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Constraints from anomaly cancellation on strong, weak, and electromagnetic interactions
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We examine the extent to which the four known forces in nature are interwoven through the use

of anomaly cancellation. We discover significant interconnections, though uniqueness is not at-
tained. Possible other criteria necessary to obtain uniqueness are discussed.

For each of the four known forces of nature (gravity,
strong interactions, weak interactions, electromagnetism)
there is a well-defined and phenomenologically successful
theory. These theories have great similarities with each
other, as well as significant differences. Consider, for in-
stance, the following.

(i) All the theories are based on a covariance principle.
(ii) General relativity has not been successfully quan-

tized (except possibly in superstring theory), whereas the
other forces have well-defined quantum-field-theoretic
descriptions.

(iii) Gravitons have spin 2, whereas gluons, the weak
bosons and the photon have spin 1.

(iv) Weak and electromagnetic interactions are inti-
mately related through symmetry breaking, while the
strong and gravitational interactions are not related in
this manner to any known forces.

(v) The graviton, gluons, and the photon are massless,
whereas the weak bosons are massive.

(vi) Quarks feel all four forces, charged leptons feel
three of them, and neutrinos feel either two or one of
them depending on chirality. (vz need not exist, of
course. )

(vii) All the interactions are described using local fields.
One may extend this list if one wishes.
The fact that there are both similarities and differences

allows us to study the self-consistency of the standard
theory with the standard matter particles. Put in another
way, one can enquire as to how much input one needs be-
fore internal consistency, whose principles are related to
the common theoretical structure of the interactions, is
sufficient to allow us to deduce the rest of the theory. In
this paper we will use the consistency requirements of (i)

gauge anomaly cancellation, ' (ii) mixed gauge gravita-
tional anomaly cancellation, and (iii) the absence of the
Witten anomaly, to investigate the interrelations be-
tween the known forces of nature.

Specifically, our procedure will be to input as much
knowledge of quantum gravity (assumed to exist) as re-
quired to calculate the mixed anomaly, plus complete
knowledge of two of the other forces, and then see to
what extent anomaly cancellation allows us to deduce the
properties of remaining interaction. Our study is in a
similar vein, and complementary to, other recent
work. In this paper we break new ground by examin-
ing constraints on the non-Abelian sector of the theory,
and we also clarify some of the subtleties of the U(1) case.

Consider first a fermion generation from the minimal

standard model (SM), and suppose that the
SU(3 },8SU(2)L assignments are known:

IL =(1,2)(y, ), lz =(1,1)(yz), gL =(3,2)(y4),
(1)

91R =(3 1)(ys» e2R (3 1)(y6) ~

Note that we have explicitly omitted the putative right-
handed neutrino, and that we are also assuming that the
remaining force has a U(1) gauge structure for which the
specific charges are unknown. Witten anomaly cancella-
tion is automatic, while gauge and mixed anomaly cancel-
lation yields

[SU(3},]'« I )r

[SU(2)L ] U(1)z. yt+3y4=0,

[U(1)),]: 2y, —y2+6y~ —3y5 —3y6 =0,
mixed: 2y, —y2+6y4 —3y5 —3y6 =0 .

These equations yield two types of solutions: '

yz=2yi y4= —yt

(2)

(3a)

(B} yt =y2 y4 (3b)

Case (A} yields the usual weak hypercharge, while case
(B) represents a peculiar U(1) symmetry. The latter
theory does not contain a U(1) group which can be
identified with conventional U(1), . It is, however, a
simpler solution than case (A) because one may omit lz
on the grounds that it does not contribute to any anoma-
ly, thus leaving a 14-fermion generation rather than the
standard 15-fermion generation. (lL cannot be omitted
for an odd number of generations because of the Witten
anomaly. ) Anomaly cancellation does not imply that the
simplest chiral generation under the SM gauge group is
the standard one. One should also note that there is fur-
ther ambiguity within both cases, because the spectrum
with left and right interchanged is also acceptable (mirror
generation).

