
PHYSICAL REVIEW D VOLUME 41, NUMBER 4 15 FEBRUARY 1990

Ten-dimensional Lovelock-type space-times

J. Demaret
Institut d Astrophysique, UniUersite de Liege, B-4200 Cointe-Ougree, Belgium

H. Caprasse
Institut de Physique, Uni Uersite de Liege, B-4200 Sart-Tilman Liege I, Belgium

A. Moussiaux and Ph. Tombal
Laboratoire de Physique Mathematique, Facultes Uni Uersitaires N. -D. de la Paix, B-5000 Namur, Belgium

D. PapadopouIos
Department ofAstronomy, Uniuersity of Thessaioniki, 54006 Thessaloniki, Greece

(Received 1 August 1989)

The correct field equations for several ten-dimensional Lovelock-type Lagrangians including
terms up to fourth order in the curvature are given. They were deduced from a program which ex-

ploits the facilities of the differential package ExcALc. A first discussion of the obtained equations
is presented. The justification of a conjecture made recently by Deruelle is given. Possible exten-
sions of some previously obtained solutions of the field equations restricted to quadratic and cubic
contributions are discussed. Finally, some errors in the existing literature are pointed out.

I. INTRODUCTION

Recent work in theoretical cosmology is characterized
by the extension of four-dimensional general-relativistic
models in two directions: Kaluza-Klein-type models with
more than four dimensions, on the one hand, and models
derived from Lagrangians containing nonlinear terms in
the Riemann curvature tensor and its contractions, on
the other hand.

These two features can even be present at the same
time, in recent multidimensional unified theories of the
four basic interactions. The most promising candidate of
this type of theory seems to be superstring theory' which,
in its low-energy limit, yields effective field theories of
gravity, formulated in a ten-dimensional space-time.
Moreover, the corresponding Lagrangian contains, be-
sides the usual Einstein-Hilbert term linear in the scalar
curvature, additional terms quadratic and of higher
power in the different curvature tensors. The precise
form of the corrections is however not yet known.

If we consider the additional dimensions as physical,
we have to explain why low-energy space-time is now
four dimensional. A possible answer, first given by Ein-
stein and Bergmann, known as "spontaneous
compactification, " leaves us with the problem why four
among the given number of dimensions should be dis-
tinguished. There are, however, indications that a non-
linear generalization of the Kaluza-Klein action, with
"dimensionally continued Euler forms, " could provide
an answer to this question. This generalized action is
often called "Lovelock action. " In dimensions d &4, it
includes a series of terms corresponding to the Euler in-
variants in all dimensions less than d, and always yields
second-order field equations. In particular, the linear and
quadratic terms are, respectively, the Einstein-Hilbert

and Gauss-Bonnet actions; they appear in the low-energy
approximation of the heterotic superstrings. In ten di-
mensions, cubic and quartic terms have recently been in-
troduced in the discussion of cosmological models in the
framework of superstring theories. '

The uncertainties concerning the exact form of these
nonlinear terms has also led to the consideration of
cosmological solutions where the coefficients of the
different quadratic contributions are left arbitrary. A
similar problem was studied previously with the aim of
avoiding the initial singularity of four-dimensional
Friedmann-Robertson-Walker (FRW) and Bianchi mod-
els. '

Writing explicitly the field equations for general
space-times in high dimensions, taking into account all
the relevant terms of the Lovelock action, is a very com-
plex task. In the case of, say, ten-dimensional models, it
can take weeks to write the equations by hand and the
absolute correctness of the results is not at all guaranteed.
As an example of the formidable complexity of this type
of calculation, let us note that the quartic part of the
Lovelock action involves 25 terms, each of which consti-
tuted by the contracted product of four curvature ten-
sors, ' and, moreover, the resulting field equations, ob-
tained after variation with respect to the metric tensor,
are not explicitly known.

