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Two considerations pertaining to the electroweak symmetry of leptons, and to higher-
dimensionality gravidynamic spacetime-internal unification, lead us to suggest the gauging of
SU(15), for each generation of leptons and quarks. On one hand, the electroweak leptonic sector is
governed by SU(3), while the quark sector is standard. On the other hand, the Lorentz symmetry of
Weyl fermions is generalized to spin-containing SU(2n,C). Sketching the basic elements of the cor-
responding higher-dimensionality gravidynamics, we point out an associated quark-lepton
unification scheme which does not require ¥ + A4 generations.

I. INTRODUCTION

The theoretical unification of elementary-particle sym-
metries, and their gauge interactions, is a fundamental
task yet to be accomplished. In this paper we treat two
diverse aspects of unification which converge on the same
result regarding the nature of the grand unification sym-
metry. One aspect concerns the electroweak gauge sym-
metry, before quark-lepton grand unification. The other
derives from the desire to unify spacetime and internal
symmetries in a higher-dimensional framework, and
without introducing unobserved mirror fermions.

The currently popular model describing the interac-
tions of quarks and leptons is based on a spontaneously
broken SU(2) X U(1) electroweak gauge symmetry,' ~* and
on an exact SU(3), color gauge symmetry’~’ associated
with the strong interactions of quarks. In this so-called
standard model, quarks carry fractional electric charges
and are presumed to be permanently confined inside their
hadronic composites. With the purpose of consolidating
the SU(2)XU(1) electroweak (EW) gauge model, and
fixing the arbitrary mixing angle, we have proposed®
many years ago an SUQ3)gw symmetry. The latter was
specifically applied to the (left-handed) leptonic triplet of
each generation, consisting of the charged lepton, its an-
tiparticle, and the associated neutrino. At that time we
noted the difficulty of applying our SU(3)gw symmetry to
quarks that are conventionally characterized by fraction-
al charges, and the model was not pursued much fur-
ther.!% Part of our work in this paper is to incorporate
the standard electroweak interactions of quarks via a
separate SU(2)7XU(1)? symmetry. We shall describe the
breaking of the latter together with our leptonic SU(3)’
down to their common standard factor.!!"!2

Each generation of quarks and leptons consists of 15
Weyl fermions (16 if the neutrino has a Dirac mass).
These can be accommodated in a reducible SU(5) multi-
plet (15=5+10%*), in the (chiral) spinorial multiplet 16 of
O(10), or in the fundamental 15 [16] of SU(15) [SU(16)].
The corresponding gauge theories'>~!” have long been
recognized as possible frameworks for the unification of
electronuclear interactions. The unification of any such

41

internal-symmetry algebra with the Lorentz algebra is an
essential prerequisite for the unification of gravity with
electronuclear interactions.

Early attempts at a nontrivial unification of the space-
time and the internal elementary-particle (hadronic) sym-
metries had sought relativistic extensions,'*”"2? in four-
dimensional spacetime, of the rather successful spin-
containing SU(6) symmetry.2>~2° However, it had soon
been realized?® that for such attempts to be successful,
one must either extend the Lie-algebraic framework, or
must introduce extra spacetime dimensions. Extended
superalgebraic theories,”” “3! which unify the Lorentz-
Poincaré algebra with an internal-symmetry counterpart
(notably among which is the N =8 supergravity*°), have
so far been unable to present a realistic quark-lepton
model. On the other hand, higher-dimensionality
theories,*> 3 which generalize the Einstein-Dirac frame-
work to a spacetime with dimensionality D >4, have met
the rather enigmatic situation of predicting a right-
handed (mirror) counterpart to each quark-lepton genera-
tion.

Our second task in this paper is to describe a novel
scheme for unifying the internal and the spacetime sym-
metries of each generation (and possibly several genera-
tions) of quarks and leptons. Our scheme is based on a
higher-dimensionality generalization of local Lorentz in-
variance associated with Weyl fermions, and the corre-
sponding gravitational dynamics. Whereas the conven-
tional D >4 schemes are compatible with internal O(n)
symmetries, our scheme is compatible with spin-
containing SU(2n) symmetries, and does not necessarily
require mirror quark-lepton generations.