It is interesting that anomaly cancellation, using the
above input, is sufficiently constraining so as to allow
only two choices for the U(1) charges. One must now
wonder whether or not nature makes use of both possibil-
ities, or whether an additional criterion must be found to
eliminate solution (3b). It is interesting that the naive
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simplicity criterion is not a candidate for this, as dis-
cussed above.

Let us denote the U(1) given in Eq. (3a) by U(1)r, and
the U(1) in Eq. (3b) by U(1)z. The next obvious question
to ask is whether one would be allowed to gauge
U(1)„U(1)z. Interestingly, the answer is "no" because
[U(1}r]U(1}z and [U(1)z] U(1)„gauge anomalies can-
not cancel, due to the fact that y6% —

ys in Eq. (3a).
One therefore cannot resolve the ambiguity of Eq. (3}

by saying that nature does in fact employ both solutions
in the manner suggested above, but it is an accident of
symmetry breaking that the U(1}z gauge boson has
remained unobserved.

Is there something deeper behind solution (31)? It
would appear that there is, because Z charge actually
corresponds to the diagonal generator of SU(2)$, under
which q, z and qzz form a doublet while all other fer-
mions are singlets. In fact SU(3},SU(2)L U(1)z can be
embedded in SU(3),SU(2)L SU(2)$ without affecting
gauge and mixed anomaly cancellation or introducing
more fermions. This therefore may be a hint that U(1)z
has something to do with an underlying left-right-
symmetric model which has been butchered by the omis-
sion of a right-handed neutrino. One should note that for
an odd number of generations SU(2)$ is not a viable

gauge symmetry because of a Witten anomaly. However
this does not affect the mathematical result that U(1)z is
a subgroup of SU(2)$.

The next reasonable step seems to be to introduce vx
and thereby hope to gain more insight into, and possibly
resolve, the ambiguity. To the fermion spectrum of Eq.
(1) let us add

without introducing new fermions:

(A) G', =SU(3),SSU(2)L SU(2)„I3IU(1)~

(B) G~=SU(3), jaSU(2)LSU(2))SSU(2)~ .

(7a)

(7b)

N& =2N2, N4=2Ns =2N6, (9)

SU(2)z is the leptonic analogue of SU(2)$. Solution (7a)
is the usual left-right-symmetric model, while solution
(7b) is an extension of the model of Eq. (31). Again, Gz
has Witten anomalies for an odd number of generations,
though its subgroup 62 is of course acceptable. Thus in-
troducing vz has not allowed us to resolve the ambiguity,
although solution (3b} is in a sense used in the left-right-
symmetric gauge group. Why does nature choose either
(3a} or possibly (7a)? Perhaps there are as yet un-
discovered gauge interactions which are incompatible
with solutions (31) or (61) or (7b}? Perhaps the structure
of the symmetry breaking and mass generation sector has
to be invoked? ' We will now pursue these and other
possibilities here.

We will now leave this line of thinking and instead ask
the following. Suppose we know the SU(3),SU(1)„
properties of fermions. What can we deduce about the
missing gauge force?

Our spectrum is

lL =(1,N) }(—1), l~ =(1,Nq)( —2) [v~ =(1,Ns)(0)],
(8)

qL =(3,N4)( —,'), u„=(3,Ns)( —} dR =(3,N6)( —
—,') .

The right-handed neutrino is in brackets because it is op-
tional. [SU(3),], [SU(3),] U(1)r, [U(1)r], and mixed
anomalies allow us to show that

vR =(1 1)(ys) .

One can easily amend Eqs. (2) to obtain the solutions

(A) y, and/or ysAO, y2=2y, —
y3 34

xs = —-', xi+&3 &6=-',&I
—x3

(» ye=0 y2 y3 34 0 36 3s

(4)

(Sa)

(Sb)

whether or not v„is included. It is interesting that com-
patibility with strong and weak hypercharge forces re-
quires the left-handed ferrnion representation to have
twice the dimension of the right-handed fermion repre-
sentation.

