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The Hamiltonian formulation of the theory of a gravitational field interacting with a perfect fluid
is considered. There is a natural gauge related to the mechanical and thermodynamical properties
of the fluid, which enables us to describe 2 degrees of freedom of the gravitational field and 4 de-
grees of freedom of the fluid (together with 6 conjugate momenta) by nonconstrained data (g,P)
where g is a 3-dimensional metric and P is the corresponding Arnowitt-Deser-Misner momentum.
The Hamiltonian of the theory, numerically equal to the entropy of the fluid, generates uniquely the
evolution of the data. The Hamiltonian vanishes on the data satisfying the vacuum constraint equa-
tions and tends to infinity elsewhere as the amount of the matter tends to zero. In this way the vac-
uum theory with constraints is obtained as a limiting case of a ““deep potential well” theory.

I. INTRODUCTION

The Hamiltonian formulation of general relativity"?2
may be sketched as follows. Let £ be a 3-dimensional
initial-value surface. Cauchy data for the gravitational
field are described by the Riemannian metric g;; on X (la-
tin indices run from 1 to 3) and by the so-called
Arnowitt-Deser-Misner (ADM) momentum P, where

PH=V/detg (Kg"'—K*X) . (1)

K,, is the second fundamental form of 2 (extrinsic curva-
ture) and K=Kk1gk[. Four of ten Einstein equations do
not contain time derivatives of p* and g,;:
1
detg

R(g)— (P¥p,—1P%)=0 )

(P denotes again the trace of the tensor P*/) and

P/,=0, 3)

where a vertical bar denotes the covariant derivative with
respect to the metric connection generated by g. They
can be treated as Hamiltonian constraints for the general-
ized Hamiltonian system (P*.,g,,). There are 4 (per
point) “Lagrange multipliers” N and N¥, canonically
conjugate to the four constraints. As for the usual con-
strained Hamiltonian systems, the dynamics of the data
(P*.g,,) resulting from the remaining six Einstein equa-
tions

G =kTy 4)

(by k=87 G we denote the gravitational constant) is not
uniquely defined unless the parameters (N,N*) are fixed
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at each point of = and at each instant of time t =x°. Fi-
nally, the parameters can be interpreted as the lapse func-
tion

1
V0g¥|
and the shift vector
Ny =guN'=g;, . (6)

The freedom in the choice of lapse and shift corresponds
to the gauge freedom of the theory with respect to the
group of space-time diffeomorphisms.

In the theory of constrained Hamiltonian systems it is
usually possible to replace constraints by a “deep poten-
tial well” without changing essentially the behavior of the
system (one could even argue that all the constrained sys-
tems known in classical physics are idealized situations
with a deep potential well®). The goal of this paper is to
show that general relativity coupled to a perfect fluid is
indeed a theory with constraints (2) and (3) replaced by a
potential well. We show that the phase space of both
gravitational and thermomechanical degrees of freedom
(2+4 per point) can be described by the same mutually
conjugate objects (P*.g,,) as in the vacuum case. The
zero on the right-hand side of Egs. (2) and (3) is replaced
by the corresponding components of the matter energy-
momentum tensor. However, the equations can no
longer be considered as constraints. They enable us to
calculate uniquely the lapse and the shift in terms of the
data (P¥.g,,). Finally, the time evolution of the system
is uniquely generated by a regular, nonconstrained Ham-
iltonian H=H(P*,g,,). Therefore, our formulation is
well adapted to numerical simulations.
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The Hamiltonian vanishes on constraints (2) and (3)
and—as the amount of the matter tends to zero—tends to
infinity outside the constraints. This shows that our
description of the dynamics may also be used for numeri-
cal analysis of the vacuum equations, since the con-
straints can be considered as an “infinitely deep potential
well.” Replacing it by a deep, but finite well does not
change substantially the dynamics.

The specific form of the Hamiltonian function depends
on the specific Gibbs functional equation of the liquid:

e=e(V,S) @)

(internal energy per mole expressed as a function of the
molar volume V and the molar entropy S). The function
(7) uniquely determines the properties of the fluid, ac-
cording to the Gibbs relation*

de=—pdV+Tds , (8)

where p is the pressure and T is the absolute temperature.
In our paper we also need another description of the
fluid, given by the so-called “entropy picture.” To get it
we divide Eq. (8) by T

1 p
=—de+ L4V .
ds Tde Td 9

Here, the entropy S has to be expressed in terms of the
molar internal energy and the molar volume,

§S=S(,V), (10)

and Eq. (9) gives the values of remaining two parameters
T and p. Given a function (10) we construct a noncon-
strained Hamiltonian H=H(P*,g,,) such that the evolu-
tion equations derived from H are precisely the Einstein-
Euler equations for the self-gravitating perfect fluid
whose mechanical and thermodynamical properties are
described by (10).