In the following section we present a concise account
of the basic electroweak gauge model, and review our
SU(3)gw gauge model. In Sec. III we discuss a scheme
for separate SU(2) X U(1) electroweak symmetries for lep-
tons and quarks. We then promote the leptonic sector to
SU(3), and discuss a possible consolidating scheme for
quarks and leptons. Section IV treats our spacetime-
internal unification scheme in the framework of higher-
dimensionality gravidynamics, and the associated grand
unification sector. Section V presents a concluding dis-
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cussion, with some remarks concerning the question of
chiral anomalies.

II. STANDARD ELECTROWEAK AND LEPTONIC SU(3)

The standard electroweak model introduces a triplet of
SU(2) vector gauge fields W and a U(1) gauge field B. We
shall represent W by the (traceless and Hermitian) matrix

Wy W
W= 1 ~ , (WHyr=w— | (1)
iy W
with the normalization
TrIW2=1Wi+Ww*rw~ . (2)

The (electromagnetic) photon field A and a (massive)
neutral counterpart Z correspond to B and W, via the
mixing

B=A cosf@—Z sinb , (3)
W;=A sinf+ Z cosb . 4)

This mixing results from the breaking of SU(2) X U(1)
down to the electromagnetic U(1).,,, and is triggered by
the neutral component of a complex Higgs doublet
(¢4,¢0), in which process the photon A remains mass-
less, while W* and Z acquire masses according to the re-
lation

M2, =(Mcosh)* . (5)

Leptons and (tricolored) quarks of each generation are
introduced as doublets and singlets:

A (6)
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U;

d;

Xi= |4 | u% d% (i=1,2,3). %)
Here, all fermionic components are left-handed Weyl
fields. These acquire the SU(2) X U(1) gauge couplings

L= g,(AWA+X'Wx;)
+g,(aABA+bIBIC
+xx'By; +yuiBu+zd{Bd) . (8)

Here, g, and g, are the respective SU(2) and U(1) cou-
pling constants, and (a,b,x,y,z) are the relative U(1) hy-
percharge eigenvalues of the corresponding particles (we
put b =1). These can be determined by fixing the electric
charges. Hence, noting the couplings of the photon A in
Eq. (8), and prescribing the electric charges (0, —1,+1)
to (v,1,1¢), we obtain

1 1

sin@’ 817 C0s0 -

5 &= 9

Hence, g, and g, are traded for the mixing angle 6 and
the fundamental electromagnetic coupling which we take
as a unit (e =1). Likewise, prescribing for the quarks

(u;,d;,u®,d”) the respective electric charges (2, —.1

T
—%,1), obtain

x=1, y=-2 z=1. (10)
Notice that the relation
Q=I,+Y, (11)

where I, is the third generator of SU(2), and Y is the U(1)
eigenvalue, is always satisfied.
For later reference we expand Eq. (8) to the form

L=—TAI +TAI+ 2@ Au,—aiAu)— Hd'Ad, —diAdY)

1
2 sinf cosf
- S . 1
+tanO( — LI+ 2afu— 1 d{Ld")+ ——
an g : V2sing
In our SU(3) electroweak model,® the three Weyl fer-
mions of each leptonic generation are represented by the
triplet
lC
A= |v (13)
l

The SU(3)gw gauge fields are represented by the matrix

[VZv+(—1+2sin’0)[Z1+(1—4sin’0)a'Zu; — (1— 1sin’*0)d'Zd; ]

(FW*rI+aW*d,+H.c.) . (12)
[
1 — —
- 4 + ++
A+\/3Z] 2U V2
—_ - 2 —
w= v - +
2U A7 Vow ,
V2VTT Vaw- {—A+L_Z]
V73
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ITr| W= 2A A+ 1224+ W W™+ UT U™+ VYT
(15)

In addition to the photon A, its massive counterpart
Z, and the charged-current mediators Wt new particles
U* and V** are predicted. The gauge couplings of all
these particles to the leptons are given (in units of the
electromagnetic coupling constant) by

AWA= (—TAl +1‘u1°)+7‘.§<721 +TZI—2WZ )

+V2AWH I +T U v+TY* 1 +H.c.) . (16)

Comparing Eq. (16) with Eq. (12) we note that the cou-
plings of A, Z, and W¥ correspond to those of the stan-
dard SU(2) X U(1) electroweak model with the mixing an-
gle fixed at 30°, (sin6=1).

