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The unbroken color gauge group SU(3), may arise as a consequence of the spontaneous symmetry
breaking of some larger group. The possible uniqueness of the color gauge group is examined under

a set of minimal assumptions.

Under these assumptions it is shown that the color groups

G.=SU(4), SU(5) (and perhaps E) are essentially uniquely singled out as possible alternatives of the
standard SU(3), assignment. The symmetry breaking to SU(3), can take place without the introduc-
tion of a gauge hierarchy. The consequences of G, =SU(5) are discussed, including new phenomena
which occur between 100 GeV and 1 TeV, and agreement with the standard model at energies below

100 GeV.

I. INTRODUCTION

Experimentally, it appears clear that the forces of na-
ture are described by a Yang-Mills theory with the gauge

group
SU@3).eSU(2),®U(1), . (1)

This defines the standard model (SM) of elementary-
particle physics. This theory is in good agreement with
present experiments (i.e., for Vs $100 GeV). What is
not so clear is what lies beyond this theory. We would
like to consider things that could lead to new physics at
energies of 100 GeV to 1 TeV (versus energies above 10"
GeV) without changing the experimental successes of the
SM. One possibility is that the strong force is a remnant
of a larger group G.; i.e.,, the SM is embedded in the
group

G.oSU(2), ®U(1), . (2)

Recently, the possibility that G.=SU(4) has been pro-
posed.! In this theory, the quarks transform under the
fundamental (four-dimensional) representation of the
color group SU(4). It was shown that one additional
Higgs multiplet could give the exotic quarks [the SU(3), -
singlet quarks] a large mass (M R 100 GeV), while at
the same time break SU(4)®SU(2),®U(1), to
SU3),®SU(2),®U(1),. This may occur without the in-
troduction of a gauge hierarchy. The purpose of this pa-
per is to examine the uniqueness of this construction un-
der a certain set of assumptions. Under these assump-
tions we will show that there is only one new possibility,
namely, that G, =SU(5). This possibility [along with the
G, =SU(4) model] predicts new phenomena which natu-
rally occur in the energy range V's ~100 GeV to 1 TeV.
In addition it leaves the electroweak couplings almost
equal (to within 0.3%) to the SM values.

II. UNIQUENESS OF THE COLOR GAUGE GROUP

We assume that the quarks transform under the funda-
mental representation of G.. We also assume that G, is
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simple. If the fundamental representation of G, is N di-
mensional then the quarks have N colors. Anomaly can-
cellation conditions and classical gauge invariance of the
Yukawa Lagrangian imply that the SM generation has
the following structure under G, ® SU(2), ® U(1),:

Sfr~(1,2,—1), epg~(1,1,—2),

1

1
N,2,—
N

N,1,—+1

QL~ y URT N s (3)

N,l,—l——l

d ~
R N
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where we have normalized the hypercharge of the SM
Higgs boson to one, i.e., $~(1,2,1) under Eq. (2). We
also assume that we break G. down to SU(3), by intro-
ducing only one colored Higgs multiplet y. We wish to
use the same Higgs field x to give the 2(N —3)n, exotic
quarks (n, is the number of generations) a large mass, i.e.,
to separate their masses from the ordinary quark masses.
Thus, y analogues the ordinary Higgs-doublet field ¢,
which gives the ordinary fermions their mass, as well as
breaking SU(2),® U(1), —»U(1),. We will also assume
that y transforms (R, 1,y); i.e., we will restrict ¥ to trans-
form as a singlet under SU(2). This will allow us to
separate the scale of G.-symmetry breaking from that of
SU(2), -symmetry breaking. Let us now restrict the dis-
cussion to one generation of fermions; generalization to
three or more generations should be clear. The represen-
tations R and y will be determined from the Yukawa La-
grangian

Ly =MO X(Qp ) +Aigx(dg)+H.c.+Ly, (@)

where L, comprises the usual mass terms:
Lo=MAyf; deg +A,0; ddg +As0, ¢up +H.c. (5)

Ly, gives Dirac mass terms to the exotic fermions [the
conjugate acts on the SU(2), indices also]. From Eq. (4),
we see that the quantum numbers of y are given by

X~ R,1,72V— (6)
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and R is an irreducible representation contained in the
tensor product N XN of G,. By assumption, the G, rep-
resentation of Y must contain a SU(3).-singlet piece
which develops a vacuum expectation value (VEV) which
breaks G, spontaneously. Consider the case when the
representation G, is self-conjugate. In this case, since the
3 of SU(3), is complex,

R D3+3+extra bits . (7)

