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We construct the g-loop N-string vertex using the Feynman-like rules in the operator formalism
with bosonized bc ghosts. The measure factor is analyzed in detail, which consists of the ghost g
vacuum and the contour integration associated with the b-ghost insertion. The general form of the
g vacuum is derived using the handle operators. The handle operator is formulated by the geometri-
cal quantities: period matrix, first Abelian integral, prime form, % differential, and Riemann con-

stant. Explicit results are given up to two-loop level. The contour integrations associated with the
ghost insertions can be performed explicitly in the one-loop case, in which we reproduce the well-
known formula of the one-loop N-tachyon amplitude.

I. INTRODUCTION

The theory of strings has been intensively investigated,
since it is a candidate for a consistent formulation of
quantum gravity. However, there are still several points
which are not well understood when constructing the
quantum theory of strings. In order to improve our
comprehension of string theory, it is important to investi-
gate the structure of the multiloop amplitude from vari-
ous sides. One recent aspect which has revealed some
mathematical structure of the string amplitude is its deep
connection with the algebraic geometry. On the other
hand, from the physical point of view, string theory can
be understood as the theory of an infinite number of
fields, i.e., the dual resonance model. In the dual reso-
nance model we can construct the multiloop amplitude
by a simple operator algebra. Therefore, these two ap-
proaches may show us complementary aspects of string
theory.

In this paper we follow the idea of Feynman-like rules
as originally developed in the dual resonance model! ™ to
analyze the multiloop amplitudes. The basic objects, i.e.,
the three-string vertex?>° and the propagator, are comp-
leted by adding the ghost contribution to ensure the
Becchi-Rouet-Stora-Tyutin (BRST) invariance.” !1° The
case of the N-string vertices including the super-
string!°™1? and the diagrammatic approaches based on
the BRST invariance?®~2¢ were already considered. The
construction of the BRST-invariant multiloop amplitude
in such an approach has been investigated for both bo-
sonic and supersymmetric strings by many au-
thors.!72072327732 " 1y a previous paper,’? using
Lovelace’s and also Olive’s parametrization, we presented
a formulation of these Feynman-like rules in the frame-
work of the operator approach. There, the factorization
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properties and duality of the tree vertices were analyzed
by constructing the tree N-string vertex. It was shown
how the measure factor is generated from the contribu-
tion of the ghosts in a BRST-invariant way.

In our formulation, the bc ghosts are bosonized. Such
a formulation is necessary when generalizing our method
to the superstring case, especially for including the Ra-
mond sector. In the bosonized formulation, the b-ghost
insertions which is necessary to cancel the background
ghost charge, is made into the propagator together with a
contour integration. In this way, the analogy with the
algebraic geometrical approach becomes transparent,
where we have the b-ghost insertions together with Bel-
trami differentials.’”> The contour integration appearing
in the definition of our propagator should be performed
after the sewing process for constructing the amplitude is
completed. In this respect our formalism is different
from the one with nonbosonized ghosts.!”20

Here, our aim is to apply the above described formula-
tion to construct the multiloop N-string vertex. We shall
formulate the results of our approach in such a form that
they show a close correspondence with the expressions
obtained by the algebraic geometry approach.* 3 For
this construction we use Lovelace’s parametrization,
since the BRST invariance of the loop amplitude holds
straightforwardly.

In Sec. II we give a brief description of the Feynman-
like rules. In Sec. III we construct the g-loop vacuum
and express it in terms of the period matrix, the first
Abelian integrals, the prime form, the g/2 differential
and the Riemann constants. In Sec. IV we analyze the
measure part arising from the ghost contribution in de-
tail, when the external legs are on shell. The integration
associated with the ghost insertion can be performed ex-
plicitly for the one-loop case (g =1), in which our result
reproduces the well-known formula.
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II. FEYNMAN-LIKE RULES AND MULTILOOP
STRING VERTICES

In this section we give the general construction of the
g-loop N-string vertex from the Feynman-like rules. Us-
ing the string-emission operator we derive the g-loop vac-
uum in terms of handle operators. For this end, we use
the result of the tree (2g + N)-string vertex (Vtree2¢+N|
given in our previous paper.>? The loops are constructed
by connecting pairwise 2g legs of the tree string vertex by
propagators. From the point of view of the Feynman-like
rules, this can be represented as

26+N—23g+N-—3
(Vg loop, N l — H H

t=1 i=1

(VIP,)

g
= [ (V& NP, , 2.1)
i=1

where |P;) denotes the propagators and (V3| the three-
string vertices. There are various ways to construct the
tree (2g + N)-string vertex, depending on the decomposi-
tion of the vertex into three-string vertices and propaga-
tors. Here, we choose the tree string vertex of the peri-
pheral type for the vertex (V28 *N| gee Fig. 1. We
shall discuss in Sec. V about the independence of the way
of the construction of the tree vertex (Ves28 +N|

In Lovelace’s parametrization, the three-string vertex
(V3] is defined with the projective transformation Y,(z)
associated with its legs (#) such as

0 1 ©

Y,(z)= , 2.2)

Zy Zpy1 Zp—

with the convention r +3=r. z, is the Koba-Nielsen
variable of the corresponding external leg.