Equation (16) also shows that the new couplings with
U* and V** would lead, when two generations are in-
volved, to

pToU v, —le+v, )+, (17)
e te >V Ty +u . (18)

Evidently, these reactions violate separate muon-type and
electron-type lepton numbers, and would have to be
suppressed. From the lower bound on the branching ra-
tio of the decay (17) relative to the usual decay
(0~ —e” +v;+v,) mediated by W™, we could estimate
the mass of U* to be greater than about 2My,. The mass
of Y** can also be estimated according to our breaking
scheme of SU(3)pyw down to SU(2)XU(1) and further to
UDepp-

In our scheme of breaking SU(3)gw, we have a strong
breaking down to SU(2)XU(1), and a weaker breaking
directly to U(1),,. For the first breaking we utilize a
Higgs field in the adjoint representation, whose vacuum
value is represented by the diagonal matrix

2 0 0
(®)=M|0 —1 0 |. (19)
0 0 -1

From the gauge couplings of W, represented by Eq. (14),
we obtain the mass terms

[[W, (D) |*=M U U +VTTV™ ). (20)

For the weaker breaking of SU(3)gw directly down to
U(l),,, we utilize a complex Higgs field ¢ in the sym-
metric 6-plet representation, whose vacuum value is
represented by the matrix

001
(¢;)=pn|0 0 0. 1
100

In contrast with ®, this Higgs field couples to fermions,
providing the charged leptons with their masses, via the
SU(3)-invariant Yukawa coupling

(Afc~ '\ ¢Y+H.c.) . (22)
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The gauge coupling of W to ¢ gives such mass terms
(W), i j) 2= p 2@V Y™ "+ UT U™
+WrWw-+172) . (23)

From Eqgs. (20) and (23) we find that the vector-boson
masses have acquired relations of the form
=2
V3
My=My+A, M,=2My+A . (25)

M, My, (24)

Equation (24) gives the usual relation between M, and
My, in the standard model, given by Eq. (5), however,
with 6=30°. Equations (25) give My and M}, in terms of
My, and some arbitrary shift A. As noted after Eq. (18)
above, A can be estimated to be greater than %MW.
Hence, we have the modest estimates

My>3iMy, My>3iMy . (26)

Hence, our leptonic SU3)gw puts U* and V** above
120 and 200 GeV, respectively.

As we wish to maintain the standard scheme for
quarks, we propose separate leptonic and quark elec-
troweak symmetries at high energies, which would break
down to the standard common factor.

III. SEPARATE LEPTON AND QUARK SYMMETRIES

We begin by considering the electroweak gauge group
SUQ)'XU(1)'XSU(2)¢X U(1)¢, which consists of sepa-
rate standard symmetries for leptons and quarks. The as-
sociated gauge fields will be represented by the matrices

1

WityB =W,
W= L I A 27
“‘7-“2‘W_ _%W3+y3
1
LWy+zB7 sz,
wi=| : (28)
—_— q — 1 q
75 W LW +2B

Here, y and z represent the U(1)! and the U(1)? eigenval-
ues, respectively, which are associated with the various
matter fields.

