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We develop a method for determining the source direction (6,¢) and the two waveforms 4, (2),
h« (t) of a gravitational-wave burst using noisy data from three wideband gravitational-wave detec-
tors running in coincidence. The scheme does not rely on any assumptions about the waveforms
and in fact it works for gravitational-wave bursts of any kind. To improve the accuracy of the solu-
tion for (6,8), h . (t), h« (1), we construct a near optimal filter for the noisy data which is deduced
from the data themselves. We implement the method numerically using simulated data for detec-
tors that operate, with white Gaussian noise, in the frequency band of 500—-2500 Hz. We show that
for broadband signals centered around 1 kHz with a conventional signal-to-noise ratio of at least 10
in each detector we are able to locate the source within a solid angle of 1X 1075 sr. If the signals
and the detectors’ band were scaled downwards in frequency by a factor ¢, at fixed signal-to-noise
ratio, then the solid angle of the source’s error box would increase by a factor (2. The simulated
data are assumed to be produced by three detectors: one on the east coast of the United States of
America, one on the west coast of the United States of America, and the third in Germany or
Western Australia. For conventional signal-to-noise ratios significantly lower than 10 the method
still converges to the correct combination of the relative time delays but it is unable to distinguish
between the two mirror-image directions defined by the relative time delays. The angular spread
around these points increases as the signal-to-noise ratio decreases. For conventional signal-to-
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noise ratios near 1 the method loses its resolution completely.

I. INTRODUCTION

One of the early predictions of Einstein’s general
theory of relativity was the existence of gravitational
waves. These are transverse, quadrupole waves which
travel at the speed of light. They interact with matter by
changing the proper distance between test masses.

Gravitational waves are generated whenever the
motion of matter results in a time-changing mass quadru-
pole moment. The total energy radiated in the form of
gravitational waves depends on the source’s mass, on the
velocity of its motion and on the shape and size of its flow
of matter. The estimated total energy radiated in the
form of gravitational waves from a typical supernova ex-
plosion is S 10°? ergs.!

The detection of gravitational waves relies on sensing
the change in the proper distance induced by the wave on
test masses which may be coupled together mechanically
or may be free. The dimensionless wave amplitude 4 is
related to the response of the detector by & ~ 6/ /I, where
1, is the reference length between the test masses and 8/ is
the change in length caused by the wave.

For a typical supernova explosion in our Galaxy the
energy flux on the surface of the Earth is < 10° ergs/cm?,
depending on the asymmetry in the stellar collapse.! If
one assumes that the mean frequency of the gravitational
waves is about 1 kHz, then the corresponding dimension-
less wave amplitude will be <107 !8, Using the formula
above we see that for Earth-based detectors with arm
lengths of the order of 1 km the change in the distance
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between the test masses is $107 !> cm. Since the event
rate for supernovae in our Galaxy is approximately one
in every 30 years, the detectors have to be capable of ob-
serving events located at larger distances in order to get a
reasonable event rate. For example, for sources located
in the Virgo cluster of galaxies the event rate is about 30
explosions per year. The corresponding dimensionless
wave amplitude is < 1072! which causes a length change
of $107 !¢ cm between the test masses. Although typical
supernovae might turn out to be highly symmetric and
thus poor gravitational-wave emitters, other sources are
likely to produce wave bursts at Earth with A ~1072! to
10722 (Ref 2).

The astrophysical sources of gravitational radiation are
expected to emit in a wide frequency range from less than
one per year for early Universe sources and cosmic
strings to 10~* Hz for normal binary systems or large
black-hole interactions through 1073-10"' Hz for com-
pact binary stars to 10° Hz or so for stellar collapses and
neutron-star binary coalescences.” The optimal choice of
the detection method depends on the anticipated frequen-
cy of the radiation. This is because of the differing noise
characteristics of the detector designs in different fre-
quency ranges.

The experimental efforts for the detection of gravita-
tional radiation with Earth-based detectors have led to
two basic antenna designs: resonant bar antennas and
laser interferometric antennas.

