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Smooth-rough transition in Polyakov-Kleinert string
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A nontrivial saddle-point value of the dynamically generated string tension is found which, near
the critical temperature, approaches zero and depends on the zero-temperature string tension
linearly, implying that the Hausdorff dimension of the string surface is two. A smooth-rough transi-
tion is then found in the Polyakov-Kleinert string with the critical temperature in numerical agree-
ment with the previous result.
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where A is the ultraviolet momentum cutoff, a(A) is the
extrinsic coupling (inverse rigidity) at this scale, p a re-
normalized energy scale, and a(p) the corresponding ex-
trinsic coupling. It has been claimed that the string
surface appears smooth at scales smaller than g and
crumpled at scales larger than g. The question is if it is
possible for g to be infinite at or below some finite critical
temperature. Polyakov argued that, " if there were a

A kind of phase transition in the Polyakov-Kleinert
string' has been predicted by Tse, , Kleinert, and the
present author and Viswanathan. The critical tempera-
ture of the transition has been found. However, the na-
ture of the phase transition remains unclear. The reason
is that it is unclear if the Polyakov-Kleinert string could
be smooth at large distances below some finite critical
temperature. This problem has fundamental importance
since if a string is not smooth at large distances it seems
unlikely that it belongs to the correct universality class
for QCD strings to describe the large-N QCD. ' The same
question can also be asked in the context of membranes.

A persistence length has been implied by the property
of asymptotic freedom of the Polyakov-Kleinert
string' ' ' as well as membranes:

fixed point in the theory, at a critical point k would go to
zero with a critical exponent v which is related to the
Hausdorff dimension of the string surface. There would
be long-ranged correlation among the normals to the sur-

face, implying that the string is essentially smooth. The
average size of the surface would increase as some power
of its area.

Although the question of an infrared fixed point is now
difficult to answer we are going to deal, in this Brief Re-
port, with this problem in terms of the saddle-point ap-
proximation in the large-d limit. A nontrivial saddle-
point value of the dynamically generated string tension is
found which, near the critical temperature, approaches
zero and depends on the zero-temperature string tension
linearly, implying that the Hausdorff dimension of the
string surface equals its topological dimension. We then
arrive at the conclusion that the Polyakov-Kleinert string
is smooth at large distances at or below the critical tem-
perature. A critical temperature is found which agrees
with the previous result numerically. ' Above the criti-
cal temperature, the generated string tension (which has
the physical significance of being the inverse-squared per-
sistence length) becomes finite, implying that the string is
rough. It is thus shown that there is a smooth-rough
transition in the Polyakov-Kleinert string. The essential
difference between the Polyakov-Kleinert string and the
Nambu-Goto string is also discussed.

We start with the string action in the first-order form'.
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where AX" is defined by

bX"= () g'/ g' () X"1

1/2 b (3)
g

and A,
' is the Lagrange multiplier which ensures the con-

straint that the metric is the induced metric of the sur-
face. We notice that the path integral

then be calculated in standard fashion. We find

z= f [dg, bdA, ,, ]exp[ —S,ff(g b Kgb)]

and
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contains the integral over X" which is Gaussian and can
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where d is the dimension of the bulk space and the prime
on the determinant omits the zero modes. If we take d to
be large, then since it enters the exponent of (5), we have
reason to expect that the saddle-point approximation will
be applicable. This is indeed the case. For the same
reasons we neglect the ghost contribution for our pur-
poses. To find a reasonable saddle point, we make the
Ansa tze.

(a) A,
' is proportional to g' (Refs. 7 and 8):

(7)

[In this work we only discuss an isotropic Ansatz as an
approximation. In Refs. 3 and 4 it is shown that an an-
isotropic A.

' =A, 'g' (without the sum over a here) is
necessary for an exact solution but the anisotropy turns
out to be small. This is why we shall neglect it.]

(b) The Liouville mode does not propagate.
The Ansatz (a) says that A,

' is isotropic which is con-
sistent with the reparametrization invariance of the
theory. The Ansatz (b) can be made possible by working
the theory in the critical dimensions if they exist.

