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Four-weak-boson production at e+e and pp supercolliders
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We evaluate the cross sections for W+O' W+W and ZZZZ production in e+e and pp
collisions. For four-W production, the predicted cross section is 0.7—1.8 fb at a +s = 2 TeV
e e collider, and 6—23 fb at the Superconducting Super Collider, depending on the Higgs-
boson mass. The Higgs-boson contributions to four-weak-boson production processes are more
significant than in the case of three-weak-boson production and would enhance the above cross
sections by about a factor of 4 if mH 0.3 TeV.

I. INTRODUCTION

The production of two or more gauge bosons will be
a major new area of study at future supercolliders.
These processes are of great interest for several reasons.
First, confirmation of tree-level predictions for the cross
sections would provide stringent tests of the standard
electroweak gauge model. The contributions of cer-
tain individual diagrams grow with energy and unitarity
is satisfied through cancellations that require the pre-
cise gauge theory form of the interactions. Second, the
ZZ, WR', and WWZ production processes are impor-
tant in the search for a Higgs boson with mass rnH

2M~. Third, the study of weak-boson produc-
tion will test the possibility that 8 bosons are strongly
interacting or composite particles, since the predicted
cross sections are t;hen different from the standard-model
results. Even within the standard model, loop con-
tributions associated with possible new heavy fermions
can cause large deviations from tree-level cross-section
predictions. Fourth, the decays of possible gluinos,
squarks, and new Z bosons to W and Z bosons provide
important signatures for new particle searches and
it is necessary to know the standard-model backgrounds
to these and other similar new-physics signals.

The first tests of the predicted WWy and WWZ
gauge couplings will likely be made with measurements
of ep ~ eWX at DESY HERA, s and e+e ~ W+W
at CERN LEP II.4 Further studies of triple gauge cou-

plings can be made with measurements of WpX and
WZX production at the Fermilab Tevatron pp collider
and at the pp colliders, the CERN Large Hadron Collider
(LHC) and the Superconducting Super Collider (SSC).5
The WWWW, WWZZ, and WWZp couplings enter
significantly for the first time in the production of three
gauge bosons. The cross sections for V V V production
(V = y, W, or Z) have been recently evaluateds 9 us-

ing numerical calculations at the amplitude level in the
helicity basis. 6 At an e+e supercollider with center-of-
mass energy 0.5—2 TeV the VVU cross sections are 1—2
orders of magnitude below those for W+ W but still well
within the range of observability; about 10QQ events per

annum are predicted in each of the WWZ and WWp
channels for an annual integrated luminosity of 10 fb
The standard neutral Higgs boson H will appreciably
enhance the WWZ event rate if its mass is in the range
0.2—0.6 GeV; the maximal enhancement is a factor of
1.4 for mH 0.3 GeV.

A natural extension of these standard-model calcula-
tions of multiple-gauge-boson production at future pp
and e+e supercolliders is the consideration of the pro-
duction of four gauge bosons. Although we expect that
these cross sections will be small, it is nonetheless in-

teresting to investigate whether they might be observ-
able. However, even with the numerical helicity ampli-
tude methods, the calculation of four-gauge-boson pro-
duction cross sections is still a formidable task because
of the large number of Feynman graphs involved and mul-

tiple massive particles in the final state. Consequently,
we restrict our present attention to an exploratory study
of the two weak boson channels W+W W+W (4W)
and ZZZZ (4Z) with fewest diagrams. Of the VVVV
cross sections with V = W or Z we expect 4W to be
the largest, 4Z to be the smallest, and mixed channels
like WWZZ to be intermediate, since the W coupling
strength to fermions is stronger than the Z coupling
strength.

We calculate the 4W and 4Z production cross sections
in the standard model for e+e and pp colliders versus
the center of mass energy +s. At an e+e collider with
~s = 2 TeV and the SSC pp collider with ~s = 40 TeV
we obtain the following cross sections:

o.(e+e ~ 4W) = 0.7 fb,

o(e+e ~ 4Z) = 25 x 10 fb,

o(pp ~ 4WX) = 6 fb, o(pp ~ 4ZX) = 0.2 fb.

I'hus, with an integrated luminosity of 100 fb, the ex-
pected numbers of 4W events would be

N(e+e ~ 4W) = 70 events,

(2)

N(pp ~ 4WX) = 600 events,
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before branching fractions to identifiable final states
and acceptance efficiencies are imposed. With several
years running at a high-luminosity 1—2-TeV machine the
e+e ~ 4W process might just be observable. The
case for observing pp ~ 4WX is less certain because of
@CD backgrounds and the smallness of the pure leptonic
branching fraction of the W's.