Fortunately, a very compact formulation of the
Lovelock action and of the corresponding field equations
in terms of differential forms has recently been given. "'
This formulation simplifies the explicit derivation of the
corresponding field equations. Its main interest is that it
is particularly well suited for the implementation on a
computer, especially with the algebraic package EXCALC
(Ref. 13), which masters all operations of exterior cal-
culus and thus enables one to perform these difficult cal-
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culations more efficiently.
We have written a program in EXCALC, which can

compute, for a given metric, the field equations for high-
dimensional space-times, taking into account all non-
linear terms, up to the quartic one, in the Lovelock ac-
tion. Although the rapidity and efficiency of this pro-
gram have still to be improved, we have been able to
derive the explicit form of the field equations for three
ten-dimensional space-times of cosmological interest:
R X V3X V6 space-times, where V3 and V6 are time-
dependent three- and six-dimensional maximally sym-
metric spaces, and spatially homogeneous and isotropic
ten-dimensional models of FRW type, both filled with a
perfect fiuid; ten-dimensional vacuum Bianchi type-I
models with a Kasner-type metric.

In the last case, we show explicitly that the form of the
leading term of the field equations near the singularity for
dimensions greater than 6 is equivalent to the one guessed
by Deruelle' in an independent study of this class of
models.

Finally, the ten-dimensional generalization of the
Schwarzschild solution is explicitly considered; previous
results obtained by Wurmser are shown to be incorrect.

For all these models, possible exact solutions are also
discussed.

II. EXTERIOR ANALYSIS FORMULATION
OF THE FIELD EQUATIONS

FOR A GENERAL LOVELOCK LAGRANGIAN

where A. are constants, d is the space-time dimension,
and X is given by

=Q A AQ A (8'' ).
I 1 m m

Ob are here the curvature two-forms given by

0 b de b+CO ~A, COb

e'h e",bed

(2)

(3)

(4)

where 8' (a =1, . . . , d) is an orthonormal coframe for
the d-dimensional space-time with a Lorentzian metric g,
i.e.,

ds =g,be'e

and q, b =diag( —1, +1, . . . , +1). Note that the indices
a, b, . . . take their values from 0 to D —1; they are raised
and lowered with the Lorentzian metric g.

co,b are the connection one-forms, the asterisk denotes
Q&bl ' ' ' 0 bmthe Hodge operator and e ' ' is the wedge prod-

uct:

e I I' m m e I pe lp . . . p e my e m (6)

Rb,d are the components of the Riernann curvature ten-
sor in the orthonormal frame. An alternative formula-

The general Lovelock Lagrangian density can be ex-
pressed in the language of exterior analysis as '"

[d /2] —1

Introducing the ( d —1 )-form

'2 . . . 'd
Ea~ (d 1)~ Ea&a2 ad8 (8)

where e..., , is totally antisymmetric, with

Ep. . . g ]
=Q det(g, b ) = 1, Eq. (7) can be written as

m p(~) b (9)

and the corresponding Einstein-type field equations, in
component form, are now

[d /2] —1

X~P' ',b
= —16m T,

m=0
(10)

T,b denotes the stress-energy tensor and the physical con-
stants G and c are set equal to 1.

Thanks to the fact that all operations of exterior cal-
culus are implemented in EXCALC (Ref. 13), it is rather
easy to compute from Eqs. (7) and (9) the left-hand side of
the field equations. ' On the other hand, the program-
ming e8'ort to deduce these results is reduced to a
minimum since EXCALC's syntax is very close to the usual
way of writing the corresponding formulas on a sheet of
paper. An example of this programme for a seven-
dimensional generalized FRW model is given in Ref. 14.
Of course, the CPU time needed for such calculations is
rapidly growing with the dimension of space-time, and
for ten-dimensional models it is typically of the order of
one hour on an IBM 3090/180E.

III. THE FIELD EQUATIONS
FOR A TEN-DIMENSIONAL

COSMOLOGICAL MODEL OF TYPE R X V3 X V6

The ten-dimensional cosmological models we consider
here have the metric

ds' ——g.be e e'

(8p)'+R'(r)5, ,8'e8'+—S'(t)5 &8 a 8~,

tion of (2) without the explicit use of the Hodge operator,
but totally equivalent, has been given by Muller-
Hoissen. '"

In what follows, we will restrict ourselves to a pure
metric theory, i.e., without torsion.

Xp (the volume d-form) gives rise to the cosmological
constant term in the field equations, X, is the Einstein-
Hilbert Lagrangian density and X2, the quadratic Gauss-
Bonnet contribution.