A bar detector is a solid bar whose longitudinal
mechanical vibrations are monitored by very sensitive
transducers.® It is isolated from external disturbances so
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that the major cause of the oscillations of the bar is gravi-
tational waves. Presently, only the lowest frequency nor-
mal mode of the bar is monitored. The weakness of the
coupling of the bar to present transducers requires that
the transducers operate only over very narrow band-
widths Af /f << 1. However, in the future the develop-
ment of lower-noise sensors and tighter coupling to the
bars may expand the bandwidth of these detectors.*

A laser interferometric gravitational-wave detector
consists of four test masses placed in pairs along two or-
thogonal directions. The relative distance between the
test masses along an arm is compared to that along the
other arm by forming either two delay lines or two
Fabry-Pérot cavities in these arms. The outputs of the
optical systems in each arm are then combined to give an
interference fringe. When a gravitational wave hits the
detector it changes the relative length of the arms and
this can be observed by monitoring the interference
fringe.>'® Such a detector is sensitive to a wide range of
frequencies (between 500 and 2000 Hz in present proto-
types; between 10 and 10* Hz in planned detectors).
Seismic noise, thermal noise in the masses’ suspensions,
and gravity gradient noise produce the low-frequency
cutoff; photon counting statistics, noise in the servo sys-
tems, and thermal noise in the test masses produce the
high-frequency cutoff.>~’

Despite efforts by several experimental research groups
in the world since 1960 an unambiguous detection of
gravitational waves has not yet been accomplished. At
present there are several groups around the world pro-
posing to build a network of several laser interferometric
gravitational-wave detectors with arm lengths longer
than 1 km which could reach the required sensitivity by
the turn of the century.’ ™12

The detector response is a function of four variables:!?
the angles (6,¢) associated with the direction of the in-
coming wave and the wave’s two amplitudes A (¢) and
h  (t) corresponding to the two independent polarization
states referred to a given coordinate system. In order to
solve for these four unknowns data from a sufficiently
large network of detectors widely located on the Earth
and running in coincidence are necessary. From a simple
counting argument we deduce that the minimum size of
the network is three if the instruments are broadband; a
three detector network in principle can determine (0,¢),
h . (t), and h(t). By contrast, the minimum size is four
if they are narrow band; and such a four-detector net-
work can determine only (8,¢) and the Fourier trans-
forms of A, (¢) and h ,(¢) at the detectors’ frequencies.
To see this notice that each detector provides only its
response amplitude at any given time. In addition laser
interferometers have sufficient time resolution to deter-
mine the time delay between two events in two detectors.
Therefore, a network of N broadband detectors can pro-
vide 2N —1 parameters for the wave (N response ampli-
tudes which are functions of time and N—1 time-
independent time delays), which means that N =3 is the
minimum to determine (6,¢), h (¢), and h (z), while a
network of N narrow-band resonant bar antennas can
only provide N time-independent parameters [convolu-
tions of A, (¢) and h , (¢) with the detector transfer func-
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tions], which means that N =4 is the minimum.

Since the waveform contains information about the na-
ture of the emitter and information about cosmological
parameters, it is very important to be able to solve the
so-called “inverse problem”:'%!% the calculation of the
four unknowns [0,¢,h  (2),h,(¢)] associated with a
gravitational wave from the time-evolving responses of
the detectors and their associated relative time delays.

In this paper we develop a data-analysis algorithm
which solves the inverse problem in the case of a network
of three wideband detectors (either resonant bars or laser
interferometers) observing a broadband gravitational-
wave burst in coincidence.!® We will investigate in forth-
coming papers the inverse problem for other types of sig-
nals: the narrow-band but frequency-sweeping signals
from coalescing compact binaries, the periodic signals
from spinning neutron stars, and a stochastic background
of gravitational waves.

This paper’s presentation of the algorithm for broad-
band bursts is organized as follows: in Sec. II we write
the analytical expression for the response function R (t)
of a detector when the wavelength of the signal is much
larger than the detector’s size. This function depends on
the direction of the source (0,¢), on the wave’s two am-
plitudes ~ . (z) and hy(f), and on angles (a,B,7)
representing the geographic orientation, latitude, and
longitude of the detector.

