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The purely leptonic decays 7" — p v, v, and 77 —e*v,v, are both described by the most general
(local, derivative-free, lepton-number-conserving) four-fermion interaction Hamiltonian character-
ized by ten complex coupling constants. The ¥ — A4 hypothesis of the standard model can be prov-
en experimentally, as has been done for u decay, from the results of only five key experiments.
These five 7 decay experiments would determine upper limits for all eighteen non-(¥V — 4) terms
and a lower limit for the ¥ — 4 coupling. Most of these experiments can be carried out atane*e~
collider with unpolarized beams near 7 pair production threshold as well as in the region of the Y
resonances. Analytical decay distributions are derived in terms of suitable laboratory observables.
With their help statistical errors for the decay parameters p,, 1., 8., &, P> N> O §pus §7» @and € are
calculated assuming an ideal detector. For 107 produced 7+ 7™ pairs these errors are in the range of
(2-20)X 10~ 2 except the error for 7, (A7, =0.53). The parameters p and 7 that describe the isotro-
pic part of the spectrum are found to be strongly correlated. Therefore any experiment should be
analyzed simultaneously with respect to both parameters. An experimental value of 7, is required
for the derivation of the Fermi coupling constant for the muonic decay. By measuring the u* po-
larization from 7+ decay the polarization parameter £, can be deduced with an error of 15%. The
measurements of £, and §, will allow us to constrain five of the ten complex coupling constants for
the decay 77 —e *v,¥,, the measurements of &, 8,, and &, will even constrain eight complex cou-
pling constants for the decay 7% —pu*v,¥,.. The determination of the remaining coupling constants
would require the measurement of the cross section for the inverse decay v,e ~ —7~ v, or of correla-
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tions between one of the neutrinos and the u* or 7" for the muonic decay.

I. INTRODUCTION

Leptonic decays of heavy leptons are especially well
suited to investigate the structure of the charged weak in-
teraction. The classical example is the muon, where it
has recently been shown that the Lorentz structure of the
interaction can be determined entirely from experiments
without specific model assumptions.'! This analysis estab-
lished the ¥V — A4 coupling as being dominant, and set
upper limits for the remaining nine couplings. The 7 lep-
ton, with its two leptonic decays 7—uv,v, and T—e¥,v,,
gives us a unique opportunity to study the universality of
the charged leptonic weak interaction. To be more
specific: Are these two decays just duplicates of u decay,
governed by the same type of weak interaction, i.e.,
V — A? As in u decay there is a choice of ten different
complex couplings corresponding to nineteen coupling
constants to be determined by experiment. In an ap-
propriate representation V' — A corresponds to only one
real coupling constant. As has been done for p decay, the
V — A hypothesis can be proven experimentally by
measuring the decay probability and four additional pa-
rameters yielding information about the lepton chirali-
ties. These would determine upper limits for all eighteen
non-(¥V — A) terms and a lower limit for the ¥ — 4 cou-
pling. Most of these experiments can be carried out also
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though the methods are somewhat different due to the
short 7 lifetime. For 7 decays, the important asymmetry
parameters & and 8 (and also the spectral shape parame-
ters p and 77) can be measured efficiently by taking into
account the spin correlation of the 7+ and 7~ produced
in ete” collisions. Therefore we derive analytical ex-
pressions for spin-correlated 777~ decay distributions in
terms of appropriate laboratory variables. The polariza-
tion parameter £, for 4™ from 7" decay can be measured
by detecting the decay asymmetry of the u*; here we cal-
culate the polarization §, of the p in the laboratory sys-
tem. The low-energy parameter N finally, is important
as a correction to the Fermi coupling constant Gp.? It
can be measured directly, as mentioned above, but it is
also constrained by the values of §#, 8#, and §L. In sum-
mary the proposed experiments allow us to derive upper
limits to five of the ten complex coupling constants for
the decay 7" —e "v,¥, and to eight coupling constants
for the decay 7" —pu*v,¥,; the difference being due to
the knowledge of the u™ polarization &, The determina-
tion of the remaining coupling constants would require
the measurement of the cross section for the inverse de-
cay v.,e  —7 v, or of correlations between one of the
neutrinos and the u* or 7+ for the muonic decay.

for the two decays v"—pu"v, ¥, and 7" —e*v, ¥, al-
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IL u DECAY

A. Muon-decay interaction

The universality of the charged weak interaction al-
lows us to describe on the same basis such a wide range of
phenomena as nuclear 8 decay, muon decay, and semilep-
tonic decays of hadrons. This is incorporated by the
standard model® which is characterized by left-handed
fermions (V' — A4) and by the universal Fermi coupling
constant Gp.

The experimental investigation of the charged weak in-
teraction is especially rewarding in the case of leptonic
decays of heavy leptons where one is not hampered by
the strong interaction. Thus, for example, the Fermi cou-
pling constant is deduced from muon decay assuming a
V — A interaction. The experimental verification of this
assumption, however, was found only recently' by the au-
thor, Gerber, and Johnson. Their analysis, moreover, al-
lows us to derive upper limits for all of the other nine
possible couplings, valid independent of specific models.
The method used there can readily be applied to the two
decays 7—uv,v, and T—e¥, v, as well.

Leptonic decays can be described by the most general,
local, derivative-free and lepton-number-conserving
four-fermion point-interaction Hamiltonian.* It contains
ten complex coupling constants corresponding to 19 in-
dependent parameters to be determined by experiment.
The observables are described most conveniently in terms
of a Hamiltonian in charge changing and ‘“‘helicity pro-
jection” form>® which is characterized by fields of
definite handedness. The matrix element for p decay is
given by!

G
M=4— 3 gl (T I(v), (7, T, ls,) -
y=S,V,T

€u=R,L
(2.1)

y labels the type of interaction: I'S,T"*,T'7 (scalar, vector,
tensor). The indices € and p indicate the chiral projection
(left-handed, right-handed) of the spinors of the experi-
mentally observed particles, e=electron, g =muon. The
helicities n and m for the v, and the v, respectively, are
uniquely determined for given y,€,u. In this picture, the
standard model corresponds to g/; =1, all other cou-
plings being zero.

The strength of the interaction is determined by the u
lifetime. Since we are only interested in the relative
weights of the different couplings, the g7, are normalized:

A=4lgag 1} +|g5r 12+ g2, 1P+ g2, 1)
+16(1gXx 1>+ 1g/r 12+ gk 12+ 18l 1P

+48(|gf 1>+ 1gh 11):=16 . 2.2)

This allows us to define the four probabilities Q., of
obtaining an electron of handedness € from a muon of
handedness p in p decay:

Orr =Llgie P+ gke =206 +b")/4 (2.3)
Qrr =5l8ir |’ + 8Lk 1> +3l8 L I?

=[(a —a’')+6(c —c')]/24 , (2.4)
Orr =48R 17+ 18z 1*+ 38R 2

=[(a +a')+6(c +c')]/24 , (2.5)
Q1 =%Igi P +lgl IP=2b—b")/4 . 2.6)

We note that 0=Q,, <1 and 3. ,Q, =1. The parame-
ters {a/A,...,c'/ A} have been introduced’ to express
all possible results of the measurements on the positron in
the decay of polarized (and unpolarized) muons. Their
values have been derived for muon decay"? from the fol-
lowing, complete set of measurements.

(i) Shape of positron energy spectrum,’

p=0.752+0.0027 .

(ii) Decay asymmetry between u spin and e momentum
at spectrum end point, '°

£6/p=0.9989+0.0023 .
(iii) Differential decay asymmetry, !!
§=0.750210.0043 .

The polarization vector (PL,PTI,PTZ) of the positron
yields the remaining six parameters.
(iv) Longitudinal polarization, 12

(P, )=£=0.998+0.045 .
(v) Angular dependence of P, ,'2

£"=0.65+0.36 .

(vi) and (vii) Energy dependence of Pr,

a/A4 =0.015+0.052 ,
B/ A =0.002+0.018 .

(viii) and (ix) Energy dependence of Pr., 8

a'/4=-—0.04710.052 ,
B'/A=0.017+0.018 .

One finds upper limits for Qzz, O; g, and Qg; , which
in turn yield upper limits for the absolute values of eight
complex coupling constants g!,. Since Q;; is bounded
by a lower limit, it is not possible to deduce an upper lim-
it for |g7, | from normal muon decay without detecting
the neutrinos. In fact, with the data from normal muon
decay we cannot tell if

giL=0, g/1=1 (¥—4),
or

gL =2, 8/.=0.
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This kind of ambiguity has been noted by Jarlskog'® in
the context of a different form of the Hamiltonian. She
proposed to measure electron-neutrino correlations to
resolve it, experiments which have not been performed to
date. It has, however, been pointed out! that the infor-
mation from inverse muon decay allows us to resolve this
ambiguity:

J
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vy,te —pu +v, .

The total rate S, normalized to the rate predicted by
V — A4, is found to Be S =0.98+0.12.* S has been calcu-
lated in terms of the charge changing Hamiltonian in the
parity representation.!® In terms of our g2, (helicity rep-
resentation) one gets

S =%(1-h)( ]gLVL IZ+%1g}§/L |2+33—2|ng _l—goggR |2+335)g1§R '2+§|8LTR %)

+1+h)gge 2+ 21g/r P+ SlgRr — Lear 1P+ & lerr P+ 4ga D)

where 4 is the helicity of the v, from pion decay. The de-
viation of |h| from 1 is known very precisely:
1—|h| <4.1X1073;'%10 the sign of & has been deter-
mined by electromagnetic interaction for v, and v,. 17,18
Thus S gives information about the first 5 coupling con-
stants g7, 841, 81r» 82r» and gRg, all of which couple to
left-handed v,,. The influence of four of them on S is
found to be negligible with the upper limits derived from
normal muon decay. One obtains

9. S 1% T

1 v [V+4
ANEIASY

€rMR v —
1 1

e M p -1 -1
[ [

€rMyL : :

ey

FIG. 1. 90%-C.L. limits (Ref. 1) for the reduced coupling
constants g}, /max(g’,) for the decay u~ —e " ¥,v,. Each cou-
pling is uniquely determined by the handednesses € and u of the
electron and the muon, respectively, and the type of interaction
y=S, V, or T. The maximal possible values max(g[,) of the
coupling constants are 2, 1, and 1/V'3 for y=S, V, and T, re-
spectively.

