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The paper addresses quantitatively the question of the validity of physical predictions based on
minisuperspace quantization of Einstein s theory of gravitation. It studies a homogeneous, aniso-
tropic cosmological model of higher symmetry (the Taub model) embedded in one of lesser symme-

try (the mixmaster model). The comparison of the physical behavior of these two models is based
on the construction of a non-negative probability density and the associated conserved inner prod-
uct which allow a consistent probabilistic interpretation of the state function of the Universe in the
interesting regime of deep channel penetration. It is shown that the respective behavior is widely
different. A program is set for investigating a hierarchy of models with higher symmetry embedded
in models of lesser symmetry to spell out the criteria under which minisuperspace quantum results
can be expected to make meaningful predictions about full quantum gravity.

I. INTRODUCTION

A. Minisuperspaces —a minihistory

The first attempt at minisuperspace quantization seems
to be due to DeWitt, ' although the name "minisuper-
space" was coined by Misner only five years later. At
that time Wheeler had introduced the idea of super-
space, the space of all three-geometries as the arena in
which geometrodynamics develops, a particular four-
geometry being represented by a trajectory in this space.
Misner had just finished applying the Hamiltonian for-
mulation of gravity, developed in the late 1950s and early
1960s, to cosmological models with an eye toward quanti-
zation of these cosmologies as model theories of gen-
eral relativity, and he invented "minisuperspace" and
"minisuperspace quantization" or "quantum cosmology"
to describe the evolution of cosmological spacetimes as
trajectories in the finite-dimensional sector of superspace
related to the finite number of parameters that describe
t =const slices of the models, and the quantum version of
such models, respectively.

Cosmological minisuperspaces and their quantum ver-
sions were extensively studied in the early 1970s (Ref. 4),
but interest in them waned after about 1975 and little
new work was done until Hawking revived the field in the
1980s (Ref. 5), emphasizing path-integral approaches.
This started a lively resurgence of interest in minisuper-
space quantization in this decade.

B. The physical meaning of quantum minisuperspaces

Perhaps one of the greatest difFiculties with quantum
cosmology has always been the seductive character of its
results. It is obvious that taking the metric of a cosmo-
logical model which is truncated by an enormous degree

of imposed symmetry and simply plugging it into a
quantization procedure cannot give an answer that is in
any way a quantum gravity solution. What is being done
in quantum cosmology is to assume that one can essen-
tially represent a metric as a series expansion in space-
dependent modes, where the cosmological model is the
homogeneous mode, and that in some sense one can ig-
nore the dependence of the wave function of the Universe
on all inhomogeneous modes. This artificial "freezing"
(i.e., setting equal to zero) of the modes before quantiza-
tion is an obvious violation of the uncertainty principle
and cannot lead to an exact solution. While this basic
idea is so well understood that it should not be necessary
to state it, and it has been mentioned by almost every au-
thor who has written on quantum cosmology, the results
of applying this untenable quantization procedure have
always seemed to predict such reasonable and internally
consistent behavior of the Universe that it has been
difFicult to believe that they have no physical content.

One way to reconcile the physically unsound quantiza-
tion procedure with the plausible results is to conjecture
that somehow quantum cosmologies (and other minisu-
perspace quantization problems) are approximations to
some true quantum gravity solution that would represent
the closest one could come to a cosmological model in
quantum geometrodynamics. Unfortunately, unless one
can completely quantize gravity in order to find the
necessary solutions, it is impossible to check this conjec-
ture directly. The best one can do is to investigate a
hierarchy of (classically and quantum mechanically) ex-
actly soluble models, each of which has as a special case
another exactly soluble model of higher symmetry. We
plan a series of papers in which this set of models is used
as a laboratory for testing the possibility that quantum
solutions of the highest-symmetry models are approxima-
tions to solutions in the models with less symmetry.
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Since the soluble models are all minisuperspace models,
we will introduce the term "microsuperspace" for the
higher-symmetry models contained in them.

In this paper we wi11 consider the simplest possible
combination of minisuperspace and microsuperspace, a
homogeneous anisotropic cosmological model embedded
in another homogeneous model with a lower degree of
symmetry. The Taub model is a special case of the diag-
onal Bianchi type-IX cosmological model (the "mixmas-
ter" universe ). In certain regions of the minisuperspace
it is possible to find an exact solution both to the quan-
tum Taub model and to the full diagonal type-IX model,
and these solutions can be compared. The details of the
models and their quantization will be discussed below. .

C. Minisuperspaces as approximate solutions

The major difFiculty in considering quantum minisu-
perspaces as approximations to true quantum gravity
solutions is to define the sense in which the word "ap-
proximate" is to be taken. This led us to consider the
problem of justifying rninisuperspace quantization. In
ordinary quantum mechanics there are a number of well-
known approximation schemes, such as perturbation
theory, WKB methods, or the adiabatic and sudden ap-
proximations, that yield solutions that are in some sense
close to exact solutions in the full theory. If quantum
minisuperspaces are to be quantum approximations, the
sense of the approximation must be di6'erent from the
ones listed above. If one thinks of superspace as the are-
na in which a solution of the Einstein equations is a tra-
jectory, then we must think of minisuperspace as a
lower-dimensional sheet of superspace, and a minisuper-
space solution as a trajectory confined to this sheet. One
possible definition of a quantum minisuperspace solution
as an "approximation" would be that a properly con-
structed "wave packet" centered around a rninisuper-
space three-geometry would tend to follow closely and
without much spreading into the surrounding minisuper-
space the "shadow" packet that defines the minisuper-
space solution. One could also ask whether such a wave
packet could keep pace with the minisuperspace shadow,
at least for a certain "time, " so that the minisuperspace
sector could predict the true behavior in some "useful"
interval. Here the problem wou1d reduce to determining
what length of time (and for what definition of "time")
would be necessary to be useful. An example might be a
length of time from a cosmological singularity to some
finite time when quantum gravity was no longer impor-
tant. In terms of cosmic time t this would be a short in-
terval indeed, but in terms of a logarithmic time t (i.e., if
the singularity were at cosmic time t =0, and if one chose
t' =int) the amount of t' time between the singularity and
any finite t would be infinite.

A closer look at this formulation reveals that the con-
dition that the wave packet not spread too much outside
of the minisuperspace sheet is not really essential. From
the minisuperspace wave function one can predict only
the behavior of a limited number of dynamical variables:
namely, those which are constructed entirely from the
minisuperspace coordinates and mornenta. When the

measurement of all other variables is ignored, the super-
space wave function can be reduced to a density operator
which, at any instant, can be decomposed into an in-
coherent combination of projectors (pure minisuperspace
states). The first question one must ask is whether the
transitions among the terms of such a decomposition are
negligible, at least for some period of time. If the answer
is no, minisuperspace dynamics cannot be consistently
formulated at all. If the answer is yes, each term in the
decomposition evolves according to an autonomous
"Schrodinger equation" which does not care about the
presence or absence of the remaining terms. In this case
it is meaningful to ask how much the structure of this
Schrodinger equation (the metric of its kinetic term and
its potential) differs from that of the minisuperspace
Schrodinger equation. If the corrections are small, the
minisuperspace solution yields approximately the same
statistics of the minisuperspace variables as the wave
function of the full theory.

Note that the answer to both questions (about the tran-
sition coeKcients and about the structure of the
Schrodinger equation) depends on the superspace wave
function which is the starting point of the decomposition.
It turns out, however, that for the validity of the minisu-
perspace prediction it is not vital that the function not
spread outside the minisuperspace sheet, but rather that
the gradient of the potentials in the regions to which it
spreads do not appreciably inAuence its propagation
along this sheet.