II. RELATIVISTIC HYDRODYNAMICS
AS A LAGRANGIAN FIELD THEORY

In the present section we show how to derive the rela-
tivistic Euler equations for a barotropic perfect fluid from
the first-order variational formula.> This formulation of
the hydrodynamics is essential for our purpose. We as-
sume therefore that the energy is a function of the
specific volume V only and formula (8) reduces to
de= —p dV. In the present section the space-time metric
g is given a priori.

Consider an abstract 3-dimensional “matter space” Z
equipped with an appropriate geometric structure which
will be specified later. Points of Z correspond to particles
of the matter. A configuration of the fluid is described
completely if for each point x =(x*) of the physical
space-time X a particle z=_(x ) whose world line passes
through x is specified. The configuration can thus be
represented as a mapping §: X —Z. Given a coordinate
system (z%), a=1,2,3, the mapping is described by three
functions z?=¢§%x). Physical laws governing the evolu-
tion of the system will be formulated in terms of partial
differential equations for the three unknown functions

KIJOWSKI, SMOLSKI, AND GORNICKA 41

§%x). The equations will be derived from the variational
formula

8 [Ld*x=0, (11)

where the Lagrangian L is equal to minus the rest energy
density of the fluid:

L=—\/§iVe(V>. (12)

Here g =|detg,,,|=1g%|'~"(detgy,) is the absolute value
of the determinant of the 4-dimensional metric tensor
with the signature (—,+,+,+), and V is the specific
volume (per mole) of the fluid in its rest frame. It is con-
venient to introduce the rest matter density (moles per
volume): p=1/V. In this way we have

L=—Vgpe(l/p) . (13)

The quantity p (or V) has to be expressed in terms of un-
known functions {? and their derivatives. This is possible
because Z is equipped with the volume structure (scalar
density or a differential three-form)

r=h(z)dz' Ndz*Ndz3 (14)

which enables us to assign to each volume D in Z the
number n(D) of moles (or the number of particles) of the
matter contained in D:

n(D):=fDr . (15)

The pull back of r from Z to X via the configuration § is a
differential three-form (i.e., it is a vector density in the
physical space-time X ):

J=Er=h(E(x)NdENAEPNE . (16)
Using the notation §;;=3&“/0dx#, we have
j=h§},§é§;dx“/\dxﬁ/\ dx?
1 Q, v g
=—he B R € nodx Y Ndx  Ndx 7, (17)
where €“*" denotes the completely antisymmetric tensor
density (Levi-Civita symbol; we use the convention of

Misner, Thorne, and Wheeler?). The vector density j can
be spanned with respect to basic three-forms:

1(dx°Ndx'ANdx?* Ndx?)

P
J1=1] axH

11
3! (2)1/2-]

He edx Y Ndx MNdx®

JHC—1)HdXOA - AdRHA -+ ANdx® (18)

3
=0

I

(the factor dx* is to be omitted in the uth term). The for-
mulas (17) and (18) enable us to express j* in terms of
derivatives of the fluid configuration %
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jr=—hVg ePrelene

=h(—1)det o6
o - o283
§or -+ 53 (19)
A
7

(again, the uth column of the 3X4 matrix &, is to be
omitted; this is indicated by @i). The current j is con-
served by virtue of the definition

dj=d¢*r=¢£*dr=0 (20)

since dr=0 as a differential four-form in the three-
dimensional material space Z. In coordinate language
this means that the divergence of the current vanishes:

dj= |2 j# |dxOndx! Adx? ndx =0 . @D
ox*

Decomposing j* as a product of a four-dimensional
volume density (g)'/2, normalized velocity vector field of

the fluid u* (u*u,=—1), and a rest-frame matter densi-
ty p,
*=Vzput, (22)

we obtain the formula

1
p=—"=V —j"i"g,, - (23)
Ve !