For the ten-dimensional space-times (d =10) which
will be considered below, only terms Xp, X„X2,X3, and

X4 need to be considered in (1). The manifest advantage
and great conciseness of the exterior analysis formulation
appear in the process of derivation of the field equations,
by variation of each of the X with respect to 8', while

keeping co,b constant. The result for each X is given, in
very compact form, by

5g =58 AQ, ~ A AQ, b
A'(8' '

)
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where

8 =dt, O'=R(t)8', and 8 =S(t)0 (12)

the following Lagrangian density [cf. (1)]:

X =A,QO+ A. ,X,+A.Q,+k,X,+ A.4X4, (15)

with a, b running from 0 to 9, i,j from 1 to 3, and a,P
from 4 to 9. 0' and 0 denote orthonormal coframes on
maximally symmetric three- and six-dimensional
Riemannian spaces, respectively, given by

dx
3

kg (x')
1+

(13)

and

dx
9

k, g(x~)
1+

4

(14)

with k and k, = —1, 0, or +1.
The space part of these models can be viewed as the

direct product of two FR& models, respectively, with
three and six dimensions, and with curvature constants k
and k&.

For each of these ten-dimensional models, we consider

where A,0, A, A.2, A, 3, and A,4 are constants and each of the
is given by (2).

The writing of the left-hand side of the field equations
(10), with the aid of EXCALC, begins with the evaluation
of the connection one-forms co'b and of the curvature
two-forms 0, 'b, which enable us to find finally, from (7) to
(9), the explicit form of the components P' ',b.

As regards the stress-energy tensor, we choose it, in the
neighborhood of the initial singularity, as that of a closed
or heterotic superstring perfect gas, with the following
equation of state, deduced by Matsuo':

1
p = p= (physical space),

n —1 3
(16)

q =0 (internal space),

where p and q are the pressures of the gas for the physical
(n =4) and internal spaces, respectively, and p is the to-
tal matter density. The physical space is thus, according-
ly, radiation dominated, close to the singularity.

The field equations (10), including the quartic terms,
take then the form

'2 r

P' ' =A, +6k, P+5Q+6——+72k, 5Q +5PQ+10 —— +2P ——+20Q
R S R S R S R S

m 00 0 1 R S RS RS RSm=0

3

+720k, 3 Q +8 —— +9PQ +18Q ——+12PQ ——+36Q
R S R S R S R S
R S R S R S R S

2

'2 '3

+17280k,4 PQ +6Q —— +6PQ ——+8Q
R S R S R S
R S RS RS =16', (17)

P;;=Ao+2A) P+15Q+12——+2—+6-(m) R S R S
R S R S

'2

+24A2 15Q +10 —— +5PQ+40Q ——+20Q—+2P +10Q——R S R S S S
R S R S S S R

S RS R AS+20———+4-
S RS R AS

2

= —16trp (i =1,2, 3),

+ 720K,3 Q + 3Q P+ 12Q ——+6Q —+6Q —+ 12QRS S R RS
S S RS S RS R RS+4PQ +8————+24Q ———+8Q-S S RS S RS R RS

+5760K,4 2Q —+ 12Q ———+ 12Q ———+6PQ-3A 2S R S 2R RS 2S
A S RS R RS S

2 '2

+24Q——— +PQ +6QS R S R S
S R S R S (18)
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P =A,o+2A, r 3P+10Q+15——+3—+5-(m) R S R S
m=0

+24k.2 5Q +20 —— +10PQ+5P ——+P +—30Q
R S RS R RS
R S RS R RS

+ 12Q
R S
R S

+ 10Q—+ 5P +—10Q—+ 10———+20—R S S R RS S RS
R S S R RS S RS

+ 720k, r 4 —— + 3PQ +3Q ——+3Q —+2Q —+6PQ
RS 2 2 RS 2R 2S R S
R S RS R S RS

+2PQ +6P—Q +4———— + 12—R S R RS S RS
R S R RS S RS

S R S+4P-
S R S

R R S+ 12Q-
R R S

S R S+ 12Q-
S R S

'2

+5760k.4 6Q-2R RS
R R S

+ 3PQ
R S
R S

+3PQ —+ 12Q-2S S RS
S S R S

+4Q —— +�3P-QR 2R
R S R

+ 12PQ-S R S
S R S

R R S+ 12Q-
R R S

~ ~ ~ ~

S R S+8-
S R S

= —16rrq (a=4, 5, 6, 7, 8,9}, (19)

where we have introduced the abbreviations

P=
2 '2

R k S k+, Q= — +
R R'' S (20)

The overdot denotes, as usual, the time derivative.
Note that, due to the isotropy of the FRW models, one

space component of the corresponding field equations
only is independent and, accordingly, sufficient to charac-
terize each of the two constituting FRW spaces.