The breaking of the above symmetry down to the fa-
miliar SU(2) XU(1) is achieved by utilizing a complex
Higgs multiplet & in the representation (2,2) of
SUQ2)'XSU(2)%. This takes the U(1)) X U(1)? eigenvalues
(y =4, z=1). The vacuum value acquired by @ takes
the form

0
1

0
1

1

+ 0

q

® ®

1

(29)

1
_ (b =
@ = 1o q
Here, M is a mass scale.
From the gauge couplings of W/ and W7 to ®, we ob-

tain the mass terms



(W!+ WD) |?= M LW, — W92+ L(B'+BI)?
HWL AWLW+W)] .
(30)

The four gauge coupling constants, which we have
suppressed so far, will be traded for the electromagnetic
coupling constant (taken as unit), and three mixing angles
(6" combining W), and B'; 87 combining W9 and BY; and
@ combining the leptonic gauge fields with the corre-
sponding quark gauge fields). Hence, reinstating the
gauge couplings in Eq. (30), we obtain, for the right-hand
side (RHS),

2

E‘&}%&E LW+ LB+ WHWH], 3D
where
WH=Wicosp—Wising , (32a)
WH=9W), cosp+Wising , (32b)
BH=Blcosp+ Bising . (32¢)

The combinations defined by Eqgs. (32) are the heavy
counterparts to the familiar SU(2) X U(1) gauge particles.
The latter, which remain massless in the first stage of
symmetry breaking, are defined by the orthogonal (light)
combinations

WE=Wising— Wicosg , (33a)
WE = — W, sing+Wcosg , (33b)
BL=—Blsing+ Bicosp . (33c)

The second stage of symmetry breaking is standard,
and could be triggered by complex Higgs fields in the rep-
resentations (2,1) and (1,2) of SU(2)'XSU(2)%. These are
the ones which couple to leptons and quarks giving them
their masses. However, it is possible that at the tree level
only quarks (or leptons) would acquire mass. In this con-
nection, the model of Ref. 36, where a single (leptonic)
Higgs doublet is used, suggests that the heavier vector
bosons can be as light as several hundred GeV, and
would couple primarily to quarks.

We now turn to the case where the leptonic elec-
troweak symmetry is promoted to the SU(3) of the
preceding section. We represent the associated gauge
fields by the matrix

-3 Lt Lo
B Ut Y
W= | Ut HWwE) WL | G
AV %zcw’_ H—W,+B)

The breaking of SUG3)'XSU((2)?XU(1)¢ down to
SU(2) X U(1) will be triggered by a complex Higgs field ®
in the representation (3,2), with a U(1)? eigenvalue of
(z=1). This takes the vacuum value
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. 0 0
—(P)=|1]|e +10]|® (35)
M 0
0}, g 1), g

From the gauge couplings of W/ and W7 to ®, we ob-
tain the mass terms
2

M [ LU U coslp+ LV TV ~cos?
2 PT3 ¢

sing cos@

+WHWHE + L W2+ L BH?],  (36)

where we made use of Egs. (32).

Hence, in the first stage of symmetry breaking, the vec-
tor bosons (U*, VX, WH WPH and BH) acquire masses,
while the light combinations given by Egs. (33) remain
massless. The second stage breaking SU(2) X U(1) down
to U(1),,, can be triggered by the complex doublet giving
masses to quarks, and the 6-plet giving masses to leptons.
As we noted before, only one type of Higgs field (leptonic
or quarkionic) may be needed to trigger the second stage
of symmetry breaking. In such framework, it would be
interesting to find out whether radiative corrections
could relate the masses of quarks and leptons.

IV. HIGHER-DIMENSIONALITY WEYL FERMION
UNIFICATION AND SU(2n,C)
CHIRAL GRAVIDYNAMICS

We now turn to the spacetime-internal aspect of
unification. The kinetic action of a (left-handed) Weyl
fermion ¥, is given by’’

¥lil%, 37)

where /°=(1,A,), and A, are normally the three Pauli
matrices. Here, we shall regard A, as the 2n X2n
Hermitian and traceless matrices’® of SU(2n); hence
(r=1,...,4n*—1) and spacetime has 4n? dimensions
(@ =0,r). Our generalized fermions are 2n dimensional,
and transforming like

*
Q7,2 —-Q*A, 2

¥, vyle , (38)
where 0, =(w,+iv,) are complex parameters. Notice
that whereas v, correspond to rotations in our extended
SU(2n) space of 4n?— 1 dimensions, w, would correspond
to generalized Lorentz boosts connecting the space coor-
dinates to time. The SU(2n) symmetry would contain
spin SU(2), as well as an internal SU(n), in the decompo-
sition