We have analyzed the conceptual status of this ap-
proach on simple examples taken from ordinary quantum
mechanics and field theory and showed under what con-
ditions such "minisuperspace models" can be regarded as
approximations to the full quantum theory. For such ex-
amples, described by a time-independent Schrodinger
equation, the minisuperspace approximation turns out to
be akin to the Born-Oppenheimer approximation. In
canonical gravity, however, the Wheeler-DeWitt equa-
tion is intrinsically time dependent and it resembles a
Klein-Gordon equation. The conditions under which the
density operator is approximately evolved by the minisu-
perspace Wheeler-DeWitt equation governing its projec-
tor term remains to be worked out.

Another approach to the question of what is meant by
a minisuperspace approx&mation would stal't by con-
structing a "coordinate system" in superspace, that is, ex-
panding all three-geometries (actually all three-metrics,
but with due attention to coordinate invariance) as a
series in some complete set of tensor eigenstates where
the minisuperspace sector is some limited set of these
states. If we make an artificial restriction to finite three-
spaces (a sort of "box normalization" ) we can achieve a
countable infinity of coordinate "axes" that can be used
to describe any three-metric. Of course, any of the previ-
ous definitions of approximation can be reduced to state-
ments couched in the language of such a coordinate sys-
tem (the minisuperspaces studied in this paper will be an
example), but there are some definitions of approxima-
tion, especially one due to Misner, that are most natural-
ly stated when referred to the mode system. Misner con-
jectured that near a cosmological singularity the "ener-
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D. The mixmaster and Taub universes —homogeneous
models within homogeneous models

One of the simplest minisuperspaces that has a soluble
microsuperspace and allows a nontrivial choice of inter-
nal time is the mixmaster universe. In a parametrization
due to Misner one can write the metric of this model as

d~ 2 ~2d) 2+ e
—2d t)e 2p(t) i~j

ij (1.2)

where r(t) is a scalar, P, (t) is a diagonal 3X. 3 traceless
matrix, and the co' are the invariant one-forms of SO(3):

co' = —sing d O+ sinO cosg d P,
co =cosgdO+sinOsingdg,

co =cosOdg+dP .

(1.3a)

(1.3b)

(1.3c)

gy" of the gravitational system tends to Row into the
homogeneous mode, with essentially all of it in this mode
very near the singularity. The Inajor stumbling block in
this definition is that it requires a careful definition of the
concept of "energy" that one is using.

The last meaning of the word approximation" we will
consider is perhaps not exactly an "approximation" at
all. It is that the minisuperspace serves as a sort of
"square well" potential, a simple concept that is often
used in ordinary quantum mechanics as a catchall poten-
tial that is supposed to give one an overall qualitative pic-
ture of the important parts of the behavior of some physi-
cal system without reproducing the exact behavior of the
system. The conjecture here about minisuperspaces is
that they would correspond to something like a one-
dimensional slice of a three-dimensional harmonic oscil-
lator in ordinary quantum mechanics. If we were to
write the potential of such a harmonic oscillator as
V(x,y, z) =co,x +co2y +co3z, a "minisuperspace" would
be the sector y=z=0 with V(x)=co,x . The details of
the behavior of the one-dimensional harmonic oscillator
would be different from that of the complete system be-
cause of the different frequencies in the different direc-
tions, but the qualitative behavior would be the same.
There could be a number of three-dimensional potentials
with the same minisuperspace V(x) =co&x, such as

r

coIx, —L &y & +L, —L & z & +L,
otherwise,

for example, that would give the same qualitative behav-
ior, while there would be potentials [such as
V(x,y, z)=co&x —

co2y
—co3z ] that would give the same

minisuperspace behavior, but whose full behavior would
not even have a qualitative relationship with that of the
minisuperspace. The final question here would be wheth-
er general-relativistic minisuperspaces give such a quali-
tative picture of the complete system, and, if not, under
what circumstances one can trust the minisuperspace
predictions.

In this paper we will study a particular system (the di-
agonal Bianchi type-IX cosmology) and try to answer
some of the questions posed above in the limited context
of a soluble problem.

The 13 matrix can be parametrized as

P=diag[x+v'3y, x —v 3y, —2x) . (1.4)

For Bianchi type-IX models the H; are identically zero,
so we will drop them from the action and assume (as is
obvious from our form of the metric) that N'=0. If we
insert g,, from (1.2) and (1.4) into (1.5) and collect the
linear combinations of ~'~ that multiply ~,x,y to define

p„p„,p [after integrating over the space variables using

Ico' h co h co = (4~) ], S reduces to

S=f (p„x+p y+p, r NHj )dt, —

where

H~ =(6')' e '[ —p, +p, +p~+e 'W(x, y)],
with

8'(x,y) = 12m. I e —4e cosh(2v'3y)

+2e [cosh(4&3y) —1]I .

(1-6)

(1.8)

The Misner "supertime" gauge consists of scaling H~ to
the super-Hamiltonian H, where

H= —p +p, +p~+e 8'(x,y) .

As we will mention in more detail below, the Wheeler-
DeWitt equation is the result of turning z, x,y,p,p„,p,
into operators satisfying the commutation relations
[~, p]= i[x,p, ]=i, [y,p~]=i and imposing the super-
Hamiltonian constraint H =0 as a restriction H 4=0 on
the state function of the Universe %(r,x,y). Note that
the equation H+=0 implies a certain factor ordering of
the "traditional" Wheeler-DeWitt equation based on the
operator version of Hj, that is, the equation HJ% 0
contains a factor of e, and it is not clear how much of
this factor should be folded into —p . In principle one
could write the first term in H~ as —e' ' p, e p„

The full minisuperspace is given by the space of all
x =(r,x,y ). In fact, this is a slightly "unfolded" version
of minisuperspace since there are additional symmetries
of this metric (generated by discrete basis rotations), but
thi. s parametrization has proved more useful for quantiza-
tion. The classical vacuum Einstein equations allow a
consistent set of solutions for (1.2). A subset of these
metrics which also allow consistent vacuum solutions is
the family of Taub models which correspond to y=0,
giving a microsuperspace parametrized by x =(r,x ).

We want to compare the quantum behavior of the
Taub model with that of the full mixmaster model, where
we will define "quantum behavior" as the evolution of
solutions of the Wheeler-DeWitt equations for the respec-
tive models. There are a number of ways of arriving at
the Wheeler-DeWitt equation for these metrics, which
vary from path-integral approaches to canonical
methods. We will use tPe conformal super-Hamiltonian
approach of Misner. The action for general relativity
has the form

S= f (m'~g; NHi N—'H, )dt—hco' hco hco . (1.S)
1
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where B is some constant, to give a class of possible equa-
tions. This is essentially the approach of Hawking,
where the constant B is linearly related to the constant p
which he defines. In our case we will adopt the Misner
standpoint that the conformal invariance of the super-
Hamiltonian under changes of N implies that we must
work with conformally related equivalence classes of su-
perspace metrics rather than with rigid choices of the
metric, and that the form of H given in (1.9) must be
representative of its class, and is as good as any other
choice in both the classical and quantum regimes.

While we will not make much use of it, we will men-
tion, in relation to the discussion of the meaning of ap-
proximate solution, the Arnowitt-Deser-Misner (ADM)
Hamiltonian for this system. The ADM Hamiltonian is
minus the conjugate of any variable that is chosen to
mark an internal time for the system. For the time
choices that we will consider, w and v =~+x, the ADM
Hamiltonian will be —p, and (p +p, )/2, respectively.

given isotropy class are embedded in inhomogeneous
models of the same isotropy class. This is the logical next
step in our program.