(2.7)

S:ng/sz ’

which yields a lower limit for |g}; |, and through the nor-
malization requirement one gets an upper limit for the
remaining |g}; |:

g5, 12<4(1—5) .

Thus the weak interaction has been completely deter-
mined between the electron and the muon and their neu-
trinos in normal and inverse muon decay using only lep-
tonic data. The results are shown in Fig. 1, where each of
the ten coupling constants is given within one of the
squares defined uniquely by the handednesses of electron
and muon and by the type of interaction. The outer cir-
cles display the mathematical limits for the g7, in the
complex plane, the inner circles for nine of the g¥, show
the areas still allowed by experiment (90% c.l.). For g/,
which has been chosen to be real, one gets the small line
close to g/, =1 in agreement with ¥ — 4.

B. Key experiments

We have seen in muon decay that it is not necessary to
perform all of the 19 possible measurements in order to
determine the interaction. The standard model predicts
V — A corresponding to g/; =1. We can then find a
minimal set of measurements needed to prove this hy-
pothesis by experiment by calculating the probability
Pg =Qrg T Qr, to obtain a right-handed electron and
P§ =Qgg +Q; for a right-handed muon:"

Pi=1tlgRel’+}leRe "+ lgkr [P+ 1gA. I

+3lgg IP=1(1—-¢", (2.8)
Pi="llgrp*+ 1gir > +grr 1>+ I8/ |?
+3lgfR P=1[1+ 13— 16£8)] . 2.9)

By measuring the positron polarization £ one obtains
upper limits for five complex coupling constants, by
measuring the decay asymmetry three additional ones.
We can conclude that if the standard-model hypothesis is
correct, then only the following five experiments are
necessary to determine the interaction: 7, (— Fermi cou-
pling constant), §, §, and &' (— 16 decay parameters), and
S(v,+te —u~ +v,) (=V—A).
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III. r DECAY

Leptonic 7 decays are described by the same Hamil-
tonian as u decay. They are insensitive to effects of the
finite mass of the intermediate vector boson, since the
lifetime and the decay parameters are modified by terms
of the order of (m,./my)*~0.5X1073.% Effects of a
finite 7-neutrino mass m, are in the order of
o=m 31 /m?2.?! With the present experimental limit of 35
MeV/c? (Ref. 22) any possible effect is $0.4X 1073, The
effects of radiative corrections, however, do have to be
taken into account?’ when analyzing a real experiment,
but they can be neglected in this context where we try to
derive the magnitude of the errors in a future experiment.

A. Universality of the interaction

The universality of the charged weak interaction for
the three decays

u—vev,, Tov.uv, and T—v.ev,

can be checked by testing if (a) the couplings are equal
and (b) the strength is the same. The Fermi coupling
constant is given by?

1 1927° 1

T m} 1+4gmu/m;’

Gi= 3.1
where 7, is the lifetime of the mother lepton I, m, its mass
and m; the mass of the charged daughter lepton.
Higher-order corrections have been neglected here. 7 is
the low-energy spectrum parameter. It is important for
the muonic decay of the r,** since m,/m ~ L. With
Inyl <1 this gives a relative error AGr/Gr =12%. 7 can
be determined (a) by analyzing the muon momentum dis-
tribution (see Sec. VI) and (b) by deriving upper limits for
the coupling constants by measuring &, §,, and §, [see
Egs. (2.8), (2.9), and Sec. VI]. The upper limits thus ob-
tained for the coupling constants constrain the value of
according to Eq. (3.4).

B. Spectrum shape: Scalar observables

1. Michel parameter p

This is the only decay parameter measured up to
date.? Although it is not one of the key experiments, it
would be very exciting if p73 as has been discussed else-
where. 20 If p=2, we do not learn very much: Any com-
bination of the six couplings g7, 87r» 8RL> 8RR 8AR> 8L
with the other four couplings being zero yields p=3.
This can be seen from

p=3—2lg/r*+ gL I*+2lg/r > +2lga. I*

+Re(g r8lR T8rr&aL)] s (3.2)
p=3=(lg/r > +lgg  *+2lg/r I*+2lgg, 1)
=—Rel(g r8/R +8RL8AL) - (3.3)

For g/r =gl =0 we find g}z =g4;, =0, with all other

couplings being arbitrary.
We note especially that ¥ + 4 cannot be excluded if p
is found to be 3. There are three possible contributions:

, coupling to RH u ,
(@) gge: coupling to LH 7,
,  |coupling to LH p ,
(B) 8LR: coup]ing to RH 7,
y coupling to RH 1 ,
(v) grr: coupling to RH 7.

As seen above p=23 excludes grr and g}z [ =mixing of
right-handed (RH) and left-handed (LH) currents] only if
there are no simultaneous scalar and tensor couplings.
The pure right-handed coupling ggz, however, is always
possible.

2. Low-energy parameter m

Although 7 is not a restrictive parameter, its value is
needed to derive the Fermi coupling constant. In terms
ofourg?,

*

n=1Re(6g g/% +68/r8AL T8RRELL

+8RL8LR +8iRERL T8LLERR) - (3.4)
Thus 770 shows there are at least two different cou-
plings with opposite chiralities for the charged leptons
which would result in nonmaximal parity and charge-
conjugation violation.

In this case if we assume ¥ — 4 (g/;) to be dominant,
then the second coupling would be a Higgs-type coupling
(gag ) with right-handed 7 and p.

C. Lepton chiralities: pseudoscalar observables

We emphasize again the importance of the pseudosca-
lar observables. As mentioned earlier, the key experi-
ments in leptonic decays consist of determining the
chiralities of three of the four involved leptons. For
muon decay all of the necessary experiments have been
performed: (1) for the muon (positron decay asymmetry
for polarized muons described by & and §), (2) for the
electron (longitudinal polarization £'), (3) for the muon
neutrino (cross section S for inverse muon decay with v,
of negative helicity). The first two of these can also be
done for leptonic 7 decays, though the methods are some-
what different due to the short r lifetime.

The polarization of the u* from 7" decay can be ana-
lyzed by measuring the decay symmetry of the stopped
muons.?* The analyzing power is 1 and has been mea-
sured with a precision of <19%.2

The decay asymmetry of the positrons from muon de-
cay is measured by stopping polarized muons and detect-
ing the decay positrons as a function of the emission an-
gle relative to the muon polarization. In 7 decay it is not
possible at present to measure the direction and polariza-
tion of the 7.

One can, however, get information about the 7 polar-
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ization by making use of the spin correlation of the two
7’s.? Because of the Lorentz boost the momentum
correlation function of the two observed leptons contains
information about the c.m. angles and therefore also
about the decay asymmetry. This dependence is, howev-
er, rather weak and vanishes at the threshold of 7 pair
production.

We have proposed to use as observables the momenta
of the two charged particles from 7" and 7~ decay and
the opening angle 6., between these momenta.?* It will
be shown in Sec. VI that the corresponding correlation
functions are much more sensitive to £ and 8§ than the
momentum correlation function, and retain some of their
sensitivity at 7-pair threshold.

D. Neutrino helicity and sign
of the parity violation

As the method described in the previous section yields
only the absolute values of the parity-violating quantities
§uw &> and £,=h, , it is still necessary to determine their

sign. The determination of the sign of one of them, say,
h, , fixes the sign of the remaining ones. Instead of using

longitudinally polarized e * and e ~ beams, we propose to
use the method of Kiihn and Wagner,? with the strong
decay of the a,(1270) meson as analyzer. The analyzing
power for this process is in the order of a few percent,
sufficient to determine th a few standard deviations from

zero, and thus the sign of A, . The correlation experi-

ment between u, e, and 7 would yield the absolute value
of h,, with high precision.

IV. DECAY DISTRIBUTIONS
OF SPIN-CORRELATED 7 PAIRS

A. Introduction

Distribution functions for the decay of spin-correlated
heavy lepton pairs from e Te ~ collisions have been calcu-
lated by Tsai*® assuming the heavy leptons to decay via a
V — A interaction. The motivation was to find a signa-
ture which would allow us to find and identify the
presumed heavy lepton. Shortly after the discovery of
the 7 lepton® these calculations were generalized by Pi
and Sanda®! to polarized e *,e ~ beams and to 7 decay
spectra with arbitrary decay parameters p, , £, and 7.
Their distribution functions are given in terms of c.m.
variables which are not accessible to direct measurement,
since the 7’s are not detected. They also show how vari-
ous laboratory observables depend on the type of interac-
tion in leptonic 7 decays. Although this is very instruc-
tive, it does not allow us to calculate any limits for the
decay parameters or coupling constants for a given
amount of events.

We make use of a quite different approach. Our aim is
to determine the Lorentz structure by obtaining experi-
mental limits to the coupling constants g¥,. This can be
achieved by choosing an appropriate set of the decay pa-
rameters as described in Secs. II and III. Here we derive
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the formulas which allow us to deduce errors of the decay
parameters for a given number of events.