In Sec. III we develop a method of computing the time
delays and solving for the wave’s parameters with a net-
work of three wideband detectors in the idealized case
where the detectors are noise free. Our scheme does not
rely on any assumptions about the two waveforms
h_(t),h (1); and in fact it works for gravitational-wave
bursts of any kind. In Sec. IV we extend the method to
cover noisy detector responses. In Sec. V we develop a
near optimal filter for the noisy data, which is to be ap-
plied to the data before they are fed into the algorithm of
Sec. IV. In Sec. VI we deduce expressions for the expect-
ed errors in our algorithm’s estimates of the source loca-
tions and waveforms. The numerical implementation of
our algorithm is discussed in detail in Sec. VII and the re-
sults of simulations are given in Sec. VIII. Our simula-
tions entail detectors that operate in the band 500-2500
Hz, and broadband signals centered at 1 kHz. These
simulations show, with white Gaussian noise, that the
scheme is usable whenever the root-mean-squared
response amplitude in each detector is greater than 10
times the root-mean-squared noise level. For lower am-
plitudes the resolution of the method degrades rapidly.
The simulated data are assumed to be produced by three
detectors: one on the east coast of the United States of
America (USA), one on the west coast of the USA and
one in Germany or Western Australia. If the signal-to-
noise ratio is at least 10 in each detector we are able to lo-
cate the source within a solid angle of AQ=~1X107"> sr.
This figure gets smaller as the signal-to-noise ratio in-
creases; and for detectors and signals at lower frequencies
and at fixed signal-to-noise ratio, it gets worse as the in-
verse square of the signal frequency. In Sec. IX we dis-
cuss our conclusions about the inverse problem for
gravitational-wave bursts.
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II. THE DETECTOR RESPONSE FUNCTION

The response of a gravitational-wave detector to a
plane wave, the wavelength of which is much larger than
the size of the detector, is given in the litera-
ture.[131417%.18 Here we briefly summarize the derivation
of that response using the notation and the language of
Dhurandhar and Tinto,!* and we refer the reader to
them for a more complete discussion. In what follows we
will use geometrical units in which the speed of light ¢
and the gravitational constant G are setto 1: c =G =1.

Consider a plane gravitational wave with amplitudes
h  (t) and h . (2) associated with the two independent po-
larizations and with a direction of propagation n incident
on a detector. Let the wave coordinate system be
(X,Y,Z) with the wave traveling in the Z direction and
let the axes with respect to which 4, (¢) and s  (¢) are re-
ferred be the (X,Y) axes. The detector coordinate sys-
tem (x’,y’,z') is obtained from them by a rotation de-
scribed by the Euler angles (6',¢',9') (Fig. 1). In what
follows we will choose as (X, Y) axes those for which the
angle ¢’ is equal to zero. Since ¢’ merely determines the
orientation of the waves’ (X,Y) axes in the X -Y plane,
this choice is just a solution of convention for identi-

fying h,(¢) and hy(t); for any other -choice,
A !
z o
—y
n ’
¢
a
¥
X
N

FIG. 1. The detector and the wave coordinates. The x’, y’,
and z' axes are the detector’s coordinate axes with the origin
chosen to coincide with the corner mass of the interferometer.
The detector lies in the x',y’ plane with the x’ axis bisecting the
angle 2 Q) between the arms of the detector. The X, Y, Z axes
are the coordinate axes for the incoming gravitational wave.
The Z axis is parallel to the direction of propagation of the
wave. The X, Y axes are the ones with respect to which 4 ()
and h « (t) are defined. The angles 6’ and ¢’ are the usual Euler
angles. The angle ¢’ represents a rotation of the X, Y axes. It is
measured from the line of nodes N to the X axis. In our analysis
the angle ¢’ is chosen to be zero.
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[A () ik (D]pew=[h 4 () Fihy ()]gqe*™. In the
transverse-traceless (TT) gauge and in the wave coordi-
nate system, the tensor h; has the nonvanishing com-

ponents

hxx=—hyy=h (1), hxyy=hyx=hy(1). (2.1)

In the detector coordinate system h; are complicated
functions of the Euler angles.
Let us now consider the null vector m defined by

m=—1——(ex +iey), (2.2)

V2
where ey and ey are the unit vectors in the X, Y direc-
tions, respectively. The tensor h; is then just
2h  (t)Re(m;m;)+2h  (t)Im(m;m;). We define the
symmetric-trace-free (STF) wave tensor W;;(¢) to be half
of the tensor A;;:

W,(t)=h (t)Re(m;m;) + hy (1) Im(m;m;) . (2.3)

The factor one-half is inherited from the geodesic devia-
tion equation. In the detector coordinate system the
components of W(t) can be obtained by finding the com-
ponents of m in this system. The vector m can be written
as

1
V2

m= [(cos@’ —i cosO’ sind’)e,.