II. EQUATIONS OF MOTION OF THE MODEL
AND THEIR CLASSICAL AND QUANTUM

SQLUTIQNS

We start from the super-Hamiltonian for diagonal Bi-
anchi type-IX universes given by Eq. (1.9). The Taub
model corresponds to y =0, p =0 which leads to the re-
duced potential

gI'(x )
—12~2( e

—8x 4e
—2x

) (2.1)

As we have said, the region of the potential that we are
interested in for our microsuperspace-minisuperspace
comparison will be the "channel" at very large x (at large
r), and we will assume (and later show) that we can re-
strict our interest to small y. In this case the full poten-
tial (1.8) reduces to

K. The scheme of the paper
e 'W(x, y)=(24~) e e" y =—m (r, x,y), (2.2)

In the body of the paper we will first display an exact
classical solution to our problem in order to establish a
framework for the quantum solutions. We will then
derive the Wheeler-DeWitt equation corresponding to
the super-Hamiltonian H. While giving the general solu-
tion to this equation is quite difficult, we can find an exact
solution corresponding to large x and small y that will be
sufficient for our purposes. This solution can easily be re-
duced to one for y =0 which corresponds to the Taub
model. Before these solutions can be compared it is
necessary to define a consistent, conserved, non-negative
probability density that will give us the possibility of
comparing physically reasonable predictions in the two
cases. In Sec. III we will define such a probability densi-
ty. In Sec. IV we will construct superspace wave packets,
one in the microsuperspace (Taub) sector and another
peaked around this sector, and then compare the evolu-
tion of these two packets.

In the final section we will discuss ways in which the
microsuperspace packet approximates the behavior of the
minisuperspace packet, and show that for this one case
none of the definitions of approximation (with the possi-
ble exception of the minisuperspace packet staying near
the track of the microsuperspace packet for a length of
time) is valid. The lesson is that a minisuperspace exam-
ple will not always reAect the behavior of a system in su-
perspace. We need a criterion to tell us when minisuper-
space predictions are useful. We will not attempt to pro-
vide such a criterion here; there exists a wide range of
minisuperspaces that must be studied before we have
enough information to be able to discern a pattern in
their behavior. We must first cover a sufficiently
comprehensive sample of microsuperspaces embedded in
minisuperspaces to allow us to construct tests that can
tell whether or not a particular minisuperspace gives
reasonable physical predictions. The present paper
shows that microsuperspace predictions are unreliable
when the isotropy class is widened. An entirely different,
much more difficult, but also much more interesting situ-
ation arises when homogeneous cosmological models of a

for the mixmaster model and it vanishes for the Taub
model:

e 'W(x) =0—=m (r,x ) . (2.3)

In our approximation, the potential term is non-negative
and thus resembles a (position-dependent) mass term in
the Klein-Gordon super-Harniltonian. To stress this
resemblance we have called the potential term
m (r, x,y). The non-negative nature of the potential
term is vital for the probabilistic interpretation of the
wave function which we adopt in Sec. III.

In the microsuperspace (Taub) sector the Einstein ac-
tion becomes

dx +p (2.4)

The classical equations of motion are

dx
p, =+p =const, =+1 .

'T
(2.5)

If we choose the positive sign the universe point moves
toward positive x with velocity (dx /dr) equal to one. It
has long been known' that Eqs. (2.5) correspond to those
of a photon moving in one dimension. Thus in x~ space
(see Fig. 1) the trajectory of the universe point lies along
the "light cone" given by the solid lines at 45' to the axes
in the figure.

Classically there is no loss of generality in going to su-
perspace "light cone" or "double null" coordinates.
Note that the "light cone" is defined by the DeWitt su-
permetric' which has the signature ( —+) for the r, x
coordinates. If we define the variables u and v by
u =~—x, v =~+x and their conjugate momenta by
p„=—,'(p, —p ), p, =

—,'(p, +p„), the action reduces to

I= J(p„du+p, du), (2.6)

where the Hamiltonian constraint is —4p„p, =0. The
classical solution we are interested in is the one where
p„=0 and u =uo. Classically there is nothing remark-
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2p2+p2+(24~)2e4(1x)y2 (2.&)

The transformation from w, x,y to v, u, y gives

I= J (p„du+p dy+p, dv)

and the Hamiltonian constraint yields

p, = [p +(24m. ) e "y ] .1
v 4 y

(2.9)

(2.10)

If we calculate dp, /dv using the variational equations of
motion for u, y,p„,p„, we find that it is zero. One can
now use this fact and Hamilton's equations for dy/dv
and dp /dv coupled with the fact that du /dv =p, /p„ to
write

1
(12m) e "y .

du pv
(2.11)

This is readily soluble, giving Chitre's" solution for y,

6m 2

p
(2.12)

FIG. 1. The xw (and uv) plane. The darker lines represent
the "light cone." The solid line at u = uo (uo large and negative)
represents a classical microsuperspace (Taub) trajectory, while
the dashed line is an approximation to the true classical minisu-

perspace trajectory. The dotted line represents a better approxi-
mation for large positive u.

able about either set of coordinates, x ~ or uv; the solution
is exactly the same, the straight line in Fig. 1.

For the more general case of the mixmaster model (2.2)
the new coordinates allow one to find an analytic solu-
tion. The small-y, large-x case gives us

I= J (p dx+p dy+p, dr),
where

dv 1

du 4p2
[p +(24m) e "y ] . (2.13)

Substituting p~=2p, (dy/du ) from the variational equa-
tions along with the expression for du /dv, and the expli-
cit expression for y, one Ands

dv 12' —4u 2 6~ —2u Z2 6' —2u

(2.14)

The integrals necessary to solve this equation by quadra-
tures are tabulated and

where Z0 is any zero-order Bessel function.
What seems not to have been noticed is that this form

for y allows one to integrate the equation for u (v) direct-
ly (at least in implicit form), since

U =C0

2
6v

e 4„2Z2 6v 2„+Z2 6 2„Z
pv

6m —2u Z
pv

6m
e

pv
(2.15)

where c0 is a constant and Z an mth-order Bessel func-
tion. Note that the above analysis seems somewhat clum-
sy, since one could take u as time instead of v and Eqs.
(2.14) and (2.15) would follow directly. Unfortunately,
this time choice does not allow the microsuperspace ex-
ample as a special case, a problem that will be more vex-
ing when we consider the quantum solutions.

The behavior of the universe point as given by (2.15) is
best seen by considering the asymptotic form of the
Bessel functions. From Fig. 1 note that if the universe
point enters the channel at large x and with ~ not too
large, u is large and negative, so we are interested in the
large argument asymptotic form for Z . If we take
Z = 3 (cospJ +sinpN ), we find that the equation for

I

y reduces to

J+p,
y = — e "cos

&3~
6m.

p 4
e p (2.16)

while the solution for v(u) becomes

U =C0
242

e (2.17)

and if u =u0 at U =U0 then

243v=vo+ (e ' —e '") .
pv

(2.18)

This approximate solution follows the dashed line in Fig.
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2A
Q sinp+ ln

6m
slnp (2.19)

and

1. Notice that even this asymptotic solution has the be-
havior predicted by Misner in that it represents the
universe point moving into the channel (staying close to
the u =uo line) for some time, then stopping (at the point
where dx /dr blows up; where dv /du =1), then moving
out of the channel again (along a v =const line).

