PHYSICAL REVIEW D

VOLUME 41, NUMBER 10

15 MAY 1990

Chiral logarithms in quenched m , and f

Stephen R. Sharpe
Department of Physics, FM-15, University of Washington, Seattle, Washington 98195
(Received 16 January 1990)

A diagrammatic analysis predicts that, in the quenched approximation, there should be no chiral
logarithms, at leading order, in m, or f, for gauge groups SU(N > 3). Morel has done an explicit
calculation in the strong-gauge-coupling, large-dimension limit, and finds that there are such loga-
rithms. I point out that Morel’s calculation is of a quantity different from the quenched pion propa-
gator. I show that if one calculates the correct quantity then there are no chiral logarithms. For
SU(2), however, the diagrammatic analysis predicts that there are chiral logarithms in quenched m

and f .

I. INTRODUCTION

This paper addresses the following question: Are there
chiral logarithms in m , and f, when these quantities are
calculated in the quenched approximation? An analysis
of the quark diagrams which contribute implies that, for
gauge groups SU(N =3), all diagrams giving rise to
leading-order chiral logarithms contain internal quark
loops. Since the quenched approximation removes all
such loops, this analysis predicts that there should be no
chiral logarithms, at leading order, in quenched m . or
f - This prediction is, however, in conflict with an expli-
cit calculation by Morel.! He shows how to calculate
chiral logarithms analytically, in both quenched and un-
quenched QCD, in the strong-coupling limit combined
with a 1/d expansion. He finds that m , and f, calculat-
ed in the quenched approximation, do contain chiral log-
arithms. Although far from the continuum limit, the
strong-coupling theory should be amenable to the di-
agrammatic analysis, so this conflict cannot be an artifact
of the approximations.

This paper resolves the conflict between Morel’s expli-
cit calculation and the diagrammatic analysis. It turns
out that the explicit calculation is of the wrong quantity.
Morel unwittingly includes contributions to the pion
propagator, at one-loop order, which involve two discon-
nected quark lines. Examples are shown in Figs. 6(c) and
7(c) below. The quenched pion propagator does not in-
clude such disconnected diagrams. If one removes them,
the chiral logarithms in m,_ and f_, do cancel in the
quenched approximation. Thus the diagrammatic
analysis is correct.

Morel also calculates the chiral logarithms for the
gauge group SU(2). This is a special case because there
are Goldstone baryons (ggq states) in addition to the usual
Goldstone pions. Chiral logarithms are generated both
by loops of pions [as for SU(N =3)], and by loops of
Goldstone baryons. Some of the quark diagrams corre-
sponding to loops of Goldstone baryons do survive in the
quenched approximation. Examples are given in Fig. 8
below. Thus the diagrammatic analysis predicts that
there should be chiral logarithms in quenched m . and f,
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if the gauge group is SU(2). Morel’s calculation for SU(2)
includes both the disconnected diagrams of Figs. 6(c) and
7(c) below, which should be discarded, and the baryon
loop diagrams of Fig. 8 below, which should be kept.
Thus while the numerical answer for the coefficient of the
logarithm will change, Morel’s qualitative conclusion
remains valid for SU(2).

These results are important for two reasons. First,
Morel’s calculation was motivated by numerical results
for the quantity A4 =mf,/mq obtained by Billoire and
co-workers.? The calculation was done in the quenched
approximation using the gauge group SU(2). In the
chiral limit (m, —0) one expects’
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Here A is an arbitrary scale which can be absorbed into
A,. For SU(N Z3) the results of this paper imply that
A, vanishes in the quenched approximation; i.e., 4¢=0.
For SU(2), however, a nonvanishing 4, is predicted. It
turns out that the numerical quenched results for 4 can
only be fit well if an 4,-like term is included.”> Morel’s
calculation provides theoretical justification for adding
such a term. This qualitative explanation survives the
reanalysis of this paper.