With this motivation in mind we restrict some of the
generality of Pi and Sanda’s distributions there, where it
would not matter. Thus we use only the cross sections
for unpolarized beams, since this is sufficient to measure
also the parity-violating parameters £ and 5. We keep
the full generality, however, for the decay spectrum with
the ambition to measure as many of the decay parameters
as possible. We further use normalized decay distribu-
tions, thus separating off the 7+ 7~ production probabili-
ty in which we are not interested here.

We have found a set of laboratory variables which re-
tains much of the angular information of the c.m. system
needed to determine & and 8.2* It consists of the momen-
ta k5 and k, of the detected particles and the opening an-
gle 6, between them. The distributions of Pi and Sanda
have been transformed to these variables and integrated
analytically over unobservable quantities assuming a
detector with 100% solid angle efficiency. A real, gen-
erally cylindrical detector will yield slightly different re-
sults, but the changes will be predominantly quantitative,
enlarging the statistical error by, say, 50%. Cuts on the
momenta, however, are possible and straightforward,
since the distributions depend directly on them.

B. Notation

We regard the production process

ete " »rtr™

and the subsequent decay processes
(e*v,)v,,
(ut v,
1T+VT s
K*v,,

(e v, v,
(B v)v,,
T v,,

K v, .

The 7 leptons and their charged decay products are la-
beled by numbers:

particle 1=7",
particle 2=7",
particle 3=e ™, u*, 7%, or K%,
particle 4=e , u , 7, or K,

where any combination of particle 3 and 4 is allowed.
Variables measured in the rest systems of particles 1 and
2, respectively, are designated by an asterisk.

E, is the total energy of the system, E; =E,/2 is the
incident c.m. energy, m, the mass of the r lepton, and
y=E,/m;=(1—B%) "2 We use three frames in the
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FIG. 2. Coordinate systems for the decay of correlated 7+ 7~
pairs. Z; and 2, are the directions of the 7 and 7, respective-
ly, while k; and k, are the momenta of their corresponding
charged decay products with spherical coordinates (k3,¢s,0;)
and (ky,¢4,0,).

laboratory system: The first frame describes the 7 pair
production, with the z axis pointing in the positron beam
direction. The 7" is then emitted under the polar angle
6,. We need not specify an azimuthal angle ¢,, since we
disregard effects of transverse beam polarization.

The z axes of the second and third coordinate system
point in the direction of the 7+ and 77, respectively.
Thus the momentum variables k;, 6;, ¢,
(dky=k3dk4d cos0;d,;) are defined relative to k,, the
variables ky, 0,, ¢, (d’k,=k3dk,d cos,d¢,) relative to
k,= —k, (see Fig. 2). Here again we need not specify a
specific x axis; we only demand the axes X, and X, to
coincide and note that ;= —§,, 2,= —2,.

C. Normalized decay distributions

1. General form of single particle distribution

The normalized decay distributions for a 7= with po-
larization vector § in the 7 rest system are given by

d*w+

PO =[G{ +£(5k3)GY] @.1)
and

(Z—Z‘;Z[Gﬁ“-&(?kz 1G5 ] 4.2)
with

§er€, forpT,et,
he —h, for T, K,

r
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£,6, forp,e™,
§4= +h, form K™,

where & designs the helicity of the ¥, (v,). Fora V— A4
interaction §, =§,=+1,§, =& =—1.

2. Leptonic decay distribution

The leptonic decay distribution is given by?

. 1 i i i
(l):______(a(,)+a(l)E’_&+a(l)E‘_¢2)
' amhEr 0 1 2
gy
T amhEr
“ 4.3)
Gi=—2L _(p0ypiope)y=_52
2 ArAE} ° P 4rhE?
with
ay =—2pml+ngmW,,
by =1(3—88,)W,;+15,P; ,
a(li)=(1—%Pi)Wi_7’imi , 4.4
bg')zé(85,_3) ’
af =(2p,—1) .

Pi» Mi» 8;, and §; are the leptonic decay parameters, their
V — A values being p, =3, 1,=0, §, =2, §,=1. The max-
imal energy of the daughter leptons in the 7 rest system is
given by

m%-*-m,-2

i ’

2m,

the corresponding momentum by

m?—m?
Pp=—"
2m,

and A; is a normalization factor:

W, af)“-’f-a(,“Ei‘-i'a(z”E,‘*z

Ai:fm‘. o ki*zdk,"
!
W, +P,
= ll_ZPi3Wi —tmlP,W, +%m,f‘ln—';j—‘
Lp3gl 2__1,,2 WitP
tym; | — P+ 1P Wi—1m; u/ilnT .
]

(4.5)
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3. Semileptonic decay distribution 8(cosf,—cost,)
’ G =G =— sZcoses) @.7)
4By kyP,W,
_ 1 8k:—P,) where §, is the angle of emission of the pseudoscalar
G\P=Gy = meson (see Sec. IV C5).
4, P2
with 4.6) 4. Normalized corr.e!ated distribution
Jfor unpolarized beams
A=
! The correlated distribution for unpolarized beams?' is
or, as a function of cosé,, used in the following, normalized form:
J
8 20
4o ___ ——3——1’——2 GG |1+cos?, +
d’k}d’kidQ, 8w 2y*+1
3 2 _ SiN’6)
+8:64k3kiGy'Gy |cosBicosOy |1+cos™0,———;
Y
+sin63sing3sinf}sing; [1——; |sin6),
14
—sinf3cos¢3sinf}cosg; |1+ —5 [sin’6,
Y
+(cos0§sin91‘cos¢:—sin0§cos¢3‘cos9:)-;jsin291 ] . (4.8)
5. Some useful relations
(a) Lorentz transformation
k*sin@} =k;sin@,, E*=y(E;—pk;cos0;), k*cosff=y(k;cos6;,—BE;), =6, . (4.9)
(b) Jacobian
d(k*,cos0f) E* k?
= —_ . (4.10)
d(k;,cos0;)  k*! E;
(c) Angular range
Mesons: 6;,=¢;, Leptons: 0<6,=¢; (4.11)
with
arccos Y—E';—' for k; Zy(P;,—BW,)
B‘)’k, 1= y 1 1 ’
= 4.12
5= |180° for k, <y(P,—BW,) . “.12)
6. Normalized distribution in the laboratory system
d’o diok$k}? $,c0s6%) || d(k¥,cos6}) 3,
= d¢+d cos6,d cosb, . (4.13)
dkydkd cos03,d 2 dk3dkidQ, a(k3,c0503) 3(k;,cos0,) ||dcosbs, $3d cosfsd cosb,

After averaging over the 7 direction and integrating over the azimuthal angle ¢, one obtains the general normalized dis-
tribution
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d3o =4 kiki « E3E}
dkydked cosBs, " EsE,Y  Q

d cos0;d cos8,{ GG\ +£,6,G5G Y [(k% cos3 )k} cosO u,

+kyk,(cosB;,+cosBsc0s0,)u,]}  (4.14)

with

2
Y TS ) 3 2y —1 _ 1
=1/ sin“0,sin“0, — (cosO;,+cosB;c086,)", u,= , U= .

o=V 3 4 34 €086, =2t AP

The c.m. expressions E* and k*cos@} are given in Eq. (4.9) in terms of the laboratory variables k; and cos9;.
D. Momentum-momentum angular distributions

1. Lepton-lepton correlations

For lepton-lepton-correlations the integration of Eq. (4.14) has to be performed over an area specified by the momen-
ta k4 and k, and the opening angle 6, (see the Appendix).
The normalized distribution function R =d o /dk,dk ,d cos;, can then be written as

2 2
R(k},k4,005634) 1 {Fo(k3,k4,008034)+§3§4[F (k3,k4,005934)u,(7)+F2(k3,k4,008034)u2 y)]} (4.15)
4mhsh, EE,
with
2y2—1 1
(1==L—, uy(y)= :
YT YT

The functions F,,, F,, and F, can be factorized into terms 4 L”, B L“, and Cﬂ’ which depend only on the momentum k;
and on the decay parameters, but not on cos6y,, and into the integrals M, which depend on all three variables k3, k4,
and cosf:

d cos6,d cosf,

Q

2
S AP (k) AP kM, ks, kg, c0805,) , (4.16)
u,v=0

Fo(ka»k4,605034)_fg(3) (4)

d cosfd cosf,

Q
2
2 2 k3)BY (k)M (K3, kg, c0863) 4.17

F,(k;,k4,cos834)"f(g(3’ 3 cos0% gkt cosby)

d cos6,d cosO
Fz(k3,k4,cosﬂ34)=fg‘z”g‘z‘”k k 4(C08034 +c08605c088,) ————t

Q
=k;k, ﬁ CP(ky)CP (k) cosO3M,,, (Kk3,ky,c08034)+ M, 4y 1y (Ky kg, c0805)] (4.18)
v=0
-
£ are v s 0 e o o e o e Y =alvallyE ol e,
k; and cos6;: By’ = “BYEi(bE)')‘*‘b(')YEi) s
g =a +aWE* +aIE*? AV =—Byk(a\"+2a"yE,) ,
=AY+ A4"cos8, + 45 cos?6, , (4.19) BY =yk,[by +b{vE,(1+81)], “22
8y’ =0’ +bEr =C{’ +C{'cosf, , (4.20) A =Bykay, BY =—By%k{ ,
g4k cos0? =(b{ +bYES )k cos6}) Co'=by’ +b\'vE;, CF'=—Bykib .

=B§'+B{’cosf,+ B cos’0, .  (4.21)  The integrals M, are defined by
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cos65cos”0,

(1,v=0,1,2)
0 v

M, = f d cos6,d cosO,
= f d c0s0,c0s"0,K ,(6,) (4.23)

with

_ Tt6y) cosB3d cosb,
(94)_-[1",(04) 0 :

1
4 B’)/A.3P4 E E4

R (k3,k4,COSe34)

The explicit, analytical expressions of K, and M, are
given in the Appendix.