Formulas (19) and (23) give us the necessary expression of
p in terms of {;. The reader may easily check that the
following fundamental identity holds:

A% pa s — sy 24)
ace

The easiest way to prove that the variational formula (11)
is equivalent to Euler’s equations of motion of the fluid is
to calculate the canonical energy-momentum tensor of
the above field theory:®

oL
acs

Because of formulas (13), (23), and (24) we have

Tu=2Spa_gup (25)

OL o 3L 3p 3)" g
ace ™t dp 95 age

de | 8j”
=le— V> V ara g?\
[ dv ass,
— de
——\/g pe =1y (88 +utu,) . (26)
Finally, using (8) we obtain
T4 =—V'g [peutu, +p(8h+utu,)] . @7
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Because of the Noether theorem, variational formula (11)
implies conservation laws

v,T%=0 (28)

where V, means the covariant derivative with respect to
the space-time metric. Because of the continuity equa-
tion (20) only three among the four equations (28) are in-
depen6dent. They are equivalent to three variational equa-
tions:

8L _
85
The above formulation of the fluid mechanics as a La-

grangian field theory leads in a natural way to the Hamil-
tonian formulation® (later used also by Kiinzle and Nes-

(29)

ter’). Momenta canonically conjugate to configurations
£ are given by 7, =p?, where
ph= 8L
a sgz .

Equation (26) implies that

7 =—VE ple+Vpulu (£

=—j%u, (&7,

where (£71)% is a 3X3 matrix inverse to (£¢) and
n=(e+Vp) is the enthalpy of the fluid. The above
canonical structure is equivalent to the description based
on the so-called Clebsch variables,? although it is simpler
and physically more natural.

Because of the reparametrization freedom of the ma-
terial space Z the theory may be further reduced.
Indeed, any reparametrization of Z which leaves invari-
ant the volume structure (14) is physically equivalent to
the previous one. The space of equivalence classes can be
parametrized by four parameters (e.g., j* or p and k).
The Poisson brackets between those quantities can be im-
mediately calculated’ from the canonical structure car-
ried by the variables ({%m,). Some authors introduce
those brackets in an axiomatic way as a ‘“‘noncanonical”
Hamiltonian formalism.'°

The parameters z?={% x ) can be considered as “poten-
tials” for hydrodynamics: we express physical quantities
(p and u*) in terms of the first derivatives of the poten-
tials in such a way that the continuity equation is au-
tomatically satisfied. The analogous ansatz in electro-
dynamics consists in expressing physical quantities (elec-
tromagnetic tensor F,,) in terms of the potential 4, in
such a way that the first pair of Maxwell equations is au-
tomatically satisfied. First-order field equations for phys-
ical quantities (Euler equations in hydrodynamics and the
second pair of Maxwell equations in electrodynamics) be-
come variational second-order equations for the poten-
tials. In both theories the ansatz is not unique or ‘“unique
up to gauge transformations.” In hydrodynamics gauge
transformations correspond to unimodular (i.e., without
changing the volume form r) transformations of the
matter space Z.
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III. THERMODYNAMICS

To describe thermal properties of the fluid we need one
more potential.!! We add therefore a new dimension
7=2° to the matter space Z. This way we obtain the 4-
dimensional matter space-time Z with 7 playing role of a
“material time.” To describe the configuration of the
fluid we need now an additional function z%=¢%x#).
The physical interpretation of the new variable will be
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(where B is a positive constant), together with the choice
of minus the free energy [f(V,T)=e—TS] as a La-
grangian of the theory

L=—Vg

’ (31

Vf(VT ~Vgpf(1/p,T

leads to correct equations. To prove this statement we
calculate again the energy-momentum tensor

given in the next section. However, a purely phenomeno- TS = 8 ¢ gk L, (32)
logical point of view is also possible. We prove that the
following ansatz for the temperature, where =0, 1,3. Using the thermodynamical identity
df=—pdV—SdT (33)
9
T= u 080 _ ut (30)
Au ox# f §2 we obtain
J
oL _, ‘/ 3] f __& af ou’ 9j"
= V p
aé_zgx ‘f 3" +tPByr avé'u a§a§A
=[(f+Vphu,+S(87+u’u, Bg"]gfga ¢
= —VE L+ Vp )&k +ulu; )+ SBEuMB +uu;)] . (34)
I
Moreover, molecules move chaotically around the theoretical world
oL — lines of the fluid (lines tangent to the vector field u*) and
——§‘£=\/‘g’ p(Su“ng) . (35) the mean kinetic energy of this motion with respect to
a§2 the rest frame is equal (for low temperature) to

Finally, we obtain formula (27) for T with internal ener-
gy defined by e=f+T7S. Again, the Noether theorem
implies the energy-momentum conservation V,T% =0,
equivalent to four independent variational equations

L . (36)
88

For a=0 this gives the entropy conservation
0=2L — 3 (5j")=—Bpud,s . (37)

8¢°

It is easy to check that four equations (36) are equivalent
to the system of three equations of momentum conserva-
tion [three independent equations among (28)] plus entro-
py conservation (37).

