while the GRR result is
calculated in a semirelativistic approximation with varia-
tional techniques. Given the above observation we can
conclude that our result is, to a very good approximation,
model independent. Thus, experimental tests of our re-
sults are, in reality, tests of the potential model approach
to quarkonia.

There is a considerable difference between the nonrela-
tivistic (i.e., pure El) and the relativistic predictions.
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This demonstrates the importance of dealing with a rela-

tivistically corrected transition operator, not only rela-

tivistically corrected states. This difference can be ob-

served experimentally. Although there has been some ex-

perimental work on angular distributions of charmoniurn

decays (i.e., the Crystal Ball Collaboration, ' and the
R704 Collaboration' ), we feel that much higher statistics
are needed. Such an experiment is being planned (E-760
at the Fermilab p accumulator) and we eagerly await re-

sults.
Finally, due to the small spread in the angular distribu-

tion in l('~yJ+ y over the range of S-D state mixing we

consider, it seems extremely likely that any reasonable
amount of S D-state mixing (i.e., that necessary to explain
the large leptonic width of the 1(") will be acceptable,
that is consistent with angular distribution data. %e had
hoped to use experimental observations to extract the D-
state mixing, which is expected to be due to a combina-
tion of relativistic and coupled-channel effects, but this
now appears unlikely.
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