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Exact solutions to the Einstein—Dirac—Klein-Gordon equations are found in Bianchi type-I and
type-V spacetimes. When the spinor field is massive, the Bianchi type-I universe has singularities of
the Zel’dovich type, and it may begin anisotropically at a singularity, leading to a dust-filled Fried-
mann stage at late times. For “ghost neutrinos” we get an axisymmetric Zel’dovich universe. These
solutions have particle horizons. For the Bianchi type-V model there exist solutions which begin at
a singularity, tending to flat spacetime at late times. In this case the neutrinos are not “ghost” ones.

I. INTRODUCTION

There is good observational evidence that at our
cosmological epoch the Universe is fairly homogeneous
on large scales and has been highly isotropic since the
epoch in which it became definitely transparent to radia-
tion.! It follows, that on a large scale, the Universe may
be approximately described by one of the Robertson-
Walker models. Such a model is in accord with observa-
tion of the present state of our Universe but does not ex-
plain the isotropy. Moreover, since homogeneous isotro-
pic cosmological models are unstable’ against perturba-
tions near the singularity, they are not likely to describe
the early Universe suitably. Therefore, it is interesting to
study more appropriate cosmological models in which
anisotropies, and possibly inhomogeneities, existing at
the beginning of the expansion, are damped out in the
course of evolution. Because of their relative simplicity,
homogeneous anisotropic models are frequently investi-
gated in current literature. These are the so-called Bian-
chi models.

The Bianchi types-I and -V universes are of particular
interest because these cosmological models contain iso-
tropic special cases and therefore allow arbitrarily small
anisotropy levels at any instant of cosmic time. This
property makes them suitable as models for our Universe.

In previous papers’ ° exact solutions of the Einstein-
Dirac equations have been given for a c-number spinor
field in a spatially flat Robertson-Walker spacetime, in
Bianchi type-I metrics and in cylindrical and plane-
symmetric spacetimes. Ray!® has presented exact solu-
tions of these equations for neutrinos when the spacetime
is represented by a plane-symmetric Bianchi type-V
metric. Exact solutions for coupled Einstein, Dirac,
Maxwell, and zero-mass scalar fields'' ™!} have been
found for static cylindrical and plane-symmetric metrics.
Some of these solutions allow only ‘“ghost neutrinos”
(vanishing energy-momentum tensor).

In a wide class of cosmological models the initial stage
is typically similar to that of the vacuum Bianchi type-I
model first considered by Kasner. Investigations of Bian-
chi type-I models with this behavior were carried out by
Heckmann and Schiicking'* and Jacobs.!> However,
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later on Belinskii and Khalatnikov!® and Barrow!’
showed that the evolutions of the Bianchi type-I models
with stiff fluid (p =p) are significantly different from
those of the models with dust or radiation and the initial
vacuum assumption can be violated. Belinskii and
Khalatnikov further showed that stiff irrotational fluid
can be identified with a massless scalar field coupled
minimally to the gravitational field.

Weinberg'® and Wilczek!® have suggested that there
should exist a pseudoscalar boson, the so-called axion, of
negligible mass, arising from the spontaneous breaking of
the Peccei-Quinn symmetry?® which was introduced in
order to solve the strong CP problem. Because the axion
is coupled to quarks, and therefore to matter, it would be
copiously produced in stars and so it could contribute
significantly to the energy density of the Universe as cold
dark matter.

Viewed in the above perspective, the Einstein zero-
mass scalar theory acquires some relevance. Therefore, it
may be of some interest to find exact solutions of the
Einstein—Dirac—-Klein-Gordon field equations for Bian-
chi type-I and type-V spacetimes, and particularly those
which allow nonghost neutrinos.

The aim of this work is to study the anisotropy damp-
ing of the Universe through unquantized scalar (minimal-
ly coupled to gravity) and spinor fields. We derive the
general solution to the Einstein—Dirac-Klein-Gordon
field equations for unquantized and homogeneous scalar
and spinor fields in the Bianchi type-I case, and in the
case in which the c-number spinor field represents neutri-
nos propagating along the symmetry axis in a plane-
symmetric Bianchi type-V metric. The paper is organ-
ized as follows. In Sec. IT we present the corresponding
field equations. In Sec. III we find the exact Bianchi
type-I solutions for the case of either massive spinor fields
or neutrinos. In Sec. IV we find the exact Bianchi type-V
solutions for the neutrino case. In Sec. V we discuss the
results.