In the above formulation the phenomenological con-
stant 8 may be chosen arbitrarily. The choice =1 is
also possible. It gives (time X temperature) for the di-
mension of the new potential 7=z° As we shall see in
the next section, it is better to choose the dimension of 8
equal to the temperature and to measure 7 in units of
time.

IV. MICROSCOPIC INTERPRETATION
OF THE “MATERIAL TIME” 7

Suppose that the liquid is composed of molecules with
mass m. If the temperature of the fluid equals 7, the

%kT=mv2/2. Because of this motion the proper time ¢
for the particles is retarded with respect to the physical
time x° calculated along u*. For velocities v much small-
er than the velocity of light ¢ this retardation can be cal-
culated from the formula

2 172 2
_ _bv o_ |1V~ .o
—fll "~ dx~\1 o
:xo—x°—3iT7 ) (38)
2mc

We identify the parameter 7 with the proper time retar-

dation multiplied by an arbitrary dimensionless constant
0:

£ =6(x"—1)=~x°T , (39)
B

where the constant 3=2mc?/36k has dimensions of tem-
perature. Hence,

B d TO
dx
similarly as in formula (30). We interpret therefore the
“material time” (up to a multiplicative constant ) as the
“proper time retardation” due to the chaotic motion of
the particles. This phenomenon enables us to construct
(at least theoretically) a “radium thermometer.” We in-
ject a drop of radioactive radium into the fluid. Because

=T (40)
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of chaotic motion of the particles the lifetime of radium
gets lengthened proportionally to the temperature of the
fluid. Therefore, measuring the lifetime we measure the
temperature.

V. SELF-GRAVITATING FLUID

The theory of self-gravitating fluids will be based on
the Lagrangian L=L,,, +L,,, where L., 1is the
Einstein-Hilbert Lagrangian for the gravitational field
and L, is as in Sec. III. In Hamiltonian formulation,
the complete Cauchy data for the theory consists of Cau-
chy data for both gravitational and hydrothermodynami-
cal field: (P*,g,,,£% p%), where p =3L /9§, are momen-
ta canonically conjugate to hydrothermodynamical po-
tentials.® Using Egs. (30), (31), and (33), we show that the
momentum canonically conjugate to £° is equal (modulo
the factor ) to the entropy current:

ph =‘/—g‘_pl35u“ . (41)

The Hamiltonian field equations giving the time deriva-
tives of the Cauchy data in terms of the functional
derivatives of the Hamiltonian can be briefly written as?

_ ki a a
8H= o GfP '8g11 — 18P +fPO5§ —§%8pQ,

(42)

(the overdot denotes the “‘time” derivative), which simply
means that the time derivatives of canonical parameters
are equal to the variational derivatives of the Hamiltoni-
an with respect to the conjugate parameters. Because of
the invariance of the theory with respect to space-time
diﬂ'eomorphisms, we are allowed to impose the following

“gauge conditions”: {%x#)=x% The three condmons
corresponding to a=1,2,3 mean that the coordinates xk
are comoving with the fluid (constant on the fluid world
lines). In this gauge we have {3 =6% and, according to
(1), we have

jr=—h \/g euaﬁré-;é-%g;
=—hVge'B=hot . (43)
Using (23) we obtain

1/ —800 _ \/g 200

=4 V1—n?
\/g \/detg

Vdetg

p= ) (44)

where V'detg =1/detg,, denotes, as usual, the three-
dimensional volume density on the Cauchy surface
3= {x%=const} and

1 —
n= 7\7‘/ N'N’g, , (45)

where N is the lapse function and N' is the shift vector.
Moreover,
1 1

ut= o == 8% - (46)
00

Because of formula (30), for a =0 gauge condition identi-
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fying the material time with the time coordinate x° im-
plies
1 1
=p——=f
V—8nw NVi—n?
Our gauge conditions imply 8£*=0, { “=0 for k=1,2,3,
and £%°=1. The formula (41) reads p# =pSj*=pSh8}.