2. Lepton-meson correlations

For lepton-meson correlations the integration of Eq.
(4.14) has to be performed over the section of a straight
line specified by the momenta k; and k, and the opening
angle 6,, (see the Appendix, Fig. 20). The normalized
distribution function R =d 30 /dk,dk,d cosf, can then
be written as

{FO(k3,k4,cos634)+§3§4[F1(k3,k4,cose34 u(y)+F,y(ky,ks,c08034)u,(v)]} .

(4.24)

Again the functions Fy, F,, and F, can be factorized into momentum-dependent terms and into the integrals K, which

depend on k;, k,, and cosO,:
d cosf;

Fo(ks,ky,c0805,) P4fg‘3’ )

7/W4

2
=P, 3 A, (k3)K,(6
©#=0

dcosb; E,—yW, 2

=84,

F(ky,ky,c08054)= fgz”k cos63

Fy(ky,ky,c0805,)=k;k, fg(23’(cost934+cos93cos§4)

1
=k;k, 3, C\)(k3)[cos6y,K (6

u=0

[See Egs. (4.19)-
For cosé; =<
tegrals

(4.22)]

—cos(6034—E,) we obtain the definite in-

K0=7T, Kl =1TCOS§4COSB34 N
(4.25)
K,= %[( 3 cos?605, — 1)cos2, +sin%6;,] .

For —cos(6;4,—
are

K0=12r'_X(§4) >

£4) Scosf3 < —cos(04,+&,) the integrals

K, =W(£4)—cos€4c0804, 2 —X (&) ] , (4.26)
K, =1(cos3—3 cosg4cos034) W (L)
+ %[(3 0082934_ 1 )C082§4+Sin2934] [—721 —X(§4) J ’
J
d%o _ —cos(8;+6,) d?
dk,dk, J —eos6,-0,) dleydkod cosOa SO0

2

E34

S (ky, kg )=4m

By 23‘3’(k K, (6,=C,) ,

d cos6,

4=§4)+COS§4K;4+1(64=§4)] .

r
where
_ cos§3t+cosf,cos03,
X ({4)=arcsin - >4
sin{,sin6;,
and
=1/sin’¢;sin?¢ s — (08634 -+ cost 3c08E, )

E. Momentum-momentum distributions

1. General considerations

The general normalized distribution S(kj,ky)
=d%0 /dkidk, can be obtained by integrating
R (kj,k4,cos0;4) [Eq. (4.14)]:

(4.27)

fd c086;d cosO,ELEL[GYGY +£,£,GGS (k¥ cos8} )k cos6))u,(y)] .
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Note that the last term in Eq. (4.14) has vanished due to
the integration. This term plays an important role for the
distribution R (6;,60,,co0s0;,) at low energies by enhanc-
ing the sensitivity to the £ parameter, while it can be
neglected at higher energies due to the factor
u(y)=1/2y2+1).

2. Normalized distributions
in the laboratory system

The distributions S(k;,k,) are considerably simpler
than R (k;, k4,c0s0;,) due to the fact that the integration
over cosf; is independent of cosé,. Thus for leptons

cos§; =cosf; =1
and for mesons
cosf; =cos{; .

The normalized distribution function for any combina-
tion of leptons and mesons can therefore be written as

S (ks kg)=[HG (k) H" (k)

+EEH P (k) H'® (ku ()], (4.28)

2A; E; Ycos;
1 k2 1 i) +1
=—— 3 —— A (k)(1—cos*"'¢;)
2A, E, Sypt1H
(4.29)
and
() LKy
HY (k,~)=—2-—k—Ffcosg_g(z’)(k,-‘cose," )d cosb;
1 k2 1
=—— 3 ——B(k;)(1—cos**'¢;)
2}\'1' i p§0 “+1 K !
(4.30)
for leptons, and
; 1 ki
o (k;)= — 431
Hy'(k;) 287P, E, (4.31)
and
) E,—yW
HY (k)= — L =4 T 432)
28yP: By
for mesons.

F. Momentum distributions

Single lepton spectra from unpolarized 7’s have been
analyzed up to now only in terms of the Michel parame-
ter p. These spectra, however, depend also on the low-
energy parameter 7 (see Secs. III B2 and IV C2), which
is strongly correlated with p. Therefore p and 7 should

be evaluated simultaneously, both for the decay into an
electron and into a muon. The normalized decay proba-
bility in terms of the laboratory variables is given by
H{(k;) in Eq. (4.29).

V. MUON POLARIZATION

A. General considerations

In muon decay, the polarization of positrons from
stopped muons is measured. Because of the short lifetime
(=100 fs) of the 7 lepton, this method is not feasible for
leptonic 7 decay. As noted in Sec. III C one can stop the
positive muon from 7 decay and use their decay asym-
metry as an excellent analyzer. Because of the large
momentum band of the emitted muons it is only possible
to stop muons in a certain momentum region. In con-
trast with the correlation experiments discussed in the
previous section, the knowledge of the 7~ decay is neces-
sary only as far as to identify the u* as the decay product
of the 7% by the identification of the decay products of
the 7.

B. Polarization and figure of merit

We have transformed the most general decay spectrum
as given by Scheck® from the c.m. system of the 7+ with
velocity B into the laboratory system, thereby integrating
over the azimuthal angle. The resulting distribution
d 2I‘/dk#d cosf, was also integrated over the unobserv-
able laboratory angle 6,. The longitudinal polarization
&, of the ™ of momentum k, is given by

0’+—U_

Su , (5.1)

o,+to_
where o, and o _ are the decay rates for emission of a
muon with spin parallel, respectively, antiparallel to its
line of flight in the laboratory system based on n events.
The figure of merit of a polarization measurement is
defined as {20 with 0=1(0 . +0_). We use the nota-
tion of Sec. IV for the kinematics of leptonic 7 decays ex-
cept for the maximum angle of emission ¢, of the muon
which is called ©,, in this section to avoid confusion with
the u polarization. The polarization and the figure of
merit can then be written as

. 52)

B F+F,
and

2 2

dd%: Z""Ffu st / [ (F,+F;)dk, (5.3)
with

P k. é f 1—cos"*'©,

TOnE, 2T v
and
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kX 2 1—cos**'O© - 1
Hy=7—"— 3 hy 5, Tn= 172 (6.4)
LE, 27 v+l [PZSMn
- _ 2 _ _ 2
n=2a,vE,(W,—vE,)ta, [P, —(W,—vE,)], where o, is the statistical error of the parameter x,. In

S
flzzzﬁyku[al(zyEy—‘Wy)—a4(Wu—yEy,)] >
fl3=-—Bz'y2kﬁ(20‘+a4) ,
fun=2myay(W,—vE,),

fa=2m,a4Byk,, f33=0

hy =vk, {2a6(W,—VE,)+ag[P,+(W,—VvE,)]},

hyy=B2a¢[y*k;, —vE, (W —yE,)]

+ag{y*k},—vE,[P,+(W,—vE)]}),
n=—B7v’k,E, (2a5+ay) ,

The a; are functions of the decay parameters:
a,=6(9—10p,), a,=24p,,
ag=—15§,+20,8,—9¢, ,
ay=6&,—85,06,—185,, ay=54n,

We note that if £, and &, are close to their ¥ — 4 values
of +1 and + 3, respectively, s~ —9¢, and ag~ —18¢,,
so that the term H, in the numerator of Eq. (5.2) is
directly proportional to &,,.

VI. RESULTS

A. General considerations

The analytical expressions derived in Sec. IV and in the
Appendix for the distribution functions R (k3,k,,cos6;,)
and S (k;,k,) allows us to use the method of maximum
likelihood to estimate the covariance matrix V,,,, where
n and m designate any two of the decay parameters
X,,X,, =p, 1, 8, or §. The matrix element of the inverse

matrix ¥ ! is given by

Voi=S 04,4, (6.1)
PS

where 0 =nyR or n,S, and n, is the total number of
events for the given final state. The sensitivity A4, is

_ 1 do

o dx,

, (6.2)

and ¥ pg denotes numerical integration over phase space.

We further introduce the figure of merit (or information)
M,:

M,=c A} .
Note that

M, =
PS

and, for uncorrelated parameters x;,

Secs. VIB-VID we discuss the angular and energy
dependence of the figures of merit of the different decay
parameters, based on n,= 10" events for each given final
state. The use of the figure of merit instead of the statisti-
cal error has the advantage that contributions of different
parts of phase space are additive to the total figure of
merit. Although due to error correlations the true sta-
tistical errors will be larger than 1/(3M,)'/? (for p and 7
by 20-50 %, for 6 and £ by 50-100 %), we prefer not to
include the error correlations in the discussion of the an-
gular and energy dependence of the figure of merit; we
list, however, the values of the error correlations at one
energy and note that they depend only weakly on energy.

In Sec. VIE, finally, we calculate the error matrix and
error correlations for all of the ten decay parameters p,,,
Mw 6”, Eu Pe> Me> 8e, €e> & and &k (Ref. 32) on the basis
of 10’ produced 777~ pairs and using the measured
branching ratios. For all of the calculations in Sec. VI
the decay parameters have been given the values as pre-
dicted by V — 4, i.e,, p,=p, = 7, =0, §,=8, =3,
§,=8.=l,and £, =8¢ =—

3 —_
2 77/1,—_

B. Contour diagrams

The contour diagrams of the sensitivity 4, and of the
figures of merit (FM or M,) for the distributions
R (ky,k4,cos0;,) are characterized by the strongly vary-
ing shapes of the kinematically allowed region in
(ks,k4)-space as a function of the opening angle 6,, and
by a rlch pattern of positive and negative values of 4,,.
The distributions of the FM’s are especially valuable for
designing an experiment since they show directly the
effect of momentum cuts on the precision of the measure-
ments. Figure 3 shows the contour lines (in percent) for
both A5 and M at E;=10.55 GeV and cosf;,= —0.99,
the contour lines for the same angle and energy for A ¢
and M, are shown in Fig. 4, where we have chosen u te
in the final state.

