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Based on a superfield approach we propose a fermionic action valued on a p-adic field. The su-
persymmetric transformations that leave the superaction invariant are also given.

I. INTRODUCTION

It has been almost a decade since p-adic numbers (see,
for example, Ref. 1) made its appearance in the physics
literature,? in the context of the mean field theory of spin
glasses. More recently, the formulation of the p-adic
string’ and its relation to the Veneziano amplitude
through an adelic formula* opened the possibility that
number theory can also give us a different insight into
string theory.

The formulation of p-adic bosonic free field theory,5
and in particular the p-adic string action,® give us an un-
derstanding of p-adic string amplitudes in terms of corre-
lation functions. An insight on the geometry of this field
theory has recently been given.” A first step to the un-
derstanding of the interacting theory was given by
defining the p-adic version of the O(N) nonlinear ¢ mod-
el,® and it was shown to possess similar properties to the
two-dimensional one on real space. This program was ex-
tended by considering a p-adic ¢ model on a tachyonic
background,® with the result that the requirement of
discrete scale invariance at the quantum level reproduces
the equation of motion of the space-time effective field
theory previously studied in Ref. 10. In addition there
have been some developments that include the formula-
tion of p-adic quantum mechanics,'"!? p-adic conformal
field theory,'® and a possible mechanism to break super-
symmetry in the superstring nonperturbatively by using
p-adic fields.'* All these approaches involve an underly-
ing bosonic field theory on p-adic variables.

In this paper, our purpose is to formulate a fermionic
action on a p-adic field 0, and the supersymmetric trans-
formations that leaves the superaction invariant. Section
II contains the general formalism for the bosonic and fer-
mionic case and Sec. III deals with the superfield ap-
proach.

II. GENERAL FORMALISM

The four-point amplitude of the p-adic string is given
[up to an SL(2,0,) volume factor] by

4

A= fo M T [ W

Pi=1 P <j

where integration is over the p-adic field Q, and | x| »
denotes the p-adic norm. Two of the interesting features
of A, is that it satisfies an adelic formula with the
Veneziano amplitude* and its corresponding field theory
is nonlocal. In fact, the correlation function

4
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will reproduce Eq. (1) provided that the two-point func-
tion is given by

G(x,y)=—In|x —yl, (3)
giving a nonlocal bosonic action
Sp= -—%prdx d(x)[Kzdl(x), 4)
where the kinetic operator K is given by
2 ’
(x")
Kpdl=—P— [ gy (5)
[Kpelo="" [ g

with ¢ =(1—p ~!)/Inp. Operators of this type have been
studied in Ref. 12, in particular (up to a constant) Kz was
identified as an analog of the first derivative operator.

The Fourier transform of (5) is simple to perform, with
the result

Sp=c [, du $(—w)lul,(w) ©
P

with the corresponding propagator I(u)=c ~'|u|, .
In order to formulate a fermionic action we introduce
the kinetic operator

(x —x")W(x")

lx —x'|7

sgn
(y) —— ’ 14
(K W](x)=— 4 prdx ,
where A and y are still undetermined constants, and the
multiplicative character [the use of sgn,(x) for a fermion-

P
ic action was suggested in Ref. 7; however, we find a
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disagreement on the value of ¥ as discussed in Sec. III]
sgn,x_corresponding to the three quadratic extensions
Q,(V'1), 7=¢,€p,p, satisfies

1 ifz=x2—7y? for xyEQ,,

sgn. z = (8)

—1 otherwise
and

sgn (—x)= —sgn (x)
for r=p,pe and p =3(mod4) . (9)

Since the two cases 7=p,pe differ only by normalizations
we will work explicitly with only one of them (r=p).
The fermionic action Sy is then

Sp= 3 fo B IR W) (10

In order to obtain Sy in “momentum” space we need to
apply the Fourier transformation of the multiplicative
character m(x)=|x|{sgn,x given by

. N sgn,u
fQPlxlpsgnpx exp(2miux)=T(m,a+1 )_—_|u|g+l , (1
where the gamma function I'(,a) is defined!’ by
[(ma)= fQde|x|;‘_lsgan exp(27ix)
=+ip® 2 for p =3(mod4) . (12)

A simple calculation gives

14 _ L
SF—EF(W—,y)fQ,,du W(—u)lull " 'sgn,uP(u) . (13)

We see that the choice of ¥ =3 makes it possible to iden-

tify the fermionic Lagrangian as a kind of square root of
the bosonic one. In what follows we will show that this
choice is the only one consistent if we define supersym-
metric transformations and a superfield in a way that
resembles the ordinary supersymmetric case.