For the theory to be consistent with experiment, the exot-
ic quark fields must gain a large mass (i.e., M 2 50 GeV).
However, the mass terms in Eq. (4) cannot couple 3 to 3,
but 3 to 3 (as well as singlets to singlets). An examination
of the fermion mass matrix shows that two things can
happen. Either the exotic color-triplet quarks gain a
large mass and the ordinary quarks will gain a large
mass, or there will be light quarks and heavy quarks, but
these mass-eigenstate quarks will have approximately
vectorlike couplings to the W and Z gauge bosons. Ei-
ther way, such a theory is inconsistent with experiment.
Thus the groups G, which have a self-conjugate funda-
mental representation can be excluded. This rules out the
following candidate groups for G.: SO(N), SP(N), G,,
F,, E,, and E4 (Ref. 2). The remaining possibility is that
G.=SU(N) and E,. We consider the case of E¢ an un-
likely possibility since it would be difficult to break the
fundamental 27-dimensional representation of E; down to
the fundamental three-dimensional representation of
SU(3) in a consistent way and with only one Higgs boson.
We will subsequently focus on SU(). In this case the
SU(N), representation of Y is contained in the tensor
product N XN. The tensor product N XN contains the
symmetric N(N +1)/2 and antisymmetric N(N —1)/2
representation. Spontaneous symmetry breaking of
SU(N) was studied a long time ago. It was shown in Ref.
3 that the symmetric representation can break SU(N) to
SU(N —1), while the antisymmetric representation can
break SU(N) down to SU(N —2)®SU(2). This implies
that SU(4) and SU(S) are the only possible SU(N) gen-
eralizations of the color group (with our assumptions that
G, is simple, the quarks transform under the fundamental
representation, and we have only one extra Higgs boson).

III. THE SU(5). MODEL

At this stage we have not yet shown that the SU(4) and
SU(5) theories are consistent with experiment, we have
only excluded the other gauge groups. The possibility
that G, =SU(4) was examined in Ref. 1. In that paper it
was shown that with y in the symmetric 10 representa-
tion of SU(4), with the quantum numbers given in Eq. (6)
with N =4, rotated the unbroken electric charge genera-
tor to

Y | T
Q=IL+++, (8)
where T is the SU(4) generator with the fundamental rep-
resentation normalized as

T=diag(},1,1,—1) . ©)

It is straightforward to show that Y=Y'+ T /4 gives the
familiar hypercharge quantum numbers for the ordinary
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color-triplet quarks. Thus the electric charges agree with
experiment.

In the case of G, =SU(5), the electric charge generator
couples to

Y, T

-, 10
2 5 (19
where T is normalized so that in the fundamental repre-
sentation, T has the form

o=I+

T=Diag(3,+,4,55,31) . (11

One can check that Q{¢)=0,Q(x) =0, where Q is the
charge operator defined in Eq. (10), and (¢) and (y)
denote the VEV’s of the Higgs fields ¢ and Y, respective-
ly. These VEV’s can be expressed as

000 O O
0 000 0 O

(e)=1,1 X)=f00o0 o o (12)
000 0 w
000 —w 0

Again, one can show that Y =Y'+2T /5 gives the famil-
iar values for the hypercharges of the color-triplet
quarks. As in the SU(4) case, the SU(3),.-singlet quarks
have charges +1/2. However there is a novel difference
between the SU(4) and SU(5) models. In the SU(5) model,
there is a SU(2)’ subgroup which remains unbroken. Ex-
plicitly, if g,w > gu, then the gauge group breaks as fol-
lows:

SU(5)8SU(2), 8 U(1),,
| gw/V2

SU(3) . ®SU(2)'eSU(2), @ U(1), (13)
| gu/V2

SU(3).e@SUR2) e U(1), .

Since the coupling constant g, is larger than the elec-
troweak couplings g,g’, the condition g,w >gu can be
satisfied even when w=u. (Note that in our theory
quarks and leptons are not put in the same irreducible
representations of the gauge group, and hence we do not
require any hierarchy of the form w >>u which is charac-
teristic of unified theories.) The group
SU(3).@SU(2)’'®U(1), is unbroken. The SU(2)' gauge
bosons interact with the exotic SU(3),-singlet quarks.
They do not interact with ordinary matter at the tree lev-
el. Furthermore their production cross sections are ex-
pected to be small, and once they are produced, they will
be difficult to detect.

At this stage several comments are in order.

(1) This model, as well as the SU(4) model, will contain
a baryon-number symmetry B +T7/3 for SU(4) and
B +2T/3 for SU(5). Here B has charge 1/3 for the
quarks and 2/3 for y. The SU(4) model predicts a new
heavy absolutely stable particle. The existence of such a
particle is not expected to be a cosmological problem (cf.
stable heavy neutrino®). However because the exotic par-
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ticles in the SU(S) model will be confined by the SU(2)’
force [see comment (5)], they will not be absolutely stable.
For example, an exotic hadron made up of two charge
1/2 particles would decay via the exchange of charge 1/6
bosons [see comment (7)] intoa 7° and a 7.