II. FIELD EQUATIONS

We shall consider the Einstein field equations, with
vanishing cosmological constant, coupled to a source
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represented by a massless free scalar field minimally cou-
pled to gravity and a free spinor field. This system is de-
scribed by the Lagrangian density?' (units have been
chosen such that ¢ =#=1)

L=(detV) % + %[zﬁyaV"“Vuzﬁ— VY )y 2]
—mi+ LV 13,6V 5"3,0) | 2.1
where V _* is the vierbein field, satisfying®?
Ve (VP (xmgp=g,.(x), 02

Vou () g (x)=n,5=diag(l,—1,—1,—1) .

g, is the metric tensor of the spacetime (throughout this
paper greek indices run as 0,1,2,3 and latin ones as 1,2,3),
¥ is the spinor field, m its mass, ¢/= —-i:/zfyo, and ¢ is the
massless scalar field. R (V) is the Ricci scalar curvature.

;[;he covariant derivative of the spinor field ¢ is given
by

Vy=0,to, ¥, (2.3)
where o, is the spinorial affine connection
o, == PV Vg, 2.4)

and the semicolon denotes ordinary covariant derivative.
The representation of the Dirac matrices {y“} we have
chosen is

10 0 O
,_ o1 o0 o
Vo=V "o 0 -1 o)’
00 0 —1
0 001
| 0 010
METY TN 0 -1 0 0
-1 000
2.5)
0 0 01
, |0 0 —-10
277V lo -1 o0
1 0 00
001 O
. 000 —1
VWY T 100 0
010 O
which satisfies the usual anticommutation relations
[V Vel = — 21441 - (2.6)

Variation of the Lagrangian density (2.1) with respect
to @, ¥, and V * yields the Klein-Gordon, Dirac, and
Einstein field equations, respectively:
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6,/=0, (2.7a)
TV, y—miy=0, (2.7b)
R, =—87G(T,, —1g,T") (2.7¢)

with T, =T;,+ T}, where
Ty, =0,00,0—18,,863,0 , (2.8a)
T2, =30T v, 0=V )T, ¥] (2.8b)

are the energy-momentum tensors for scalar and Dirac
fields, and

M=y ty® (2.9

are the generalized Dirac matrices.

III. BIANCHI TYPE-I SOLUTIONS

In this section we shall deal with a Bianchi type-I
homogeneous universe, and we shall seek solutions of the
field equations (2.7a)-(2.7c) which are consistent with
this model. The Bianchi type-I universe is characterized
by the spacetime interval

ds?=dt?*—a*(t)dx ) —al((dx?P—ai(t)dx*?  (3.1)

which describes a spatially flat anisotropic geometry with
three preferred directions. In (3.1) a;(¢) denotes the evo-
lution function associated with the ith principal direc-
tion.
Choosing the vierbein given by
Vo=1,

=a,(1) (3.2)

and the other elements equal to zero, we obtain that gen-
eralized Dirac matrices (2.9), and the spinorial affine con-
nections (2.4) take the form

(3.3a)
(3.3b)

Lo=ve I'i=ayv;,
_%duyo?’” )
where the dot means differentiation with respect to prop-
er time ¢ [summation convention is suspended for brack-
eted indices (ii)]. In order tc maintain the Bianchi type-I
form of the metric, we take homogeneous fields, that is,
with no dependence on the spatial coordinates.

00=0, o0,=

A. mF0 case

Under our assumption and using (3.3a) and (3.3b), Egs.
(2.7a) and (2.7b) become

[(—g)%$] =0,
YoX —mx=0,

(3.4a)
(3.4b)

where g =detg,,, and the spinor field ¢ was conveniently
redefined by
x=(—g)'"* (3.5)

so that y satisfies the free-field Dirac equation.
Integrating Egs. (3.4a) and (3.4b) we get
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$=al(—g)"'?, (3.6a)
beim
bye ™
X= | grgim | (3.6b)
die™

where a is an arbitrary real constant and b, b,,
are complex constants.

The energy-momentum tensors (2.8a) and (2.8b) for the
scalar and Dirac fields (3.6a) and (3.6b) are

* *
i»d3

Too= '22 = 2(“_2g) , (3.7a)
T;= 22 al= 2‘(12_02) , (3.7b)
Too= (—:)—1/2<|b1\2+|b252—|d1|2—1d212) : (3.7¢)
p= D Gy, oy o Pl )
(3.7d)
Tﬂ=i5%(bsz—b;bl+dld; —d,d}),
(3.7e)
Tg=f—2%—;—f—3/f—3—(brbz+b;bl+dld;+d2dr>
(3.70

and all other components vanish identically.