As the universe point moves out of the channel u be-
comes large and positive, and the Bessel functions give

3 '0
BQ Bv

+ (24 )2
—4u 2q(

By
(2.25)

and Eq. (2.24) the form

4
B%'

BQ BU
(2.26)

as one would expect for "double null" coordinates in the
minisuperspace (and microsuperspace) metrics.

Equation (2.26) has the obvious general solution

ly the super-Hamiltonian constraint written in the new
coordinates Q, v,y. Either procedure leads to the same
Wheeler-DeWitt equation, Eq. (2.23) assuming the form

24 —2
—»0 162

U=UO+ A e
2

Q sin p
PU 7T'

(2.20) V=F(u)+ G(v), (2.27)

For small p this represents a motion of the universe point
following the dotted line in Fig. 1, that is, moving at a
very small angle to the v =const line while y grows linear-
ly in Q. Here we can see that our assumption of small y is
justified. For small enough A and large negative Q, y
stays small and the universe point never leaves the region
where (2.2) is valid until long after it has exited from the
channel.

From the behavior of the Bessel functions one can see
that these asymptotic solutions give the essential features
of the motion of the universe point. The details of the
motion will imply at most small oscillations around the
dashed and dotted lines in Fig. 1.

The uv coordinates allow us to find an exact solution to
the quantum problem. By turning the position variables
into multiplication operators x, y, and ~ and the conju-
gate momenta into di6'erentiation operators, p = —iB„,
p =—iB, and p, = —iB, the super-Hamiltonian can be
interpreted as the operator

H= —P,+P +P~+m (,x,y), (2.21)

As in the classical case we are interested in solutions for
large x and r near y =0. Equation (2.22) becomes

2 2 2Bq Be B%
Br Bx By

(2.23)

The rnicrosupersp ace sector occurs when one puts
p =y=0 before quantization and the Wheeler-DeWitt
equation simplifies to

8% 0%
B7 Bx

(2.24)

At this point we will go to the double-null coordinates QU

of the classical solution. One can either make the trans-
formation Q =~—x, v=w+x as a simple change of vari-
ables in the Wheeler-DeWitt equation, or quantize direct-

and the constraint H =0 imposed as a restriction A)p=0
on the wave function of the Universe. This procedure
yields the Wheeler-DeWitt equation

020 02% 82%H%= — —+ + —m (r, x,y)4=0 .
B7 Bx By

(2.22)

where F and G are arbitrary functions of Q and v, respec-
tively. While Eq. (2.25) is not easy to solve, a solution
can be found by means of the method of Salusti and Ziril-
li' that was used by Berger' to solve the equations of the
Gowdy model. '"

To begin to solve (2.25) notice that the super-
Hamiltonian is independent of U so we may define an "en-
ergy operator" P =iB, Beca.use E commutes with ff we

can find solutions of the Wheeler-DeWitt equation (2.25)
which are eigenstates of E:

4'z =(t z(u, y)e

and the Pz obey the equation

(2.28)

B g B
4iE = — +(2477) e "y (b~ .

BQ Qy2
(2.29)

There is a family of solutions to this equation that can be
constructed from a "base state" solution by the repeated
application of a u-dependent raising operator (see
Berger' ). For our purposes we will need only the "base
state, " although we mill make reference to the "higher"
states in our discussion of the probability density for the
Universe without displaying them explicitly.

The "base state" is found by taking the ansatz
—C(u)e —XA(u)y

E e (2.30)

where A, is a constant. Inserting this form into (2.29) one
finds that only terms independent of y and terms propor-
tional to y appear. Equating these separately we obtain
(an overdot represents d/du)

4iEA, A = —4X —A +(24m) e

—iEC= —'AA .

(2.31a)

(2.31b)

Equation (2.31a) is a Riccati equation and the usual pro-
cedure of taking A:—U/U leads to an equation where all
nonlinear terms can be eliminated by taking A, = —iE.
The final equation for U is

4EU+(24~) e "U=0, (2.32)

which has as its solutions U=ZO[(6m/E)e 2"], Zo any
zero-order Bessel function. We will show in Sec. IV that
the solution that most closely represents the classical
solution given above has
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U —H(2) (2.33)

The function C can now be found by quadratures to be
1/2

H(2) —2u—n o e (2.34)

The final form for Pz is

E
H(2) ~ —2u

0

. -
&&2 exp(iEUIUy ) . (2.35)

Wave packets can be built up out of these Pz that have
the form

%(u,y, u)= f lEvf (E)

~(2) 6~ —2ue

- iy2 exp[ co (u)y ]

where

co (u):iE—( UIU)—

(2.36)

—2uH (2) 6K —2u ~(2) 6K —2ume
&

e o e

where we have deliberately left the range of integration
over E unspecified since it is an important point that will
be covered in the next section. In that section we will
discuss the construction of a probability density for these
models.

III. PROBABILISTIC INTERPRETATION
OF COSMOLOGICAL MODELS

It is clear that the wave function (2.27) of the microsu-
perspace model as v~00 widely dieters from the wave
function (2.33), (2.35), and (2.36) of the minisuperspace
model even if they develop from closely corresponding in-
itial data. (We shall elaborate on this point in Sec. IV.)
This indicates that the microsuperspace results do not ap-
proximate the minisuperspace quantum mechanics. To
see how badly the physical predictions based on the mi-
crosuperspace calculation di8'er from the minisuperspace
ones, we must relate the two wave functions to observable
quantities.

There is no generally accepted interpretation of the
wave functional of the three-geometry or of its minisu-
perspace truncation in terms of idealized measurements.
The Wheeler-De%'itt equation resembles the Klein-
Gordon equation with a dynamical (and indefinite) mass
term. Whatever internal geometric variable is chosen to
play the role of time, the modulus ~%~ of the wave func-
tion does not yield a conserved probability in the remain-
ing variables. When one attempts to treat ~%~ as a prob-
ability density for the three-geometry to have a definite
value at a given instant of an external time (analogous to
the proper time of relativistic particle mechanics) one
must violate the super-Hamiltonian constraint. %'e thus 8=—4p„p„+p +m (u,y) (3.1)

feel that those interpretations of the state function 4
which take ~4~ as the probability density' are conceptu-
ally untenable.

The Klein-Gordon systems always possess a conserved
current. The time component of this current can unfor-
tunately become negative and thus cannot serve as a
probability density. The construction of a Hilbert space
of states with a positive-definite inner product can be
consistently carried out only for stationary Klein-Gordon
systems with a positive mass term. ' General relativity is
not a stationary system in superspace' and the potential
term in its super-Hamiltonian is not positive. It is thus
not known how to turn the space of solutions of the
Wheeler-DeWitt equation into a Hilbert space endowed
with a positive-definite inner product. This led to sugges-
tions that a "third quantization" of the metric field is
needed before quantum gravity can be given a probabilis-
tic interpretation. ' Alternatively, proposals were made
that quantum cosmology has a probabilistic interpreta-
tion only when the Universe is in a quasiclassical state. '

Neither of these alternatives is suitable for the interpreta-
tion of the state functions of a second-quantized theory
describing situations close to the cosmological singularity
which are far from being quasiclassical. This is exactly
the case of the solutions (2.27) and (2.33), (2.35), and
(2.36) which we presented in the preceding section.