The propagator |P) is defined with a b-ghost insertion
b({) as

p)= [ —E—$La—cnP),

2.3
x(1—x) @3

where |?) denotes the operator part of the propagator as
introduced in Ref. 32, x in Eq. (2.3) is the Chan variable
and the operator |?) is given by the canonical form of
the MéGbius transformation:

-l
Qg oop' fAN N

VNN

2g+1  2g+2

Q|

FIG. 1. The g-loop N-string vertex is represented in terms of
string-emission operator. By joining a pair of adjacent legs of
the tree (2g + N)-string vertex by a propagator we get a handle
operator. Thus, the g-loop vacuum Q¢ '°°?| is constructed by a
product of g handle operators. The operators giving the contri-
bution of the external legs |A"Y) is obtained by multiplying N
string-emission operators.
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The contour integration with respect to ¢ is to be per-
formed around the propagator.

Then, the tree (2g +N)-string vertex (V'es28+N| jq
written as’?

2g+N—2 2g+N—3

(Vtree,2g+N|= H H (V?'P,)
t=1 i=1
Zde2g+N
26 +N-3 . dy,
X Flree(y,
,I=I; Sﬁzﬂ )
x(wtree,2g+N;{y}|w ,

(2.5)

where (Y tree2*N (y1] s the b-ghost-inserted sym-
metric N-string vertex:!

<cvtree,2g +N; [y } I — ( C\/tree,Zg +N'
28 +N—3

x 11

i=1

[BY; '(y)]?

XY W) . (2.6)

The projective transformation Y;(z) of the (2g + N)-
string vertex is defined by Eq. (2.2) with the convention
2g +N +r =r. The function F{™(y,) is given by

iz ¥~z 4,)

Fie(y,)= (2.7)
217 Zi+2
The factor dV?2 " in Eq. (2.5) is
2g+N
11 dz,
= 1
pr+N= S=1 )
¢ dVape 2N ’ 28
(zr_zr+l)
r=1
dz,dz,dz
dv,, = b > , 2.9

(za —Zp )(zb —Zc )(Zc T 24 )

where 2g +N +r =r. Since we are using Lovelace’s pa-
rametrization, the tree vertex is symmetric up to a gauge
transformation @ (Refs. 20 and 32). The gauge factor w
depends on the way of the construction of the tree ampli-
tude and is given by the projective transformation with
fixed points O and 1. It may seem that the existence of
the gauge transformation o complicates the tree vertex.
However, this is not the case since the gauge transforma-
tion associated with each leg becomes the identity when
external legs are coupled with physical states, or when a
leg is sewn with the twisted propagator to make a loop,
ie.,

©|phys); =|phys), and *'|P),, =|P),, . (2.10)

To evaluate the multiloop amplitude, we express the
operator part of the string vertex using the string-
emission operators:
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2 +N. (1) y(2) o BT (2g +1)y(2g +2) (2 +N.
(y tree.28 §{J’}|=A<0 Yiua X a, Y45 _ 5 irzll G700 077 Ao 675 R 0 SN 4 0>BN' 2.11)
In terms of the bosonized ghost o, the ghost part of the string-emission operator Tghos, 4p is defined as
Yo 45 =r00 =01 (4, =0|8(aiZ+alb— i)
X :exp ¢ ¢ a(B)( w ’(z) aa(r)(z)
' o 2mri 277'1 o 2mri 21rz 9Y,(z)
Nw)—Y,
+3, |0 —1~l+an L [ S22 X))
w w Vol(w)dY,(z)
1
+9d, ot —l+an 1 ln(l—wz)ao‘B’(z)H: q0=0> .
w w 4
(2.12)

[Our bosonization formula is b =e ~? and ¢ =e? (Ref. 39). Since we discuss here the ghost contribution, we mainly give
explicit formulas only for the ghost part. The details of the matter part can be found in Ref. 31.] The superscript () la-
bels the external string while the indices 4, B denote the internal strings. Q denotes the background ghost charge, and
here Q = —3. Each string-emission operator is defined such that when we multiply an arbitrary on-shell state onto the
external string (7) it reduces to the vertex operator for the emission of the corresponding state.

The g-loop vertex is obtained by multiplying g propagators with b-ghost insertions given in Eq. (2.3). This b-ghost in-
sertion can again be shifted to the internal string.