If we assume that the missing gauge group Gz, is SU(2)
it is easy to show using the [SU(2)] U(1)„anomaly that

Although this looks like two U(1)'s, one can actually find
three independent U(1)'s from Eq. (5). Putting ys=0 in
Eq. (5a) yields U(1)„.Putting ys=O in Eq. (Sb) yields
U(1)z, while taking ys =0 in Eq. (Sb) yields U(1)z which
is the leptonic analogue of U(1)z. [Note: taking y, =0 in
Eq. (Sa} yields a subgroup of U(1)zU(1)z, which we
will denote by U(1)„,and is thus not a new solution. ]

Which of these three U(1)'s can one gauge simultane-
ously? We have already seen that U(1)&I8IU(1)z is anom-
alous. Similarly U(1)„I8IU(l)z.is anomalous. It is easy
to check that the U(1)z subgroup of U(1)zSU(1)z has
no anomalies with U(1)r. Trivially U(1)zU(1}z. is also
anomaly free. So there are again two solutions:

(A) 6, =SU(3),SU(2)L gU(1)+j8IU(1)„, (6a)

(B) G2 =SU(3),SU(2)L, U(1)zU(1)z . (6b)

One can embed both GI and G2 in larger groups without
spoiling gauge and mixed anomaly cancellation and

(10)

The minimal solution (as expected) is as given by the SM,
although there are obviously a countably infinite number
of other solutions.

If we do not assume that the group G~ is SU(2) then
the remaining constraints are the vanishing of
[Gz ] U(1)r and [G~] anomalies, as well as the require-
ment that if N2 and Ns are dimensions of representations
then so must 2N2 and 2Ns be, as can be seen from Eq.
(9). For example, if G~=SU(3)L then N2=Ns=3 (and
N& =3) works because there exists a six-dimensional rep-
resentation and the remaining anomalies cancel if the
quarks are placed in complex-conjugate SU(3)L represen-
tations with respect to the leptons.

To summarize then, anomaly cancellation, though
greatly restrictive in this case, still allows a countably
infinite number of solutions. Interestingly, one is able to
derive that left-handed fermion G~ representations
should have twice the dimension of the right-handed fer-
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mion representations. If one adds the additional criterion
of simplicity, then both SU(2) and N2 =N5 = 1 emerge as
the preferred solution. The putative right-handed neutri-
no plays little role if Gn, is taken to be SU(2), although it
introduces more arbitrariness because N3 is uncon-
strained. If G~ is some other group then it generally
plays a role in [Gs,] anomaly cancellation.

We now suppose that SU(2)L U(l)r is known. The
spectrum is

IL =(N„2)(—1), l„=(N~,1)(—2),

[va =(N3, 1)(0)], qt =(N&, 2)( —,
' ),

uq =(N5, 1)(—', ), d~ =(N6, 1)(——,
' ) .

[SU(2)L ] U(1)r, [U(l)r], and mixed anomaly cancella-
tion yields

N4 =3N), N5 =4N2 N), N—
6 =5N2 —2N( . (12)

The retnaining anomalies are [6,] U(1)r and [6,] .
Equations (12) again severely restrict the allowed

groups and representations, although uniqueness is not
obtained. The simplest solutions are

G, =SU(2), Nt =N2=1, N4=N5=N6=3, (13a)

This work was supported by the Australian Research
Council.

G, =SU(3), N)=N2=N3=1, N4=N5=N6=3 . (13b)

(Note the importance of multiples of three. ) Both solu-
tions (13a) and (13b) have zero [G, ] U(1)„and [6,]
anomalies. Case (13a) has the simplest gauge group, but
case (13b) has the simplest representation content in that
3 is the fundamental representation of SU(3) but not of
SU(2). Within G, =SU(3) there are other solutions, such
as N, =N2=N3=8, N4=N5=N6=24.

In conclusion then, we have found that the criterion of
anomaly cancellation, which involves all four of the
forces due to their theoretical similarity, interweaves
these forces in an interesting way. An intriguing ambi-
guity remains for the U(1} case, with or without vR.
What additional principle will resolve this? The SU(3}
and SU(2) cases yield more solutions than the U(1) case,
but the criterion of simplicity eliminates almost all of
them.
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