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We formulate precise geometric criteria for the development of naked strong-curvature singu-

larities in self-similar spacetimes.

It is now some twenty years since Penrose!' first articu-
lated the idea that, in the words of Israel,? classical gen-
eral relativity contains a built-in safety feature that pre-
cludes the formation of naked singularities in generic
gravitational collapse. This conjecture, which has become
known as the cosmic censorship hypothesis, remains as the
central unresolved issue in classical general relativity.>
Whereas there is at present no precise mathematical for-
mulation of this conjecture, there would appear to be a
growing body of (spherically symmetric) evidence against
it.2 Recently, this counterevidence has been extended
beyond dust* to include adiabatic perfect fluids® by way of
the assumption of self-similarity. Indeed, the appearance
of naked singularities in this type of collapse would appear
to be a common feature with soft equations of state.®

There is a now traditional distinction between weak and
strong versions of the cosmic censorship hypothesis.!” In
its weak form (asymptotic predictability®) the conjecture
precludes causal influence of the singularity in the asymp-
totic regions of the spacetime. In its strong form the con-
jecture holds that the singularity must be spacelike.? In
known examples, the strong form is violated directly, and
the weak form is violated with the aid of a suitable trunca-
tion of the offending field, when the spacetime is not
asymptotically flat.

Whereas the relation between the characterization of
the strength of singularities and the cosmic censorship hy-
pothesis is open to refinement, it is known that of the ex-
amples available the self-similar ones are distinguished by
strong-curvature singularities.® Further, the examples are
spherically symmetric.'® It is important to show that the
associated naked singularities do not arise out of this
simplification. In this Rapid Communication we formu-
late precise geometric criteria for the development of
naked strong-curvature singularities in self-similar space-
times. In particular, we show that if a self-similar space-
time contains a null geodesic orbit of the self-similarity
group, then as long as x [defined by Eq. (5)] and ¢ and d
[defined by Egs. (8) and (11)] are not zero the spacetime
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contains a strong-curvature singularity.

First we make our use of the term self-similar precise.
We presume a four-dimensional manifold M with Lorentz
metric g such that g admits a global one-parameter Lie
group of homothetic motions (G) generated by a vector
field £&. That is, in local coordinates,

Vobs+ Vsl = 5 Og.5, 1)

where V, denotes covariant differentiation with respect to
g, and ©=const=0.'"" We designate by ¢
(— o0 <t < +0) the natural group parameter for the in-
tegral curves of & so that in local coordinates x°
E*=dx®/dt. In this Rapid Communication we consider
incomplete null geodesic orbits of G.'2

We begin with some properties of homothetic orbits. '
As a result of Eq. (1) we have the following intrinsic
derivatives:

%Eé”vaé"- 7 [B@&*—Vva(ePep], @
8(¢°¢) _© ,,
5t 2 &% )
and

5[Vﬁ(§a§a)] -_e_

ot 2

According to Eq. (2) the orbit is a geodesic as long as
there exists a function x(¢) such that

k()= 1 [©&°—Ve(EPER)] . (5)

Further, along a geodesic orbit it follows from Egs.
(1)-(5) that

dx

ar 0. 6)
Note that for £°,=0 it follows from Egs. (3) and (5)
that x =6/4. In the null case, however, « is not restricted.
If k=0 it follows from Egs. (2) and (5) that ¢ is an affine
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parameter and so the orbit is a complete null geodesic. In
this Rapid Communication we will be concerned with in-
complete null geodesics. For x#0 let k?=e ~*'é% Then
8k?/6t =0. Writing k* =dx%/d), where A is an affine pa-
rameter, we have

A= le t R (7)
K
where we have used the equivalence of affine parameters
up to finite linear transformations.'* It is clear from Eq.
(7) that the null geodesics are incomplete. '
We now turn to the behavior of scalar invariants along
the incomplete null geodesic orbits. Suppose that at some
point p along the geodesic

Raﬁgaéﬁlp-c (8)

where R, is the Ricci tensor, and ¢ is a nonzero constant.
From Eq. (1) we have the Lie derivative

£§(Rap§a§ﬂ) =0 ()]
from which we obtain
2 a _L
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Further, since L:K=—20OK, where K is the Kretsch-
mann scalar ( ERaﬁ,,;R“”’a,Raﬁﬂ; the Riemann-Christoffel
tensor) we have

K =dexp(—261), an

where d is a nonzero constant. We conclude from Egs.
(10) and (11) that the incomplete null geodesic orbits ter-
minate in a strong-curvature singularity at A =0 for
k/© > 0.'® Notice that this conclusion has been obtained
without reference to any field equations.

It is instructive to consider a simple example.!” A
spherically symmetric spacetime in Bondi coordinates has
the metric

2m

ds2=2cdvdr—cz[l——’— dvi+rida?, 12)

where d Q2 is the metric of a unit sphere, and ¢ and m are
functions of r and v only. Suppose that ¢ =+1 (v the “ad-
vanced time”) and that m/r=M(J) where J=v/r. It
then follows that the vector field £ =vd/dv +rd/dr obeys
V&t Vel =2g,.s and so generates a one-parameter group
of homothetic motions. Further, the orbits are null if and
only if '

[1—2MW)]J=2. (13)

Given the function M (J), the algebraic equation (13)
gives the number of null orbits of the homothetic group.
For example, if M =nJ, where n is a positive constant, it
follows that for n > 1c there are no null orbits, but for
n= 15 there is a null orbit, and for n < 15 there are two.
Furthermore, since

Vo (EPE5) = —2(nJ 2 —1)¢, (14)

for the null orbits, it follows that the null orbits are incom-
plete null geodesics which terminate in a strong curvature
singularity. '°

We have formulated precise geometric criteria for the
development of naked strong-curvature singularities in
self-similar spacetimes. As a result of this analysis, the
most serious known counterexamples to cosmic censorship
are not a result of their assumed spherical symmetry, but
rather may be viewed as a byproduct of self-similarity.
The dynamics of Einstein’s equations does not play a role
in the formulation of these criteria. One may view the dy-
namics as a filter between regular initial data and the end
state in gravitational collapse. A central issue then is the
effectiveness of the Einstein dynamics in filtering out self-
similar end states from arbitrary (non-self-similar) initial
data. Although cosmic censorship is usually restricted to
classical general relativity, it is worth mentioning here
that quantum effects are expected to break scale invari-
ance.
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