+(sing’ +i cos®’ cosd’ e, +(i sind')e, ] ,

(2.4)

and we note that the vector m is the same as the one that
appears in the Newman-Penrose formalism.!® The vector
n in the detector coordinate system assumes the follow-
ing form:

n=(sinf’ sin¢’Je,.+( —sind’ cosd’)e, +(cosd)e, . (2.5)

The detector can also be represented by an STF tensor
D;;. The form of this tensor depends on the kind of
detector—whether it is an interferometer or a resonant
bar.!* For an interferometer with its arms in the direction
of the unit vectors I/, and I, , the detector tensor D,-";“ is
equal to

D,»";“le,-llj = Lyl , (2.6)
while for a cylindrical bar detector whose longitudinal

axis is in the direction [, the detector tensor is
bar — —
D=1, +8; - (2.7)

The response amplitude R (¢) of a detector is then simply
determined by the scalar product between the STF tensor
of the wave and the STF tensor of the detector:
R()=D;W%1) . (2.8)

If there is more than one detector then it is convenient
to introduce a common orthonormal coordinate system
(x,y,z) and refer to it the detectors and the wave tensors.
In what follows we will focus our attention on networks
of three detectors. We will choose the (x,y) plane of the
coordinate system to coincide with the plane defined by
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the positions of the detectors and we will choose the x
axis to lie in the direction of the line which connects a
particular pair of detectors. The reason behind these
choices is the following: a network of three wideband
detectors provides two independent relative time delays
which in turn yield two source directions. In this coordi-
nate system these directions are mirror images of each
other with respect to the (x,y) plane (Fig. 2). Thig fact
makes the implementation of our method particularly
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efficient and elegant if we use the (x,y,z) coordinates. In
this coordinate system Eq. (2.7) becomes

R(t)=F (6,¢,a,B,7)h L (1) +F(0,¢,a,B,7)h «(¢),
(2.9)

where B, y are the latitude and longitude of the detector;
a is measured in the plane tangent to the Earth at the lo-
cation (B,7) and it is the angle between the bisector of

b1

FIG. 2. The coordinate system with respect to which the source location is computed. The Earth coordinate system is defined by
choosing the x'’ axis to lie in the direction of the line passing through the center of the Earth and the intersection of the meridian
passing through Greenwich, England and the equator. The z'’ axis is chosen to lie in the direction of the line passing through the
center of the Earth and the North Pole. The y'’ axis is chosen to form a right-handed Cartesian coordinate system with the x’’ and
z'" axis. The vector r; defines the position of detector i with respect to the origin of the Earth coordinate system. f;, ¥; are the lati-
tude and longitude of the detector i; a; is the angle between the bisector of the arms of the detector i and the local east-west direction.
It is measured in the plane tangent to the Earth at the location (S;,7;). The x axis is chosen to coincide with the line passing through
the positions of the detectors 1 and 2. The y axis is in the plane defined by the three detector locations and it is orthogonal to the x
axis. The z axis is orthogonal to the (x,y) plane forming a right-handed coordinate system (x,y,z). n is the direction of propagation
of the incoming gravitational wave; the Euler angles defining the source direction n in this coordinate system are denoted by 6 and ¢.
6 is measured from the z axis to the source direction; ¢ is measured from the x axis to the line of nodes N in the (x,y,z) coordinate

system.
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the arms of the detectors and the local East-West direc-
tion; (6,¢) are the Euler angles of the source in the
(x,y,z) coordinate system and h (), h(t) are the two
independent wave amplitudes. The ‘“‘beam-pattern func-
tions” F and Fy depend only on the location and orien-
tation of the detectors (a,[3,7) and the source direction

YEKTA GURSEL AND MASSIMO TINTO 40

understood.?®

In the Newtonian regime, if we orient the wave’s polar-
ization axes along the axes of the elliptical projection of
the orbital plane on the sky, then the wave’s amplitudes
assume the following form:

(0,¢); they are less than 1 in absolute value, except when

the source direction and the polarization are precisely op- /. (2)=2(1 +cos’i) % (mMf ) cos(2mft) , (2.10a)
timal and (for interferometers) the angle between the two

arms is precisely 90°, in which case one of F, or Fy is

%1 and the other is zero. A method for computing them  _ (t)=4 cosi ® I(,,er 23sin(27 ft) | (2.10b)
explicitly is given in Appendix A. r

We note that the response function is a linear combina-
tion of the wave’s two amplitudes. Since the detectors
will be widely separated on the Earth, they will register
different combinations of 4, (¢) and 4 » (¢) which may be
out of phase with each other. These facts may seriously
affect the determination of the relative time delays be-
tween events detected at different sites.

