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Stationary laboratories on Earth accelerate and rotate relative to the local inertial frames. Any
experiment precise enough would detect and/or need to take into account the effects due to ac-
celeration and rotation. We derive these inertial effects for a Dirac particle in a straightforward and
unified way within the framework of special relativity. The effects found include the Bonse-
Wroblewski phase shift due to acceleration, the Sagnac-type effect, the rotation-spin effect, and the

redshift of the kinetic energy.

Because of Earth’s gravity and rotation, a local inertial
frame accelerates and rotates relative to Earth. Accord-
ing to Einstein’s equivalence principle, local physics in
this frame is that of special relativity, provided we can
neglect curvature (tidal) effects. However, an observer in
a stationary laboratory on Earth finds himself in a
noninertial frame, and inertial effects arise due to ac-
celeration and rotation.!™*

This is, of course, well known from classical mechan-
ics, and the Foucault pendulum is the most spectacular
evidence for the noninertial nature of our local laboratory
frames. The optical ‘“Foucault pendulum” is the
Michelson-Gale light interferometer in which the rota-
tion of Earth yielded a Sagnac shift of the light waves.>

In the last 15 years, neutron interferometry has been
developed with ever increasing accuracy.® Interferome-
ters with a typical length of about 10 cm built from sil-
icon monocrystals are in use, and the neutron analog of
the Foucault-Michelson-Gale, effect has been found by
Werner et al.,” whereas Atwood et al.® found the neu-
tron Sagnac effect using an angular velocity of about 30
times that of Earth.

Moreover, Bonse and Wroblewski,® with a neutron in-
terferometer positioned horizontally in their laboratory,
accelerated it, and found the predicted phase shift. If we
apply the equivalence principle, the same effect has to
show up in the gravitational field. This has been verified
by the celebrated Colella-Overhauser-Werner (COW) ex-
periment,'® which preceded the neutron experiments
mentioned above. The COW and the Bonse-Wroblewski
experiments, taken together, attest to the validity of the
equivalence principle for neutron waves. Curvature
effects in Earth laboratories are small compared to these
effects and can be neglected to first order.

It has become feasible to use polarized neutrons in the
interferometer experiments. Hence the possible effects of
the spin of the neutron come into focus. Mashhoon'!!?
has recently proposed a coupling of the neutron spin to
the rotation of a noninertial reference frame. He derived
this new rotation-spin coupling from a “simple, yet tenta-
tive, extension of the hypothesis of locality.”

In this paper!® we will put the special-relativistic Dirac
equation into a noninertial reference frame by standard
methods, confining ourselves strictly to flat Minkowski
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spacetime.'* We assume that the noninertial observers

are equipped with ideal measuring instruments which are
insensitive to acceleration (“standard observers”).! We
compute the inertial effects of a Dirac particle exactly.
Applying three successive Foldy-Wouthuysen transfor-
mations, we find in a nonrelativistic approximation in
lowest order, the Bonse-Wroblewski, the Page-Werner,
and the Mashhoon coupling terms all at once.

Coordinates and tetrad (frame) field.'> Consider an
inertial frame of reference with Minkowskian coordinates
x*. In it an observer moves with proper three-
acceleration a(7) and proper three-rotation @(7), 7 being
the proper time. The orthonormal tetrad (frame) e, the
observer carries, can be defined as follows. ea( 7) is iden-
tical with the four-velocity u* of the observer; the spatial
triad e, is defined to be orthogonal to es(7) and rotates
with proper rotation @(7)."? Put in mathematical terms,
the orthonormal tetrad e ,(7) transports according to

=Q-e, , (1)

where the antisymmetric rotation tensor ( splits into a
Fermi-Walker part Q; and a spatial rotation part Qp:

Q=0+ QR'=(a"u"—a Vu“)/cz-i—uaa)ﬂeaﬁ“v/c .

(2)
a* is the four-acceleration of the observer, o* its four-
rotation; €V is the Levi-Civita tensor with €”123'=—1.
To each point 7 on the world line of the observer, associ-
ate the spacelike hyperplane S(P) orthogonal to it.
Define x°=ct =cr and, moreover, x !,x2,x3 as Cartesian

coordinates using the triad e () with the observer at the

origin: x#*=(x%x"',x%x3) are the local coordinates for

the observer. From 7, parallel transport the tetrad eﬁ('r)
to all neighboring points on S(?). This defines the
orthonormal tetrad field eﬂ(x”). Such a local coordinate
system is what we actually use in our laboratory. The
world line is that of our reference clock.

Metric and connection. The tetrad field e. is anholo-

nomic. Define the coordinate tetrad e, as d/dxH.

Denote the nonrotating local coordinate system with
@(7)=0 by double-primed indices. According to Misner,
Thorne, and Wheeler MTW) (Sec. 6.6),'
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From rotational coordinate transformation, as in classical
mechanics,

ep=ey—[(@/c)Xx]%e; . 4)
Combining (3) and (4), and noting that e.=e,, as is evi-
dent from our construction, we have

FRIEDRICH W. HEHL AND WEI-TOU NI 42

The tetrad field (5), which is orthonormal,
e,e, =6m=diag (+ — — —), and which behaves as a ro-
tating Fermi-Walker-transported reference frame, is all
that we need as input for the description of the noniner-
tial reference frame. The results of this paper are a
consequence of (5), the Dirac equation, and the assump-
tion of the existence of standard observers.