Since the Ricci tensor R, is diagonal for the metric
(3.1), the total energy-momentum tensor must be diago-
nal too. This imposes the following restrictions on the
spinor field components:

btb,+d,d3=0, (3.8a)
b, 12— 1|b,|*+1d,|*—|d,|*=0. (3.8b)

Thus, substituting (3.1) and (3.7a)—(3.7¢) into the Einstein
field equations (2.7c) we get

3 2

3 (H,+H})= 8”5“ - (_:)m : (3.9a)

[(—g)'?H, ] =K (3.9b)
with H;=a; /a; the directional Hubble factors, and

K =47Gm(|b,|*+|b,|?—1d,|*—d,|?) . (3.10)
Equation (3.9b) gives

Kt +A;
i W ) (3.11)

where A; are integration constants. Then inserting (3.11)
in (3.9a) we obtain, after a suitable choice of the origin of
the t coordinate,
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(—g)'?=3Ki(t+1,), (3.12)
where
3 3 172
L= |3 3 Bit+asnGa’| /3K
j=1
and
1 3
Bi=2 =3 2 A
j=1
so that
3
3 B;=0. (3.13)
i=1
The solutions to Egs. (3.11) are
a(=aglt]" it 42| (3.14)
where
3 3 —-172
vi=Bi|3 2 B2 +487G o’ (3.15)
j=1
and the integration constants a; satisfy
3
IT agi=3Ksgn[t(t +1)] . (3.16)
i=1
Then, (3.5), (3.6a) and (3.6b) lead to
2a t
= —1 3.17
o(t)=¢y+ 3K n | (3.17a)
b]e—imt
bze—imt
YO)=[2Kt(t +t )] V2 i | (3.17b)
2 die
d;eimt

where ¢, is an arbitrary real constant.
B. Analysis of the solutions

The evolution functions (3.14) present some interesting
features to be considered. This model has two singulari-
ties, one at t = —¢; and another at r=0. When K >0 we
have a contracting universe for — o <t < —¢, which is
isotropic in the remote past and collapses at t = —¢, with
a highly anisotropic behavior. For 0<t¢ < + o« we have
an expanding universe, beginning at a singularity at r=0.
Its expansion is highly anisotropic in the early stages
(t St;); however, because of the presence of the massive
spinor field, the universe tends to isotropization at late
times (¢ >>t;) for any initial condition (a, ~¢2/3), and it
approaches a dust-filled Robertson-Walker universe.

When K <0, the universe begins at a singularity at
t = —t, and collapses at t=0. During this time interval
the cosmological evolution is completely anisotropic.

For both signs of K and any initial condition, this
cosmological model near the singularities behaves like the
Zel’dovich universe!* 1423 because the scalar field dom-
inates



a, ~ 1" (3.18)
t—0
with g¢;=1+7v,, so that
3 3
S g=1 3 g'<l (3.19)

i=1 i=1

and it will be of Kasner type if there were no scalar field
source. Furthermore, it can be seen that these solutions
have particle horizons; that is, at a fixed epoch ¢, >0, no
causal interactions subsequent to the singularity =0
have occurred between regions of coordinate separation:

1—g;
1 lo

Ax'| > .
* xl aOi(l"‘q,-) t2/3—q1

(3.20)

along the x ' direction, for ¢, <<t,.

Near the singularities, where the scalar field dominates,
the trace of the energy-momentum tensor 7, behaves as
a’g !, i.e., as t “%, and this proves that the singularities
are true physical ones. These may be classified as (i) cigar
type (two evolutions tend to zero and the other to
infinite), at £=0 when v, < —1, |y,/ <1, y3> —1, and at
t=—1t, when y, <1, [y,] <1, y3> 1, (ii) barrel type (two
evolutions tend to zero and the other to a constant), at
1=0 when v,> —1, v,/ <1, y3=—1, and at t=—1
when v, <1, [y,| <1, y3=1, and (iii) point type (all evo-
lutions tend to zero), at t=0 when y,>—1, |y,| <1,
lysl <i,andatt=—t wheny, <1, |y,| <1, |ysl <L

This cosmological model does not have pancake-type
singularities, which exist when there is only a spinor field.
For B;=0 Vi, this model is completely isotropic (k=0
Robertson-Walker cosmology)®»?* and there are no re-

strictions on the spinor field components [see
(3.7d)-(3.70)].