In order to understand this point quantitatively, let us
consider a realistic example: The case of a signal coming
from a coalescing binary system containing compact ob-
jects (such as neutron stars or black holes). At present,
among all sources of gravitational waves, these are the

ones whose strengths and event rates are most confidently
J

where i is the inclination of the orbit to the line of sight
of the detector; M and u are the total and reduced
masses; r is the absolute distance to the binary; and f is
the frequency of the waves which gradually sweeps up-
ward as the two stars spiral together. We assume for
simplicity that the orbit is circular and the frequency f
does not change appreciably during the travel time of the
wave from one detector to the other. From Eq. (2.9) we
deduce the following expression for the response func-
tions of two detectors located at the points r, and r,
which are referred to the origin of the coordinate system
(x,y,2):

2 172
1+cos?
Rl(t,)=£:—(1er)2/3 F,+—$§—’ +(F ycosi)?| cos(2mft,—k-1,+§,), 2.11a)
2 172
R (1,)=H 2/3 1+cos?i .12
H(ty)= p (rMf) F2+ﬁ2— +(F,xcos i) cos(2wft,—k-r,+§&) . (2.11b)

We have denoted by ¢; and ¢, the (proper) time as mea-
sured at the two sites, and the phases &, , have the follow-
ing form:

&) ,=arctan (2.12)

Fy 54 (1+4cos?)

2F ;% cosi )

Notice that the time delay between the two sinusoidal
detector outputs R (¢) and R,(¢) is

n-(r;—r,) 4 §i—6, ’
c 2w f
where n=k/|k|. In other words, the time shift between

T:tz_t]: (2.13)

r

the data that the experimenters compute for this signal is
the sum of the real time delay n-(r;—r,)/c and an extra
delay (£,—§&,)/2mf depending on the relative orienta-
tions of the detectors, the inclination of the binary’s or-
bital plane, and the frequency of the signal.

We have computed the difference |£;—§&,| in the case
of circularly polarized waves (i =0) (Ref. 21) and for
various pairs of laser interferometric detectors located in
North America and Europe where they are planned to be
constructed. We find that |, —£,| varies in the interval
[0.5,2.0] as the angles (8,¢) vary in the ranges [0, 7] and
[0,27], respectively. For frequencies in the interval
[100,1000] Hz in which the laser interferometric detec-

TABLE I. Orientations and locations of the detectors used in the simulations. S, ¥ are the latitude and longitude of the detector;
a is the angle between the bisector of the arms of the detectors and the local east-west direction. It is measured in the plane tangent

to the Earth at the location (f3,7).

Orientation Latitude Longitude
a (deg) f (deg) v (deg)
Eastern site (on the east coast of USA) 72.0 45.0 —67.5
Western site (on the west coast of USA) 12.0 36.0 —115.0
Western site (as above, rotated) 57.0 36.0 —115.0
Europe (Germany) 0.0 48.0 11.5
Australia (near Perth) 76.0 —32.0 117.0
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EASTERN SITE SKYMAP (h,= 1.0 h, , a = 72°) WESTERN SITE SKYMAP (h,= 1.0 h, , a = 12°)
180 T T T T T T T T
150
120
® 9
60
30

GERMANY SKYMAP (hy= 1.0 h, , a = 0°)

FIG. 3. (a) The contour plot of the maximum amplitude of the absolute value of the response R (t) = F | h,(t) + F;x hx(t)asa
function of the source location (6, ¢), for a laser interferometric gravitational-wave detector located on the east coast of the United
States of America as shown in Table I. The plotted values are normalized as a percentage of the absolute maximum of the function
R (t) with respect to 0, ¢, and ¢. The angles 8 and ¢ are the Euler angles in the coordinate system defined by two American detectors
and the European detector. The detectors are optimally aligned. The sources are uniformly distributed across the sky. In (a)—(c) the
waveforms are h (t) = h, cos(wt), h«(t) = hy sin(wt). The relationship between the amplitudes 4, and & (which are indepen-
dent of the angles 0 and ¢) is given in the title of each figure. (b) and (c) are similar patterns for the west-coast detector and the Euro-
pean detector. These contour plots can be thought of as “antenna beam patterns.”
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EASTERN SITE SKYMAP (hy= 1.0 h, , a = 72°) WESTERN SITE SKYMAP (h,= 1.0 h, , a = 12°)