The above numbers assume that the Higgs-boson mass
is either less than 2M~ or greater than 0.6 TeV. The
above cross sections may be significantly enhanced if the
Higgs boson has a mass in the 0.2—0.6-TeV range. For
example with AH ——0.3 TeV the 4W' cross sections in

Eq. (1) are increased by about a factor of 3 or 4. Any
significant excess of the predicted rates would signal new

physics beyond the standard model.

II. HELICITY AMPLITUDES

Gv(p, X)—:Gv" (p)X„. (6)

The triple-gauge-boson coupling is

T"""(pi,p2) = (pi —ps)"g"" + (2ps + pi)"g""

-(2pi +p~)"g""

where pi and p2 are four-momenta of bosons entering the
triple vertex. The contraction of T"""with four-vectors
X„and Y„will be denoted by

for vector exchanges; here ( is the gauge parameter with
a value of 1 for Feynman gauge and 0 for unitary gauge.
When a vector propagator is contracted with a four-
vector X„ the product will be denoted by

A. Feynman diagrams and notation r"(», », x, Y) = T" "-(p, , p, )x„Y„

Figures 1 and 2 show the Feynman diagrams for 4Z
and 4R' production, respectively, in an R~ gauge. We
work in the massless fermion approximation so diagrams
with Higgs-boson couplings to fermions are not consid-
ered. The P+ denote unphysical Higgs-boson exchanges
which are absent in the unitary gauge. The physical
Higgs boson H is present in several diagrarris and en-
hances 4V production more than was the case for 3V
production. We find important cancellations among the
diagrams in these 4V production processes; hence mea-
surements of the cross sections would stringently test the
gauge couplings.

In the following we present the formulas for the helicity
amplitudes of 4W and 4Z production. For clarity, we

first introduce our conventions and notation and then
give complete helicity amplitudes for the ff ~ 4Z and

ff ~ 4W processes.
The couplings to fermions involve the quantities

g = (8MiVGF/+2)' I gZ ——g/ cos eiV ) ziV = sin OiV,

gv —
2 c3 —~f ZR

& gA ——&T3,f f f f 1n.

where 7 = +1 and Qy and Ts are the charge and the third
component of weak isospin of fermion f The propag. ator
factors are

The quartic gauge-boson coupling is

gyvAP 2 Pv AP PA vP PP vA

The contraction of S"""» with the four-vectors X„,Y„,
and Z» will be denoted by

I,» (X,Y, Z) = S"""»X„Yj,Z» .

The helicity amplitudes for the 4W and 4Z processes
have the form

JH(o'io'2' , nin2nsn4)

= &(4PiP2) ~X ~q(P2)+(o lo2I ln2nsn4n)Xng(P1) I

where oi (cr2) labels the fermion (antifermion) helici-
ties and ni, n2, ns, n4 denote the helicities of the weak
bosons; p& and p2 are the fermion energies. The ex-
plicit expressions for the helicity spinors g (p) with four-
momenta p are given in Refs. 8 and 16. Following this
formalism, the expressions for the reduced amplitudes R
are presented in terms of 2 x 2 matrices

j.= (/i) (Pg)-~. "(P.)~.~

where 6„= (—)"+i, 7. = +I, and (g)~ = a»o+» with

o+ ——(1, her) The o a. re the Pauli matrices.

(pH —mH+ imHIH) ', a = II,

for scalar exchanges and

(4)

(QI'I),

II
II
,

I

Z(QJa. ) Z(ok'k)J j

( g»„/(p~ + ie), V = y,
Gv" (p) = «» + (I &)p»p. /(&p' —~v—)

Mv2 + &Mvt'v
(a)

+(p )

hg

(b2)

V = O'+, Z FIG. 1. Feynman diagrams for e+e ~ ZZZZ.