The equation which expresses energy-momentum con-
servation can be written, with the same notations, as

p+3(p+p) —+6(p+q) —=0 .
R S
R S (21)

Equations (17) to (19) have been computed using EXCALC.
The contributions coming from the terms up to third or-
der agree with the ones calculated by Miiller-Hoissen
[Eqs. (3.4) —(3.11) of Ref. 4 with M=3 %=6]. The
correctness of the fourth-order contribution has been
checked by a hand calculation supported by a computer
evaluation, made outside EXCALC, of the coefficients of
the various wedge products present in (7).

As pointed out by Miiller-Hoissen, the inclusion of
quartic terms could lead to essential modifications of re-
sults obtained for dimensions less than nine, based on a
Lagrangian density containing at most terms of third or-
der in the curvature. The importance of quartic curva-
ture terms (not necessarily of Lovelock form} in the low-

6c &P+co = 16mp, (22}

co+2c,P+4c, —= —16',R
(23)

R . R
c +24c P—+6c P+ —= —16m.q=O

R R
(24)

where the c s are, respectively, given by

energy effective action in the heterotic superstring theory
has also recently been stressed. ' Moreover, if one is in-
terested in the behavior of the model very close to the
singularity, the leading terms to consider in the field
equations are those with the highest power in (1/t), i.e.,
those obtained from the highest-order terms in the La-
grangian density (the quartic terms for ten-dimensional
models).

Without any simplifying assumptions on S(t), the sys-
tern of differential equations (17)-(19) is extremely
difficult to solve. A simplifiying hypothesis, very fre-
quently adopted in this type of problem, is to assume that
the scale factor of the six-dimensional internal space is
constant =So (this space could even be a six-sphere, in
agreement with the "spontaneous compactification"
scheme, in which case So is the radius of this sphere and
k, =1).

Solutions of this class have been discussed by Miiller-
Hoissen, up to the third order in the curvature. The in-
clusion of quartic terms explicitly given in (17}—(19) does
not fundamentally modify the nature of these solutions.
Equations (17)—(19) can now be simplified as
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k, k, k,
p
——~p+ 30~ l 2

+ 360~2 4
+720~3

Sp Sp Sp

k, k, '- k,
Cl =El+60k, 2 + 1080K.3 +2880k,4

Sp 'S,4 Sp

k, k,
c2 =kP+ 20kl

2
+ 120K,2 4

Sp Sp

k, kl
C3 =k2+603

2
+720k,4 4

Sp Sp

(25)

R = — R + 8aD
6c, 3c,R

D
P

C3=0,

ClC2 —2CpC4,

(27)

(28)

(29)

(30)

where D is a positive constant.
Equation (27) has the form of the Friedtnann equation

of relativistic cosmology, [—cc/(2c, )] playing the role of
the usual cosmological constant and 1/c, , that of a gen-
eralized gravitational constant in ten dimensions (c, )0).

For a given theoretical framework where the values of
the A, s would be known, it is possible to give a detailed
discussion of solutions of Eq. (27) for the scale factor
R ( t ), quite parallel to the classical discussion of
radiation-dominated FRW models in the presence of a
cosmological constant. As regards the geometry of the
internal space, it can be deduced from the relations (29)
and (30) for k, /So, which imply, on the one hand, that
k, should be different from zero (at least if XOAO) and
impose, on the other hand, a constraint among the A., 's.

In the absence of a bare cosmological constant A in the
Lagrangian density (A= —Ao/2), the existence of the
internal space (as far as k, &0) induces a value of co, the
effective cosmological constant, different from zero, even
in the linear case: this gives rise, via Eq. (27), to the very
rich class of FRW-type solutions with a cosmological
constant.