C. m=0 case

The solution to the neutrino equations

TV, =0, (1—ys5)¢=0 (3.21)
is
b,
b,
Y=(—g) 1”4 1 (3.22)
b,

in the representation of (2.5), where ys=iyyv v,V 3-
The nonzero components of the energy-momentum
tensor of the neutrino field are

D

dl/al—dz/az
Th=

(16, 12=1b,1%, (3.23a)

203

_.a'l/al—d3/a3

TP =i (btb,—b3b,), (3.23b)

2a,
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dz/az—d3/a3

T2 = 2 (b¥b,+b3b,) . (3.23¢)

However, since R, =R,;;=R,;=0, these components
must vanish. For a,7a,#a; we find that this metric
does not allow neutrino solutions because b, =b,=0.
Setting a, =a,#a; causes T,, to vanish, whereas the
vanishing of T'|; and T,; forces the neutrino field to have
the form

Y=b,(—g) * or Y=b,(—g) 174 (3.24)

S = O =
- O = O

Thus, this metric allows only ghost neutrinos (the neutri-
no energy-momentum tensor vanishes, whereas the neu-
trino field ¥ and current density S* do not) and since the
gravitational field equations correspond to those which
have only the scalar field as source, the solution is a spe-
cial case of the Zel’dovich universe (axisymmetric):

a,(t)=a,(t)=ayltlP, as(t)=bylt|'" %, (3.25)
where the parameter p lies in the range 0<p <% and a,,
b, are arbitrary real constants.

The scalar field then becomes

1/

2
p(2—3p) Inlt]

$(=do+ 47G

(3.26)

with ¢, an arbitrary real constant. This universe emerges
from an initial singularity at =0, which can be of the
“cigar” (3 <p <3), “point” (0<p <1), or “barrel”
(p =1) type, and the expansion rate is always highly an-
isotropic, even as t — o. The time reversal of this case is
another possible evolution. When p =1 the model is
completely isotropic for all times.

IV. BIANCHI TYPE-V SOLUTIONS

We shall study now the problem in a Bianchi type-V
spacetime, which has the metric

ds*=a*(n)[dn*—(dx")*]—bn)e™ [(dx2)*+(dx>)] .
4.1)

This model is an anisotropic generalization of the open
Robertson-Walker model. Choosing the vierbein given
by

Vo=Vl =a, V%,=V3,=be* 4.2)
and the other elements equal to zero, the generalized

Dirac matrices (2.9) and the spinorial affine connections

(2.4) take the form
Fy=ay, i=ay,,

T,=be*'y, T;=be*7,, (4.32)
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H,
00=0, 012—’2_?’0?’1 )

1

e* b

g2 2a
1

03= (

(HyyoY2—71Y2) >
(4.3b)

b
Hyyovs—7173)

where H,=d/a, H,=b/b, and the dot denotes
differentiation with respect to 7.

Assuming a massless spinor field which depends on
both 1 and x !, and using (4.3a) and (4.3b), the neutrino
field equations (3.21) become
H,

EN +H, (4.4)

Yo+ YoU+y'y+y'ly=0,

where the first and third components of ¢ are equal and

the same occurs between the second and fourth ones; the

prime indicates partial differentiation with respect to x ..
In terms of the components of y, defined by

Y(mxH=a'2be*"y(n,x") , (4.5)
the Dirac equation (4.4) yields
X1—x2=0, X,—X;=0 (4.6)
whose solutions are
xi(mxH=LF(x'+9)+G(x"'-7)],
(4.7)

xa(mx=1F(x'+9)—G(x'—7)],

where F=F,+iF;, and G =G, +iG; are arbitrary com-
plex functions.
On the other hand, Eq. (2.7a) in the metric (4.1) for
homogeneous scalar fields has the solution
gb’._—_ab -2 , (4.8)
where a is an arbitrary real constant. Therefore, the

nonzero components of the energy-momentum tensors
(2.8a) and (2.8b) are

02 2 —4
a‘b
Tszflz%:—E—— ,

e ¢ =(ab) 2™,

T2 =b 2% \(F.F/—F,F/+G,G/—G,G.)