826 V. BARGER, T. HAN, AND H. PI 41

B. Amplitudes for ff ~ SSSS

The Feynman diagrams for the 4Z production process

are shown in Fig. 2. Throughout this section, we will use
the following notation in the reduced amplitudes:

(Pl &1) + e (P2 &2) Z(Q1 nl ) + Z(Q2 n2)

+Z(Q3 n3) + Z(Q. , n4) (12)

are shown in Fig. 1. The reduced amplitude for Fig. 1(a)
1S

R ((Tl 02 nl n2n3n4)

ki = pl qs i I&ij: ki Qj | hj': Qjr p2,

I
PV| Pl +P2 & PV qe+Qj ) PV '5'+Qj' ~

(2o)

gz(g, ) b-~ o.P[~rhr~pI&jejk~e;]e l(k I&„hr)

(13)

where P denotes a sum over the 24 permutations of the
indices i, j, k, E; the e s are the polarization vectors of the
outgoing Z's and

I
pw = pv, - q plv = pv, - Qj

Zg = G",(p, , r (-Q, , -q;, ;,.;)),

(21)

(22)
k; = pl —Q;, I1';j = k; —Qj, hr = Qr —p2. (14)

The diagrams in Fig. 1(b) give the reduced amplitude

4
~(b) 4 ~2 (ge )2b ) (A(bl) + A(b2))

i,l (i gr)

J'v = G" (p' 1'(—Q' —q' ' '))

The reduced amplitude for Fig. 2(a) is

&( )(&1&2' »P»2P2)

where

2
~ ~ [cjihj~ til Kijtj kit ~ ]~|

4 g —1cr x 1nw

i,j=1 i ij j'
(23)

A( ') = DH(p~)(e, ek)[Gz(pz, cr)k;~;]~, /k;,

(16)

The reduced amplitudes for the other diagrams are as
follows For Fig. 2(b),

A = DH(PH)(&j &1)[&eheGz(p'z, & )],Ihr .
2 9 ~-1o 1 ~leg

Here p&, p&, and p2. are the momenta of the Higgs
boson and the virtual Z, respectively:

PH = Qj+Q» pz = P2+ k pz =» —hr (17) x(A(") + A(") + b„A(")),
and the four-vector Gz is defined in Eq. (6). Note that
the values of indices j and k are fixed once the values of
i and E are given by the surrunation in Eq. (15).

The reduced amplitudes for

q(Pl i +1) + q(P2i +2) ~ Z(Q1 i nl) + Z(Q2i n2)

+Z(Q3 n3) + Z(Q4, n4), (18)

with massless quarks, are obtained by replacing the cou-

pling g' by g$, in Eqs. (13)—(17).

C. Amplitudes for ff ~ W+W W+W

(24)

with bvz the I&ronecker delta (bvz = 1 for V = Z and
bvz=0for V=7) and

(bl) [Jv I&aj ej k~ c~]e,
k2I» 2-

i ij

(b2) [cj h, , IC;j Jv]e,
IS 2jh2,

The Feynman diagrams for the 4W production pro-
cess

(Pl ~1) + & (P2 &2) ~ ~ (ql nl) + W (Ql Pl)
+W (q2, 2)+ W+(Q2, P2)

(19)

(b3) [ j' j' (b3)
k2h2,2'

F(" )
——G" (q; +Q, , I'(—Q, —q;. . . )).

(25)
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For Fig. 2(c),
'T)! = g zw6 „,{c) 4 2

= [eP h~ F(d2)]„/h, ,
(d2)

X

For Fig. 2(d),

(26)

2 e q ~v, z+&v~z

) ~ )~ q')Vg'Y+')'Vg'Y g(7g

&w)
Vi Vg=f Z ' j=&

[Jv, 1&V Jv,],
I/2

F{d2) =C'w(t'w F(&v gg Jv ~')).
For Fig. 2(e), involving Higgs-boson exchange,

2

Z{') = ——,'g'M' 6 ., b, , ) (A{")+ A{")),

'R{ ) = -'g b b ) ) (zw)'"'(1 —zw) ~i
V- f,g i,j=1

x (A{dl) + A{d2)) (27)
with

A{")= DH(pv)e, ~, [F{,l)k;~;], /k;,

F{".l) = Gw(tw eg)

F{dl) =Gw(&w —l'(&v &g Jv &g)),

A ' = D~(pv)e, c, [~phpF{,2)],, /h, ,

F{".2)
= ~w(}w e*).

(28) For Fig. 2(f),

W+(Q. P.
W tt ai

)

I

II

k.
I

, ,
W (Q.&P..)