The verification of the diagrammatic analysis is also
important because it can be applied to many quantities
other than f_ and m_. Of particular interest are kaon
decay and mixing matrix elements. The analysis predicts
that there are chiral logarithms in these quantities, even
in the quenched approximation, and there is numerical
evidence for such logarithms.*

The remainder of this paper explains the resolution of
the disagreement between Morel’s result and the di-
agrammatic analysis. Section II provides the necessary
background and explains qualitatively why Morel’s calcu-
lation includes diagrams which are not part of the
quenched approximation. Section III shows by explicit
calculation that, if these extra diagrams are removed,
there are no chiral logarithms in m _, for SU(N = 3). The
calculation uses a simple generalization of Morel’s

3233 ©1990 The American Physical Society



3234

methods. The technical device is the use of two species of
fermions, which allows one to calculate nonsinglet propa-
gators in which there can be no disconnected diagrams.
Finally, in a brief section I discuss how the results change
if the gauge group is SU(2).

In order to keep technical details to a minimum I fre-
quently refer to equations in Morel’s paper. These are la-
beled as I.1, 1.2, etc. For detailed justification of the
methods used to carry out the strong-coupling and large-
d expansions, readers are referred to Ref. 5.

II. DIAGRAMMATIC ANALYSIS

We are interested in leading-order chiral logarithms in
m . Such logarithms result from the long-distance part
of the loops in the diagram shown in Fig. 1(a). The
coefficient of the logarithm is calculable because chiral
symmetry relates the pion four-point coupling to f, and
m . This is true both for continuum QCD and the lattice
theory with staggered fermions, as follows from chiral
Ward identities.® The only difference between the two
theories is the numerical value of the coefficient 4, in
Eq. (1). This depends on the number of flavors of pions
that can appear in the loop. The actual numerical values
will not be important here.

One can also draw the quark diagrams which corre-
spond to the chiral loops of Fig. 1(a). One example is
shown in Fig. 1(b). The crucial point is that in all such
quark diagrams there must be at least one internal quark
loop. This can also be seen in a continuum chiral-
Lagrangian calculation by following the flavor indices.’
The only diagrams not involving internal quark loops are
those of Fig. 1(c). For these, however, the four-pion ver-
tex involves gluon exchange. By following flavor indices
in a chiral-Lagrangian calculation, it can be seen that this
vertex is absent at lowest order. Thus Fig. 1(c) gives only
nonleading chiral logarithms, terms of relative size
m¥inm?2.

This analysis implies that, in the quenched approxima-
tion, in which internal quark loops are not included,
there will be no chiral logarithms in m 2 at leading order,
i.e.,, A9=0. Similar arguments imply that there are no
chiral logarithms at leading order in quenched f . These
arguments depend in no obvious way on whether the
theory is on the lattice or in the continuum, nor on the
values of the coupling g or the dimension d. Thus they
are in contradiction with Morel’s results, which are ob-
tained for g= o and keeping terms of order 1/d in a
large-d expansion.

To explain how this disagreement is resolved I must
give some details of the g— o, large-d theory. Morel
calculates using staggered fermions, which have a rem-
nant axial U(1) symmetry on the lattice. This symmetry
is broken dynamically, so that there is a single Goldstone
boson, which I will call the pion. It is the chiral loga-
rithms in the mass of this boson that are at issue.

First let me discuss the full, unquenched theory. This
has the partition function

Zyo=[[dUdydyle % “ewe 2)
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Sks=—X |Py+tm,+ J|X (3)

2

where D has the standard definition given in 1.2, and I
have followed Morel’s normalization for the source j.
The pion propagator is given by

2 lenZUQ

=2 "0 4
d 8j(x)8j(y) @

G ={xx(xxx»)c

j=0

The gauge field U belongs to SU(N); its action is S,
In the strong-coupling limit the gauge action vanishes, so
that the gauge fields have no dynamics. The integration
over the gauge fields can be done analytically as an ex-
pansion in 1/d (Ref. 5). The result is a theory of mesons
in which the quark and antiquark always occupy the
same lattice site. The condensate 3, {xx(x))/V, where
V is the volume, has a nonzero value, which breaks the
U(1) , symmetry. Corresponding to this, there is a
Goldstone-boson pole in G™ at a momentum close to
q =(m,m,m,m). There are also poles at other momenta,
corresponding to meson states such as the p, all of which
have masses O (1/a), a being the lattice spacing.