TP =b 2% ~>'(F,F/—F,F/+G,G/—G,G/)

—1
TH= (abz) ¢ *(F,G,+F,G;+G,F,+G,F,
+F,G/+F,G)), (4.9)
-1
1= *'(F,G,—~F,G,+G,F,~ G,

+FrG,‘,_F,‘G;) Py
TP =b 2~ *'(F,F.—F,F/+G,G!—G,G,)
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-1
TH=— (abz) e *'[(H,—H,)(F,G,+F,G,)
+F,G,+F,G;—G,F.—G,F/],
—1
T%z (ab) e—xl[(Ha_Hb)(FiGr—FrGi)

+G,F!+F,G—G,F,—F,G/],

where the prime now denotes differentiation with respect
to the argument of the function, and the neutrino current
density is

—2x!
§0= ‘E o7 (F24+F?>+G*+G}),
a
1— e ' 1 g2 2 ;2
S __W(Fr+Fi —-G;,—G/),
a
] (4.10)
5, 2e‘3x
§?==——(F,G,=FG,),
a
—3x!
s3=_2eb3 (F.G,+F.G,) .
a

Since R,, R,;, Ry,, and R; vanish, the Einstein field
equations yield

TP =10=T2 =T =0. (4.11)
Furthermore, demanding that the neutrino current prop-
agates along the symmetry axis leads to two mutually ex-
clusive cases:*!° (a) F,=F,=0, G,, G, arbitrary; (b)
G,=G,;=0, F,, F; arbitrary. Cases (a) and (b) correspond
to neutrinos traveling in the +x!and —x! directions, re-
spectively. We shall discuss first case (a).

For the metric (4.1), Egs. (2.7¢) become

H,+2H,+2H,(H,—H,)

=87G |e %' o |Gl —a
S | Gr ' —
2H,—H,)=—8nGe | == | Gb 7,
' ol (4.12)
—H,+2—2H,H, =87Ge ' ‘? Gh~?,

e>'a % —H,—2H2+2)=0

which, together with (4.4) and (4.8), have the following
solutions.
(D)

a(n)=age"e *1—1|"*, (4.13a)
b(n)=bge"e *1—1|'"2, (4.13b)
a172p -1
¢(n,x1)= 0 ; 0 |e—4n_1|—(c+4)/8e-[<3/2)n+x‘]
1
X[G,(x'=m+iG(x'=m]| |, @130
—1
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G |'"_2=C 3 s~ —4 @
G} |—= | ==—=bje*™ Tsgnle "—1), (4.13d)
G, 47G C 4
s a(n)=aqexp nTe |, (4.16a)
1| C+1 e?n—1
= —+ — .
d=dot, 1= T @13} (=bge? (4.16b)
. . —1/2p —1 4
where a, by, and ¢, are arbitrary real constants and C is 1 %o by 3 e T
a real constant such that C > —1. Yl x ) 2 exp | =3t 8 *
(2)
1
a(n)=agee *1+1)"*, (4.14a) 4
b(n)=bgeMe *1+1)\/?, (4.14b) X[G,(x'=n)+iG,(x"—n)] 11, @160
—1/2p —1 —1
Wi =M( —4n4 1)—(CH+a)/8, —[(3/2m+x"]
2 o |9 |2 Cbg 1 @.16d)
1 e 47G ’ :
1 —1 1,2
X[G,(x'=m+iG(x'=m]| ||, @14  gpy=g ++ C | (4.16¢)
| 2 | 7G
with C a real constant such that C 2 0. In order to deter-
G? G, _2— Cb2 2Ax'—m) (4.14d) mine the neutrino field exactly, we may choose G; and
"1G; 47G ’ ' solve (4.13d), (4.14d), (4.15d), or (4.16d) for G,.
1,2 Case (b) is the time reversal of case (a). Therefore,
— 1 Cc+1 - ki the transformation ¢— —t, a-—a, b—b,
( )_ + = [— t 27 4.14 making € N
M=% 2 TG arctane (4.14¢) Yv—iy,y;¢* (Ref. 25), ¢—¢ on all of the solutions of
. < case (a), we obtain the solutions corresponding to neutri-
ngl)C =-L nos traveling in the —x! direction.
a(n)=agye kn (4.15a) A. Analysis of the solutions
b(n)=bge ", (4.15b) For the solutions (4.13a) and (4.13b), the universe be-
P gins at a singularity at =0 with an axisymmetric
( @y "Tby s k | Zel’dovich-type local behavior, since at early times, in
Wi, x )= 2 exp X 2 n terms of the proper time t—fa )dm, the evolution
functions are
1 )
4 a(e)y~[e]' 7%, b(t)~|t|? 4.17)
1 : 1
X[G,(x —n)+iGi(x —n)] 11> (4.15¢) with p=2(C +4)71€(0,§) [cf. (3.25)]. If there were no
-1 scalar field source (C = —1), then near the singularity the
universe would have locally a Kasner-type behavior. At
16 | 14k, s, late times, the source generated by the propagating neu-
G; G | arG T boe ", (4.15d) trino field becomes comparable to that of the scalar field,
' and the universe tends to flat spacetime (Milne universe).
dm)=¢ (4.15¢) When C €[ —1,1), the coordinate system has a singulari-
07 ty at = —oc. However, we still do not know whether
where k is an arbitrary real constant. the actual spacetime is singular. The invariant quantity
J
R#VPUR‘”P“—%{H‘,2+2[(H,,+Hb2—HaHb)2+(l—HaHb 2 —2(H,—H,?1+(1—H})?*}
—127
%!_—ZW[(C+1)(C—2)e'4”+C2+3C+5] (4.18)
ag le "M—