These observations enable us to rewrite the Hamiltonian
formula (42) as

~8 |H~B[sh|=

(47)

1

167G

where the quantity o= f Sh is equal to the total entropy
of the system. Now, the quantity % =H —fo plays the
role of the Hamiltonian of the system described by
canonical variables (P*,g,,) and the evolution is uniquely
determined by the Hamiltonian.

For the sake of simplicity let us limit ourselves to the
case of spatially compact space-times. In this case the to-
tal gravitational energy vanishes identically? (H =0) and
the global Hamiltonian is determined by the total entropy
of the system: #H#= —PBo. The quantity U=phS plays
the role of minus the Hamiltonian density on the Cauchy
surface £. To express the Hamiltonian in terms of
canonical parameters (P*,g,,) we consider the constraint
equations corresponding to components T% and T} of
the energy-momentum tensor (27):

k18gk1 _gk18Pk1 N (48)

_L — kI ~1 2
X(g,P)=~—— |R(g) dt(P 1p?)

_ N’pe +p1Y'N,- _ pe +pn?
—N'N, 1—n?

(49)

and

8mGh
V'detg NNi(pe+p)
h N2—N'N,

Y, (g,P)=

_ Vdetg N “kpetp (50)
h N 1—n?

We stress that Y is a covector field since P, ’| ; 1s a covec-
tor density and A is a scalar density. For a given funda-
mental equation (10) of the fluid the pressure p is given as
a function of the parameters (e, V). Therefore, the six
equations (44), (47), (49), and (50) can be solved with
respect to the following six variables: the lapse function
N, the shift vector N', and the two thermodynamical pa-
rameters (e, V). In this way we are able to express these
six parameters as functions of five purely geometric vari-
ables: two scalars X,Z :=h2/detg and a covector Y.
The simplest way to solve the above system consists in
calculating the square of the length of the vector Y :

2
Y=gy, Y,= z—‘f(—;P—eif)i (51)
—hn

Equation (44) implies
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2
1P 1
=1-4%=1 . (52)
" z vz
Inserting the above value into (49) and (51) we obtain the

following nonlinear equations for two thermodynamical
parameters (e, V):

e=VX—VYVVZ—1, (53)
VZV'Y

(e’V)z_——_—_—__—_____————X , (54)
P VViZ—1

where the function p(e, V) is determined by the state
equation (9):

_3s /38
v/ de ’

Inserting (53) into (54) we obtain finally a single nonlinear
equation for the parameter V=V (X,Y,Z) which has to
be solved. Having solved this equation we can express all
the thermodynamical parameters together with the lapse
and the shift in terms of geometric quantities (X,Y,Z),
i.e., in terms of canonical variables P¥ and g,;. More-
over, we can find the entropy density

S=S(e(X,Y,Z),V(X,Y,Z))=:F(X,Y,Z) . (56)

(55)

Practically (see Sec. VII) Eq. (54) is very often highly
nonlinear and cannot be solved analytically. To calculate
the function F(X,Y,Z) (i.e., the Hamiltonian) it is how-
ever sufficient to observe that it satisfies the following
Hamilton-Jacobi equation:
2

oF oF
4 dY aZ 0

oF

ax (57

The proof is given in Appendix A. Observe that the
three-dimensional space of parameters (X,Y,Z) has a
pseudo-Riemannian structure with the signature
(+,+,—) and the characteristics of (57) are straight
lines. The initial-value condition for Eq. (57) is given by
the following observation: for Y=0 Eq. (51) implies
n=0. Hence, Eq. (49) reduces to X=e/V and Eq. (44)
reduces to 1/V=V'Z. Finally, we have e(X,0,Z)
=X/VZ,V(X,0,Z)=1/V'Z,and

X 1

FX,O, = Sy —
( 2)=S8 vZ'VvZz

, (58)

where the function S=S(e, V) on the right-hand side is
precisely the one which defines the fundamental equation
(10). It is possible to find a thermodynamical condition
for the function (58) which prevents the occurrence of
caustics (see Appendix C). If the fluid satisfies this condi-
tion the Hamilton-Jacobi equation can be solved globally
for Y>0, providing the Hamiltonian of the coupled
matter and field system. The Hamiltonian is a function
of X (depending algebraically on P* and on derivatives of
8 up to the second order), Y (derivatives of both P and
81 up to the first order), and Z (algebraic dependence on
8x;)- Hamiltonian formula (48) implies the following evo-
lution equations with U(X,Y,Z)=BhF(X,Y,Z):
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P"’=161TG-§£— , (59)
kil
g =— 167G 581» v (60)