T T

FIG. 4. (a) The contour plot of the maximum amplitude of the absolute value of the response R(¢) = F,, h, (1) + Fx hx(t)asa
function of the source location (6,¢), for a laser interferometric gravitational-wave detector located on the east coast of the United
States of America as shown in Table I. The plotted values are normalized as a percentage of the absolute maximum of the function
R (¢) with respect to 0, ¢, and t. The angles 6 and ¢ are the Euler angles in the coordinate system defined by two American detectors
and the Australian detector. Note that the coordinate system is not the same as the one in Fig. 3, although the angles are denoted in
the same way. The detectors are optimally aligned. The sources are uniformly distributed across the sky. In (a)—(c) the waveforms
are h () =h, cos(wt), hx(t) = hy sin(wt). The relationship between the amplitudes #, and h« (which are independent of the
angles 6 and ¢) is given in the title of each figure. (b) and (c) are similar patterns for the west-coast detector and the Australian detec-
tor. These contour plots can be thought of as “antenna beam patterns.”
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tors are most likely to see such sources,'® the contribu- that (§,—&,)/2mf is about 15% of a typical real time de-

tion of the term (£, —&,)/2nf in Eq. (2.13) will be of or-  lay implying a significant inaccuracy in the determination

der 3 msec. Since the typical real time delay n-(r;—r,)/c of the location of the source in the sky.

between the detectors will be about +20 msec, we see For other types of sources, the signal typically will
EASTERN SITE SKYMAP (ARBITRARY WAVE , o = 72°) WESTERN SITE SKYMAP (ARBITRARY WAVE , o = 12°)

180 180

4.0

150 150

120 120

L S e B S B B e
L)Y I S S A

N

S0

60

30

FIG. 5. (a) The contour plot of the maximum amplitude of the absolute value of the response R (¢) = F,, h,(t) + F x hx(t)asa
function of the source location (8,¢), for a laser interferometric gravitational-wave detector located on the east coast of the United
States of America as shown in Table I. The plotted values are normalized as a percentage of the absolute maximum of the function
R (¢) with respect to 6, ¢, and ¢. The angles 6 and ¢ are the Euler angles in the coordinate system defined by two American detectors
and the European detector. The detectors are optimally aligned. The sources are uniformly distributed across the sky. The two am-
plitudes % . (¢) and h «(t) are nonsinusoidal waveforms, shown in Figs. 6(a) and 6(b). (b) As in (a) but for the detector on the west
coast of the United States of America. (c) As in (a) but for the detector in Europe.
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contain many different frequencies, each of which will be
phase shifted by a different amount at different locations.
This implies that the shape of the signal will be different
at those sites. A simple correlation scheme to deduce the
location of the source will not work unless the signals are
corrected for those phase shifts.

As shown above, at any moment of time the response

INCOMING WAVE AMPLITUDE h,(t)

40 T T T T T T T T T
i (a) ]
28 The arbitrary waveform —
= - -
a °f 1
o
B o 4
= 4
% J
<g -8 -
-24 —~
—40 L L L L 1 L 1 L L L ]
0.00 0.32 0.64 0.96 1.28 1.60
TIME (msec)
INCOMING WAVE AMPLITUDE h,(t)
30 T T T T T T T T T
i (b) -
18 4
= - _
a °f ]
joo]
= E
= L ]
[ L 4
: The arbitrary waveform :
-18 | .
I 1
-30 i L L s i L 1 s 1 L
0.00 0.32 0.64 0.96 1.28 1.60

TIME (msec)

FIG. 6. The two amplitudes (a) 4, (¢) and (b) h«(t) of the
nonsinusoidal waveform.
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R(t)=F_(0,¢,a,B,7)h  (t)+F«(6,0,0,B,7v)h « (t)

of a given detector depends on the instantaneous values
h (t) and h 4 (t) of the two incoming waveforms, on the
direction (6, ¢) of the source, and on the location (3,7 ) of
the detector on Earth and its orientation a. For a given
source location (6,¢), a fixed detector location (B,7),
orientation a, and waveforms A (1), h (1), the response
R (¢) is a function of time. We plot the maximum ampli-
tude of the absolute value of this function of time, nor-
malized as a percentage of the absolute maximum of the
function R (¢) with respect to 6,¢, and ¢, as a function of
the source location (6,¢). Figures 3—-5 show the result-
ing contour plots for detector locations and orientations
summarized in Table I. In Figs. 3 and 4, the waveforms
are

h, (t)=h_ _coslot), hy(t)=hysin(wt) .