diverges when 17— — o if C&€(—1,0). Hence, for this
case, the spacetime cannot be extended beyond n= — oo,
and the model is singular. Therefore, it is possible that
the anisotropic universe can be singular or not in the past
(79— — ) where the neutrino field dominates, and then

it collapses at a singularity with an axisymmetric
Zel’dovich-type behavior. If there were no neutrino field
source (C=2), then the model would be isotropic for all
times.

The solutions (4.14a) and (4.14b) tend, in the remote fu-
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ture, to flat spacetime. When C < — 1, this spacetime has
a singularity at 7= — o« where the neutrino field dom-
inates. For this model an isotropic universe for all times
is impossible. Moreover, if the source provided by the
scalar field vanishes, then we obtain the solutions (4.15a)
and (4.15b) found by Ray, !° which describe nonisotropiz-
ing universes; the k = —1 case corresponds to the Milne
universe.

For the solutions (4.16a) and (4.16b) the universe tends
to flat spacetime at late times (the C=0 case corresponds
to flat spacetime). As one goes back towards the singu-
larity at n=— o (C>0), one would see a highly con-
tracted universe as compared to the solutions (4.14a) and
(4.14b). In this case, the sources generated by the neutri-
no and scalar fields are comparable during all the evolu-
tion. For solutions (4.13a), (4.13b), (4.14a), (4.14b),
(4.16a), and (4.16b), there exist timelike curves which
reach the spacetime singularity at 7= — o at finite prop-
er time.

V. CONCLUSIONS

We have found the general solution to the
Einstein—-Dirac-Klein-Gordon field equations in the case
of unquantized and homogeneous scalar (minimally cou-
pled to gravity) and spinor fields in a Bianchi type-I
spacetime, and in the case that the spinor field represents
neutrinos propagating along the symmetry axis in a
plane-symmetric Bianchi type-V metric. In the first case,
when the spinor field is massive, the main result is that
there exists a solution describing a universe which starts
from a singularity with a Zel’dovich-type behavior (or
Kasner type if the scalar source vanishes). Then, when
the energy of the spinor field becomes important, the
universe turns into an isotropic dust-filled Friedmann

stage. The isotropization time ¢, will depend on the ini-
tial energy density as well as the initial anisotropy. The
remaining solutions do not have a final Friedmann stage.
For massless spinor fields we get an axisymmetric
Zel’dovich universe, and only ghost neutrinos with van-
ishing energy-momentum tensor are allowed. All these
Bianchi type-I solutions have particle horizons.

In the second case we have shown that it is possible
that the Bianchi type-V universe has begun at a singulari-
ty, which can be of Zel’dovich type, and at late times it
tends to flat spacetime. The remaining solutions are ei-
ther always anisotropic or do not tend asymptotically to
flat spacetime.

For all these Bianchi type-V models the propagating
neutrinos are not ghost ones. Thus, one may think that
this solution may represent physical neutrinos.

Finally, when neither of the two sources of gravity van-
ishes, it is impossible to obtain an isotropic universe for
all times as a limiting case of the Bianchi type-V metric.
On the other hand, in the Bianchi type-I model, when the
spinor field is massive, there is only one initial condition
which gives an isotropic evolution for all times. Thus
there is an a priori vanishing probability that the
Universe has started with an isotropic initial expansion.
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