We shall base our interpretation of these solutions on
the fact that the mixmaster universe which is running
into one of the corners of the triangular potential well is
passing through the regime in which the super-
Hamiltonian is stationary and has a non-negative poten-
tial term. (This is true also for the Taub universe. ) In
such situations, there exists a one-system Hilbert space
on which one can define appropriate position operators
and construct a non-negative probability density for the
system to be localized in a given configuration. This con-
struction is a generalization of the procedures leading to
the Newton-Wigner position operators and the corre-
sponding probability density for a free relativistic parti-
cle. The imposition of the Hilbert space structure on
the space of solutions of the Klein-Gordon equation on
stationary backgrounds was given by Magnon-
Ashtekar, ' Ashtekar and Magnon, and Kay (see also
Kay and Wald ). Its connection with the Schrodinger
evolution equation and the problem of time slicing is dis-
cussed in Kuchar". ' The general construction of the po-
sition operators and probability densities for arbitrary
stationary Klein-Gordon systems (with positive mass po-
tential term) will be discussed elsewhere. We shall limit
our present discussion strictly to the kind of questions
(and the type of systems) posed by our two models. For
them, the (super)metric background is Pat, the super-
Harniltonian is stationary with respect to a null Killing
vector field, the explicit introduction of the position
operators will be circumvented, and the positive probabil-
ity density will be introduced only on a privileged folia-
tion by null hypersurfaces.

To start our discussion, note that the super-
Hamiltonian (1.9) has the form
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[for the Taub universe, p~ =0 and m =m(u)]. The mass
term [cf. Eqs. (2.2) and (2.3)]

(24m ) e "y for the mixmaster universe,
7tl 0 for the Taub universe,

does not depend on the null coordinate v. In geometric
language, the null Killing vector v=8, of the super-
metric leaves the mass term unchanged, B,m =0. In
canonical language, the "energy" variable

E= v pA =
pU (3.3)

has vanishing Poisson bracket with the super-
Hamiltonian H:

J .4 G AB( gglRQ iII )
2l

(3.13)

here, G" is the DeWitt supermetric identified from the
kinetic term of the super-Hamiltonian. This current
satisfies the continuity equation

tian with respect to the auxiliary inner product (3.12).
The energy levels are, of course, degenerate. We shall

span the space of solutions to the energy level E„by a
countable basis P„d of functions. (We shall discuss their
normalization and orthogonality later. )

From two solutions %'& and %'2 of the constraint equa-
tion (3.9) we can construct the current

tH, EI =0 . (3.4)
A (3.14)

P=4B„B,—8 +m (u, y), E=id, . (3.5)

The classical equation (3.4) passes thereby unchanged
into quantum mechanics:

(3.6)

The operators H and X thus commute and hence possess
a common system of eigenfunctions. Let the space 9+ be
spanned by the eigenfunctions of P corresponding to pos-
itive eigenvalues E:

(3.7)

Such eigenfunctions have the form (2.28):

%E =PE(u, y)e (3.8)

Those eigenfunctions from 2+ which simultaneously
satisfy the constraint

We quantize the system by turning the coordinates
x"=(u, v, y) into multiplication operators, the momenta
p„=(p„,p„p ) into differentiation operators P„=—iB„,
and H and E into the operators

which implies that the integral

& Vii+2&x ———f dXg J)p (3.15)

has the same value on every (spacelike) hypersurface X.
Here,

Al A2
dXA ——eAA A d(, )X d(2)X (3.16)

dX„=(0,——,'du dy, O) (3.17)

is the hypersurface area determined by the Levi-Civita
pseudotensor eA „A .

2 3

Using Eq. (3.15) as a starting point, one can introduce
the probability density for the Universe to be localized
here or there on an arbitrary fixed spacelike hypersurface
X. The actual calculations are, however, much simpler
when carried out along a one-parameter family of null
hypersurfaces v =const. The null coordinate v here plays
the role of intrinsic time. Let us see what happens when
we evaluate the integral (3.15) on a null hypersurface
v =const.

We parametrize the hypersurface v =const by the
coordinates x'=(u, y). The area element reduces in this
parametrization to

(3 9) and hence

(3.10)

where h is the operator

h =P +m (u,y)= —8 +m (u, y) . (3.1 1)

span the physical space Vo+. It is only this space which is
going to be endowed with a Hilbert-space structure.

The constraint (3.9) leads to an eigenproblem for pE,
1/PE= hPE

(3.18)

We see that the integral (3.15) is the expectation value of
—P„with respect to the auxiliary inner product (3.12).

Let us check directly whether & 4', l+2 &, is conserved
in v time. By using the continuity equation (3.14), we get

To simplify the argument, assume that the mass term
m (u, y) by such that the eigenfunctions pE are integrable
with respect to an auxiliary inner product

( '(t' J I 42 ) =f (3.12)

and thus belong to a discrete spectrum E„of energies.
[This assumption is not satisfied for our models, Eq. (3.2);
when applying our results below, we must make the ap-
propriate modifications to the continuous spectrum. ]
Note that the operator h is positive definite and Hermi-

—
—,
' f du[J, z]

=" (3.19)

This expression vanishes only if the u component J&2 of
J]"2 falls off sufBciently rapidly at u ~+ oo and the y com-
ponent J,2 falls off su%ciently rapidly at y~+oo. This
can be shown to be true for the solutions we will use.

The integral (3.15) or (3.18) is not positive on the space
Vo of solutions to the Wheeler-DeWitt equation (3.9), but
it becomes positive when restricted to the space of solu-
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tions Po+ spanned by the positive-energy eigenfunctions
(3.7). Let us first show that the energy eigenfunctions 4
and q/„belonging to different energy levels E WE„are
mutually orthogonal under the inner product ( ~ ) and
that the norm of any one of them is positive. Indeed,
Eqs. (3.10) and (3.18) imply

(3.20)

density p(u, y;u). However, the integral (3.27) can be
rearranged so that its integrand becomes non-negative.
For this purpose, decompose 4 into the energy eigen-
functions, Eq. (3.25). By the eigenproblem equation
(3.10) —P„ is a positive-definite operator in the space Vo+

under the auxiliary inner product (
~

). Define the square
root h of the operator h by spectral analysis with respect
to this auxiliary product and introduce Q —p„by its ac-
tion on the basis functions 0'„d (or /I//„d):

Next, from the Hermiticity of p„under the auxiliary
inner product and from the eigenvalue equation (3.10) it
follows that

P.d—.d =
2 E„

(3.28)

1

E (3.21)
The normalization integral (3.27) can then be brought
into the form

For E WE„Eqs. (3.20) and (3.21) lead to the orthogonal-
ity condition

(3.22)

(0'~%') =(%~%) with 4=+—P„4, (3.29)

which yields the desired non-negative probability density

p(u, y;u ) =—~4(u, y; v )
~

On the other hand, for E =E„:E, Eq. —(3.20) reads

(3.23)

2

y c„d k////„d(u, y)e
2 E„

(3.30)

& +nd ~+n'd') ~dd'finn' . (3.24)

An arbitrary state function 'PH Vo+ from the physical
space Vo+ can be decomposed in the energy basis q/„d ..

4=g Cnd+nd
pjcg

Because of Eq. (3.24), the ( ~ ) norm of q/ is

(3.25)

This expression is positive because h is a positive-
definite operator under the auxiliary product ( ) and
E&0 on 9'o+. This proves the desired properties of the
energy eigenfunctions 4„.

We can now choose the basis p„d in the space of eigen-
functions belonging to a fixed energy level E„such that it
is orthonormal under the inner product (3.23) (this can be
achieved by the standard orthonormalization of the origi-
nal basis). We can then conclude that

It is this probability density and its evolution in U time
which enables us to compare the physical predictions
based on the minisuperspace and microsuperspace quan-
tum dynamics with each other.