The g — o0, d — o limit is clearly far from the contin-
uum. Staggered fermions represent four continuum
flavors, so that one would expect 15 Goldstone bosons
rather than one, together with a whole spectrum of light
p’s and other mesons. The sole advantage of the limit is
that one can perform nonperturbative analytic calcula-
tions in a theory with a dynamically broken axial symme-
try. This allows one to test general hypotheses. In par-
ticular, as realized by Morel, it is possible to compare
quenched and unquenched calculations of chiral loga-
rithms.

(a)
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FIG. 1. Diagrams giving rise to chiral logarithms in f,. (a)
Meson diagram (the lines represent pions); (b) quark line dia-
gram contributing at leading order; (c) quark diagram contrib-
uting only at nonleading order. In (b) and (c) it is implied that
the diagram can be dressed with any number of gluons.
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FIG. 2. Diagrams giving rise to chiral logarithms in m_.
Solid lines are bosons, dashed lines are fermions, as explained in
the text.

Morel defines the quenched theory by adding a com-
plex scalar ghost

Zy= [[dUdydxdéde lexp] —Sxs—¢'(Dy+p)d] .
(5)

In Green’s functions the determinant from the y,x in-
tegrals is exactly canceled by that from the ¢,¢’r integrals,
as long as p=m,. Since it is the determinant which con-
tains the internal quark loops, Z,, is exactly the partition
function simulated in quenched calculations. The scalar
fields have the wrong metric, so that the quenched theory
is not unitary, as is well known. In the strong-coupling
limit, the theory now has four light particles, all of which
become massless in the limit m,=p—0. There are two
bosons created by yy and ¢*¢, and two fermions created
by )?¢,¢*x. The corresponding poles in all four propaga-
tors lie near the momentum g =(m,,m,m). There are
also heavy bosons and fermions with masses of O(1/a).
In all these states, the particle and antiparticle propagate
together without separating.

These particles interact with each other at local ver-
tices of all orders. Thus there are loop corrections to the
propagator. Each extra loop brings in a factor of 1/d
(Ref. 5), so that the leading correction to the pion propa-
gator comes from the one-loop diagrams shown in Figs.
2-4. The solid lines represent the bosonic states created
by XY, while the dashed lines represent the fermionic
states (created by y¢). The diagrams with internal fer-
mions, i.e., Figs. 2(b), 3(b), and 4(b), are absent in the full
theory.

Figures 2(a), 3(a), and 4(a) are the strong-coupling
equivalent of Fig. 1(a). It is important to realize that,
even at strong coupling, there are only vertices involving
even numbers of Goldstone pions. Thus, since the exter-
nal lines in all diagrams are pions, the tadpole stem in
Fig. 2(a) must be one of the heavy states. Similarly one of
the particles in the loop in Fig. 3(a) must be heavy. Since
the heavy masses do not vanish in the chiral limit, instead

(b)
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FIG. 3. More diagrams giving rise to chiral logarithms in
m,.
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FIG. 4. More diagrams giving rise to chiral logarithms in
m,.

remaining of O(1/a), the heavy propagators can be in-
tegrated out, leaving only diagrams of the form of Fig.
1(a). In practice, one simply does the calculation using
the explicit form of the propagator G”, which contains
both heavy and Goldstone poles.

For d =4, the Figs. 2-4 give rise to leading-order
chiral logarithms in m2, as shown explicitly by Morel.
That this is so is not surprising given the similarity of the
graphs to that of Fig. 1(a). It should be mentioned that
there are other corrections of order 1/d which modify
the leading-order propagator, and thus shift the pion
mass. These do not give rise to chiral logarithms, and
will not be considered further.