It is convenient to represent the loops using the handle operator defined as

QAC_T(r) g(’:(”'l)Fl?>rs , (2.13)

where (—1)f= exp(ma(” ) which gives the proper spin structure for the ghost loop. Then, we can write the g-loop N-
string vertex (2.1) as (Fig. 1)

loo loop, N loo; gt N -3 t 1 gt N3
(V& loonN| = [ gy loop III $ 2 A | ecFrwo(are | [T oen T s00[AY), @14
s= i=1 s=1 i=1
[
where |AY) denotes the contribution of the N external Floop(5 )= (Vs —zp 1 NFs —2y) 2.18
strings defined by s s Zyg 1 —Zy (2.18)
Ny =Yg+ yi2s+2) (2 +N)

|AM) p =TG5 HIYGEFY - xGE Y J0), (215  orby

and the { Q8 1°°P| is the g-loop vacuum defined by Floop(y )= s =22 )5 =22 +1) . (2.19)

(s ton (ol Z3s T Z25+1
Q8 PI= (0|, Q0 s ) . 2.16 :
4y 4 A4,7" 4, 4, Ag—14g (2.16) However, after the contour integration it turns out that

both choi i .
In Eq. (2.14), the factor dV'® loop. ¥ i oth choices give the same result

22 +N III. HANDLE OPERATOR AND g-LOOP VACUUM
¢ gz 1Lz . OF THE GHOST
dveloorN= 1] . s=1 , L . .
i=1 %;(1—x;) AV 21N (z.— In this section we give a brief description of the handle
IT (z,—24)) operator and the g-loop vacuum for the ghost part. Such

r=1
an operator and a vacuum were constructed and analyzed

(2.17) in detail in Ref. 31 for the matter part (i.e., the coordi-
nate fields and the fermion fields) of the superstring. The
corresponding formulas for the ghosts can be obtained by
simply applying the same technique.

and F°°P(y,) is a c-number function originated from the
factor {(1—¢) in the propagator (2.3) which is used to
make the sth loop. Although the b-ghost insertion is
symmetrlc with respect to the propagator leg into which
it is made, the function F°°P(y) is not. Depending on
which leg the b ghost is inserted into, it is either given by The operator part of the propagator is given by

A. One-loop calculations and the handle operator
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|Pynost ) s =:€XP ¢C0 ;:1 §C° Zy- 3, |o'” i—]—i—an -ch— n {/%_—(_TJ)) 9, la(‘) [% ]+an —}{—] }:lvac(Z))m )
(3.1
where the vacuum is
lvac(2)),,=8(a!"y+al+Q)lg =0),|lg =0), (3.2)
Inserting the unit operator, the handle operator for the ghosts (2.13) is
Q=Y 1 ., YEL(—DFP) ., (3.3)
with the unit operator
=S [I datda, exp —56%2 93002 REAE ]+Q1n [i l ln(l—yx)aaz(x)}
& n=1 i i y y
X|&,,80) gp(&,, —&—Ql . (3.4)

Here, @, =V[n|a, (n0) and the quantities with the caret are ¢ numbers. The coherent states are defined as

2 2 A

@,|8,8,)=48,la,,8) and (&,, —8,—Qla_,=(&,,—&,—Qla, ,

aolé\n,é\o)=&\o|&\n,&\o> and <(/Z\n,‘“C/l\o_Qla0:<&n,_d\o_Q|&0 ’

for n > 1. When the fields o'®(z) and ¢'¥(z) act on these states, they are converted into the c-number fields &(z).
The integration of the nonzero modes is a Gaussian which can be evaluated straightforwardly and leads to the follow-
ing expression for the handle operator:

8(al ) —alSl+Q)(detC! oop) !

Qghost, ac = <qa =0
C

X 3 :exp [iﬂk(k +Q)B
k

+§C027” l z

dx dy |1
+ ﬁ Co-z—ﬂ_-lj ¢ COE}'}— ‘EaU(C)(x)aU(C)(y) In

+2mik +QIn #(T(2),24)+ 30 2)d(z,24) } ]

E(x,y)

1 (4|1 1
+ zax o ‘x +QIn x

(L L X E(D(x),T(p)
X9, |o ) +QIn y In x—y (I'(x),T())
+30'9x)3, |o' % +QlIn |— | |InyE(x,T(y))

1 |1+QIn |—

:

M Tn+11'* T ]FO T"0 (0
VTG nno( (2), (0), 77(0),T(0))

0§, = { . [o

+aa‘”(z)1nﬁ(T“(z),T-lr(O),T"<0>,F(0>)] qa=0> , @.5)
A

n=0

where T'(z) is defined by
T=Yyry ', (3.6)
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which gives the Mobius transformation generating the Schottky group of the one-loop case. We denote the fixed points

of the projective transformation 7'(z) by § and p where £=T "~ “(v) and n=T “(u).
Recall that the matrixes Y, and Y are the projective transformations of the two string-emission operators which

r
were glued to form the handle operator. The factor detC' '°°P is []*~, (1—K") with K being the multiplier of the trans-

formation 7T'(z) (Ref. 31).
In Eq. (3.5) the summation over the loop momentum &, of the handle operator is replaced by the summation over k

with & :o?o—af,(). The quantities B, ¢(z,z,), and E (x,y) are the period matrix, the first Abelian integral, and the prime
form for the one-loop case, respectively:

B=—1n [T (T**Y@),T®), TXa),b), (3.7)
2w 2T,
$lzz)==—In ] (TXz),T(a),TXzo)a), (3.8)
2771 k=" o
E (x,p)=(x —y) [T (T¥x),y, T¥y),x) . (3.9)
n=1
Then, summing over the loop momentum, we obtain
Vg 4c = _(9,=0|8(al8— ol Q! o)~
N 2)b(z,24)+3, | o % +Qn ;l ¢(1"(z),zo)}+QA
dx. dy 1. (o © E(x,y)
X exp fﬁcozmgscozm'{za” (X030 p)In | =
1 (a1 1 (4 |1 1
+26x o +QIn . Hay o y +QIn y
XIn |—X—E(I'(x),T(y))
X =y
+30'“(x)9, +Q1nyl InyE (x,T(y))
dz 1 1 1 ©) 1. -
+ofc = ‘az o' +Qn || |inT s1 1 +3092) Ins, (2 )H q,,—o>A ,
(3.10)
where we have introduced the quantities
A=LB+1), (3.11)
1
S, (z)= . 1
1(2) ppy (3.12)

The quantity A is known as the Riemann constant and S,(z) can be identified with the half differential with no zeros or
poles in the fundamental region for the genus-one surface.*>*! For details see Appendix A. Hence, each term in the

handle operator has a geometrical meaning.
Multiplying the vacuum to the handle operator from the left, we can immediately derive the g-loop vacuum for the

one-loop order, { Qo= 4 (OIQghOS,’ 4ct

<Q1 loop —(detCI loop 41( _Q|

ghost

¢(z,z5)+ QA ]

0 Zm

+Q5ﬁc —aa(z )InS, (z)
(3.13)

Xexp QSC dy aa(x do(y)In

1
5 gSCO 21
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B. Multiloop calculations and the g-loop vacuum

The g-loop vacuum is obtained by contracting g of the handle operators as Eq. (2.16) indicates. To sew two adjacent
handle operators we use the coherent state method by inserting the unit operator (3.4) as explained in Appendix B. The

result can be expressed as

(QEpioop| =(detC# °°P) " 1( — Qg]:} B,,

%fﬁc

Xexp 0 2mi

+Q 93 CO;—;ao(z) InS,(2)

where Bf“,]°°p is the period matrix, ¢¢'°°P(z,z,) the first
Abelian integral, and E& '°°P(x,y) the prime form in the
Schottky parametrization. These terms in the exponent
are obtained by the same methods as applied for the case
of the g-loop vacuum of the matter part of the super-
string.’! The new terms characteristic for the contribu-
tion of the ghosts are collected into the two terms pro-
portional to the background ghost charge Q as in Eq.
(3.14). The explicit form of S;(z) and A, are given in Ap-
pendix B for the two-loop case. Unlike in the one-loop
case, it is not easy to prove explicitly that they are the
vector of Riemann constants and the g /2 differential for
the multiloop case.

IV. THE MEASURE AND THE MULTILOOP STRING
AMPLITUDE

The operator part derived above can be identified with
the g vacuum. According to Feynman-like rules, the g-
loop N-string vertex has (3g —3+N) b-ghost insertions.
The number of the inserted b ghosts, which corresponds
to the number of propagators, is the correct number of
b-ghost insertions to get the nonzero result.** In our for-
malism the b-ghost insertion is performed together with a
contour integral accompanied by the function F. This
has an analogue in the path-integral approach, where we

ﬁc —aa(z $8 1°°P(2,z,)+QA,

dy
Ty do(x)do(y)In

=

E80°P(x y)
X~y

T, (3.14)

g-loop N-string vertex in Eq. (2.14). For this we shall
combine the operator part calculated above and the
remaining c-number part. The result is presented in a
form that the above described analogy may become trans-
parent.

For this end we first put the external ghost strmg
legs on the mass shell. This is done by saturating the
external strings by physical states |phys)= [], |matter),
®|1;ghost), in the g-loop N-string vertex (2.14), where
|1;ghost ) denotes the ghost-number one state.

We first note that

Y‘n:atter BCTghost BC l L ghOSt) ® lmatter) )

X |0;ghost ) c®0) ¢

=B )|0;ghost ) z®[0) 5 ,  (4.1)

(r)
Z) matter, B(z

where |0;ghost) and |0) are the SL(2, C)-1nvar1ant vacua
for the ghost and the matter, respectively. mee, B
denotes the on-shell vertex operator constructed with the
field X®)(z) creating the physical state |matter),. Thus,
the on-shell amplitude is obtained by choosing the tree
part |A¥) of Eq. (2.15) as

2g +N B
H [C( )(Zr)Vils:)atter,B(zr)]

r=2g+1

|AN>B:

insert a b ghost together with a Beltrami differential and X |0;ghost ) ;®[0) 5 . (4.2)
integrate over the insertion point.
In the following, we consider the full expression of the Then, the resulting amplitude is
J
(v eorphys) = [ ams Y0552 TT Ve |0 @3)
r=2g+1
where we have included the ghost operator part into the measure dM& 1°°P-V a5
28 +N—3
dMé& loop,NEdVg loop, N H ¢ y’ tree( H § Floop(~ )
i=1 s=1
g 26 +N—3 2g +N
X <Q§h]§§P IHew,) II o) I c(z) O;ghost> , (4.4)
s=1 i=1 r=2g+1
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with d V& loopN glven in Eq. (2.17). We analyze this measure in the following. The matrix element of the matter part
(Q& 0P| [T285 N, | Ve |0) is analyzed in Appendix C.