¢—+e

SU(2n)—SU(2) XSU(n) . (39)

The extension to local Lorentz invariance, as well as
Einstein general coordinate invariance, is achieved by re-
placing (37) by the Lagrangian density

t. _ R
g iérV Yp+H.c., V,=0,~iC,). (40)

Here, 6" and @, are the vielbein and the generalized
Lorentz connection:
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Gr=641° C,=3A,C . (41)

We may take &5 to be real (as spacetime coordinates),
with an inverse 6;, while we take ¢, to be complex
(C,=%V,+iW,). Their associated local transformations,
which lead to the gauge invariance of Eq. (40), are given
by

*
Q¥ 2, QA2
né ’

6

Q,%,/2

G“—)e (42)

Q,%,/2

@u—>e (iau+@#)e 43)

The infinitesimal transformations of 6, are given by
i
66’#=%{w,7tr,é°u}—E[v,k,,éy] , (44)
86’2= %w’é’;, 86°;=w’é’ﬁ—f—d"‘wscﬁ’,’l—!—f’“vxé:t . (45)
Notice that the component transformations (45) are the

same when we make the replacements (w'— —w";6,
—»—6[), only for the four-space SU(2,C) case (n =1;

d,,=0). Hence, we may introduce another (parity-
conjugate) vielbein, with conjugate transformations:
F=FL, I,=(1,—-4,), (46)
-Q,A, /2 -Q*r, 2
F—e G (47)

This is the representation which couples to (right-handed)
Weyl fermions y:

g iFV x+H.c., Vx=3,—iCLyx , (48)
Q¥ 2 ¥t QA2

X—>e X, X —=>Xe .
Conventional quark-lepton generations correspond to
left-handed Weyl fermions . In our present theory we
can safely assume that right-handed (mirror) generations,
described by x, do not exist.

In order to guarantee Einstein invariance, we have also

introduced g!/? in Eq. (40), where g is the positive deter-
minant of the metric tensor

8 =1TrH(F,6,) . (50)

(49)

This is invariant with respect to the local Lorentz trans-
formations (42) and (47). Notice that g,, has the Min-
kowskian signature (+1,—1,..., —1).

To the complex connection @#, there corresponds the
complex curvature tensor @uv’ which is defined and
transforms homogeneously according to

Co=3,6,-3,6,~i[€,,C,]=11,6], , (51)

@},=0,0,—3,C,+f"C,C,, (52)
) Q,A,/2

C,,—e C.e . (53)

The generalized higher-dimensionality gravidynamic
action, which is Einstein invariant as well as local
Lorentz invariant, takes the form

L=1g'’Tr(i#*6*C,,+H.c.) (54)
=g!*Tr[i#6"9,0,—iC,C,)+H.c.] . (55)
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Varying Eqs. (40) and (55) with respect to €, one obtains
the generalized torsional equations by which it is possible
to express the connection in terms of the vielbein and the
fermion fields. Varying with respect to the vielbeins, one
obtains our generalized Einstein equations. Both sets of
equations must be solved in order to obtain the reduced
D =4 physical theory. The associated solution would de-
scribe the vacuum symmetry-breaking scenario of the
theory: from a D >4, SU(2n,C)-symmetric state down to
a D =4 theory with an internal gauge sector serving the
conventional gravitational and electronuclear interac-
tions.

Tied to the symmetry-breaking scenario is the mecha-
nism of generating masses to the fermions and the extra
bosons (other than the graviton and the photon). In this
regard, one must also introduce a generalized Yukawa
coupling of the fermions to a Higgs field, of the form

FH Py Ys+H.c. (56)

Here, 71?1 is a complex field in the antisymmetric repre-
sentation of SU(2n,C). This field is the only bosonic field
which couples to the fermions, in addition to the viel-
beins. Details of the symmetry-breaking scenario, involv-
ing a compactification mechanism for the internal dimen-
sions, will be presented in a future work. In the
remainder of this section we discuss our scheme for ac-
commodating fermions, with particular reference to the
description of (one or more) quark-lepton generations.
We also discuss the spectrum of bosons described by our
theory.