(2) The Higgs field y transforms as the 10 representa-
tion of SU(S), and it can be represented by an antisym-
metric 5X 5 matrix. The Higgs potential has the form

Vg, x)=h(d'd—u?)+A,(Try'y—2w?)?
+a32 Trx vy Ty — (Tr )]
+hg(@Td—u)(Try Ty —2w?) . (14)

The potential has a minimum provided A,A, >0, and the
minimum is given in Eq. (12) provided A;<0 (Ref. 3).
Under the unbroken SU(3),® SU(2)'® U(1), subgroup of
the gauge group, the Higgs field y transforms as

10=(3,2,1/6)+(3,1,1/3)+(1,1,0) . (15)

The multiplets (3,2,1/6) and the imaginary part of (1,1,0)
are Goldstone bosons which are absorbed to give the
gauge bosons in the coset SU(5)/SU(3)®SU(2) mass.
The physical Higgs bosons are the (3,1,1/3) and the real
part of (1,1,0).

(3) The physical Higgs field (3,1,1/3) couples to ordi-
nary quarks and the coupling can be obtained from Eq.
(4). It is interesting to observe that such a Higgs multi-
plet and coupling arises in attempts to understand the
fermion masses and mixings from radiative mass genera-
tion.’ From the point of view of the SM, these Higgs
fields must be put in by hand, while in the SU(5) model,
these Higgs fields arise as a natural consequence of sym-
metry breaking.

(4) In the case where G, =SU(5), each generation has
an even number of SU(2); doublets. Hence, their is no
restrictions on the number of generations from the global
anomaly® in contrast with the G, =SU(4) case' which re-
quires an even number of generations.

(5) The SU(2)’ force is expected to be confining, since
the beta function is negative at the fixed point g =0 (i.e.,
g =0 is an ultraviolet fixed point). We would like to get
an idea of how the confinement scale of the exotic had-
rons compares to the QCD hadrons. We will see that
above the exotic fermion mass threshold several interest-
ing phenomena occur.

For an asymptotically free SU(N) gauge theory, with
coupling constant g, the leading-logarithmic behavior of
the force constant a =g2/(4) can be expressed in terms
of the renormalization scale y as’

21
(‘%N——%Nf)lnu/A ’

alp)= (16)

where N, is the number of Dirac fermions with mass less
than or equal to u transforming under the N-dimensional
representation of SU(N) [we have neglected the Higgs
contribution to Eq. (16) since it is very small]. Since we
will be discussing phenomena which occur at energies
greater than or equal to electroweak unification (100
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GeV), we will be interested in Agcp for six quarks. For
definiteness we will work with A as defined via the
modified minimal subtraction (MS) scheme. We will take
Aqcp=0.1 GeV. Because we are interested in pu =100
GeV, we are safely in a region where the perturbative
one-loop approximation given above is valid for QCD.

Let us assume that at the color unification scale the
one-loop approximation is also valid for SU(2)’ and then
use Eq. (16) to get an idea of how Agy(,) compares with
Agcp- At the color unification scale (u=p,) of SU(@3),
and SU(2)’, we have

o (o) = asyzy (o) - 17

From Egs. (17) and (16) we can obtain a relation for
Agy(zy in terms of Agcp and the color unification scale
Mot

2 _ 2T
(11=3$Np)npo/Agep (3 —3Np)Inpe/Agyay

(18)

Solving Eq. (18), we find that

x—1

A
_ QCD
Asuiay=~Aqcp ) (19)
where
L= 3TN, 20)
22—2N /’

and Nf =6, the number of quark flavors in QCD, and N}
is the number of exotic quarks with mass less than pu,,.
Since we are assuming that there are three generations,
we know that 0 <N/ <6.

The most natural color unification scale in the model is
obtained by assuming that the VEV’s [defined in Eq. (12)]
satisfy w =~u. Of course, this is not a stringent condition;
however, it is useful for the purposes of illustration. Un-
der this assumption, po=g,M,/g =200 GeV. This is
also approximately the lowest value which is consistent
with experiment. Thus Eq. (19) gives

1 (—1+2Nf)/(22—2Nf)

— 21
2000 @y

Asuay=Aqcp

The value of Agy(,y is very semsitive to N;. If N is
varied from O to 6, then Agy,, varies from 1.4Aqcp to
10 *Agcp.  This is consistent with our perturbative
analysis. Because exotic hadrons have not been seen we
expect the exotic quarks have masses of at least 50 GeV.
Thus Agyiay /M exotic quarks << 1 and the exotic hadrons are
nonrelativistically bound states. If N;=6, the exotic
quarks can be separated 10000 times further than QCD
quarks. It is interesting to observe that if four genera-
tions exist, and we assume that Nf=N}=8, then
Aguiay = 10'8AQCD. Thus it may be possible to “‘see” the
tracks of charge 1/2 particles turn into the jets of exotic
hadrons.