We see that to extract physical predictions from the
wave function of the Universe requires an indirect and
rather involved procedure. The probability density (3.30)
is a nonlocal functional of the state q/(u, y;u). First, one
must solve the eigenvalue problem for the h operator
defined by Eq. (3.11) on the Hilbert space with the auxili-
ary inner product (3.12). Let h; be the eigenvalues of h
and y;/, (u, y) the corresponding eigenfunctions (the index
k takes care of the degeneracy of the h; levels). Second,
the state function which one is interpreting must be
decomposed into the energy basis, Eq. (3.25). Third, each
of the energy eigenfunctions pnd(u, y) must in its turn be
decomposed into the eigenfunctions y;/, ( u, y) of the h

operator:

(3.26)
/tnd(u, y)=y b.d;/, X//, (ugly) .

ik
(3.31)

= f du f dy ,'/(q/*q/„— q/—*„q/)=1 . (3.27)

The integrand in Eq. (3.27) is real, but for a general
O'E. Vo+ it may be positive in some regions and negative in
others. For this reason it cannot serve as the probability

This expression is manifestly positive definite. The space
Vo can thus be completed in the norm (3.26) to a Hilbert
space with the positive-definite inner product (3.18).

The formalism we have developed enables us to intro-
duce the probability density p(u, y; v ) for the Universe to
be found in the cell du dy about the point x'=(u, y) on
the (null) hypersurface v =const. Let the state q/(u, y;u)
be normalized to one in the ( ~ ) inner product. By Eq.
(3.18) this means that

Only after all these steps are taken can one write down
the explicit expression for the probability density:

2
h, —iE„U

p(u, y; v ) = g g c„db„d,„g,„(u,y)e
nd /k 2V En

(3.32)
For a general state, the evaluation of the probability den-
sity (3.32) and the analysis of its evolution in u may be
quite dificult.

Fortunately, our task of interpreting the particular
solutions (2.27), and (2.33), (2.35), and (2.36) of the
Wheeler-De Witt equation leads to considerable
simplifications. First, these functions are the base states
of the Berger ladder, and we thus do not need to superim-
pose the states with dift'erent degeneracy indices d.
Second, their decomposition into the eigenstates g;k of h
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'P=Q —P„%'(u)= f &k f(k)e '""dk .
p

(3.34)

lkll 0As an example one can take f (k)=e "e, which
would give

~Fr 1

[5 +(u —uo)2]

need, for the purposes of our discussion, only be carried
out approximately. These circumstances make the inter-
pretation of the quantum dynamics of our models based
on the probability density (3.30) or (3.31} technically
manageable.

Let us now apply the ideas developed above to both the
general type-IX models and to the Taub model. For the
Taub model the probability is extremely simple. We span
the Hilbert space Vo+ on the positive-energy solutions
corresponding to the Killing vector 0, and consider a
state in this space describing the Universe moving in the
positive x direction [G (v) =0]. Then

F(u)= f f(k)e '""dk . (3.33)

The probability density p(u;v ) for the Universe to be
found at the time v at the point u is given by the expres-
sion (3.30), where p(u, ;v)= ~V~ is constructed from

p(u;v ) = 5
&2[5 +(u —uo) ]

(3.36)

I

g;„=5(u —u')H, (&24~e "y )e (3.38)

where the H, are Hermite polynomials. Because
h y,„=(i+—,')24me

which not surprisingly represents a packet sharply
peaked around u =up that is independent of v. The
packet moves into the channel to x = ac without spread-
ing.

The general case is more difficult. As we mentioned in
Sec. II we will be interested in one particular solution for
Pz given there. The family of solutions Pzd which span
the Hilbert space Po+ is made up of the "higher" states
mentioned in Sec. II that could be constructed from

Ps =Pzo by means of u-dependent ladder operators.
Here we apply the general analysis to Pzo itself; i.e., we
need not care about the degeneracy index d.

The h operator for our case is

P= —g +(24~) e "y (3.37)

Since u is a multiplication operator, its eigenstates are
5(u —u ') and there is a family of eigenstates of h, y;„., of
the forxn

3lX exp ——arctan
2

u up

Normalizing to j+ +du =1 gives

(3.35)

(3.39)

The continuous label u' plays the role here of the degen-
eracy index k of the general formalism. These eigenstates
are complete, so Pz can be expanded in them in the form

P&(u,y)=g f du'[bz;(u')H;(&24@re "y)e ' ' ~ 5(u —u')] (3.40)

hPE=Q f du'(i+ —,
')' bz;(u')(&24me ")H (&24~e "y)e ' ' ~ 5(u —u') . (3.41)

The coefficients bz;(u') can be found by multiplying Pz by g,*.„and integrating over u and y. The necessary integrals
are tabulated and one finds

—1 /2

&12me "' H"' e

bF;(u') =
+co (u')+12me "2 'l!

2—co (u')
co (u')+12rre

(3.42)

for i =2l and bz;(u')=0 for i odd.
In principle the last thing we need is the normalization constant to produce the normalization of Eq. (3.23) and (3.24),

modified to the continuous spectrum of E:
(3.43}

For our purposes we will fold this normalization X(E) into the f(E) of Eq. (2.36) that is used to define %(u,y;v ), so it
is not necessary to go through the calculation needed to give it explicitly. Suf5ce it to say that if we write

(3.44)E
~(2) 6~ —2u

E

(Pz~!h Pz. ) gives Eq. (3.43) if we take N(E)=e ' ~ 2
The probability density p(u, y; v ) that was defined previously is, for our case [using @PE from Eq. (3.41)],
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—,2 ~ f(E)e ' 'e "&2(12m.)p= q'P=
0

1/2

~(2) 6~
e

—2ue

(2I + & )1/2 12ne . "y

Hz(&24me ."y )
+co (u)+121re "2 I'

—co (u)
co (u)+12ne

(3.45)

where f(E) includes N(E)/2&E. In principle (3.45)
gives the answer to the probability density for our case,
and it could be evaluated by numerical methods for any
f(E), but an approximate analysis will give us more in-
sight into the behavior of a wave packet built up around
the microsuperspace solution. We will construct such a
wave packet in the next section.

IV. MINISUPERSPACE AND MICROSUPERSPACE
BEHAVIOR

A typical microsuperspace wave packet was construct-
ed in Eq. (3.35). As we mentioned in Sec. III this wave
packet moves into the channel with no tendency to
bounce, and eventually reaches x =+ ao (U =+ oo with
the packet still centered around u =uo). The behavior of
the minisuperspace wave packet is more complicated,
and its fate is not obvious from the forms of Pz and

p(u, y;U) we have given; we will need to make approxi-
mations to see what is happening. Obviously we must
look at p to get a true picture of the behavior of the prob-
ability of finding the Universe in any particular state.

We will begin to consider approximations to p by
studying the asymptotic forms of PE. For small E and
large negative u (the approximation most important for
our purposes) we need the large-argument form of the
Bessel functions that appear in these quantities, and Pz
takes the extremely simple form

Pz =%(E)(3' /E)'~ e " exp e
37TE

e u —12me "y

&24~
(21+—,

' )' H2((&24me "y )x'V
2211 t

(4.3)

e u (2l+ —,
' )' (2I )!S=

&24m 2 '(l~)
(4.4)

The sum in (4.4) is a constant and it is only necessary to
show that the series converges. In Appendix A we show
that

lim S=Qe", (4.5)

where Q is a small numerical constant introduced there.
Thus for large negative u and f(E) of Eq. (3.12) with sup-
port only in the region of E =0 we obtain

&12m.Qf(E)e ' "e
dE 1/20 0{2) e

—2u
0 E

(4.6)

What we need to know is the behavior of S as a function
of y, since the rest of p does not contain y. Also, the
value of S at y =0 will be important, since we expect the
form of p for the wave packet to be that sketched in Fig.
2, with a long "nose" extending into the channel and the
cross section at y =0 governing the maximum penetra-
tion of probability into the channel.