In each of Figs. 2-4 there is a diagram with an internal
pion, and a corresponding diagram with an internal fer-
mion. The diagrammatic analysis predicts that there
should be a complete cancellation between the diagrams
of each pair. Morel’s explicit calculation is in apparent
contradiction with this claim. I have checked his calcula-
tion, and agree with his results. It turns out that while
Figs. 2(a) and 2(b) do cancel, Figs. 3(a) and 3(b) do not,
and neither do Figs. 4(a) and 4(b). Thus Morel finds a
nonzero value for 4%.

Having introduced the puzzle, I shall now explain its
resolution. The key is to look at diagrams showing the
constituent Yy and ¢ fields of the mesons and fermions.
For each of the diagrams in Figs. 2—-4, there are a num-
ber of diagrams involving constituents. Representative
examples are shown in Figs. 5-7, corresponding, respec-
tively, to Figs. 2—4. The solid lines represent  fields, the
dashed lines ¢ fields. It may be useful to note that these
constituent diagrams are precisely those that appear in a
hopping-parameter expansion at strong coupling.®

First consider the tadpole diagrams of Fig. 5. Here
Figs. 5(a) and 5(b) are contributions to Figs. 2(a) and 2(b),
respectively. The important point is that there is a one-
to-one correspondence between diagrams with internal y

FIG. 5. Quark diagrams corresponding to the meson dia-
grams of Fig. 2. Solid lines are Y fields; dashed lines are ¢ fields.
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FIG. 6. Quark diagrams corresponding to the meson dia-
grams of Fig. 3.

and ¢ loops. Thus we would expect a complete cancella-
tion between the diagrams, and this is what the calcula-
tions show.

In Fig. 6 however, there is an extra type of quark dia-
gram contributing to the meson diagram of Fig. 3(a).
This new type is illustrated by Fig. 6(c). The crucial
point is that Fig. 6(c) does not contain an internal loop,
unlike Figs. 6(a) and 6(b). Figure 6(c) differs from Fig.
6(a) only in the way that the quark lines are contracted
together at the vertices. Thus they differ only by com-
binatoric factors. Because Fig. 6(c) does not contain an
internal Y loop, it will not be canceled by diagrams with
internal ¢ fields. On the other hand, one would expect
Figs. 6(a) and 6(b) to cancel completely. This is indeed
true, as shown in the next section. Thus the entire contri-
bution from Fig. 3 comes from diagrams of the type
shown in Fig. 6(c).

The new type of diagram thus explains why there can
be chiral logarithms in Morel’s calculation even in the
quenched approximation. There is, however, another im-
portant feature of the diagram, namely, that it involves
two disconnected quark lines. The y field which begins at
one of the pion sources ends at the same source. This
means that such diagrams are not included in a standard
quenched calculation of the pion propagator. In such
calculations both quark and antiquark travel from one
pion source to the other. Thus if one wants to compare
to quenched pion calculations one must remove Fig. 6(c)
by hand. Once this is done the loop diagrams cancel, and
there are no chiral logarithms in quenched m .

An identical discussion applies to the diagrams of Fig.
7. There is an extra diagram, Fig. 7(c), which does not
contain internal fermion loops, but which is disconnect-
ed. It is not present in the quenched pion propagator.
Once it is excluded by hand, the remaining loop dia-
grams, Figs. 7(a) and 7(b), do cancel, and thus do not con-
tribute chiral logarithms to m _..

In summary, Morel’s analysis correctly removes all
contributions from internal fermion loops, but keeps
some diagrams with disconnected quark lines. If the
latter are removed by hand, then the loop diagrams can-
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cel, and there are no chiral logarithms in quenched m .
Since, as Morel demonstrates, there are also no chiral
logarithms in the quenched condensate, the Gell-
Mann-Oakes—Renner formula implies that there are
also no chiral logarithms in quenched f,. Thus the di-
agrammatic analysis is shown to be correct.