We now have to solve a set of saddle-point equations
corresponding to the conformal changes of the metric g, b

and the changes of A.,b:

S.ff'
gab
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The first tertn on the right-hand side (RHS) of (12) con-
tributes to the effective action a finite value, for a rectan-
gle 12, 13

( d /2 ) ln det'( —6 ) = —
p d n. /6, (13)

where —represents the equivalence relation defined by

(g', g') —(g', 2T+g') . (15)

Using the g-function regularization we obtain, for the
second term on the RHS of (12),'

D k'Db—ln det' —5+
2

=pdnI(a).

where we have set R ))T and T=pR =v'pI3=&p/g
and the sheet C is defined by

(14)

and

6S,q
gab(k)
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=0 (9) where
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these equations reduce to

(10)

Under the Ansatze (a) and (b) and in the "conformal
gauge"

and

I(a)=4 f — y' (y+alvr)'
27) (y +a /2')

a "
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7T'
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and

5S,~ =0 (8')

a'=AP (18)

while K, (na ) is the modified Bessel function and I(a) has
the limiting values

6S,~ =0
6p

(9')

as a~0,
I(a)= '

0 as a~co .
(19a)

(19b)

[We use the term "conformal gauge" although the theory
is not conformally invariant. " In Refs. 3 and 4, one
needs g, b =p, 5,b (without the sum over a here) because
of the anisotropy of A,'. See also the parenthetical re-
mark following Eq. (7).] Equation (8) is easy to solve; we
find

Gathering all these pieces gives

S ff (7
ffpp + ( terms independent of p )

with

A, , =A exp( —8~/dao), ,

dXo,~= O.
o
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(21)
where A is the ultraviolet momentum cutoff. The result
of (11) agrees with (1).' '

To solve Eq. (9') we note that, in the effective action
(6),

Then the saddle-point equation (9') reduces to

(22)
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The result of (22) has also been found by Pisarski and
David and Quitter. However, these authors discussed
little on its implication on the phase transition. The
reason is that, by using dimensional regularization, none
of their results for o.,ff is as complete as our expression
(21): In Eqs. (2.9) of Ref. 7 and (2.23) of Ref. 8, the p-
dependence term, the last term on the RHS of our Eq.
(21), was overlooked by using dimensional regularization.
This led the author of Ref. 7 to claim that, for A. & 0, the
bare string tension must be negative and no phase transi-
tion can be identified. [Compare Eq. (2.11) of Ref. 7 with
our Eq. (24) below. ] In Eq. (2.23) of Ref. 8, two extra
terms are also contained. One is a quadratic divergent
term which should be absent in dimensional regulariza-
tion as well as in g-function regularization. The other is a
1/p term which should not contribute to the saddle-point
equation 5S,&/5p=0, since S,tri o,trp, the 1/p term in

0 ff is a p-independent term in S,ff. We still do not un-

derstand how such a p-independent term could lead the
author of Ref. 8 to determine the saddle-point value for p
[see Eq. (2.24b) of Ref. 8 and below].

As argued by Pisarski, the value of p is not deter-
mined by the saddle-point equation (9') which is merely
an expression of general coordinate invariance of the
theory. (More precisely, it is a result of a global scale in-
variance. For details, see Ref. 13.) An effective action
can only be formed from invariant quantities such as a
cosmological term -&g, an Einstein term —Vg R, etc.
For a surface with a fixed topology, the Einstein term
does not contribute to the saddle-point equations and, as
a result, the effective string tension vanishes and

S,ff=const at the stationary point, which depends only
on the topology of the surface.

Although Eqs. (9) or (20) does not determine the value
of p it, as combined with (11), determines the value of k.
The solution of (22) is

and

8m /dao=
lnA /A.,„

t7 o87T 4~2+ [1—6I(a)] .
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(23)

(24)
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As O~oc from above, k decreases and we may obtain its
asymptotic dependence by using the limiting value of
I(a) in (19a), that is,

o8~ 8+
3P2

Equations (23) and (24) are consistent with the famous re-
sult of asymptotic freedom found in Refs. 1 and 2.
Equation (24) is reminiscent of the situation in the Ising
model' and must be solved numerically to determine the
critical temperature. However, it is easy to see that
there is always one solution, by using the limiting value
of I(a) in (19a), if