Although it would be very important for a detailed
analysis especially of the asymmetry parameters 8 and &
to keep the cosf,, dependence, as will be shown below,
the following diagrams are evaluated for the rate
S (ks3,k,) only in order to limit their number to the abso-
lutely necessary. All the figures but the last, we compare
the results found for u¥e ™ in the final state with those
found for u*7~. Figure 5 shows the rate distributions.
It is maximal for low lepton and high meson energy. Fig-
ure 6 shows M P which is largest at high muon momenta

with a second maximum at lower momenta. Note that
this (partial) FM is a differential quantity, it is therefore
the area between neighboring lines that counts. Clearly
the measurement of p,, is easy to achieve with muon mo-
menta between 3 and 5 GeV/c and electron momenta
below 2 GeV/c or pion momenta above 3 GeV/c.

The determination of up is somewhat more difficult, as
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can be seen in Fig. 7, since the main contribution stems
from muon momenta below 1 GeV/c where muons are
difficult to identify. It will be shown below, however,
that the total FM is large enough that even a lower muon
threshold of 1 GeV/c still allows a precise measurement
of n,,.

The distributions for §, in Fig. 8 show that §, can be
determined best at high particle momenta, independent
of the type of particle. This is also true for the deter-
mination of the £ parameter (see Fig. 9) which has two
additional strong maxima where one of the leptons is low
in energy.

The last diagram in this series, Fig. 10, finally shows
the distributions of the rate and of M _for 777 in the

final state. M, is maximal where the rate is vanishing,
since this results in a high sensitivity for £_.

C. Angular distributions of the figures of merit

The figures of merit for R (k;,k,,cos6,,) were integrat-
ed numerically over the momenta of the two detected
particles. Figures 11 and 12 show the resulting angular

T T T T T

o 1 2 3 4 5
k,c [GeV]

FIG. 3. Contour lines (in percent) of the sensitivity (a) and
the figure of merit (b) for the leptonic decay parameter §,
as determined from the correlated distribution
R(k,,k,,cos0,,=—0.99) for the reactions e’ e  —7'7"
—(p*v, 7. )(e " ¥,v,) at 10.55-GeV total energy.

distributions for the four decay parameters for u*e ™ and
utm”, respectively, and at 4-GeV total energy, while
Figs. 13 and 14 display the same distributions at 10.55
GeV, slightly below the Y5 resonance.

The distributions for p, and 7, are decreasing monoto-
nously with increasing cos6,,, where the total decrease is
small at 4 GeV and large at 10.55 GeV due to the
Lorentz boost. The distributions for 6 and £ behave quite
differently. They exhibit an energy dependent minimum
with a subsequent rise. Again the total FM is equal to
the integral which has been indicated by shading the area
below the curves. What comes as a surprise is that even
at the higher energy, the strongest contribution to the to-
tal integral stems from angles 63, <155° which is impor-
tant if one has to make cuts on collinear background
events.

D. Energy dependence of the figures of merit

The angular distributions of the FM’s (see Sec. IV D)
were numerically integrated over cosf;, resulting in a to-
tal FM as a function of the total energy E,. These energy

o
N

k.c
[(GeV] . . .
5.

o 1 2 3 4 5
k,c [GeV]

FIG. 4. Contour lines (in percent) of the sensitivity (a) and
the figure of merit (b) for the leptonic decay parameter &,
as determined from the correlated distribution
R(k,,k,,cos0,,=—0.99) for the reactions ete —»7t71™
—(u*v, ¥, )(e ¥,v,) at 10.55-GeV total energy.
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distributions are compared in Figs. 15 and 16 with the
distributions obtained by integrating the FM’s of
S(k;,k,4) over the particle momenta. Here again the sca-
lar spectrum shape parameters p, and 7, show a similar
behavior. At 777~ production threshold the particle mo-
menta and emission angles are independent from each
other. Therefore the full information about p, and 7,
can be obtained by measuring k; and k, alone already.
With increasing total energy the laboratory momenta de-
pend on both c.m. momentum and angle due to the
Lorentz transformation. Therefore the FM’s of § and 7,
measured via S(k;,k,) decrease with energy until they
reach a plateau at about 9 GeV. Measuring
R (k3,k4,cos03,) saves some of the angular information
and therefore leads to a higher plateau.

The distributions for 8 and &, however, which describe
the anisotropic part of the spectrum, vanish at threshold
if 0,4 is not measured and retain a finite value in the op-
posite case. Here the decreasing effect described in the
case of & and 7 is more than compensated by the spin
correlation which strongly increases with energy [charac-
terized by the factor u,(y) in Eq. (4.14), for example].
Especially for the final state u e~ the quality of the mea-
surement is vastly increased by including the 6;, depen-

[GeV] : | . . .

k,c [GeV]

FIG. 5. Contour lines (in percent) of the rates S(k,,k,.) (a)
and S(k,k, () for the reactions e*e —7T"
—(utvy e V,v,) and efe >t T —(utv,7,) at 10.55-
GeV total energy.
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dence. For the final state w7~ the effect is also seen,
but much less pronounced. The reason is that for mesons
the information on the c.m. decay angle 6* is already
contained uniquely in the momentum, while for leptons
the momentum alone is not sufficient to determine the
c.m. decay angle, since one also needs to know the labo-
ratory angle. While this observable is experimentally not
accessible, the opening angle 8;, contains at least partial-
ly this information.

Finally, for completeness, Fig. 17 shows the distribu-
tion of £, for 777~ in the final state with a correspond-
ing behavior.

E. Tables for the spectrum parameters p, 7, &, and &

In the discussion so far only the final states y+e_,
ut7™,and 717~ were treated. For energies not directly
at threshold, the muon can be easily substituted by the
electron and the pion by the kaon with virtually the same
results.

We emphasize, however that we regard the decay pa-
rameters describing 7 decay into a muon as completely
independent from those describing 7 decay into an elec-

k.c
[GeV]
5_

k,c [GeV]

FIG. 6. Contour lines (in percent) of the figure of merit
for the leptonic decay parameter p, as determined from the
correlated  distributions  S(k,,k.) for the reaction
ete Tt T (v e V,v,) (@ and ete —7trT
—(utv,¥,)(m"v,) (b) at 10.55-GeV total energy.
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TABLE I. Figures of Merit for the leptonic T decay parameters. For each of the final states 10’
events are assumed, independent of its particular branching ratio.

1557

S(kj,ky): final state R (kj,k4,054): final state
B pe pm o pe pm
EO =4

Pu 4 639000 2336000 2343000 5508 000 2 660 000 3037000
Ny 2594 000 804 100 802 000 2642000 827700 854 100
Ne 28 29

3, 22780 6580 46740 72 880 22 660 121300
&, 17 590 4360 31280 62180 15450 78 520

E;=10.55 GeV

Pu 1816000 945 500 1012000 4247000 1841000 2416000
N 2129000 573700 575 800 2412000 700 800 752 800
7. 17 24

5, 55000 19180 164 100 164 100 49 800 266 000
&, 76 560 19040 154 800 146 370 36300 186 200

tron. We can see no convincing reason to do otherwise,
and therefore we have labeled the decay constants corre-
spondingly. The same arguments apply for semileptonic
decays, where £, is treated as being independent of £.

k.c

Equalizing corresponding decay constants can increase
the figure of merit, depending on the correlation
coefficient, up to a factor of 4 (in the case of §,=¢,, for
example). In Table I we have summarized our results for

k.c
[GeV] - . . . N . (Gev] . ) . N ‘ ‘
51 alf 54 r
4 - L
4 L
3 5 3 F
24 r 24 F
14 r 14 -
¢ 5 o 1 2 3
k,c k,c [GeV] .
c
m
(GeV] — GeV] o ot
57 b 5 T r
44 r 44 -
34 - 3 i
24 r 24 o
1 - N E I
b A
04 L
T T - T - T 04 r
0 1 2 3 4 5 0 1 é 3 ; é
k,c [GeV] k,c [GeV]

FIG. 7. Contour lines (in percent) of the figure of merit
for the leptonic decay parameter 7, as determined from the
correlated  distributions  S(k,,k,) for the reaction
ete" st (v v e V,v,) (@ and ete 7t
—(p* v, ¥ )7 v,) (b) at 10.55-GeV total energy.

FIG. 8. Contour lines (in percent) of the figure of merit
for the leptonic decay parameter 8, as determined from the
correlated  distributions  S(k,,k,) for the reaction
ete >t (v Ne V,v,) (@ and ete —rtr
—(p*v,¥.)(r"v,) (b) at 10.55-GeV total energy.



1558 WULF FETSCHER 42

E,=4 GeV and E;=10.55 GeV. For the reasons men-
tioned above we present the FM’s not for all possible final
states, but restrict ourselves to y+e_ (two different lep-
tons), p ¥~ (two identical leptons) and to u* 7~ (lepton
and meson).

Finally we derive best possible errors for the decay pa-
rameters. Here we assume 107 produced 77~ pairs and
make use of the measured branching ratios 7; (Ref. 33)
into u, e, 7, and K. For each final state the error matrix
was calculated. Tables II and III show the errors for the
decay parameters. We note that the parameters £; and £,
in the decay distribution (4.14) appear only as the prod-
uct &;&,. Therefore for the final states u*p™, ete™,
at7~, and K*K ™, |£| can be determined. For final
states with two different particles, £; and &, are 100%
correlated. These values are also given with the assump-
tion that £,=1 and are marked by an asterisk.