matter

It is easy to show using Eq. (3.14) that the ghost operator part in Eq. (4.4) is

26 +N—3 26 +N
< §hlé’s‘€p Hb D I o) II clz) 0>
s=1 i=1 r=2g+1

0
= (detC* oor) 19 [0 [BAL |3 087 anz0) = 3 68 0(5,020)— 3 85 70,0200+ 08,

I EGLy) 1 E5oy:) I1 Eiy;) I1 E(z,,2,) HSg(j)‘S)HSg(y,.)

s <t s, i i<j . r<gq

HE(T’s’Zr)HE(.VnZ,) HSg(zr)

S, r ir

X

(4.5)

This should be compared to the expression of the ghost correlation function.*?*3 We expect that the quantities A, and
S,(z) can be identified with the vector of Riemann constants and the g/2 differentials, respectively, given in the
Schottky parametrization. Then, our g-loop vacuum { Q8 °°P| can be identified with the g vacuum for the ghost.

The contour integration related with the external legs in Eq. (4.4) can be performed, since the analytic structure with
respect to y; is simple for the case where i is running from 2g —1 to 2g +N —3. In that case, the integrand has only

poles at z, with r >2g +2. Thus, the contour integration dy; in Eq. (4.4) for these variables gives

2¢+N—3 dy[ 2¢+N-—3 2¢+N
$ 5o F) |(ogker [TT660 " TT b6 11 c(z)|o)
i=2g 1 2w s=1 j=1 r=2g+1
2g+N
H (Zj'“Zj+1)
j=2g +1
=1 agler 1T b)) 11 b)) zzgmo}. (4.6)
Zg+17 21 s=1 i=1

Here, the convention z,, , y 4, =z, is understood. Therefore, the measure (4.4) leads to

. 2¢+N 2g—2 2g 2
ams w=ays e 1 dz, 1 55 SLEG )H 95 = pony, IEA) | AR | RTATC]
s=2g+1 =1 s=1 ji=1
4.7
with dV & 1°°P being
2g
_ 11 4z
d V& loop — ﬁ ax, =1 1 (4.8)
=1 X,(1—X%,) aVpe e .

(z2g+1721) Il (z,—z41)
r=1
We now change the integration variables related with the loop configuration in Eq. (4.8) into the fixed points and the
multipliers of the projective transformation associated with each handle. As defined in Eq. (3.6) for the handle opera-
tor, for the vth handle the projective transformation T, is ‘

Zyy Zypyo1  Zyy—y Yy, (X))

]1\/E YZVYFYEVI—I = (4.9)

Zy, Zy+1 Yy X)) Z3,-1

Hence, one set of fixed points is given by ,=2z,,. Let us denote the other set of fixed points by &,. Then, the multiplier
K, is defined by

v——(T (Z) 771»2’51: 22v+1’77v’22v l’gv (410)
=(zy— 1M Yo 1(%,),6,) . 4.11)

From (4.11), X, may be solved in terms of K, and Y;,! ;(£,). Then, we use (4.10) to express Y5,. | (£,) in terms of K,
and Y5,' (z,,—,). The result reads

<

Kv: 1_; (22v—1’22v+1’22v’22v—2) . (4.12)
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Using (4.10) and (4.12) the integration variables may be changed from (% ,,z,, ;) to (K ,£,). As a result we find that

dx,dz,,,dz,,

g ¢ dK, d&dn, (z4, 11— W29, 1—2Z3,41)
H 1 - 11 §.dn 2v—1"_ " 2v—1 2v+1 4.13)
v=1 fv(l_x‘,) v=1 Kv (gv My (22v+1 é_v)
Thus,
g dK,dEdn, (zy, =N 2y 1 =22 41) 1
g‘loop v v v v v
dv II v, K. 4.14)

(gv My (22v+l gv)

2g
vl (zog +1—21) I1 (z,— 2,4 1)
t=1

Hence, our final form of the g-loop N—string vertex is given by

. 2 28— y g ay.,
g loop, N — Ve loop : tree el Floop >
v lphys)= [d f z, H gﬁ i [1319527”. loop(55. )

5= 2g+1
2g —2

H b(y,) H b(y,»)c(zng)

s=1 i=1

H Vmatter

r=2g+1

g loop
< ghost

)

0> (4.15)

matter

X < g loop

One-loop case

In the one-loop case we can further perform the contour integration rather straightforwardly, which gives the well-
known modular-invariant result from our general formula. For this end we have to evaluate the ghost operator part so
that one can see the pole structure of the amplitude. It is convenient to use the following formula which is equivalent to
Eq. (3.13):