VI. CONSTRAINT MANIFOLD AS A BOTTOM
OF A “POTENTIAL WELL”

To prove that the free Einstein theory corresponds to a
limiting case when the Hamiltonian tends to infinity out-
side the constraint subspace {X =0,Y =0}, assume that
we change the mass of particles of the fluid: m'=60m,
where 0 is a real number (finally, we are going to pass to
the limit 6—0). For a given kinematical state of the par-
ticles we have therefore T'=6T. Moreover, we assume
that the total molar energy changes in the same way:
e’'=0e (this assumption is compatible with the fact that
both the rest energy mc? and the kinetic energy kT
change in the same way). On the other hand, we do not
change the density (particle number) of the fluid: p'=p.
Hence, V'=V. Consequently, according to (8) we have
p'=6p and S'=S. If p’=p’(e’, V") gives the pressure as
a function of energy and volume for the new liquid and if
p=p(e,V) is the corresponding function for the old one,
we have

p'le’,V')=6ple,V)=6p %,V’ . 61)
Similarly
S'(e',V')=S(e,V)=S§ %,V’ (62)

To parametrize the dynamics we use the “material time”
7 given by the formula (39) with the corresponding value
of 6. This way we keep the parameter B unchanged
(B'=p) during the entire operation.

Consider now Eq. (49) for the new fluid (i.e., with p, e,
and p replaced by corresponding primed quantities). Di-
viding both sides by 8 and using (61) we obtain on the
right-hand side the same function of parameters
(e'/6,V') as we have had for the cold fluid. The same
observation is valid for Eq. (51) divided by 6% On the
other hand, Eq. (52) is the same for both fluids. We con-
clude that

e’ XY
£ |2 L 3
9 ele,ez,Z (63)
and
XY
V’—-—V_.._’ ,
9,922 (64)

where e =e(X,Y,Z) and V=V(X,Y,Z) are correspond-
ing solutions for the first fluid. Using (62), (63), and (64)
we obtain the following expression for the Hamiltonian
density of the second fluid:
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UX,Y,Z)=hBF'(X,Y,Z)=hBS'(e',V')=hBS

It is easy to see that U’ satisfies (57) if U does. We prove
in Appendix B that for X0 and Y50 the value of the
right-hand side tends to infinity as 0 goes to zero. This
proves that indeed, the constraint manifold {X =0,Y =0}
can be considered as a bottom of ““a very deep potential
well.” The dynamics of the free gravitational field can
thus be approximated by the nonconstrained dynamics of
the self-gravitating fluid. For 0 <<1 the degrees of free-
dom transversal to constraints become ‘“fast degrees of
freedom” and decouple practically from the dynamics
along the constraints. Starting the numerical simulation
from the bottom of the well the system will remain for a
long time in the vicinity of the bottom.

VII. EXAMPLES

Example 1. A monoatomic ideal gas is described by
the fundamental equation
S=RInle—m)"?V, (66)
where m is the rest mass per mole. It follows that
2e—m
== 6
PR (67)
and Eq. (54) reads
2e—m_ VZVY (68)
3V Vviz—1
Inserting (53) into (68) we obtain
2 VY ;o m vzv'y
2lx-Yryym |- VZVY
3 % VA v V7= , (69)

which can be rearranged into
VAZ(X2—YZ)— 4V’ mXZ+VILYZ—X*+4im?Z)

+4VmX —i(m?+Y)=0. (70)
As the roots of a fourth-order algebraic equation are
given by a rather lengthy formula we note only that there
exists a_unique solution satisfying the condition
V >1/V'Z. The entropy density is given by Eq. (56).

Equation (70) becomes much simpler when the rest
mass can be neglected. For such a ultrarelativistic ideal
gas, however, the fundamental equation is a special case
of a more general class that is described in the next exam-
ple.