The relationship between the amplitudes A, and hy is
given in the title of each figure. In Fig. 5 an arbitrary
waveform with unrelated %, (¢) and A, (¢) is used. The
forms of these functions are shown in Fig. 6. These con-
tour plots can be thought of as “antenna beam patterns.”

III. SOLUTION TO THE INVERSE PROBLEM
FOR NOISE-FREE DETECTORS

Let us assume that the clocks at the three sites have
been synchronized and let us denote by R (¢), R,(¢), and
R ;(2) the three response functions at time ¢ of three wide-
band detectors located at sites 1, 2, and 3. The accuracy
of the synchronization needed is well within the current
technology.

If we restrict ourselves to the case of ideal, noise-free
detectors, we can write their responses to a
gravitational-wave burst as follows:

R1(t)=Fl+(9,¢)h+(t)+F1x(6,¢)hx(t), (3.1a)
Ry(t+71,)=Fy, (6,8)h . (1)+F,yy (8,8, (1),  (3.1b)
R3(t+713)=F3+(9,¢)h+(t)+F3x(9,¢)hX(t) N (3.1¢)

where we denote the relative real time delays between
detectors 1 and 2 and detectors 1 and 3 by

leEn‘(rz""rl), 7'1351'1'(1'3"’1']) ’ (3-2)

respectively, and the functions F; (0,¢), F;,(6,¢) refer
to the beam-pattern functions F,.(6,¢,a,,B;,7;) and
Fy(6,¢,a;,B;,7;) for the detector i. We note that the
time delays 7,, 7,3 are functions of the source location
(8,¢). We choose the detector 1 as the reference detector
without loss of generality. The functions R(z), R,(¢),
and R;(¢) are assumed to last only for a finite interval of
time.

Let us assume that we know the exact time delays 75,
Ty3 - We will drop this assumption later when we derive
our method for solving the inverse problem. From Egs.
(3.1) we see that the waveforms 4, (z) and h () are the
same functions in the three detectors at times related by
the relative time delays 7;,, 7,3, but the responses are
different because they are different linear combinations of
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h (t) and h(¢) with different coefficients F, and F.
The two independent relative time delays 7,,, 7,3 provide
two source directions which are mirror images of each
other with respect to the (x,y) plane. We denote these
directions (6 4,¢ 4) and (8z,¢5). For each source direc-
tion J where J = A4 or J = B, we can solve for hJ+(t),

h; (1) as linear combinations of two of the three response
functions. By inverting for instance Eqgs. (3.1b), (3.1c) we
deduce the following expressions for k; (7) and h; (2):

FJ 3XR2(t+7'12)

h; ()=
I Fro4Fyax —FyoxFyse

Fy o uR3(t+73)

— , (3.3a)
FJ 2+FJ sx " FyoaxFyae

FJ 2+R3(t+7'13)

h; (t)=
I FJ 2+FJ ax " FyoxFyas
F; ;. R, (t+71,)
_ J 3+ 12 _ (3.3b)
F.12+FJ sx —F; 2><FJ 3+

Since we know the explicit form for the output from
detector 1 as given in Eq. (3.1a), by substituting Egs.
(3.3a), (3.3b) into Eq. (3.1a) we obtain two expressions for
the output from detector 1 in terms of two outputs from
detectors 2 and 3 respectively. The result is

TJ(t,T12,713)=n(91,¢J)Rz(t+le)+§(9‘],¢1)R3(t+Tls) N
(3.4)

where the functions 7(6,¢) and {(8,¢) have the following
form:

Fyx Fiy —F\y Fyy
Fy  Fyy —Fy F3y
FixFyy —Fyu Fyy
Fyp Fyy —Fyx Fyy

7(0,¢)= (3.5a)

£(0,4)= (3.5b)
It is clear that of the two functions T'; only the one which
is constructed from the true direction (A4 or B) will ex-
actly reproduce R (¢). This enables one to discriminate
the real source location from the spurious one.