1
7
(Qlyloop| =(detC! °P) " exp ————Q QZB (—Qld |, —~aa(z #(z,2,)
2
y Exy |_Qf§ dz — Nz —
X exp 45C0 - §C02 30 (x)30(y)In | =227 gSc ao(z In(z —£)(z —7) (4.16)
where we have used the relations of the ¢ functions.*! Then, from Eq. (4.5) we get
1
2
4 ‘1 (Blé(z5,5)) -0/
j j 2 ’ (z3—E)Nz3—7)
(QLIPb (5)c (23)10) =(detC! °P) L exp | — -0 — --Q?B | —- , @417
ghost y 3 p 2 Q 4 E(y,z5) (F—=Ey—n)
[
where the prime form is given as éhlg:tp| b(y)c(z3)|0)
1
7 (z3—Nz3—ENE—)
1 |(Blg(zs,5)) = (detc! loop)Z% S : §)277 . 420
E(zy,5)= 2 , . (418) yomiy—§
7
[34(7)3¢(z3)]'/% |1 |(BlO) Using this, the contour integration in Eq. (4.15) can be
2 performed:
with
% 1 é zdy FooP(5){ QL1%P|b (3)c (25)]0)
L |(Bl0)=98,8 |, |(Blz)| =2mK'/(detC!1°P)}
7 7 z=0 - 21 (z3—mNz3—&)
=(detC"' *P)'—————, (4.21)
4.19) (n—§)

where the same result is obtained whether we use (2.18)
Therefore, we get or (2.19) for F°P(5).
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On the other hand, Eq. (4.14) reads

N+2
11 4z, :
d[‘}l loop, N — dax r=1 1
X(1—Xx) dVabc (23_21)(21—22)(22“‘23)
dK N+1
=— 11 4z, , (4.22)
K rz3
where we have used
dndé&dz
dv,,. = ndEdzsg . (4.23)
(E—m (=235 1 NN Z3g 4 n—8)
Consequently, we find that
N+2
dM'! ‘°°P’N:—‘1—I§— IT dz,(detC' 'oop)?
rz4
(z —n)(z —&)
20+N " MNZy N § (4.24)

(n—§)

By making use of the projective invariance we may
choose that

’T]:O, §:°0, 22g+N=1 . (4.25)

Then, Eq. (4.24) reproduces the well-known formula for
the measure of the one-loop N-tachyon vertex. The in-
tegrand is given by Eq. (C6) in Appendix C.

V. DISCUSSION

In this paper we have constructed the g-loop N-string
vertex in the operator formalism applying the Feynman-
like rules. For this construction we used the tree vertex
of the peripheral type and sewed g pairs of external legs
by propagators. The measure dM8 1PN was analyzed in
detail which includes the ghost contribution. The ghost
operator part in the bosonized form leads us to the ghost
g vacuum.

The building element of our multiloop vertex is the
handle operator represented entirely in terms of geome-
trical quantities, i.e., first Abelian integral, period matrix,
prime form, Riemann constant, and 1 differential as in
Eq. (3.10). Then, the g vacuum was generated simply by
joining g handle operators. With this ghost g vacuum,
any ghost correlation function can be easily written
down, see Eq. (4.5), as in the case of the matter part.’!
The new terms characteristic to the ghost case are col-
lected into the quantities A, and Sg, which should be
identified with the vector of Riemann constants and the
g /2 differential, respectively.

This identification has been proven in Appendix A for
the one-loop case. We also have given there formulas of

S, and A, for the two-loop case. This construction of the
ghost g vacuum seems to give us the recursive construc-
tion of the g/2 differential out of the (g—1)/2-
differential in the Schottky parametrization. However,
for the expressions of the two-loop case it is not easy to
prove the identification explicitly.

Our three-string vertex is formulated in Lovelace’s pa-
rametrization. Thus, the BRST invariance of our g-loop
vertex is seen from the fact that both the three-string ver-
tex and the propagator are BRST invariant. Since the
propagator is BRST invariant up to a total derivative, the
resulting N-string g-loop vertex is also BRST invariant up
to a total derivative with respect to the Chan variables.
On the other hand, the BRST invariance is broken when
using Olive’s parametrization since then the integration
over the Chan variable is performed after identifying the
Chan variables of the propagator with the ones of the
three-string vertex. Indeed, if we use the Olive vertex, we
obtain the extra factor [[(1—K,)”! in dV &P in Eq.
(4.14), which confirms previous results on this prob-
lem. 2044

Since the tree N-string vertex satisfies duality, we ex-
pect that the multiloop vertex obtained from a tree
(2g + N)-string vertex by connecting 2g legs with propa-
gators does not depend on the way it has been construct-
ed from three-string vertices and propagators. One way
to prove this may be the explicit calculation. However,
this can be also understood as follows: Since the BRST
invariance holds, we can prove the no-ghost theorem us-
ing the results given by Freeman and Olive.*>*® Then,
into each handle operator we can insert the projection
operator onto the physical states. After inserting the
projection operator, we can use the duality properties of
the tree amplitude to show that the multiloop vertex does
not depend on whether we use the tree vertex of the peri-
pheral type or not.

In the operator formalism the factorization property is
manifest by the way of construction which is not easy to
see in the algebraic geometry approach. The modular in-
variance of the multiloop amplitude, however, has to be
shown separately. Our idea to achieve this is to complete
the above discussed identifications of the vector of
Riemann constants and of the g /2 differentials. Then, we
can apply the results on the modular invariance obtained
from the geometrical approach to show the modular in-
variance. As for the one-loop case, we have shown the
complete agreement with the well-known result and thus
the modular invariance is manifest. The higher-loop case
is now under investigation.