If we insist on the condition that the theory should ad-
mit a vacuum solution of the form M XS, where M
denotes the Minkowski space-time, and S, the six-
sphere, we are led to the relations (not modified by the
presence of quartic terms)

cp=0, c2=0, (31)

k, k,
C4 =El+40k~

2
+360A3 42S 2 3S 4

It is possible to replace one of the field equations
(22)—(24), for example, (23) by the equation of conserva-
tion of energy-momentum (21) which reads now

p+3(p+p) —=0 .
R
R

(26)

Adopting Matsuo's equation of state of matter (16) very
near the singularity, the system of independent field equa-
tions to be solved can be written as

IV. THE FIELD EQUATIONS
FOR A TEN-DIMENSIONAL LOVELOCK- TYPE

SPATIALLY HOMOGENEOUS
AND ISOTROPIC COSMOLOGICAL MODEL

For a spatially homogeneous and isotropic ten-
dimensional space-time, the metric can be put into the
form

ds' =rt„8'e 8'= (8'}'+—R '(t)5,,8 'e 8',
where

Bo=dt and 8'=R(t)B'

(32)

(33)

with a, b running from 0 to 9, and i,j from 1 to 9.
The 0 "s characterize the orthonorma1 coframe of a

maximally nine-dimensional Riemannian space, i.e.,

dx

1+ g=1

(34)

with k = —1, 0, or +1.
The corresponding field equations for a Lagrangian

density of the form (15), calculated with ExcALc, can
then be written as

which satisfy (30).
Conditions (29) and (31) leave then, among the A, s,

two independent constants only. In this case, the bare
cosmological constant term, A,p, is exactly counterbal-
anced by the contributions at diverse orders of the inter-
nal geometry.

Inflationary-type solutions of Eqs. (17)—(19) for the
physical space, e.g. , de Sitter metric, can also be ob-
tained, as far as specific conditions on the c; s derived
from (22) and (24} are satisfied.

Of course, in order to ensure the self-consistency of the
ansatz used here, i.e., zero pressure and a constant radius
for the internal space, a stability analysis of the corre-
sponding field equations for this particular ansatz should
be given.

We are presently studying the general issue (with a
variable radius of the internal space): the relevant field
equations, given by the system (17)—(19), will then deviate
markedly from the usual Friedmann equations and will
be, in general, impossible to solve analytically.

A possible outcome to this difficulty would be to resort
to a numerical treatment or to the qualitative techniques
of study of dynamical systems, adopted, for instance, by
Kripfganz and Perlt, ' in their investigation of ten-
dimensional models containing as internal space a
Calabi- Yau space, the effective action being chosen as
that of the heterotic superstring theory, including the
Gauss-Bonnet contribution. '

We are presently considering these qualitative methods
in the case k and k, &0, where they could be successful:
this work, which is outside the scope of the present pa-
per, could shed some light on the stability of the possible
solutions, including the particular case S =Sp, con-
sidered here.
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2 '3

0+ 72K, ] 2
+3024K,2 2

+60 480k, 3 2
+362 810K,4

4

= 16', (35)

2RR +7R +7k 4RR R +4kRR +5R + 10kR +5k
0 1 2 R4

2RR R+4kRR R+2k RR+R +3kR +3k R +k
o 3

8RR R+24kRR R+24k RR R+8k RR+R +4kR
4 R

+40320k
6k'R '+4k'R '+k' —164 R

with

F(t)=R +k . (37)

(36)

I

tive, or null. R (t) is then the solution of the differential
equation [from (37) and (41)]

The left-hand side of (36) can be put in the form of a total
derivative

R +8k)FR +336k,qF R +6720k,3F R

+40320k,4F R = —R R(16mp) . (38)

Using the equation of conservation of energy-momentum
in the form

9 8—(R p) = —9R Rp
dt

(39)

it is easy to check the equivalence between (35}and (38).
The equation to be solved is then