Example 2. Let us consider a class of thermodynami-

el
= v
6

_ X Y X v

=hBS |e | g Z |V |05 2

—nprlX X Zl-plX X,

hBF | or At (65)

cal systems that are described by a fundamental equation

S=f(e"V), (1)

where f is an increasing concave (f’'>0, f'' <0) function
and p is a positive constant. Moreover, we assume
[(p+Dxf"(x)+uf'(x)] <0, which is necessary for (71)
to be concave (thermodynamical stability condition).
This class includes the ultrarelativistic ideal gas (u=3)
and the photon gas [S=%(e3Vo)1/4, ©n=3]. An interest-
ing class of fluids corresponds to u=1, where the pres-
sure is equal to the energy density pe. This makes the
energy-momentum tensor proportional to the metric.
Einstein equations contain therefore a ‘“‘dynamical
cosmological constant” (e.g., if S=VelV we have
T=2V'e/V and the constant is equal to T?).
For a general fluid described by (71) we have

1 e

=7 72
P PG (72)

and Eq. (54) can be solved:

12 1122
x1-—2_yzix|x*-—%_yz
pt1 (u+1)
V= 5
2Z(X°—YZ)

(73)

The function F(X, Y,Z) is given again by (56), i.e.,
F(X,Y,Z)=f{[V(X,Y,Z)X
—VYVVXX,Y,Z)Z—11"V(X,Y,Z)},
(74)

with V(X,Y,Z) given by (73). For S=V'eV the expres-
sion (74) can be somewhat simplified:

- 172
— 2
F(X,Y,Z)= X(V1 gg/X +1 . (75)

APPENDIX A

Take the function

F(X,Y,Z)=S(e(X,Y,Z),V(X,Y,Z)) . (A1)
At each point (X, Y,Z) the system of equations
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can be uniquely solved with respect to (3S/de) and
(8S /73V'). This proves that there must be two linearly in-
dependent equations among the above three. Suppose,
those independent equations are (A2) and (A3). Hence,

OF de _dF de
3S _ dY X _oX oY
3V~ de oV _de v )
aX 3Y oY ax
AF 3V _ 8F v
3S _ 89X oY _dY aX
2 0 OV e o Ao
aX 3Y 3Y oX
Using (55) we have
oS OF de  OF de
_ 9V _aYox axay
P=3s " aFav_oF av - (a7

de 0X oY 9dY X

Using Egs. (53) and (54) we can eliminate the derivatives
ofe(X,Y,Z):

ge __ oV

X aXP+V’ (A8)
de v VViZ—1

ay oY’ T T vy A9

Inserting (A8) and (A9) into (A7) and using (54) we finally
obtain

iz _ 1
OF L OF VVIZ—1 _

= 0, A10)
Y 33X 2vyYy (
or, equivalently,
172
oF
oX
V_ 2 2 . (A] 1)
oF oF
Zlax | ~*Y |8y

Assuming that (A2) and (A4) are independent we obtain
in a similar way the result

2 1/2
dF
*laz
v= 3 ; (A12)
dF dF
sz | Y |ex
|

¢(X(0),0,Z(0))
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Finally, taking (A3) and (A4) as independent equations
we obtain

3F 172
V= |\—F"""F+ . (A13)

The solvability of the system (A2)-(A4) implies that at
least two formulas among (A1l), (A12), and (A13) are
satisfied. Equating the right-hand sides of any two of
them we obtain (57).

Conversely, we will prove that (57) is sufficient for F
being obtained from Eq. (Al). The function satisfying
(57) is constant on the characteristic lines generated by
the following ‘“Hamiltonian”:

K(X,Y,Z,Py,Py,P;)=(Py)*—4P,P, . (A14)

The “Hamiltonian” (A 14) does not depend on the “posi-
tions.” Hence, the “momenta” are constant on charac-
teristic lines. Of course,

oF oF

_OF _9OF _OF
= DT oy

This proves that 3F /0X, dF /3Y, and OF /0Z are con-
stant on the characteristic lines of (57). The equations
generated by (A 14) are linear. Therefore, the lines can be
parametrized as follows:

PZ
X=2P,s+X, Y=—A4P,s, z=—P—Xs+zo, (A16)
z

where s denotes the parameter along the line and
Xy, Zy, Py, P, are initial conditions on the surface
{Y=0}. Let us calculate the value of the (mutually
equivalent) expressions under the square root in the for-
mulas (All), (A12), and (A13). The value equals
1/Z,>0. This enables us to define the function
V=V(X,Y,Z) by any of the formulas (A11)-(A13).
Moreover, define e=e(X,Y,Z) by the formula (53)
[again, it is easy to prove the inequality (V2Z —1)>0].
The reader may easily check that both V and e are also
constant on the characteristic lines. Hence,

1

F(X,Y,Z)=F(X(0),0,Z(0))=F V(X(0),0,Z(0)) "

e(X,Y,Z)

V4 X(0),0,Z(0))

V(X,Y,Z) " V¥X,Y,Z)

=S(e(X,Y,Z),V(X,Y,Z)), (A17)
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where the function S=S(e, V) has been defined by the
formula (58), i.e.,

_ e 1
S(eyV)"“F 7)0,7 (Alg)

A physical interpretation can be given only to those solu-
tions of (57) which correspond to physically admissible
entropy functions (A18) taken as initial condition
F(X,0,Z).