The Feynman-like diagram approach does not deter-
mine the integration region over the moduli, i.e., the fixed
points and the multipliers associated with the generators
T,(z) of the Schottky group corresponding to the g-loop
amplitude, and the Koba-Nielsen points associated with
the external legs. We have to determine the integration
domain by some other criterium so that it covers the fun-
damental region only once.

Note added. After finishing this paper we became
aware of the work of Cristofano, Mosto, Nicodemi, and
Pettorino*’ and DiVecchia et al.*®* where also the
differential S, (z) was calculated.
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APPENDIX A

We shall prove that the quantities A and S,(z) in Egs.
(3.11) and (3.12) can be identified with the Riemann con-
stant and the half differential, respectively.

Identification of the Riemann constant. The vector of
Riemann constants*! is written in general as

ZH=%BW+¢”(21,ZO)
-3 $.do(2),(z,2)) (mod)),

where z, is the starting point of the integration around
the a cycle a w and (modJ) means that 3# is an element
in the Jacobian; i.e., it is defined up to the lattice vector
m,+ 3 B,,n,, where m, and n, are integers. Note that
the A“ have no dependence on z1 and negative sign com-
pared to the standard definition. For the one-loop case

we can easily evaluate this quantity:

(A1)

B=§+¢(zl,zo)
1 1
- —————1 b b b
ﬁ" 277'1 -n z—€ 2 n(z,,2g §)J
=l—3———1—ln(-l)=l(B+l) (modJ) , (A2)
2 2w 2
where we used the formulas
4z 1 j—b=—m |22, (A3)
2mi z—a a—z;
when the contour encircles only the point b, and
4z 1 iz —b)=—In(a—b), (A4)
2w z —a

when the contour encircles both points @ and b. Then,
we can identify our A in Eq. (3.11) with the Riemann con-
stant A for the one-loop case.

Identification of the half differential. 1t is easily shown
that the function S;(z)=1/(z—§&) has the following

ot ac= <q 0'8 o—aS o+ Q)(detCH)™
X:9 || |B™ gSC 130 N2)¢*z,20)+9, +Q1n %”cﬁ(“’(l“(z),zo)J+QA(“)
Xexp {Sﬁcomssco 1 (C)(x)aa(c(y)ln ——;)‘_iyi’l
el o el |
XIn E*(T(x),T(»))
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properties.

(1) S(2) is a half differential on the covering space of
the Riemann surface, i.e., for an arbitrary projective
transformation g (z) we get

1 ———e 1
glo—g T T g g

(2) S1(z) has no zeros and no poles in the fundamental
region.

(3) S(2) is single valued around the a cycle and mul-
tivalued around the b cycle:

1 —_— 1
— =1
T—F 3T (2) pyr

Conversely, these properties determine S,;(z) up to a con-
stant, and it may be identified with the half differential:*°

§l(z)=exp[—giad¢(y)1nE(y,z) ,

Vg &) . (A5)

exp(2miA) . (A6)

(A7)

where the contour is along the a cycle. In fact, following
this definition, by taking the contour around the fixed
point & in the Schottky parametrization, we can explicitly
show that

Sl(z)=f(K);_l_—§, FUEO=TI 1=K,  (A8)

n=1

where K is the multiplier of the projective transformation
T(z). Hence, in thg one-loop case, our S,(z) is equal to
the half differential S, (z) up to a constant factor f (K).

APPENDIX B

Two-loop handle operator. Here, we give the result of
the two-loop calculation. The two-loop handle operator
Q21°%P can be constructed by joining two handle opera-
tors given in Eq. (3.10):

QZA‘SOPZQ(” lEFQ(cm) > (B1)
where the superscripts (1) and (2) of the one-loop handle
operators distinguish the loops. We also distinguish the
geometrical objects by a superscript () or by a subscript
p (u=1,2) and therefore the handle operator for the uth
handle is
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+30'9x)9, |o' % ]+an — lnyE(“)(x,l"(y))]
_ dz (|1 1
05 [az +Qln |~
XIn(1—2z§,)+30 V(2)In(z —§,) ; ‘: q =o> . (B2)
A

The generator of the Schottky group for each handle operator is given by the projective transformation denoted by
T,(z), and the two fixed points of each T,(z) are denoted by &, and 7, respectively. Then the two-loop handle opera-
tor is obtained by performing the Gaussian integration appearing in the unit operator in the same way as in the case of
the matter part.>! The result is

Qéhlgsot AC™ <q =0 a(af,o"ag,o+2Q)(detC2 loop)—1

X 19 B,, gsc {80 2)p (2,24)+d, "L +0om % ¢ (T(2),2y) | +0A,
E(x,y)
Xexp ﬁco 2m¢coz = { 30'9x)3c'“(y) In )
+ia. lo0 |l lvom |t
2 x
xd, [0 | |+0m |+ | [In |[22—E(r(x),T,)
x—y
X303, [0 | L |+om |1 lnyE(x,F(y))}
+0é ol iom| L] {mts +30'9z2) InS,(2) | |: |g =
C027Tl 9, 2 n|- nz2 2 o ~(z)InS,(z .q—OA.
(B3)

The quantities detC? °P, ¢ (z,z,) (v=1,2), and E?!°°P(x,y) are the determinant factor, the first Abelian integrals, and
the prime form for two loop, respectively. They are the same as the ones which appeared in the calculation of the
matter part.!