For y =0 we find

—i m-l8 —12m e "yXe e (4.1)

This approximate form of Pz in (4.1) shows us why the
"base state" solution is useful. It represents (for large
negative u) a Gaussian strongly centered around y =0, an
excellent candidate for a quantum model peaked around
the microsuperspace sector.

While the form of Pz is suggestive, we must see if the
probability density for PF has the same behavior. In or-
der to calculate p from (3.45) we need the sum

—12' "yeS=
'!/co (u)+12me

ii y

U

(21+—') '

X g I H21(&24me "y )
22lh t

2—co (u)
co (u)+12ne

(4 2)

For large negative u we have co= 12me ", which gives

FIG. 2. The approximate form of the wave packet discussed
in Sec. III represented by a contour of equal probability density
in the uy plane.
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Here, of course, we must use the large-argument form of
which yields

sum it. In Appendix A we show that one can approxi-
mate S by

dE f(E)rr' 3' 3/12m Q S(y =0)=Loe3e ", (4.11)

3&l
Xexp e

2

where L,o is a constant added there to absorb any defects
of the approximation method. From the definition of p in
(3.12) and of F(E) implicit in (4.7), we find that for large
positive u

=e " dE F(E)e ' 'exp e
Kl —2u

0
(4 7)

For y%0 we must return to S. For very small y the sum
in S should not difFer too much from S(y =0), that is, S
should be relatively Rat near y =0. For very large y we
can take the maximum power of y in H2?(&24me "y) to
represent H2I, and we find

2

d'E E 3/7rF(E)e
0

'" E 2u

E' F(E)cue
p =I.o dE 1/20

(2) 6& —2u
0

(4.12)

(2l + —,
' )'r

u —12m.e 2uy2 y
I=o

E'E

24m
y (4.8)

If we could ignore the factor (21+—,
' )'~, we would

find S to be e "exp( —12me "y )exp(iEy /24m. ) Since.
(21+—,')' varies slowly compared to l!, we can expect
only small corrections to exp(iEy /24m) to appear in S,
and the dominant contribution to the envelope of the
wave packet will be exp( —12vre "y ). As a function of
u and y then p should behave (up to small corrections)
like

where we have used the large-positive-u forms for co and
Ho '[(6'/E)e "]. Here p falls off for large positive u,
which means that a p=const contour of a wave packet
closes somewhere at large positive u.

We will now construct a representative wave packet
and show that its behavior is very different from that of
the microsuperspace packet. We will take a packet
peaked around u =uo (uo large and negative) at v =vo,
and investigate its behavior for y =0 and large negative u
as v advances. We will then show that this is the region
of interest. In (4.9) we take

pe

24ue�&e

—3udEF(E)e —iEvexpe —2u37TE

0

(4.9)
~+Up 3&E 2' pN p —,Eo —& E Eo+F(E)=

(21+—,
' )' V24rr(2l )!

S(y =0)= g
? =0 a)(l!) 2 '

1

CO

co + 127Te

(4.10)
Since this series converges slowly, we must find a way to

We will use specific functions F(E) in (4.9) to construct
approximate wave packets which for y =0 will be peaked
around u =uo (where uo, as before, is large and negative)
at v =vo and fall off rapidly for all other values of u. If
one considers probability densities which behave like
(4.4), one can see that the quantity inside the absolute
value signs will fall off rapidly as we move away from
u =uo, while the factor exp( 24rre "y ) w—ill become
narrower in y as we go toward more negative u and will
expand as we go to less negative (and positive) values of
u. From this we can see that a p=const contour at
v = vo in the uy plane will have the long narrow "nose" in
the direction of large negative u (large positive x) that is
shown in Fig. 2 and will have a fatter tail as we go toward
positive u (negative x).

The major difficulty with the expression (4.9) is that it
is only valid for large negative u. For positive u we must
return to the full expression for p. As before, we will
consider S for y=0 first. For large positive u (large
enough so that e "/E is small), co (u) —+ 2iE/—
[ln(6'/E) —2u ] and

0 otherwise, (4.13)

where Eo is small and 5(Eo Expan. ding 1/E about Eo
and keeping the first term, we can construct the wave
packet

p(y =0)=N e—sin -- (e —e2 2Q

E2
2Qp )+V Vo

'2
—2u 0(e "—e )+v —v„

0

(4.14)

This form shows the necessity of using H' ' as the solu-
tion to (2.32), since it gives the proper classical trajectory.
We can see that the position of the peak of this packet
follows roughly the trajectory given by (2.18). In fact, if
one calculates

f y2e 24m.e "y d
(y2)= (4.15)f e 24ue "y

dy

and equates ~/ (y ) with the rms value of y found from
(2.16) one can obtain a value for A which, when plugged
into (2.18) (with p„=EO), gives exactly the position of the
center of the packet as a function of v.
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We may take the classical trajectories shown by the
u =u0 line and the dashed line in Fig. 1 as representing
in sketch the motion of the rnicrosuperspace wave packet
and the large-negative-u peak of the minisuperspace
packet, respectively. Notice that for small E0 the minisu-

perspace packet bounces (when du /dv = —1) at a value
of u that is still large and negative. We can see that the
behavior of the microsuper space and minisuperspace
packets is qualitatively different, since the minisuperspace
packet will always bounce at some value of x and exit
from the y =0 channel. Notice that the smaller we make
E0 the longer the minisuperspace packet will stay near
the u =u0 line before its inevitable bounce; this is the
only sense in which the microsuperspace behavior of our
model stays "close" to its minisuperspace evolution.

In the next section we will use these wave packets to
discuss various ideas presented in the Introduction about
the meaning of minisuperspace quantization.

V. CONCLUSIONS AND DISCUSSION

Given the two wave packets (3.35) and (4.14), we can
see that their overall behavior is not at all similar. Is
there any way in which we can say that the microsuper-
space packet tells us something about the behavior of the
full minisuperspace?

The first possibility of approximation mentioned in the
Introduction was that wave packets peaked around the
minisuperspace sector and initially moving along the
minisuperspace trajectory would tend to follow the min-
isuperspace behavior at all times. The present set of solu-
tions is a counterexample to such a scenario. Refining
our notion of approximation through the density opera-
tor approach does not help. The microsuperspace posi-
tion variables necessarily follow different statistics when
their distribution is derived from the minisuperspace
wave function than when they are determined from the
microsuperspace state. This does not show that the cor-
responding concept of approximation is wrong; it simply
tells us that the conditions under which it is valid are not
satisfied in the models studied, and hence we have no
right to expect that they would be satisfied in general.
There are, however, situations in ordinary quantum
mechanics where such an approximation works, and
there may be situations in gravity where it is equally ap-
propriate.