III. QUANTITATIVE CALCULATION

The mere existence of the diagrams shown in Figs. 6(c)
and 7(c) suggests the resolution just described. To pro-
vide a technical justification, however, one must
somehow separate the contributions of Figs. 6(a) and 6(c),
and similarly Figs. 7(a) and 7(c). One way to do this is to
introduce two species of staggered fermions: Y, and Y,.
If one considers the flavor-nonsinglet propagator

G)}J?’leb_(lk’z(xb_(z)(l(y))c ’ (6)

then the diagrams with disconnected quark lines [Figs.
6(c) and 7(c)] cannot contribute. Thus, if the discussion
previous section is correct, the logarithms should cancel
in this propagator in the quenched approximation. In
fact, this nonsinglet propagator is precisely the pion
propagator used in quenched calculations.

One can also pick out Figs. 6(c) and 7(c) by considering
the off-diagonal propagator

G:cl)}’n:()?])(l(xb_(z)(z(y))c . )

This vanishes at leading order, but is nonzero at one loop.
The discussion of the previous section predicts that the
one-loop chiral logarithms should be identical to those
for the quenched pion propagator for a single species of
staggered fermion. Furthermore, the logarithms should
be the same in quenched and unquenched calculations.
Finally one can calculate the diagonal propagator

leylvllz<)—21X1(x)i’1X1()’)>C . (8)

()

(a)

(b)

FIG. 7. Quark diagrams corresponding to the meson dia-
grams of Fig. 4.



In the quenched approximation the chiral logarithms in
this propagator can only come from disconnected dia-
grams, and so should be identical to those in G'"?2. In
the full theory, the logarithms should be given by the sum
of those in G'*?! (which come from internal loops) and
those in G'22,

All these predictions of the diagrammatic analysis are
borne out by the following calculation.

For the most part the calculation with two species
(which I also call flavors) of staggered fermions is a sim-
ple extension of Morel’s work. To define the quenched
approximation one must introduce two scalar ghosts: @,
and @,. The partition function, in the strong-coupling
limit, is then

ZQ=f [dU I dXid)—(idd’id‘f’;r]

i=12
J 1.2
Xexp |—S;—S,+ 5 (J12X2Xa
+jaxixa) | - 9
1/2
- d .
S;i=—x;|P,tm;+ 2 Jii | Xi
+/(By+p)d; . (10

The gauge group is SU(N). Here and in the following,
color indices, which are summed over, are implicit. The
quenched approximation is obtained if m,=u,; and
m,=pu,. I have introduced four source terms to produce
the four possible flavors of mesons. The propagators of
interest can be obtained from the partition function as
usual: for example,

2 ¥z,

G12.21= —
d 8j,1(x)8j,(y)

(11)

j=0

Integrating out the gauge fields and keeping only the
leading term in a large-d expansion gives rise to an
effective theory of composite mesons and fermions. For
N 2 3 the composite fields are

1/2

M, (x)=~ /i,.(x»(j(x), 12)
1/2

Hyx=~ 2| 4lg,0, 13)
172

Fio=~ |91 2ogx (14)
172

Fyo=— 2| gl (15)

For N =2 there are also baryonic composite fields. For
the remainder of this section I will only consider N = 3.

It is convenient to group all fields, sources, and masses
into flavor matrices: e.g.,
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B [Mll M:z] ' {fu 112]
T My My T iy dn |
m; O
m=| m, (16)

The partition function of the effective theory which re-
places Morel’s 1.8 can then be written (up to irrelevant
overall factors)

Zy= [[dxdydgdsne™ (17

Ser==3{1Tr[M (x)V,,M (»)]—1Tr[H (x)V,, H (p)]

+Tr[F(x)V,, F(»)]+Tr[j (x)M (x)]

+2 Tr(mM)—2 Tr(zH)} , (18)

where 7 =m (2d)"'/?, and E=pu(2d)”" /2. The interac-
tion matrix V¥ connects nearest neighbors symmetrically;
in momentum space it is

1
V—E§c05q“ . (19)

In Eq. (18) Vs to be treated as proportional to the identi-
ty in flavor space.