III. p-adic SUPERSYMMETRY
Let us start by defining the superaction S as
- 2
S—%fgpdxfdGD ®DD, (14)
where ®(x,0) is the superfield
D(x,0)=¢(x)+6W¥(x) (15)
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and the superderivative D is defined by

[D®](x,0)=6[KY'D](x)+ %d)(x,ﬁ) (16)

such that Eq. (14) explicitly reads
s =%fQ dx [d6{6[K $1(x)[K$1(x)
P
—OV(x)[KF'W](x)] . (17)

By use of Eq. (11) and the definition of the Gel’fand gam-
ma function [, (a),

I‘p(a)=prdxlx|g‘lexp(—27rix) , (18)

it can be shown that the first term gives the bosonic ac-
tion Sp provided that y =3 and the constant 4 =V'cp.
Therefore, the superfield formalism fixes the fermionic
action, and the full action in component fields reads

(x)p(x")

lx —x'I7

s=—_<®

2+ 1) dex dx

" Y(x)sgn, (x —x")W(x")
\/C , g p
+=—£ prdx dx P— (19)

with the corresponding fermionic propagator
isgn,u
Mp(u)=—7-— . (20)
Vielul,
The action is invariant under the transformations

§o(x)=W(x)¢ ,

1)
dW(x)=—[KP"H)pl(x)E, (V¥,£}=0,

where we see that 8¢ is a local transformation but 8V in-
volves a nonlocal operator that replaces the ordinary
derivative of the standard case. The commutator of two
such transformations gives

[8,,8,1¢(x)=—2£ 6K P9](x) . (22)

The action S is also invariant under transformations 8¢
and 8V involving the nonlocal operators K*/ and K,
respectively, but the algebra would not close either in the

operator K;?/? or K.

ACKNOWLEDGMENTS

The author wishes to thank I. Ya. Aref'eva and Paul
H. Frampton for valuable discussions.

IN. Koblitz, p-adic Numbers, p-adic Analysis and Zeta Func-
tions (Springer, Berlin, 1984); I. M. Gel’fand, M. 1. Graev,
and I. L. Pyatetskii-Saphiro, Representation Theory and Auto-
morphic Functions (Saunders, Philadelphia, 1969).

2G. Parisi, J. Phys. A 13, 639 (1980).

31. V. Volovich, Class. Quantum Grav. 4, L83 (1987); B. Gross-
man, Phys. Lett. B 197, 102 (1987); P. G. O. Freund and M.
Olson, ibid. 199, 186 (1987).

4P. G. O. Freund and E. Witten, Phys. Lett. B 199, 191 (1987).

5G. Parisi, Mod. Phys. Lett. A 3, 639 (1988); E. U. Lerner and
A. Missarov, Commun. Math. Phys. 121, 35 (1989).

SR. B. Zhang, Phys. Lett. B 209, 229 (1988); B. L. Spokoiny,
ibid. 208, 401 (1988).

7A. V. Zabrodin, Commun. Math. Phys. 123, 463 (1989); A. V.
Marshakov and A. V. Zabrodin, Lebedev Report No. 54,
1989 (unpublished).

8Y. Okada and M. R. Ubriaco, Phys. Rev. Lett. 61, 1910 (1988).

9H. Nishino and Y. Okada, Phys. Lett. B 219, 258 (1989); H.



41 BRIEF REPORTS 2633

Nishino, Y. Okada, and M. R. Ubriaco, Phys. Rev. D 40,
1153 (1989).

10p, H. Frampton and Y. Okada, Phys. Rev. D 37, 3077 (1988);
L. Brekke, P. G. O. Freund, M. Olson, and E. Witten, Nucl.
Phys. B302, 365 (1988).

1P, G. O. Freund and M. Olson, Nucl. Phys. B297, 86 (1988);
V. 8. Vladimirov and I. V. Volovich, Commun. Math. Phys.
123, 659 (1989); C. Alacoque, P. Ruelle, E. Thiran, D. Ver-
stegen, and J. Weyers, Phys. Lett. B 211, 59 (1988); B. L.

Spokoiny, ibid. 221, 120 (1989).

12y 8. Vladimirov and I. V. Volovich, Lett. Math. Phys. 18, 43
(1989).

13B. Grossman, Phys. Lett. B 215, 260 (1988); E. Melzer, Int. J.
Mod. Phys. A 4, 4877 (1989).

14p. H. Frampton and H. Nishino, Phys. Rev. Lett. 62, 1960
(1989).

15See, for example, Chap. 2 of the second reference in Ref. 1.