The sense of approximation defined by Misner of ener-

gy Aowing into the minisuperspace mode is more difficult
to apply to our particular microsuperspace-
minisuperspace example, since this model is not couched
in simple mode-sum terms. This sense of approximation
makes the most sense if the system has a Harniltonian
(such as the ADM Hamiltonian) that is in the form of a
sum over terms, each of which can be interpreted as a
partial "Hamiltonian" corresponding to one mode, and
there is some mechanism that causes the expectation
value of the "Hamiltonian" corresponding to the rninisu-
perspace mode to become large, while the "energy" of the
other modes decreases. The mechanism that causes the
change could be an interaction term or (perhaps more
likely) a Hamiltonian such as that for a two-dimensional

harmonic oscillator where the frequencies of the partial
oscillators depend on time, each time dependence being
different. That is, 8=—,'[p +co,(t)x +p»+co&(t)y ]
—:H +H, and the "energy" in each direction is defined
as (H„)(t) and (A'» )(t). If we consider the Taub model
in the mixmaster model, we can see the problem that will
arise in general relativity. The super-Hamiltonian cannot
be interpreted as an energy since it is zero. The ADM
Hamiltonian depends directly on the choice of internal
time used. If we use ~ as time, —p is the ADM Hamil-
tonian and

H (~)=[p +p +(24m) e ' 'y ]' (5.1)

for small y. Notice that this form is the relativistic analo-
gue of the H„+H given above, but the square root form
and the fact that the y frequency depends on x as well as
~ make it more difficult to apply the simple idea of distin-
guishing partial energies. If one were to choose U as time,
the operator E of Sec. II is the operator form of the
ADM Hamiltonian, and

—1
MADM(U)= [p +(24vr) e "y'1

4p
(5 2)

'au au

8 %' R0+ (24m)
()y Rp

4

4' 2g/
~ (5.3)

where Ro is the scale length of the Universe (the radius of
the Universe when u =0) and Rp is the Planck length.
The only change in the solution of Sec. III would be to
replace e "by (Ro/R~)e ". From Eq. (4.14) we can see
that if we consider v to be "time" then the peak of the
wave packet is where

2
3K 0 —2&o 2„ (5.4)

0 P

or

21/O
u (v) = —

—,'ln e
RP

R0

E20
(U —U, )

377
(5.5)

Very roughly this represents a path that stays near u = u 0

which has the disadvantage of being even farther from a
simple sum of two "energies" and of being "time in-
dependent, " which will create more difficulties in apply-
ing the idea of energy Bowing into the minisuperspace
(here microsuperspace) mode. As we have said, the fact
that this model is not of the form of a sum over space-
dependent modes makes it unsuitable as a testing ground
for the energy conjecture, but some of the problems we
have mentioned in relation to it will appear in other mod-
els that will be the subject of future work.

The last conjecture, that the microsuperspace gives
some manner of qualitative idea about the minisuper-
space, seems, in light of the totally divergent behavior of
the wave packets, not to be applicable to this model.

Perhaps the only notion of approximation that works
for our models is that of the minisuperspace staying near
the microsuperspace for some time. Here we can use the
results of Appendix 8, where we show that Eq. (2.25) has
the true form
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until U
—Uo=(3n/Eo)(Ro/Rp) e ', at which time the

distance from u =uo blows up. The value (5.4) of U
—

Uo

is thus a good estimate of the "time" interval that the mi-
crosuperspace solution gives a useful prediction of the be-
havior of the minisuperspace. If we call the value of v

where the bounce occurs vB, and assume that u =up until
that time, we can use the fact that u o 7p xp,
vp=7.p+xp, vB =~B+xB to show that

'2
3~ Rp —2u0

B P 2E2 R
(5.6)

Since Rpe ' is proportional to the cube root of the
volume of a t =const hypersurface, we may call it the
"radius of the Universe, " and ~B —rp represents the num-
ber of e-foldings of the radius between the initial moment
and the bounce. If we take the scale length Rp to be R~,
then

3& 2ll 07B vp= e
3E

(5.7)
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and remembering that up had to be large and negative for
our approximation to be valid and Ep was assumed to be
small 7 B Tp can be a respectable number. Notice that if
the radius of the Universe today were a reasonable 10
cm, that the total change in ~ from the moment when
R =R~ until now would be —140. One can see that for
moderate values of up and Ep the microsuperspace ap-
proximation can easily be valid for a number of e-foldings
that far exceeds this number.

The simple model we have chosen is not meant to give
a realistic picture of the manner in which a typical quan-
tum minisuperspace would be embedded in superspace,
but to serve as an easily soluble example that can shed
some light on the process of constructing such embed-
dings, since it is a true gravitational problem, and one can
expect many of the problems encountered here to be
found. in more realistic minisuperspace-microsuperspace
combinations. In the future, as we mentioned in the In-
troduction, we plan to investigate increasingly complicat-
ed and more realistic models.

—(a + 1/2)y 1 1 1

V2(a +1) I=o 1!2~i 2(a +1)

Xe v H (y) (A 1)

which comes from the tabulated integral for
2f "„e "H2i(y)dy. Takingy =Oin(Al) one finds

&2(a+I)= g I
1—(21)! 1

, (1!)'2" 2(a +1) (A2)

We want to compare this sum with the following approxi-
mation. Replace the factorials by Stirling's formula and
the sum by an integral. One arrives at

1J — —exp. 1 ln 1 — .dl .
o ~ 1 2 a+1 (A3)

Now consider two possibilities, a =0 and a large. For
a =Owe find

(21)! 1

(1 ~ )222( (A4)

and the integral gives I/v ln2, only about a 20%%uo error.
Applying the same procedure to (4 4) we see that

v'2l + 1/2(21)! 1

221(1 ~ )2

—e 2 %e =e 2
1

p ln2
(A5)

so S has the form given in (4.5) with Q a number close to
the numerical factor in the last expression in (A5).

For large a (A3) reduces to

J — —exp( —1/2a )dl,
rI. 1

(A6)

(21+—,
' )(21)!

(a+ —,') 2(a+1)= g 1—
(1!)222' 2 a+1

(A7)

Again taking the large-I values for the terms of the sum
and converting to an integral, the sum becomes

which is exactly V 2a, the large-a value of the left-hand
side of (A2). Now apply the operator (

—8 +y ) to both
sides of (Al) and take y =0 to get

APPENDIX A
o v'~v'1 (Ag)

In Sec. IV it was necessary to sum the series S from Eq.
(3.45) in different approximations. The first of these only
involved showing that

(21+—,
' )'i

221, !2

21+ ' (1!)~22' 2(a +1) (A9)

we find that this expression (for large a) is approximately
equal to

which is twice the exact value for large a. Applying the
same idea to

converges, and the second was to sum the slowly conver-
gent series for large positive ~. Both of these problems
can be solved by considering the exact sum

3/22
e

—ll2adl
o v'~ v'~ (A10)
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The sum (4.10) is of this form with a -co e "/24m. . If we
absorb any inaccuracy in the numerical factors by replac-
ing these factors by a constant Lo, we arrive at (4.11).

APPENDIX B

To put in units explicitly we scale the dimensionless
one-forms (1.3) by multiplying them by a factor Ro with
dimensions of length. The time coordinate (x =ct) can
also be scaled by Ro. This makes the four-dimensional
scalar curvature into a dimensionless quantity multiplied
by 1/Ro. Since the factor I/16m (1.5) is c /16trG in

usual units, the true action (2.10) is

c RI= I (p„du +p dy+p„dv ) .
G

We can now construct "physical coordinates"
p„'~' =—(c R o /G )p„, u '~' =—R ou, etc. The commutation re-
lations become [u '"',p'„']=A', which means that the
operator p„ is to be realized as i—(Gfi/Roc )t)/
Bu =(Rt /Ro) t)/ Bu and similarly for P, and P~. Insert-
ing these true relations into (2.29) and multiplying by
(Ro/R~ ) one arrives at Eq. (5.3).
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