One now introduces variables conjugate to the compos-
ite fields: A, o, A, and A, respectively, for M, H, F, and
F. These conjugate variables are also 2X2 flavor ma-
trices, defined exactly as in M in Eq. (16). Performing a
Laplace transformation to make the action in Eq. (18)
quadratic, doing the integration over the Y and ¢ fields,
and shifting the variables A and o gives (up to an overall
factor)

Z,= [[drdo dAdK]lexp[ —N(Sy+5p)], (20

where the mesonic and fermionic parts of the effective ac-
tion are

Sy =1Tr[(A—2m —j)V " (A—2m — )]
—1Tr[(0 —2a)V "o —2q)]
+3[—TrlnA(x)+Trlno(x)], (21)

Sp=Tr(AV'A)

1
+2Tr1n 1+ o(x A(x)M )

x)|. (22)

The sum over the spatial indices of ¥ ™! is implicit.

At this stage we have an interacting theory of compos-
ite mesons and fermions with a complicated, though lo-
cal, polynomial interaction. In fact, when we are only in-
terested in external composite bosons, as is true here, we
can integrate out A and A analytically. This is possible
because the Grassmann nature of A and A means that
only the AA term in the expansion of the logarithm in
Eq. (22) survives. The result is

Zy= [[dAdolexp(—NSy+S,) , (23)
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in which the form of S, is straightforward to compute,
but lengthy to write. In the limit needed to compute the
pion propagator S, simplifies, and I will give the explicit
form below. It contains vertices representing the loops of
fermions appearing in Figs. 2(b), 3(b), and 4(b). In gen-
eral these vertices are nonlocal, as in Fig. 3(b).

The final step in the calculation is to notice that the
functional integral over A and o can be evaluated by ex-
panding about the saddle point.> Correlation functions of
A and o fields can then be written as a loop expansion in
which each extra loop brings with it an extra power of
1/d. The appearance of a nontrivial saddle indicates that
chiral symmetry is broken.

As discussed by Morel, S, should not be included in
the calculation of the saddle, since it is a one-loop effect
suppressed relative to S, by 1/d. Instead, the consistent
procedure is to find the saddle of S,,, expand about it,
and then add back in S,. One should also set the source
to zero when locating the saddle. Assuming that the
fields are constant, and using 3, VX;’= 1, the saddle-
point equations for A reduce to

Ay /deth=A,, —2m, , (24)
Ay /deth=A,—2m, , (25)
A /deth=—1, , (26)
Ay /deth=—A1,, . 27)

An identical set of equations, with m —pu, determine the
saddle point for o. For /5 —m,, as is true here, these
equations require A, =A,; =0, and also

1/K1|=K1,—2ﬁ1, 1/}\.22=A.22""27_'—12 . (28)

These equations are both the same as that for a single
species of fermion (see Morel 1.17). At leading order in
1/d, the two species of fermion do not interact. The
solution to these equations, and the similar ones for o, is

Ap=k=m,+(m;+1"?, (29)
o =0,=p,+@3+1)""?%, (30)

with similar equations for A,, and 0,,. The choice of the
positive root is explained by Morel.

The fields are now expanded about their saddle-point
values. I will shift variables so that all fields vanish at the
saddle, e.g., A;;—A;;—A,;. One now does perturbation
theory in the shifted fields. The propagators of interest
are related to expectation values of A fields. Applying the
definition Eq. (11) to the partition function in Eq. (23)
gives

G2 = =NV '+ NV N A2y (2)) V) 31
Similarly the other propagators are

G = =NV "+ NV A (DA () Vs, (32)
G 2=+NW, A (DAp(z)) V! (33)

Here the connected A two-point functions are to be evalu-
ated using the partition function of Eq. (23), with j =0.
At leading order in 1/d, we need only keep the tree di-
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agrams. For these we must expand the action S,, to
quadratic order in A:

Sy =Sy(XQ,8)+1Tr(AV A+ 1Tr T

+0(A\%), (34)

il ]
%

where A=diag(X,A,). Expanding out the traces, one
finds

(ApAg )= 7»;3\2 ‘;+—K;—\; ) (35)
U\n}m)c:};\; V-:-/)_L% ) (36)
(AiAp) c=0. (37)
So at leading order Egs. (31) and (32) give
12,21 1__ _ gl 1_ (38)
V+IA, V+i3’

while G!'?? vanishes. For ¢ =(w,m,m,m)+k these be-
come

G2« 1

CgMlia— 1 (39
k*+2(m,+m,)d

k*+4m,d
showing the with
mf,(,-j) <m;+m;.