A,0+72k. &X + 3024K,2X +60 840k.3X +362 8 104X = 167Tp

with

x(t)= F(t)
R'(t}

(41}

p=, o for p=+ [cf. (16)],B

where A and B are constants.
The nonlinear differential equation (40) for R (t) can-

not, in general, be integrated in closed form for nonvan-
ishing p. However, it is possible to generalize the solu-
tion given by Wheeler' for p=0, and restricted to a La-
grangian density containing linear and quadratic terms
only. For A,0, A, „A,2, X3, and k4 given and p=0, it is possi-
ble to solve numerically the quartic equation (40) for x.
Let us consider its real solutions (if any) and denote them
generically by x, (A,O, A, „A,z, A, 3, A.4), with x, positive, nega-

and p, evaluated in terms of R, for a given equation of
state p =p(p), from (39), e.g. ,

Ap= for p =0,

R 2+k =x R2 (43)

V. THE CASK OF A VACUUM LOVELOCK-TYPE
BIANCHI TYPE-I MODEL

We consider now Kasner-type solutions of a vacuum
ten-dimensional Bianchi I model, whose corresponding
metric is given by

ds =g,1,
8'8 = (6 ) +g,, t 'dx'g—dxi,

where

(44)

0 =dt and 0'=t 'dx' (45)

with i,j running from 1 to 9. The p, 's E% are the Kas-
ner exponents. '

For a metric of the form (44), the corresponding field
equations reduce to algebraic equations for the p, 's. We

To x, =0, which is a solution of (40) in the absence of
cosmological constant, A,0, correspond the Minkowski
space-time (for k =0) and a Milne-type model with R :t, —
for k= —1.

The case x, &0 leads to three types of models: (a) de
Sitter-type model: R —:exp(Qx,t) (k =0); (b) Bouncing
model at t =0: R =&a.cosh(Qx, t) (k=+1) (R )K,
where a =k ix, ); (c) Singular model at t =0:
R =&~tt~sinh(Qx, t) (k = —1).

If x, &0, there is only a "big-bang" type model for
k = —1, with R given by

R =& Irsin(Q~ x, ~t) (R (a) .

All these solutions are known from traditional relativistic
cosmology, but, there, their existence is crucially depen-
dent on. a nonvanishing cosmological constant. Here, on
the contrary, even if A,0=0, the presence of nonlinear
terms in the Lagrangian density gives rise to an effective
cosmological constant, given by one of the real roots of
the quartic equation (40), with p=0 (if any).
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9

g p,
—7

I~ &i2 & &i7
l ) yl2y ~ ~ i lp/i

(47)

the values of i, , i2, . . . , i7 being chosen again among
(1,2, . . . , 9).

Introducing Deruelle's' notations, i.e.,
9

a, =g p, , . . . ~am=
j=1 l) &l2''' « l

PI,PI,
' ' 'PI. (48)

one easily shows that the field equations (46) and (47) are
identical with Deruelle's' "guess" of the general form of
the field equations for dimensions greater than 6, i.e., if
d =2m +2, with m =4, in the ten-dimensional case

a2 =0,
2m —1

[a, —(2m —1)] g (
—I)"p,"ai, „=0 .

Ic =0

In particular, one can check that

(49)

(50)

have obtained with ExcALc the explicit form of these
equations, up to the fourth order in the curvature tensor.
We will give here only the result for the quartic term
which should be the dominant one in the closest neigh-
borhood of the singularity, where it is of leading order in
(1/t), i.e., in (1/t ):

(46)
8

[(0,0) component of (10)], the values of i, , i2, . . . , is being
chosen among (1,2, . . . , 9).

The (i,i) component of the quartic part of (10) has a
more complicated expression but its combination with
the (0,0) component (46) leads to a very compact form

VI. THE VACUUM SCHWARZSCHILD SOLUTION
IN A TEN-DIMENSIONAL LOVELOCK THEORY

The gravitational field in the vacuum outside a static
spherically symmetric body can be described, in the
framework of a ten-dimensional theory, by the metric

ds =rt 8'8"= —(8 ) +(8') +r rt 8 "NW8'

where

8 =v B(r)dt,
8'=v'A (r)dr,
gk gk

(52)

(53)

with k, I running from 2 to 9 and 8" denoting the ortho-
normal coframe of a maximally symmetric eight-
dimensional Riemannian space, given by

(47}]of the field equations for multidimensional Kasner-
type metrics. Incidentally, we note that we have also
very easily derived, as a matter of check, the field equa-
tions for any dimension smaller than 10, including the
odd dimensions, for which these equations take a some-
what different form.