The 100% correlation between &3 and £, can, however,
be removed by the joint analysis of all possible combina-
tions between the four particles u, e, 7, and K. This re-
sults in a 10X 10 error matrix for their decay parameters,
and it reduces the correlations between most of the pa-

o i
3 L
2_ -
b
N i
Léh 20
0. -
0 1 =2 3 4 5
k,c [GeV]

FIG. 9. Contour lines (in percent) of the figure of merit
for the leptonic decay parameter £, as determined from the
correlated  distributions  S(k,,k,) for the reaction
ete >t —>(utv, e V,v,) (@ and eTe —1ir”
—(u*v,¥,)(m"v,) (b) at 10.55-GeV total energy.

k,c
[GeV]
51 F
1
4+ L
3- L
-
,'. a T
! 60 / /
\\ / 40 /,
14 \|’ I,/ y .
)t P
04 L
0 1 2 3 4 5
k,c k,c [GeV]
[GeV] - . . " " .
5., b/:/,/ |
+20
4 L
31 L
21 L
1— A F
b 7
20,/
04 il |

T T T T T T

0 1 2 3 4 5
k,c [GeV]

FIG. 10. Contour lines (in percent) of the rate S(k,,k,) (a)
and the figure of merit for the decay parameter &, (b) for the re-
action ete " — 777" = (7t¥,) (1" v,) at 10.55-GeV total energy.

rameters. Table IV shows the correlation matrix for the
distribution R (k,k,,cos6;,) at a total energy E,=10.55
GeV. The correlation matrices for the distribution
S (k4,k4) and at lower energies are similar and therefore

cosV,, cosV,,,
-1 (? 1 -1 0 1
S 21 a b6 &
G 1 r —
X ] 4 X
3 1A = - i
2 1 2 £
= 1 r =
01 = -0
- -
c -
S r d la 2
N -] N
< 21 & U
= ] =
0+ . )
-1 0 1 -1 0 1
cosd,, cosV,,,

FIG. 11. Angular distributions of the figures of merit for the
leptonic decay parameters p,, 7,, 8,, and £, as determined from
the correlated distribution R (k,,k,,cosf,,) for the reactions
ete 1t —(utv, . )(e T¥,v,) at 4-GeV total energy.
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cosV,, . cosV,, .

-1 0 1 -1 0 1
o 3] a bte &
— - - -
~ 2 ] F4 X
R - - 1
S ] - 2 £
= ] roo=

0+ = o

g———t I . .
= C - diz &
— 31 r —
~ ~
3 24 F Ly ’-\1
« &Y
~ 141 o ~
= =

0+ = o
-1 0 1 -1 0 1
cosV, cosV, .

FIG. 12. Angular distributions of the figures of merit for the
leptonic decay parameters p,,, 7, 8,, and £, as determined from
the correlated distribution R (k,,k,,cos6,,) for the reactions
ete >t T (v, ¥,)(m7v,) at 4-GeV total energy.

have been omitted. As one sees the main correlations left
are those between the Michel parameter p and the low-
energy parameter 7) for the same kind of lepton, both of
which describe the isotropic part of the spectrum in the

1559
cos¥,, cosV,,,
-1 9 1 -1 0 1
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FIG. 13. Angular distributions of the figures of merit for the
leptonic decay parameters p,, 1,, 8,, and £, as determined from
the correlated distribution R (k,,k,,cos6,,) for the reactions
ete 1T —(uTv,¥,)(e T¥,v,) at 10.55-GeV total energy.

c.m. system, and between § and & for the same kind of
lepton which together describe the anisotropic part of the
spectrum in the c.m. system.

In Table V the statistical errors are given for the ten

TABLE II. Statistical errors (in units of 107%) for the leptonic decay parameters and the two semi-
leptonic decay parameters &, and £x which can be achieved with an ideal detector by measuring the
various correlated momentum distributions S (k;,k,) and based on 107 produced 77~ pairs. The mea-
sured branching ratios (Ref. 33) are taken into account. Quantities designated by an asterisk are only
measured in the combination §;£, and are therefore 100% correlated.

Total
energy Decay Particles detected
E, (GeV) parameter m e T K
4.0 Pu m 29 3.7 4.0 16.2
UM 3.9 8.3 6.9 27.7
S, 92.4 93.2 45.7 184.8
& 105.2 149.7* 55.9* 226.1*
Pe e 3.6 2.9 4.0 16.0
7. 1380.6 703.2 1148.8 4647.3
8. 92.3 93.1 45.6 184.4
£, 149.7* 106.6 56.2* 227.2*
&r T 55.9* 56.2* 9.9 56.9*
Ex K 226.1* 227.2* 56.9* 162.6
10.55 Pu m 44 6.4 5.6 22.6
N 4.0 17.9 7.2 29.2
S, 39.5 39.1 19.0 76.7
&, 335 47.3* 19.5* 78.8*
Pe e 6.9 4.4 5.6 22.7
R 3363.4 772.3 1364.0 5518.3
5, 36.7 37.4 17.9 72.5
&, 47.3* 333 19.3* 77.9*
&, T 19.5* 19.3* 4.0 23.0*
Ex K 78.8* 77.9* 23.0* 65.8
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TABLE III. Statistical errors (in units of 1073) for the leptonic decay parameters and the two semi-
leptonic decay parameters £, and £x which can be achieved with an ideal detector by measuring the
various correlated momentum-angular distributions R (K 3,k4,c0s03,) and based on 107 produced 77~
pairs. The measured branching ratios (Ref. 33) are taken into account. Quantities designated by an as-
terisk are only measured in the combination £, and are therefore 100% correlated.
Total
energy Decay Particles detected
E; (GeV) parameter " e T K
4.0 Pu u 2.9 3.6 3.6 14.4
um 39 8.0 6.7 27.1
5, 38.6 40.9 21.4 87.7
I 43.2 60.7* 26.6* 109.4*
Pe e 35 2.9 3.5 14.1
Ne 1324.7 697.5 1107.9 4485.2
8, 38.5 37.1 20.4 83.5
&, 60.7* 42.7* 26.2* 107.8*
En T 26.6* 26.2* 9.9 56.9*
Ex K 109.4* 107.8* 56.9* 162.6
10.55 Pu u 3.1 4.4 3.8 15.4
N 39 9.8 6.9 279
S, 26.9 28.5 14.6 58.5
& 29.0 40.9* 17.5* 70.8*
Pe e 4.3 3.1 3.8 15.3
Ne 1674.8 724.0 1197.3 4751.2
5, 27.0 26.2 14.0 56.0
&, 40.9* 28.8 17.3* 70.0*
& m 17.5* 17.3* 4.0 23.0*
Ex K 70.8* 70.0* 23.0* 65.8
different coupling constants. Errors have also been de- AP5(1)=[(%0§)2+2P5§( Lo %05)'*'(%05)2]1/2 , (6.6)

rived for the probabilities Pg(u) and Pg(e) of the 7 in the

two leptonic decays to be right handed (see also Sec.

IIB):
Pr()=3[1+1(3§,—16£,5,)], (6.5)

where | =e,u. The statistical error of Pg([) is given by

where again 8= and £=1 have been assumed. pg, is the
correlation between 8 and £. Pg(l) is the most important
parameter to be determined in the measurement of the
decay spectra, as can be seen from Eq. (2.9):

TABLE IV. Error correlation (in %) between the 7 decay parameters at a total energy E,=10.55
GeV. The correlations have been obtained from a joint analysis of all possible combinations of , e, 7,
and X for the momenta-angular distribution R (k3,k4,cos0s,). Correlations with absolute value smaller
than 5% have been suppressed for better readability.

py 77;& 8;4 gy Pe e 5e ge §1r §K
Pu 100 46 11 -8 -12
Ny 46 100 5 -12 —24
8, 100 —176
£, 11 5 -76 100 -12
Pe -8 —-12 100 46 12
Ne -12 —24 46 100 5
8, 100 —74
£, 12 5 —74 100 -12 0
&r —12 —-12 100 -10
§x —10 100
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FIG. 14. Angular distributions of the figures of merit for the
leptonic decay parameters p,, 7,, 8,, and §, as determined from
the correlated distribution R (k,,k ,,cosf,,) for the reactions
ete 7t —(u*v, ¥ )77 v,) at 10.55-GeV total energy.

Pﬁ(l):%]gizk|2+%|85R|2+|8XR |2+|8{R |2+3|ggR 2.

It measures the contributions of all of the five interac-
tions with right-handed 7 leptons. Thus a small Pg(l)
gives simultaneously stringent limits to five of the ten
complex coupling constants describing leptonic 7 decay.

We find that due to the large negative correlation pg,
P} (l) can be measured more precisely than both 6, and
£. At 10.55 GeV total energy and measuring
R (k;,k,,cos605,) for all combinations of u, e, 7, and K
for 10’7% 7™ pairs produced we find APZ(1)~6.6X107>.
This results in a limit, for example, for the V' + 4 cou-
pling constant |g}.|<0.081 which is comparable with
the corresponding upper limit obtained in u decay.'

The Michel parameters p, and p, should always be
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FIG. 15. Total figures of merit for the leptonic decay param-
eters p,, M, 8,, and &, as a function of the total beam energy
E,. The curves are derived from the correlated distri-
bution R(k,,k.,cos6,) for the reactions ete 771"
—(u*v,¥,)(e "¥,v,) by numerical integration.
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FIG. 16. Total figures of merit for the leptonic decay param-
eters p,, 7, 8,, and £, as a function of the total beam energy
E,. The curves are derived from the correlated distri-
bution R(k,,k.,cosf,,) for the reactions ete 1t
—(u*v,v,) (7~ v,) by numerical integration.

evaluated from experiments simultaneously with their
corresponding low-energy parameter 7, and 7, respec-
tively, due to the large error correlation between them.**
The resulting increase in the errors can be more than
compensated by including the information of the opening
angle in the analysis. Thus errors in the order of a few
1073 could be achieved for p,, p,, and for the hitherto un-
measured 7, whose value is needed for the derivation of
the Fermi coupling constant for the muonic 7 decay. The
error on the low-energy parameter 7,, however, is hope-
lessly large; on the other hand, its influence on G is
negligible.