As explained by Morel, the leading-order chiral loga-
rithms come from one-loop contributions to the A two-
point functions. The diagrams which contribute are
those shown in Figs. 2—4, except that the solid lines are
now interpreted as A propagators, and the dashed lines as
A propagators. Let me first consider 2(a), 3(a), and 4(a),
i.e., those diagrams not involving A loops. The propaga-
tors are given by Egs. (35) and (36), and an analogous re-
sult for {AyA,,)c. The required three- and four-point
vertices are obtained by expanding the logarithm of A in
Sy [Eq. 21)]:

pseudo-Goldstone-boson  pole

A3 3A A A
sp=—4 |2 et g o)) (40)
3 )\,] }\,]}\'2
VST VI Y §
s L | M, et
4|3 A3,
1 [ 8h A0k, 205,05
+ 1| Bty ~iat (41)
4 )\,1}\,2 }‘1)\’2

The calculation of Figs. 2(a), 3(a), and 4(a) is now com-
pletely straightforward. Including only these diagrams
corresponds to the full, unquenched calculation. I give
the results only for the flavor-symmetric limit:

F(AIZAZI)C,UQ=D0+DO T ]—}—_};2 +—1V_DO*DO
2N,
_—IV—dO D, , (42)




N
T):7<AIIAII>C,UQ

N, 2d,  Np+1
=Do+Do | S5+~ Dox D,
AN +1
— =, |p, , 43)
N 1 1
F<)‘11A22>C,UQ=DO {WDO*DO—N‘{O D, , (44)

where N,=2. The terms on each line come, respectively,
from the bare propagator, Figs. 2(a), 3(a), and 4(a). I
have used Morel’s notation:

vV

=7:i_2, dy=Dy(x,x) , (45)

0
where here A=2,=A1, is no longer a flavor matrix. D, is
proportional to the bare A propagator, d, comes from the
tadpole loops in Figs. 2(a) and 4(a). The notation
(Do* D) represents the loop integral in Fig. 3(a) (see
1.36).

These results can now be plugged into Egs. (31)-(33).
The only point of importance here is that both d,, and
(Dy*Dg) contain chiral logarithms (see 1.27 and 1.40).
Thus all three propagators contain chiral logarithms at
the one-loop level in the full, unquenched theory. As dis-
cussed at the beginning of this section, the diagrammatic
analysis predicts that the logarithms in G'*?! should
differ from those in G'"!'! because the former does not
include contributions from disconnected diagrams such
as Figs. 6(c) and 7(c). The contribution of these diagrams
should be given by G'""?2. Thus one expects

<}\11}‘11)C:<)"]2)\21)C+<}‘-]1}‘-22)C . (46)

All these expectations are borne out by the results.

I have expressed the results in terms of N s the number
of staggered species. The formulas have been derived
only for N,=2 but the N, dependence can be deduced by
seeing which diagrams contain internal fermion loops. In
particular the result works also for N,=1, the theory
studied by Morel. The A,; two-point function should be
equal to Morel’s result, and indeed Eq. (43) is identical to
Morel's 1.35if N, =1.

This completes the calculation in the full theory. For
the quenched calculation one must add in the effect of the
loops of A fields. These are represented by the action S,
which is defined implicitly in Eq. (23). Since we are only
interested in vertices involving A, we can set 0 =¢. Then
we have (up to an irrelevant constant)

oy 1 1
Sy,=Trln [V '+—8§,,— |+(1<2) . 47
A y 7, YA

The argument of the trace log is a matrix in the direct
product of position space and flavor space. To evaluate
Fig. 2(b) we need the term in S, linear in A; in an expan-
sion about the saddle point. This is
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v _ .V
V+ia, V+Aio,

(1) — Gl

Sy =—— +(1e2) . (48)
Ay

In the flavor-symmetric limit, and with g=m, this
reduces to

SW=—N (A, +A )ﬁ‘i (49)
A f 11 22 7_\. ’

For Figs. 3(b) and 4(b) we need the quadratic term in A.
Taking u=m, and going to the flavor-symmetric limit,
this is

SR =0Anr )+ 1An(x)An(y)

Fhal0d ()] | =578,

Ny
_F(DO*DO)U (50

The first term in the large parentheses corresponds to the
fermion loop in Fig. 4(b), since it is local in position
space. The second term corresponds to the loop in Fig.
3(b).