To accommodate a set of 15 (or 16) Weyl fermions,
representing a quark-lepton generation, we must special-
ize our framework to the case of SU (30 or 32, C). In that
case, spacetime is described by a manifold of (900 or
1024) dimensions. The underlying spin-containing sym-
metry SU (30 or 32) decomposes into an SU(2) spin fac-
tor, and an internal SU (15 or 16) counterpart. The latter
corresponds to the maximal grand unification gauge sym-
metry of electronuclear interactions.!® Extensions to
several generations is straightforward. For instance,
three generations would require an SU (90 or 96, C).

Turning to the bosonic sector, we analyze the spin con-
tent of our vielbein components. Whereas a proper
description of the particle spectrum would have to be
done in the symmetry-breaking background which in-
volves the compactification of internal dimensions, we
shall be satisfied here with a description of the lowest
modes (in the limit of a flat manifold). The dynamic com-
ponents of the tensor fields dﬁwl, the symmetric parts of
the (parity-conjugate) vielbeins, provide a spectrum
which must be classified according to the SU(2) XSU(16)
decomposition of spin-containing SU(32). Hence, we ob-
tain

Giv = ({1 Bix.iv Sls1) - (57

Here, (ij) are indices of three-space, while (xy) are those
of the extra dimensions corresponding to the adjoint rep-
resentation of SU(16). Hence, ¢{;;, is a spin-2 field
(describing two parity-conjugate gravitons), and qﬁxﬂ isa
set of scalars [in the symmetric product of two SU(16) ad-
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joints]. Moreover, the irreducible parts of
Bin.iv) = Blist 201 F Bt (58)

would describe a set of (presumably massive) spin-2 ten-
SOr mesons ¢[i,»mxy}, as well as a set of spin-1 vector
mesons ¢y, On the other hand, the SU(2)XSU(16)
decomposition of the Higgs field, utilized in Eq. (56), de-
scribes scalar as well as vector Higgs particles. Mass gen-
eration for fermions, for scalar, vector, and tensor
mesons,>**’ which is tied to the geometrical and Higgs
aspects of symmetry breaking, will be described in our fu-
ture work.

V. DISCUSSION

Our basic result of Secs. II and III is that the leptonic
SU(3)gw gauge theory predicts two new particles %+ and
Y*%, On the other hand, the incorporation of quarks via
a separate high-energy SU(2)XU(1) electroweak symme-
try, requires an additional charged particle W#, and two
neutrals W and BY. All these particles may perhaps be
found in the few hundred GeV range.

Further consolidation of the quark sector could
proceed via an SU(12)-color-electroweak symmetry. A
recently proposed model,”'®3 based on an SU(15)
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quark-lepton unification symmetry, incorporates our lep-
tonic SU(3)gw, while associating an SU(12) symmetry
with the quarks. This model, in contrast with the
minimal SU(5) scheme,!® relegates proton decay to high
orders. It is thus remarkable that the mere consolidation
of the leptonic sector, prior to grand unification (as we
had proposed ten years ago®), implies that the grand
unification symmetry cannot be the otherwise elegant
scheme of minimal SU(5), but rather the full symmetry
associated with the kinetic terms of quarks and leptons.
The latter is SU(15) or SU(16).

It is also remarkable that the same internal grand sym-
metry is suggested by our elaborate higher-dimensionality
gravidynamic framework of Sec. IV. Whereas the attrac-
tion of our present higher-dimensionality theory is that of
not requiring V¥V + A mirror generations (in contrast
with conventional higher-dimensionality Einstein-Dirac
schemes), it would be reasonable to ask whether the latter
might be needed to cancel the chiral anomalies.*! Our
answer is that, in the conventional approach to the
quantization of Weyl fermions, this seems to be of neces-
sity. However, we should draw the reader’s attention to
our work in this regard*? where, via a special treatment
of the functional integral over Weyl fermions, a manifest-
ly gauge-invariant and regular effective action could be
derived.
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