Most of the errors in Table V compare well with the
corresponding errors achieved for p decay: Ap
=2.7%x1073° Ap=13%x1073,% A8=4.3%x1073! and
AE=8.4X1073.% The errors in Table V have been de-
rived for an ideal detector with 100% solid angle and
momentum acceptance, infinitely good angular and
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w1 I
=
r
/
0- I
0 5 10 15 20
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FIG. 17. Total figure of merit for the semileptonic decay pa-
rameters £, as a function of the total beam energy E,. The
curve is derived from the correlated distribution S(k k) for
the reactions e e " —717" — (7 V¥r)(7”v,) by numerical in-
tegration.
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TABLE V. Statistical errors (in units of 107*) for the ten
different coupling constants and for Pg(u) and Pg(e), calculated
for the distributions S(k;,k,) and R (k;,k4,c086;,) on the basis
of an ideal detector and based on 10’ produced 7¥7~ pairs.
They result from a joint analysis of all possible combinations of
i, e, m, and K from decays of 7777 pairs.

Decay Distribution S Distribution R
parameter 4 GeV 10.55 GeV 4 GeV 10.55 GeV
Pu 1.9 2.7 1.7 1.9
um 29 3.1 2.9 3.0

S, 36.7 15.3 16.6 114

& 44.5 15.2 20.3 13.4
Pi(p) 17.6 9.6 10.0 6.7
Pe 1.9 2.7 1.7 2.0
e 508.8 585.9 499.0 529.3
5. 36.7 14.4 15.8 11.0
&, 44.8 15.1 20.1 13.3
Pr(e) 17.6 9.1 9.7 6.5
&, 9.3 3.8 8.6 3.8
Ex 45.5 19.0 38.0 18.4

momentum resolution and perfect particle identification
and background suppression. Thus they constitute a lim-
it for any real detector. The main losses can be expected
for the following reasons.

(1) Limits to the emission angle of the charged particles
relative to the beam axis because of cylindrical design of
the detector or due to deliberate cuts to reduce radiative
backgrounds.

(2) Thresholds for particle identification.

(3) Background events, especially due to radiative pro-
cesses. This will induce severe losses for e "e ~ correlated
events and, to some extent, also for u "~ events.

(4) Averaging of the effects due to finite angular and
momentum resolution.

In summary an accelerator which produces 10" 77~
pairs per year (for example, a 7 charm or a B factory)
could give results with a precision close to those obtained
at the meson factories in the recent decade.

F. Measurement of the u* polarization &,

The longitudinal polarization of the u* from 7% decay
in flight has been derived in Sec. V B. It carries informa-
tion about the important decay parameter £’ which can-
not be determined by measuring spectral and angular dis-
tributions. Here we give a short outline how it could be
measured and what precision could be reached.

(1) Positive muons are identified in the main detector.

(2) The decay products of the 7~ signal production and
decay of a 77 pair.

(3) The u™ are stopped in a polarimeter outside of the
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main detector. The polarimeter consists of nondepolariz-
ing material such as aluminum or marble plates, scintilla-
tors and an array of drift tubes or proportional chambers
to measure the direction of the muons and their decay
electrons.

(4) The u™ process in a small magnetic field B ~6mT.
The field should be tangential to the (assumed) cylindrical
surface of the main detector. Thus two different versions
seem feasible: Either a cylindrical field whose axis coin-
cides with the detector axis or a field with field lines
parallel to the detector axis.

(5) The e’ from u* decay obey a forward-backward
asymmetry according to the position of its spin at the
time of decay. By measuring the time distribution of the
decay one can derive the decay asymmetry and thus the
muon polarization.

A similar experiment has been performed already at
muon momenta of 16 GeV/c for the reaction
¥, Fe—Xu™*,% where the helicity transfer from the ¥
onto the u* was measured. There by detecting 3400
events a statistical error on the u* polarization of 20%
was reached. In the following this number will be used as
a scale factor to estimate the error for the u* polariza-
tion from 7" decay. In Sec. V formulas (5.2) for the po-
larization §, of u* from 7% decay and (5.3) for the FM
d §fla /dk, were derived. Assuming a ¥ — 4 interaction
the corresponding momentum distributions were calcu-
lated for a total energy E,=4 GeV and E;,=10.55 GeV.
They are shown in Figs. 18 and 19. The FM distribution
has been normalized to 10 events.

In an experiment as sketched above only the region to
the right of the maximum can be utilized, because muons
of lower energy remain in the central main detector. As
an example, we give the rate and error estimation in view
of a future B-meson factory:®
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FIG. 18. Polarization &, and figure of merit d (£20)/d (k,c)
for u™ from v+ decay at 4-GeV total beam energy.
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FIG. 19. Polarization §, and figure of merit d ((20)/d (k ,c)
for u™ from 7" decay at 10.55-GeV total beam energy.

(1) residual muon polarization 90%
(2) solid angle 10% of 4m sr
(3) branching ratio 7 to pu 18%
(4) 7~ identification 50%
(5) electron detection 25%
(6) muon momentum cut (1 to 2 GeV/c) 25%
(7) useful events per 10’ 777~ pairs 6000
(8) statistical error on P *+15%

A precision of 15% for the polarization of the u* from
7% decay compares well with the precision obtained for
the polarization of the e * from ™ decay. In the era of
the synchrocyclotrons the best experiment gave a corre-
sponding error of +18% for the positron polarization.?’
The meson factories enabled us to reduce their error
down to +4.5% in 1985.1%%® We emphasize that the
measurement of the u* polarization from 7% decay is
especially rewarding. As a single observable a measure-
ment consistent with §L=1 would give upper limits to
five of the ten coupling constants [see Eq. (2.8)], namely,
to gRr» SAL> Skr> &hr» and to gi;, where the coupling
constants with mixed coupling RL can only be deter-
mined by this measurement. With 15% error the error
on, say, g5z would be Aglr =+27%.

VII. CONCLUSION

It has been shown that the Lorentz structure of the
charged weak interaction which manifests itself in the
two decays 7" —u*v, ¥, and 77 —e v, ¥, can be deter-
mined completely by measuring the 7 lifetime (and the
corresponding branching ratio), £ and 8 which describe
the decay asymmetry, the polarization £’ of the daughter
lepton, and the cross section for inverse 7 decay. At an
e e collider with unpolarized beams and c.m. energies
between 4 and 15 GeV the first three of these measure-

ments can be performed for both kinds of decay. In addi-
tion the polarization §I'1 of the u* from 77 decay can be
measured.

Analytical expressions have been derived for the decay
distributions of spin-correlated 77~ pairs in terms of ex-
perimentally observable quantities, namely, the momenta
of the charged decay products and the opening angle be-
tween them. The inclusion of the opening angle greatly
enhances the sensitivity, especially for the asymmetry pa-
rameters £ and 8, but also for the spectral shape parame-
ters p and 7. By numerical integration over the remain-
ing phase space statistical errors for the decay parameters
were calculated for an ideal detector. The errors for 10’
produced 7" 77 pairs at 10.55 GeV total energy are for
the Michel parameters Ap, =Ap, =2 X 1073, for the low-
energy spectrum parameter A7,=3X 1073, for the
differential asymmetry parameters A3, =A4§,=11X 1073,
for the integral asymmetry parameters A&, =A¢£ u
=13.4X107?, and for the probabilities P% () and Pg(e)
of the 7 to be right handed APZ(u)=6.7X10"* and
APZ(e)=6.5X107°. All of these errors include the effect
of the error correlations which are important for the pa-
rameter combinations (p,,7.), (p,,m,), (§.,8,), and
(§,,8,). The indices e and p indicate the particular lep-
tonic decay, and the corresponding decay parameters
have not been assumed to be equal. (This assumption
would reduce the above errors by up to a factor of 2.)

The pu* polarization from 7% decay can be measured
by using the large decay asymmetry of the u* as an
analyzer. Here the effective polarization of the u™ in the
laboratory system was calculated. For a real detector an
error of 15% on &, is estimated.

We note that up to now only p, and p,, have been mea-
sured. While a deviation of their values from the V' — 4
value of 2 would be very exciting, one cannot learn very
much if they are equal to 2: Any combination of the six
couplings g7;, 87r> 8Rz> 8Rr> &rr> and g/y With the
remaining four couplings being zero yields this value. In
contrast we emphasize again how important it is to mea-
sure the pseudoscalar quantities &, 8, and £, because they
constrain the coupling constants. For the evaluation of
the Fermi coupling constant for the muonic decay of the
7, finally the low-energy parameter 7, has to be mea-
sured.