I

I)

II' + permutations
K) hg

I

I) Ii

I I I

k, h~,

e (p,a;)

(a)

e'(peers)

(bl) (b2) (b5)

I)
I

I)

tj k) hj

(d) with V H

(c) (d'I) (d2} (e)

(g): (f) with W

(h): (f) with Ve H

(i): (h) with W -f

k.
I

h.g

,
'W-
II

FIG. 2. Feynman diagrams for e+e ~ H~ R'+W W+ in R~ gauge.
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with

~f 4p(f) 4
2

) ) Qe "(g' )' "& " "(&—&W)' "{F(fl)] + [F(f~)] )
v, , v~=y, g i j

{31)

(rl) Gv (pv F( Qj' pw ~j' Tl)) F(r2) Gv (pv, F( pw 'l T2 ~ ))

given in terms of

Tl" = Gw(p'w I'(pv g', Jv, «'))»" = Gw(pw I'(—p'v Qj, jv„~j))
In Fig. 2(g), involving unphysical scalar exchanges, the reduced amplitude is

(32)

7Z — g Mwzw6I'g} 4 2 2 ) ) ~ ( ) ( Qe)
(

e )hv z {A(sl) + A(s2))

with

A"' = D~( Pv)c ~ Jv[ Gv( Pv~ ~j)].» A"" = Dp(P v)~j Jv. [Gv, (Pv, ~ cl)]-,

In the limit ( -+ 0, D~ ~ 0, these contributions vanish.
The graphs in Fig. 2(h) give

2

(h ) g
4M 2

p ) ) (Q z )
8 v Y

(g
e

)
h v z

(A (h 1) ~ A (h 2 ) )
v=f, z i j=l

where

A'"" = DH(PV)~ ~j[Gv(PV„F(-Qj', -Pw ~j T))], ,

(36)

T'" = Gw(pw ' ) T'" = Gw(pw &j)

Similarly, for Fig. 2(i),

Z('& = ——,'g'M' zwb ..., ) ) ' (g' )'-(A("&+A("&),
Zgfv=f, z i,j=~

where

e(P'w) ~(PV), ' (Pv+Pw)[Gv(PV ~j )].,

= Ds(pw)DH(P'v)~~' ~j' j (P'v +Pw)[Gv(Pv ~~~)]ai .

{38)

These contributions also vanish in the unitary gauge.
For Fig. '2{j), the result is

2

&"' = g'Mwg.'.l(I —~w)~-, ~ ) DH(P'v)&*' '[Gi(PV, J~)l-, {39)

The diagram of Fig. 2(k) involving the quartic gauge-boson coupling gives

~I'k) 4p ) ) (Q )'" (g', )'" ~w"' ""(~—*w)'" [Gv, (PV„T)l-, ,

&y, &g -—Q, Z i,j =1
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FIG. 3. Energy dependence of total cross sections for
the processes (a) e+e ~ W+W, W+W Z, and 4W;
(b) e+e ~ ZZ, ZZZ, and 4Z; with no significant Higgs-
boson contributions (mrs g 0.1 TeV, or mrs g 0.6 TeV). As
a comparison, cd, —4xn /3s is also illustrated.

where

T" = L"(Jv„e;,ej) .

For Fig. 2(1) the reduced amplitude is

FIG. 5. Total cross sections versus m~ for the processes
(a) e+e ~ 4W and 4Z at its = 1 TeV; (b) pp -+ 4W and
4Z at +s = 40 TeV.

Finally, for Fig. 2(m),

2

Q(~) — g4b ) ) (Q g w)&vv( &g )&vs

V=/, Z i j=1

x(A& &+ A& ))

(43)
(41)

where

where

T" = Gw(pw, L(E&1&cj &cj&))&

(42)
A' "= [Gt (pv, F( Sw e' T' —&*))] .—

(44)

A&'2& = [~, /r, T'], //i, , T'" = Gw(pw L(&~' &~ &~')).

T'" = Gw(pw, L(~j, ~, , ~, )) . The reduced amplitudes for qq —+ 4S' can be obtained
from the preceding formulas for e+e ~ 4W by (i) re-
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FIG. 4. Energy dependence of total cross sections of
the processes (a) pp ~ W+ W, WWW (W+W+ W
+W+W W ), and 4W (W+W W+W ); (b) pp ZZ,
ZZZ, and 4Z; ~ith no significant Higgs-boson contributions
(mH g 0.1 TeV or mJr g 0.6 TeV).
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FIG. 6. Energy dependence of total cross sections for
three values of the Higgs-boson mass m~ = 0.1, 0.2, and
0.3 TeV for the processes (a) e+e ~ 4W; (b) pp ~ 4W.
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I

e+e -4%
Js= I TeYlO —

J )t'
)I
I

QmH=0. 5 TeV

02

distribution of W+ W invariant mass at mH as shown in
Fig. 7, which is averaged over all W+W combinations
in e+e ~ 4W events at ~s = 1 TeV.