From (5), the dual basis (of one-forms) is

0=(1+a-x/c?)dx°,

A= eo—[(w/c)Xx]%e,} , . . . (6)
“ an | (07 Fee] 0'=dx'+[(w/c)Xx]dx" .
1+5=
¢
(5) . ‘
e.=¢; The metric, as obtained from
ds’=0'®6°—0'00' — 6’0 0’ — 6’2 6° =g, dx dx"
=(dx°P[1+2a-x/c*+(a-x/c)?+ (0 x/c)—(00/c2)xx)]—2dx’dx-(0/c) X x—dx-dx , (7)
f
is in agreement with Ref. 2. _ 1 9 i
The connection expressed with respect to the orthonor- Dy = ax |ax0 @ 2022%T H? I
mal tetrad (5), reads 1+ 2
_ (13)
Fim_%(cxm_com“cpm)’ (8) Ds—‘L ’
where the object of anholonomicity is defined by dx
C;l=etie (34, —d,e,M). where
We find % 9
X J=L+S8=xX—-—+1#o , (14)
r__ Ene /c i 0x
7o jax ] is the total angular momentum.
c? Substituting (13) into (11), the Dirac equation acquires
ai/e? the form
Iy o= g=——— 9)
7 700 . 4
o |4 AX LIRS (15)
2 ot
Faw— T555=0, with the Hamiltonian
- 2
where €, is the three-dimensional Levi-Civita symbol H=pmc’+0+6, (16
with €,;=1. —capt L T(ax)p- . .
Dirac Equation in the Observer’s Noninertial Frame. O=cap+t 2c [tax)(p-a)+(p-aax], an
The Dirac equation in inertial coordinates reads'® E=pBm(a-x)—w-(L+S) (18)

ifiy"9, W' =mc¥' . (10)

In the observer’s local frame, (10) becomes'’

iﬁyﬂDﬂ‘I/=mc\l’ , (11)
with
—5.— LgBrr,
D, =9, 40 VI“BW,
(12)
oﬁfzé(yﬁyy_y?yﬁ)

@ is an odd and & an even operator. Note that this equa-
tion is exact. Table I lists the relativistic inertial effects.

Dirac Equation in Nonrelativistic Approximation. After
three successive Foldy-Wouthysen transformations, the
Hamiltonian can be put into the form!® (dropping triple
primes)

©? 0*
H=B|mc*+——— ——
o 2mc? 8m3c

1 ifi :
+6——5[0,]0,6]]1————[0,0] . (19
8m2c4[ [ I 8mzc4[ I a9
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TABLE 1. Relativistic inertial effects in the Hamiltonian of a
Dirac particle. The Dirac matrices are 8 and a. The mass of
the particle is m, x, its local spatial coordinates, p its momen-
tum, L its orbital, and S its spin angular momentum. The
noninertial frame is characterized by its proper acceleration a
and its proper rotation .

1. Bm(a-x) Energy-momentum
dshi

2. —21?[(a-x)(a-p)+(a-p)(a-x)] redshift effects

3. —e'L Sagnac-type effect

4. —w-S Rotation-spin coupling

Evaluating the operator products to the desired accuracy
we find

—gme2t B2t x)+-Bop|2x
H =Bmc 2mp Bm(a-x) 2mp 22 p
—w-(L+S)+ so-(aXp)
mc
+higher-order terms . 20

Inertial effects in H are listed in Table II.

Discussion. As announced we have calculated the iner-
tial effects of a Dirac particle. In particular, these results
are valid for a neutron. Therefore the rotation-spin cou-
pling, predicted by Mashhoon for a neutron wave, has
been derived in an alternative way. There can be hardly a
doubt left that this effect will be found as soon as the
necessary experimental accuracy is achieved.
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TABLE II. Inertial effects of a Dirac particle in nonrelativis-
tic approximation. The spin matrix is denoted by o, otherwise
see Table I, The gravitational effect corresponding to an inertial
effect is indicated by an arrow.

1. Bm(a-x) Bose-Wroblewski (Ref. 9)
[>COW (Ref. 10)]
2. —eo'L Page-Werner et al. (Ref. 7)
—®-S Mashhoon (Refs. 11 and 19)

4. pRlaxp Redshift effect of the
2me kinetic energy

i;ﬂ'(aXp)

New inertial spin-orbit
4mc

coupling

The phase shifts caused by acceleration and rotation,
listed under no. 1 and no. 2 in Table II, have been experi-
mentally verified by Bonse and Wroblewski,’ and Werner
et al.,’ respectively. We recovered these effects in our
derivation straightforwardly. Their verification and the
consistency of our derivation leads us to believe that also
the higher-order terms in the Foldy-Wouthuysen pro-
cedure presented mirror the actual behavior of Dirac par-
ticles in noninertial reference frames. Higher-order iner-
tial effects, the application of the equivalence principle,
the discussion of the corresponding gravitational effects,
and the tidal gravitational (curvature) effects will be
presented in forthcoming publications.
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