It is straightforward to calculate Figs. 2(b), 3(b), and
4(b). One finds that Fig. 2(b) exactly cancels Fig. 2(a) in
the A;, and A,, propagators. Similarly, Figs. 3(b) and 4(b)
cancel Figs. 3(a) and 4(a), respectively, for the A, propa-
gator. The final quenched results are

%<}\12)‘21)C,Q:D0 ) 5D
N 1 1
F<)\11)‘11)C,Q:D0+D0 NDO*DO—FdO D,,

(52)
%(AHAZZ)C,Q=DO iDO*DO—idO D, . (53)
A N N

As advertized, the loop diagrams, and the associated
chiral logarithms, completely cancel from the nonsinglet
pion propagator. The quenched result for the A, propa-
gator is identical to that found by Morel (I.34). This is
now understood as being due to the disconnected contri-
butions, as shown explicitly by the equality of the correc-
tions to (A1) ¢ o and (A ;A0 ) ¢ o-

IV. SUQ2)

The calculation of Sec. III is not complete for SU(2),
because there are baryonic composite fields such as
€q.5Xa Xp Where the color indices are shown. There are
also additional fermionic composites such as €,z0, X
These additional composite particles have Goldstone
poles in their propagators, and so their loops can give rise
to chiral logarithms.

Morel calculates the chiral logarithms in the conden-
sate and in m_ for the single-flavor-SU(2) theory. The
calculation for m . suffers from the same problem as dis-
cussed previously, namely, the inclusion of contributions
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(a)

(b)

FIG. 8. Extra quark diagrams contributing chiral logarithms
to m . for SU(2) gauge theory.

from diagrams with disconnected quark lines. In fact this
problem applies to both diagrams with mesonic (yy) and
baryonic (y)) loops. One might naively conclude, then,
that if one excluded the disconnected diagrams by hand
one would remove the chiral logarithms from m , just as
for SU(NV = 3).

This conclusion is wrong, however, as pointed out to
me by Morel.? There is, for SU(2), another type of dia-
gram, in which the chiral logarithm comes from a Gold-
stone baryon loop, and which does not contain an inter-
nal fermion loop. Two examples for m . are given in Fig.
8. These diagrams are connected, and so are present in
the quenched pion propagator. Thus, even after remov-
ing the disconnected diagrams, the diagrammatic analysis
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predicts that there will be chiral logarithms in quenched
m , if the gauge group is SU(2).

I have not done the two-flavor-SU(2) calculation that is
needed to extract the coefficient of the chiral logarithm.
The quantitative value of the coefficient is not important.
What is important is that the coefficient should not van-
ish, so that Morel’s explanation of the numerical data ob-
tained by Billoire and co-workers? remains tenable. I
consider the diagrammatic analysis to be sufficiently
justified by the results from Secs. II and III that another
check is not crucial.

Morel’s calculation of the chiral logarithms in the
quenched condensate do, however, provide an indirect
check on the diagrammatic analysis. For SU(N = 3) the
chiral logarithms in the quenched condensate are predict-
ed to vanish by the diagrammatic analysis, and indeed do
vanish in Morel’s calculation. For SU(2), however, Morel
shows that the quenched condensate has a nonvanishing
chiral logarithm. The condensate is a one-point function,
so there is no possibility that this result is due to discon-
nected quark diagrams, as for m . It can be understood,
however, as being due to loops of Goldstone baryons
coming from diagrams analogous to those in Fig. 8. So
the diagrammatic analysis indeed predicts a chiral loga-
rithm, as is found.
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