The W bosons produced in e+e collisions may be
identified by leptonic or hadronic decay modes. For m&

& M~, the W branching fractions are

B(W Ev) = 21.6%%uo,

B(W ~ 7v) = 10.8%,

)10 0.4 0.6
M~~ (TeV)

0.8

FIG. 7. W+ W' pair invariant-mass distribution for e+ e
~ 4W at ~s = 1 TeV for m~ = 0.1, 0.2, and 0.3 TeV.

placing Q, by Q& and g,' by g~, (ii) dropping the bvz fac-
tor multiplying A&bsl in Eq. (24), and (iii) interchanging
W (q;, n, ) and W+(Q;, P;) for the uu ~ 4W process.

B(W ~ qq ') = 67.6'%%uo,

where E is a charged lepton (e or p); q, q' are quarks

(u, d, c, s, 5) which will lead primarily to two jets that
reconstruct the mass of the parent W. The 7 may be
identified in its decays to hadron jets (with low multi-
plicity and low invariant mass). The combined branching
fractions for some of the final states from e+e -+ 4W
production are

B(8 jets) 0.20,

III. CROSS SECTIONS AND DISTRIBUTIONS

The matrix elements presented in the previous section
are in an arbitrary R~ gauge. We have checked that our
calculated cross sections are independent of the gauge
parameter g, which is a direct test of gauge invariance
of the matrix elements. We also checked the Lorentz
invariance of the calculated cross sections.

Using the formulas in Sec. II we have calculated the
integrated cross sections for 4S' and 4Z production at
e+e and pp colliders versus the total c.m. energy its.
The results are given in Figs. 3 and 4 for the case that
AH ( 2M~. For comparison, the cross sections for pair
and triple-gauge-boson production are also shown. At en-
ergies above the threshold region, the 4W cross sections
are suppressed by about 2 orders of magnitude relative to
the WWZ and the 3W (W+W+W +W+W W ) cross
sections. In e+e collisions, the 4W and 4Z cross sec-
tions are rather flat over the region of +s 0.8—10 TeV,
and the maximum values occur at a c.m. energy of about
2 TeV, which is the proposed energy for the CLIC ma-
chine at CER¹The cross sections in pp collisions in-
crease monotonically with increasing +s due to the larger
parton luminosity at higher energies.

A standard-model neutral Higgs boson will enhance
the cross sections for 4R" and 4Z production if its mass is
in the range 2M~ g m~ g 0.8 TeV. Figure 5 shows the
change in the cross sections with m~ for e+e collisions
at +s = 1 TeV and pp collisions at vts = 40 TeV. The
e+e ~ 4W' cross section is enhanced by a factor of
about 4 for mH 0.3 TeV. Figure 6 gives the e+e
and pp cross sections versus the c.m. energy ~s for the
three values mII ——0.1, 0.2, 0.3 TeV of the Higgs-boson
mass. The presence of the Higgs boson gives peaks in the

B(18, PT, , 6 jets) 0.27,

B(l+E, PT, , 4 jets) 0.09,

B(8+8, PT, 4 jets) 0.04,

B(E E+E+, PT, 2 jets) 0.03,

B(4E, pT) 0.002,

where P& denotes missing transverse momentum.
The reconstruction of 4W events is a complex problem

depending on separation and pairing of jets, beam-pipe
losses, P& resolution, etc. These issues have been con-
sidered in Ref. 8 for the case of e+e ~ S'8'Z produc-
tion; in that case an acceptance factor of 70% (50%) at
V s = 1 TeV (2 TeV) was estimated from typical separa-
tion requirements and beam-pipe losses.

If we assume a branching fraction of order 50%%uo for
identifiable e+e ~ 4W events and an acceptance factor
of order 50'%%uo (30%) at +s = 1 TeV (2 TeV), then the
signal would be only 10 events for an integrated luminos-

ity of 100 fb . For a Higgs-boson mass m~ 0.3 TeV,
this event rate would be a factor of 4 higher. Any signif-

icant excess above these predicted rates would indicate
new physics beyond the standard model.

The reconstruction of 4W events at hadron colliders
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may be problematic. Because of the large @CD back-
grounds it may be difficult to identify the hadronic de-

cay modes of W bosons (e g . , .E+E+E+ + PT + 2 jets
events from 4W production could have a background
from 3W+2 @CDjets with Ms&

—Mn ) and the branch-
ing fraction for all 4S' bosons to decay leptonically is very
small.
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