The quantities A, and S,(z) for the two-loop handle operator are

172

1 £E,—&, Ty, (§)—m Tq,(61)—§ T, (1)=&
A=1B +1+¢,(2,,T(0)+=—In ’
1=7Butztéiz 21ri —&, ay, Tan(nl)—nl an("‘ —§& ,111 a‘z(nl —&
172 (B4)
Ay=1Byy + L+ y(z0, T(0) + =1 §z £, Ta,(£2)= M2 Ta,(£2)—6 Tay (526,
=_1 S Zg, — . in ; ’
2T BT T ¢lZ i 51 £[1 Ty, (m)—m Ty (m)—8, g T,, (m,) —&
and
§— 6
s 2 (22 St
(Sa(2) (Z_§1)(Z_§2)] o Ten 2o T (b ST ageh Ty (610,52
X TT (Tay, (2,2, Ty (6,60 T1 (T (2,2, Ty (60,60
ay, Er¥]

(BS)

The suffix ;; has to be understood such that the matrix T, is a product starting with 7; and ending with T;: for ex-
Y
ample,
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{ ! ) .
T, =Ti T T{>Ty - T3 'TYY with my,my, 1,70,
or

T, =T7 with m#0 . (B6)

The suffix a,, has to be understood in the corresponding way.
In general, we have a factor

exp(Q?Xconst)

in Eq. (B3). However, this constant can be absorbed into the normalization factor of the differential S,(z). By imposing
such a factor not to appear in Eq. (B3), the normalization of the differential S,(z) in Eq. (B5) has been determined.

APPENDIX C

Evaluation of the matter part. When the external string is saturated by the tachyon state, the string-emission opera-
tor is reduced to the tachyon vertex operator, V7.,... =:exp[p,X (z,)]:, where p, is the momentum of the rth tachyon.
Therefore, the g-loop N-tachyon amplitude is given by

28 +N 2g+N
(VE leop.N| T (|p,),®|1;gh08t)r)=fdMg loop,N<Q!gn;(:&r; IT c:explp,X(z,)]: 0> . (cn
r=2g+1 r=2g+1

To evaluate the integrand of the right-hand side, we insert the unit operator of the matter part®! between { Q8 9%P| and
IT :exp[p,X (z,)]:/0). Then, the integrand can be expressed as

g loop 2¢g +N . .
Q’matter H 'eXp[p,X(Z,)]. 0
r=2g +1
=(detCt '°°P) "I ] (2, —z, ysPe

s<t

g o
><<0 f I1 dk, 11 da ;da, exp iﬂkHBﬁJ°°ka+2ﬂikv¢CO%af(z)qsg loop( 7. 2,)

v=1 n=1

E¢ loop(x’y)

lg dx g dy
+3 $cirn PepzmdRa i | £

0 27

X In(1—xy)3X(y)

dx dy
- ﬁco‘zg ) Coi;i'ax

dw
+ ﬁ 00—2;1—,6,‘, [2

1
x

—;THZInU—-wzj)ps} gp,>, ter)

and after the integration over the nonzero modes d@ ) da,, this becomes

w2 py

\ ,
(detC °°P) "1 [T (z,—z,)*" [ [] dk, exp |imk B %Pk ,—2mik, S p,¢% *P(z,,2,)

s <t v=1

E&10%P(z . 7,)

Zy, 7z

+ 3 ppIn } . (C3)

s<t
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The integration over the zero mode dk , leads us to the final form
2g +N
(osien| 1 explp.x(z)1: o)
s=2g+1
=(detC® 10°P) " 1(detB & loor)~1/2
" N ES1°0(z,,2,)
X 11 (z,—z,)*'exp |5 X ppIn|———
2g+1<s<t<2g+N s,t=2g+1 Zg 72
+ [2 Psd8 °P(z,,20) |(2B,,) ! [2 Ps#8 °P(z,,24) (€4
s N
In case of the one-loop diagram (g =1), this leads to
loos [ME2 1 o 1 d ds2
<Qma°n°epr 11 :exp{p, X (z,)}: O> =N 11 — —_— exp [ > p.p,Iny |, (CS)
=3 =1 | 1=K InK <s
S I_I zr m r
r=3
with
1 [In(z, /z,)]
= E(z,,z,) . C6
Vo= =0 | g |E ) (C6)

In deriving these equations we have repeatedly used the momentum conservation, 3 p, =0.

The formula above is for the open string. When we consider the case of the closed string, we have to include the con-
tribution from the right movers before performing the integration over the zero modes. Then, our formula produces
the well-known result of the matter part of the closed string as shown in Ref. 31. Then, with the formula for the one-
loop closed string, using the result of the measure Eq. (4.24), we get the modular-invariant one-loop N-tachyon ampli-

tudes.
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