The errors of most of the parameters quoted above
compare quite well with the precision obtained in u decay
experiments. For results close to the ¥ — A predictions
they allow us to derive upper limits in the order of 10%
for the scalar couplings ggg and g7g, for the vector cou-
plings g4z and g/ and for the tensor couplings g/ for
both leptonic 7 decays. The u* polarization measure-
ment with 15% error on 5: yields three additional upper
limits in the order of 27% for g3, , g%;, and g£; , and also
for g3z and gpg. An 7, measurement, finally, with an er-
ror An,=3X 1073 reduces the influence of 7 on the Fer-
mi coupling constant to the negligible value of 4X 107 %,
The proposed measurements would thus constitute a con-
siderable improvement of our knowledge about the

Lorentz structure of the leptonic charged weak interac-
tion.
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APPENDIX: EVALUATION OF THE INTEGRALS
Myv( k3 ’ k4,COSe34)
FOR LEPTON-LEPTON CORRELATIONS

The use of the opening angle 6;, between the two
detected particles as an observable introduces a con-
straint between the (unobservable) quantities cosf;,cosf,
and the relative azimuthal angle ¢;,=¢,— ¢;:

€08, = —cosf;c0s6,+sinf;sind,cosd,, . (A1)

Specifying 6;, defines an allowed region in (6,,0,) space.
This region is a rectangle and its interior (see Figs. 20 and
21). Its boundary lines are parallel to the diagonals of the
(63,0,) diagram. They are obtained for coplanar events
(cos¢s,= 1), while all of the other events are represent-
ed by points in the interior.

This rectangle is important in two ways. First it
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FIG. 20. Kinematics, geometry, and region of integration for
the reaction e*e” 777 —>(u* v, ¥ N7 v,), cosh,,=—0.6
and total energy E,=8 GeV. A point P (momenta k, and k)
in (d) is produced for any point of the straight line in (a)
(0,=8£+,0=6,=(,) whose end point ({,,§,) has also been la-
beled by P. The selection of a fixed opening angle 6, between
the two momenta constrains the allowed angles 6, and 6,, to the
oblique rectangle and its interior. The total area in (a) delimited
by bold lines is the region for all end points P contributing to
the integral. The region of integration is equal to the overlap of
line and rectangle and has been marked by a bold line.

9 <=—  —= k,c [GeV]

FIG. 21. Kinematics, geometry, and region of integration for
the reaction e "e " —77 17 —(u v, ¥,)(e "V, v,), cos 6,,=—0.6
and total energy 8 GeV. A point P (momenta k,, and k. ) is pro-
duced for any point of the rectangle in (a) (0<6,<¢,,
0=6,=¢,) whose end point (£,,5,) has also been labeled by P.
The selection of a fixed opening angle 6,,, between the two mo-
menta constrains the allowed angles 6, and 6, to the oblique
rectangle and its interior. The total area in (a) delimited by bold
lines is the region for all end points P contributing to the in-
tegral. The region of integration is the overlap of the two rec-
tangles. The integrals are different for regions R, and R; (ob-
lique boundary) on one hand, and for R, (horizontal boundary)
on the other hand.

defines an allowed region in (k3,k,) space for a given 0,4,
and second it confines the region of integration over
cosf; and cosé, to its interior.

The shapes of the region in (k;,k,) space depend on
the kind of decays: Mesons from two-body decays with a
certain momentum k are emitted at a fixed angle §, while
leptons from three-body decays allow 0= 6 = ¢ for a given
momentum k. Thus for meson-meson correlations a
point (k4,k,) is transformed to a point (£;,,) in (6;,6,)
space, for lepton-meson correlations it is transformed to a
line in (6;,0,) space parallel to the lepton angle axis, and
for lepton-lepton correlations it is transformed into a rec-
tangle with sides parallel to the axes 65 and 6,.

For lepton-meson correlations one has to integrate
over the piece of the line within the rectangle defined by
0,4, for lepton-lepton correlations correspondingly over
the area common to both rectangles. Figures 20 and 21
show the resulting regions of integration. We do not
derive meson-meson correlations for the threefold
differential cross section, because this correlation is al-
ready fixed by the two-fold differential cross section
d?o /dkydk,.

First Integration. We remind the reader that for a
point (k;,k,) all angles 0=cosf;=cos{; and 0=cosb,
=cosg, are allowed. The cut of this rectangle in (6;,6,)
space with the rectangle defined by demanding cos6;, to
be fixed yields up to three different regions R, R,, and
R, for cosf, with different boundaries I';(6,) and I',(6,)
for the cosf; integration. They are given in Table VI,
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TABLE VI. Regions R; and upper and lower boundaries I'|(6,) and I',(8,) for the integration over
cos6;.
i Region R; for cosé, e, Iy(6,)
3 —1=cosf, = —cos(63,—&3) —cos(63,—6,) —cos(6;,1+6,)
2 —cos(634—§3) =cosf, = —cos(03,+&3) cosg;s —cos(6y,+6,)
1 —cos(034+83) =cosf, < +1 —cos(63,—6,) —cos(63,+6,)
and Fig. 21 shows an example where all three regions  and
contribute. 5
For region R, and R ; we obtain the definite integrals W(6,)="sin §38in’0,— (cos3,+cosgcosb, ) (A5)

K0(94)=7T 3

K ,(6,)= —mcosf,cos0,, , (A2)
K,(6,)= %[( 3 c0s’0;,— 1)cos26,+sin’6s,] .
For region R,, the definite integrals are
Ko(6,)=7-—X(6,),
K (6,)=W(6,)—cosO,c0s034 | ——X(0,) |, (A3)
K,(64)=1(cos{3— 3 cosf,c0s0,,) W (6,)
+1[(3 cos?6;,—1)cos?6,
+sin%0,,] | —X (6,)
with
X (6,)=arcsin cosé':i:ec;is:;c:se“ (A4)

TABLE VII. Contribution of the different regions to the integral.

Second Integration. Generally, each of the integrals
M, is composed of at most three parts evaluated in re-
gions R, R,, and R, as shown in Table VII. A specific
value of £, corresponds to a horizontal line in the (65,6,)
diagram which cuts the rectangle defined by cos6,,. In-
tegrals extending over the full region have been labeled
I,,I5 (n=1, ,4), and I3, where n depends on cos6;,
and cos{; (see below) Integrals extending over only part
of a region (due to the cut cosf, = cosg,) are labeled cor-
respondingly by i, i}", and i;. The limits of integration
for the three regions are given in Table VIII.

For abbreviation we have used cos©;,= —cos(8;,—¢;)
and cos©;, = —cos(634,+¢&;). The indefinite integrals in
regions R, and R;, to be taken in the limits of Table
VIII, are

My, =nf"(8,),

M, =mcosb, /"1 (6,), (A6)
M, = [(3 c0s?0;,— 1) f{"2(6,) +sin%0,, £V (6,)] ,

where

(8=

cosf € The integrals in region R, are somewhat more compli-
cosb, cosg;s R, R, R;  cated. Their type furthermore depends on the values of
<0 =_1 I+1, i cc')s034 and cosgy. Tgble IX lists the conditions for the
< +cosbs, i IP +I, D +1, i different types of integrals and the values of the
= +c0s6s, ih+1, i coefficients a,, a,, ¢, and ¢, which parametrize the in-
< —cosOy, iV 41, i tegrals I to I'}" (see below).
= —cosbs, i The indefinite integrals I to I'}¥, to be taken in the
<+1 i limits of Table VIII, are
=0 =—1 I+1, i
<0 iy +I19+1, i+, i
=0 i
<+1 i» TABLE VIII. Upper and lower boundaries for the cos6, in-
tegration in the three different regions.
>0 =-1 I3t1‘ .3) ':‘ Limits for cos,
< —c0s6s, iy +I9 +1, i+ I Region Full region (I,) Partial region (i,)
= —cosb, iy +1%2 i
< +cosfy, iy+1% iy R, [—1,c0s0,] [cos&s,cos6,]
= +cosfy, iV R, [cosO;,c0s0, ] [cos&4,c080,]
<1 i R, [cosO,,+1] [cosé,, +1]
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TABLE IX. Types of integrals for region R, in functions of {;.
Condition
Integral for &3 cy a, c a,
1
() - o _
I; §3= 0,790 1 cos6y, 0
e E3+0,,=180° 0 1 0865,
3 _ sinf3,+sing; _ sin€y,—sing;
h £576s sin(03,+¢&5) ! sin(03,+&5)
e £,=0,,=90° 0 0
m v v v
Mo, =Tf =1 =11,
1‘41":(:05934 ___721f(1v+l)+f(2v+1)+f(3v+1) +(f‘(‘v) +f(5v)) , (A7)
1 m v v v 2 m v v v
M2v=_2‘ (30082934—1) _2_f(l +2)___f(2 +2)_f(3 +2) _+_S“,12934 7f(l )_f(2 )_f(3 ) l ]
+ L[eosty( )+ £ §) =3 cosf( £ 1+ 5]
with
(v+1)
cos 0,
(v = , (A8)
v+1
(v+1) A
(v) — +X — (A9)
2 (6) v+1
o QY re 1Y (A10)
/3= v+1 ’
- cos(v+l)
V= —_— (A11)
f&=WO)— 7
R(v)
(V) — ) (A12)
U R
The functions R ") and Y;"’ are derived from partial integration of W (6,)cos*(8,) and X (6,)cos6,, respectively:
(V) — vil vl v+1—p, — +1 —
R 3 p |cos 9,,(c0s©; —c0s0, V" (2L, ,— L)),
p=0
v v p
Y‘IV’=—arctanai-f-a](l—cose,,) =23 cos? %0, (cos®,; —cosO, "L, ., ,
1 A=0p=A
Y =(—1) ——arctan;s— +a,(1+c0os0,) 3 3 ‘i ](—l)"cos""leh(cose,——cose,, Lyl
2 A=0p=A
ds s 2v—1
Ly=arctans, L, = | ———, L, 4= L,
: w=J (s24+1)"*! TUoams2 1)y 2v
f T
and M0V=?f‘1”(94) ,
_ | cosf,—cosO, 12 M g =3(—6,4+sinb,cos6,) ,
cos©, —cosb, M, =—1sin’g, , (A13)

M, = L[ —6,+sin6,cos6,(cos’0,—sin’6,)] ,

The indefinite integrals It* (for £;=6,,=90°) finally

=T £ _ plv+2)
are given by My, 2 [£17(8)—f177(8,)] .
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