(6) As in the SU(4) model, one can check that the Z bo-
son couples to the ordinary quarks and leptons like the
SM Z boson, with only a very small deviation. The
gauge-boson mass matrix arises from the Higgs kinetic
term
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L=(D,$)'(D#¢$)+(D,x)"(DMy), (22)

where the covariant derivative D w is given by
D, =3, +igWll,+ig'B Y ecT
u Y g pt3 g m D) 18 pt 12

11
+ig, 3 G,T,(+charged-gauge-boson terms) ,

a=1

(23)

where T,,=V3/5T and T is normalized as in Eq. (11).
The generators T, for a =1, ..., 11 are given by A, for
a=1,...,8and F, fora=9,...,11, where A and F are
given by

J

gut/2 —gg'u?/2 0

M=

0 —4V3/5g'gw?/5 12g2w?/5

As in the SU(4) model, we can expand out the eigenvalues
and coupling in a power series assuming g2 >>g'%,g%. We
obtain

2
M, =0,
14,2 16,,2 16,, 4

M2=l( 2+ lZ)uZ__g u g u ’g u

2=7E T8 30g? gt " gtw?

12 52w2 "2 42
Mz =—252 114 & 4|8 (28)
5 15g; &;

Similarly, to leading order in g'>/g2, one can check that
the Z boson couples to the generator

2e
Sin29W

(I, —sin’6,,Q)+A , (29)

where tanf,, =g’/g, and e is the electron charge which is
given by

g sinfy,
e— .
[1+(g"?cos’dy ) /(15g2)]' "

(30

The correction term A can be calculated to leading or-
der:®

_ 2 g*
Sin29W 30g52

2
0820, 1, +sin%6,,Q — %‘—2— T|. 31
w

If the color unification scale y, is of the same order of
magnitude as the electroweak unification scale (e.g.,
1o=200 GeV), then in Egs. (27)-(31), the coupling con-
stant g, is approximately equal to the strong coupling
constant at the scale M,. Numerically, this approxima-
tion corresponds to setting g'2/g2~1/10. It is easy to
see that under this assumption, the mass and coupling of
the Z boson receive only a small modification in the mod-
el.
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—gg'ul/2 gu/2+4g"w?/25 —4V3/5g'gw

A, /2 0
0 0

0 0
0 Ta_g/z

a

A , F,=

a

. (24)

Here A, are the Gell-Mann matrices and 7, are the Pauli
matrices. The generators A, and F, are the generators of
the unbroken SU(3), and SU(2)" subgroups, respectively.
It is easy to see that the G, gauge bosons decouple from
the mass matrix, leaving the 3 X3 mass matrix:

Lmass:%VTMZV ’ (25)
where

vT=(w,,B,C) (26)
and
/5 (27)

(7) Under the unbroken group SU(3), ®SU(2)'®U(1),
the gauge bosons transform as

24=(8,1,0)+(1,3,0)+(1,1,0)

+(3,2,1/6)+(3,2,—1/6) . (32)

We identify the eight massless gluons of unbroken SU(3),,
the three massless gauge bosons of unbroken SU(2)’, and
the new neutral gauge boson (C,). In addition there are
charged 1/6 gauge bosons, X. These gauge bosons have
the mass

Mi=gw?/2 . (33)
Thus the model predicts

M2

e S (34)

MZ 24

(8) Both the SU(4) and SU(5) models preserve the
charge quantization feature of the SM (Ref. 9). This
means that the existence of the Yukawa Lagrangian and
the cancellation of the gauge anomalies imply that the
electric charges of the known fermions have their experi-
mentally determined values.

IV. CONCLUSION

In conclusion, we have examined the uniqueness of the
color gauge group of the SM. We have shown that two
interesting alternatives of the SM can be constructed:
SU(3), replaced by SU(4) or SU(S). Both these alterna-
tives agree with the SM at energies <100 GeV. Both
these alternatives predict the existence of charged £1/2
fermions. In the case of SU(4), these fermions are not ex-
pected to be confined, while in the SU(S) case we have
shown that these fermions are expected to be confined
into new hadrons. These hadrons have charges 0 and *1.
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The result that the SU(4) model predicts the existence of
unconfined charged t1/2 particles, while the SU(5) mod-
el predicts the existence of integrally charged hadrons,
should provide the most direct experimental signature
with which to differentiate these two models. Finally, we
have argued that the new phenomena predicted by these
models would most naturally occur in the energy range
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100 GeV to 1 TeV. This is the energy range which will
be probed by experiments in the near future.
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