APPENDIX B

From Appendix A, Egs. (A11)-(A13) we conclude that

X Y _
Vig g2 |~Vx.Y.2) (BD) X(X,Zy)=X,—Yf(Xy,Zy) , (C1
and from (53) we have Z(X0,Zo)=Zy+ YfHXp, Z,) . (C2)
X v e The corresponding Jacobian is equal to
e E’?’Z —E(X,Y,Z). (B2) e det AX,Z)
Xy, Zy)
Thus, according to (65),
af af
e 1-y-2-, —Y_2-
U'X,Y,Z)=hBS | =(X,Y,Z),V(X,Y,Z)| . (B3) 09X, 9Z,
6 =det =1+ AY, (C3)
zfyi 1+2fyi
The entropy is necessarily an increasing and concave aX,, 9Z,
function of e and ¥V, so when 6 goes to zero, S tends to
infinity or to a finite constant. The latter possibility cor-  where we have denoted
J
af oF
A=2 —
fazo oX,
2 2
oF 3F F _|oF | @F _[oF | 9F
0X 90Z dXazZ 0X | 9z? dZ | ax?
= aF (c4)
*laz
Y=0
Using (58) we express the derivatives of F in terms of thermodynamical quantities of the fluid:
oF as _ v aF 1 ,[(3S | 3S 1 V?
— =vo==, | =—— V| etV =———=(e+pV),
ox |, Tee 1T |oz|,, 2" | Tov 2 ety
9*F , %8 3’F 1 5| 98 s |1
— =V'—, ===V’ |e—+V —1,
ax? |,y de?’ |3xdZ |y_y 2 |z deaV T ©)
3*F 3 vt 1 4| ,3% 3%s , 3%8
== (e+pV)t+—V* |2 TS H2eV— + VI
0z? |, & T TP e T2 ey T
so that
_ 9’s as | s
— 3 +V2T 229 s C6
A=n"1n P o TP T a2 (C6)
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responds to vanishing of the heat capacity ¢, which can
be excluded for physically reasonable systems.

APPENDIX C

We define a mapping ¢: (Xy,Z,)—(X,Z). To each
point (X,,Z,) on the plain Y =0 we assign the intersec-
tion point (X,Z) of the plain Y=const#0 with the
characteristic line of Eq. (57) starting from (X,,Z,). Be-
cause of Eq. (A16) the value of the parameter s corre-
sponding to Y =const equals s=—Y /4P,. Denoting
f=Py/2P,, where Py=0F /dX, P, =3dF /dZ on the ini-
tial plain ¥ =0, the mapping ¢ can be written as

where 7=e +pV denotes the enthalpy function. The expression in parentheses can be further simplified:



1884
9’s ’s | 'S p> 1  p|aT
== — =—Lt——+4 — | +
TP 50t P acav 317 Te, T |av
de |, av |,
Finally we get
—p3 2| 9p
A=n"|n+V v |
- d%e
=573 |n—V? , (C8)
nom ar? |,

where 7=e +pV denotes the enthalpy function. Observe
that only the half-space Y >0 is physically meaningful.
Equation (C3) implies that 4 >0 is the necessary and
sufficient condition for the global existence of the func-
tion F within this half-space. The condition is satisfied in
all the examples considered in Sec. VII. For a perfect gas
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8y ar as
S PR i P il P -7 o
de ¢v |arT 3s s
ap |, av » 14 ’
M
we get
A=——-—3—~——2— (C9)
25(e—m)
and for fluids described by S = f(e#V),
2
A= |——m —1). 10
(e |HHD (C10)

We see that for u>1 the coefficient A4 is positive. This
happens, in particular, for the ultrarelativistic gas
(m =0) and for the photon gas. For u=1 we have 4 =0
and (57) can be solved globally, also in nonphysical sector
Y <0.
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