We see that k approaches zero in a singular fashion as 0
approaches 8c from above, vanishing asymptotically as

v=1
~c1— (27)
g2

It is interesting to compare the critical temperature (25)
with that found in Refs. 3 and 4. We find that even

though we have used an isotropic Ansatz for the
Lagrange multiplier k, b and the metric, the critical tem-

peratures almost coincide numerically. The only
difference being that d —2 in the formulas of Refs. 3 and
4 is replaced by d in (25). This discrepancy is because a
physical gauge has been taken in Refs. 3 and 4 and is not
important for large d. (We remind the reader that the
isotropic and anisotropic systems under consideration are
generally different in nature. )

The exponent for the power-law behavior of the order
parameter in (27) is given the symbol v=2/H according
to Polyakov':

0 ocr1—
CT

v=2/0

(28)

with

with

([u, /') =
A(q +Aq )

=2~
A =L and q=

L
(29)

where L is the length scale of the string world sheet. In
the regime of temperature 8~ac, A, =O, and, therefore,
a0=0 [e.g., (23)]. We thus have (~u

~

)=0 for 8~8C
which means that the string is smooth for 8~ 8c. [We
recall H (8c ) =2.]

In the regime of temperature 0& Oc and 0&Ap&1/L,
we have ap & 0 and so that

L 2

(2m) [I+A,L /(2m) ]
(30)

Equation (30) means that the string is rough for 8) 8C

0'=dn8 /3 and cro„=oo=d~8~~ /3 .

Here H is the Hausdorff (or fractal) dimension. Compar-
ing (28) with (27) gives H =2; that is, for the Polyakov-
Kleinert string, the Hausdorff dimension equals its topo-
logical dimension at or below the critical temperature.
(Note that BA, /Bp~& &

= —2~ /3p, (0, but 1, cannot be

negative; we conclude that X remains zero at or below the
critical temperature. )

We now show that the critical temperature (25) associ-
ates with a second-order smooth-rough transition. To
prove this we need to calculate the mean fluctuations
( u ) of the string world sheet from a reference plane, say
the (g', g ) plane, near the transition. This issue was
studied more than a decade ago by Helfrich. ' The result
is, in terms of our notation,
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di
Oea=oo+ 8a

7Td

6p2
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The P-dependent terms in (31) arise from the zero-point
transverse oscillations (undulations) of the stretched
string which tends to lower the string tension. On the
other hand, the term with A., the dynamically generated
string tension, tends to increase the string tension. Here
we see the important role in controlling the thermal fluc-
tuations in the infrared region played by the dynamically
generated string tension. This is quite different from the
Nambu-Goto string where no such dynamically generat-

and 0 & A, & 1/l. .
We see from (27) and (28) that A, plays a role of an or-

der parameter in the Polyakov-Kleinert string: At or
below the critical temperature, A, approaches and remains
zero, implying that the system is in the global
O(d —2)XO(2)-symmetric phase and the string surface
is essentially smooth with Hausdorff dimension two.
Above the critical temperature, on the other hand, A, in-
creases, implying that the global O(d —2) XO(2) symme-
try is broken and the system is in the rough phase with
Hausdorff dimension larger than two.

One might wonder that since thermal fluctuations
soften the rigidity at large distances, what mechanism
controls the fluctuations? To answer this question we
substitute the saddle-point solutions (23) and (24) into the
expression of the effective string tension (21) to get

ed string tension exists which can control the fluctua-
tions. Because of this, the string is severely creased in the
infrared region at any finite temperature. Although there
exists a "critical temperature" in the Nambu-Goto
string, ' it does not associate with a smooth-rough transi-
tion.

We close this Brief Report by concluding that there is
a smooth-rough transition in the Polyakov-Kleinert
string. This transition is second order in nature (the
correlation length tends to infinity as the critical point
reached). There remain two questions to be answered.
First, since our result, particularly the order of the transi-
tion, arises from single-string theory, will the result
change as an ensemble of strings (which QCD seems to
be) is considered? In general, this is possible. ' However,
detailed investigation' shows that our single-string result
agrees with that of an ensemble of strings if the topology
of the string world sheets is fixed. Second, can we identi-
ty the smooth-crumpled transition with the QCD
deconfinement transition? This question is extensively
studied in Ref. 13. Here we only report the conclusion
that there is a close resemblance between these two tran-
sitions.
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