Equations (46) and (47) form the basis for a study of
ten-dimensional Kasner-type metrics which are solutions
to the dominant contributions of the Lovelock field equa-
tions near the singularity, i.e., the quartic one. This
study constitutes a first step in the analysis of the
influence of the nonlinear terms of a Lovelock-type La-
grangian density on the nature (chaotic or nonchaotic) of
the general behavior of a multidimensional spatially
homogeneous model, very close to the initial singulari-

ty 22

l 1, (2, . . . , l7@l

+Ji ~3 Ji 2+Xi ~1 Ji

(51)

dx

(xm}2
(54)

We have thus justified with the help of ExCALc
Deruelle's form [(49} and (50)] [equivalent to (46) and

I

For the metric (52) and a Lovelock-type theory, we ob-
tain the independent field equations

AD+ 8k i(2k) + 7k4)+ 336k 2k4(4k3+ 5k4)+20 160k 3k4 (2k3+ k4)+40 320K 4k4 (8k 3+k4):0
—Ao+8Ai(2k2 —7k4)+336A2k4(4k2 —5k~)+20160kik4 (2k2 —k4)+40320A4k4 (Ski —k4)=0

(55)

(56)

with

1 d 1 dB 1 dB
2v' AB dr v' AB dr 2r AB dr

(57)
J

1 dA 1 —1/A
2rA dr r

Comparison of Eqs. (55) and (56) with similar equations
derived, partially by hand, by Wurmser sho~s that all

1 1

B 1—
D(r)

(5g)

the numerical coefficients of the k s in Wurmser's ex-
pressions for the quadratic and cubic contributions are
incorrect.

Integration of the two independent field equations (55)
and (56) for A ( r) and B ( r) leads to the result
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with D(r) given by the real solutions (if any) of the alge-
braic equation

ADD +72k. ,D +3024k,zD +60480k,3D+362 880k,4

(59)

The ten-dimensional generalization of the usual four-
dimensional Scharzschild solution, corresponding to the
linear case (A, ,AO, AO=A2=13=14=0) is given by

A= —=1 1
(60)8

where C is a constant.
For a series of I, s given, (59) enables us to evaluate

D (r) in terms of r and (58) can then be used as the basis
of the study of the existence of horizons for these
Lovelock-type ten-dimensional black holes. Such a study
has recently been undertaken by Myers and Simon and
Whitt, on the basis of a general solution of the multidi-
mensional spherically symmetric case, equivalent to (58)
and (59) and independently derived by Wheeler. z5

VII. CONCLUSIONS

The complexity of the study of realistic multidimen-
sional models in nonlinear theories of gravity, already at
the level of the explicit writing of the field equations,
makes the use of computer algebra programming una-
voidable.

The program we have developed which exploits the
difFerential geometry package ExCALc, enables one to ob-
tain in the language of exterior analysis the correct ex-
pression of the field equations for any Lovelock-type La-
grangian density.

We have considered here some ten-dimensional

Lovelock-type models of cosmological and astrophysical
interest and have derived the corresponding field equa-
tions up to the fourth order in the curvature. For some
of these models, the quartic term had not yet been writ-
ten, due to the complexity of the calculations, especially
if one does not adopt the language of exterior differential
forms: the general expression of the variation of the
fourth-order contribution to the Lovelock Lagrangian
density has even not yet been obtained.

On the other hand, mistakes are frequent in the litera-
ture devoted to these models: for instance, for the ten-
dimensional Schwarschild space-time, the published field
equations have been shown to be partially incorrect.
This illustrates the point that it is dificult, in this type of
problem, to trust results obtained by hand, even if the
models are very symmetric.

The equations obtained in this paper constitute the
basis for a study of the geometrical and physical solutions
of the corresponding models. We have discussed some
possible solutions of these field equations.

Using present computer algebra facilities, and in view
of the increase of their capabilities, we hope to be able to
analyze more realistic and less symmetric multidimen-
sional models. Already it becomes possible to attempt to
take explicitly into account the supergravity content of
these theories as well as to include several important in-
gredients of string theories (as, e.g. , coset and Calabi-
Yau spaces as models of the internal space).
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