If we now drop our initial assumption of knowing the
relative time delays, we can still regard the function

T(t,9,¢)5n(6,¢)R2[t+T12(0y¢)]
+8(0,6)R;3[1 +75(6,4)]

as a two-parameter family of templates where the angles
(6,¢) are the parameters. Since we know that for the
correct source location (6,¢) the template 7(¢,0,¢) will
uniquely reproduce the output R (¢) , the search for the
correct time delays can be performed by minimizing the
following function (least-squares-fit method):

L6,¢)= [ "“IR, () — T(1,0,¢)Fdr . (3.6)
Note that the minimum of the function L(6,¢) is exactly
equal to zero. We point out that the method here
developed for locating the source works for any
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gravitational-wave burst, independently of the time
dependence of the wave’s two amplitudes A  (2), h  (2).

Consider the functions 1(6,¢) and £(6,¢) given in Eq.
(3.5). The common denominator F,, F3y —F,F;,
could vanish for certain source locations. For these
source directions the template T(z,7,,7;3) will be ill
defined. In order to avoid this problem we define a new
least-squares integrand as follows:

1(6,6,t)=K(6,6)R(t)+K,(0,6)R,(t+T,)

+K3(0,4)R;(t+13), (3.7)

where
K(6,p)=F, Fyy —F,F5, , (3.8a)
K,(0,0)=F;  F  —F3.F, , (3.8b)
K3(0,9)=F, Fyy —F |y F,, . (3.8¢)

The square of this I(6,¢,t) is readily shown to be K2
times the integrand of Eq. (3.6); and, as a result, the in-
tegral

L(6,¢)= [ " "1%0,4,1)d1 (3.9)

like Eq. (3.6) takes on its minimum value (zero) when
(6,¢) is the true direction to the source. This L(6,¢) has
the advantage over the one defined by Eq. (3.6) that it is
well-defined everywhere and it is totally symmetric under
permutations of the detector indices {1, 2, 3}. The sym-
metry of L(6,¢) under the permutation of the detector
indices can be proven in the following way.

Given three detectors there are three relative time de-
lays 7y,, 713, and 7,3 which are linearly dependent:

TI3=Tip 73 - (3.10)

When a permutation of the detector indices is applied to
the integral, the explicit angular functions K,(6,¢),
K,(0,4), K;(0,4) and the detector responses R (%),
R,(t), R;(¢) interchange properly to preserve the in-
tegrand. However, the arguments of the detector
responses do not immediately permute to the correct or-
der. This can be resolved by using Eq. (3.10), the fact
that the integral is invariant under time translations and
the fact that the relative time delays change sign under
transposition of the detector indices.

Once the source direction has been determined by
minimizing the integral given by Eq. (3.9), the waveforms
of the gravitational wave can be solved for using Egs.
(3.3a), (3.3b). Note that since we have three responses
and only two independent waveforms, there are three dis-
tinct, seemingly equivalent ways for reconstructing each
of the waveforms:

_ F3y Ry(t+715) = Fy Ry +7y3)

h (1)
+ K,
__leR3(t+Tl3)_F3XR1(t)
K,
Fyu R{(t)—F «R,y(t+T1)
_ ax It x4 T12 ) 3.11)
K,
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 Fy Ryt +73)—Fy, Ryt +1y)
K,
_F3  R{(O)—F Ry, +7y3)
K,
_ F1+R2(t+7'12)—F2+R1(t)
K3 '

hy (2)

(3.12)

The functions K |, K,, and K; can vanish for particular
source directions making the expressions for A, (¢) and
h«(t) involving that angular function ill defined. For
detectors that are not in the same plane and with arms
not parallel to each other, all three angular functions can
simultaneously vanish only at one point.

IV. LEAST-SQUARES METHOD
FOR NOISY DETECTOR RESPONSES

In the case of three real detectors the three response
functions [which we now denote R;,(2), R,,(¢), and
R ;, ()] will contain noise as well as the signal:

RiA(D=F,(8,8)h . ()+Fy5(6,8)h 5 (1) + A (1) ,
(4.1a)
Rop(t+7)=F, (6,0)h (1) +F,5 (6,)h 5 (1)

F At HT1) (4.1b)
)
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R}A(t+'T]3)=F3+(6,¢)h+(t)+F3x(9,¢)hx(t)

+ At +7y3) . 4.1c)

Here A(2z), A,(t), and A;(¢) are random processes
representing the noise in each detector. We assume that
these processes are not correlated either with each other
or with the signal. We also assume that these are station-
ary random processes with a Gaussian distribution.

We define a new least-squares integrand ,(6,¢,¢) in
the following manner:

IA(9,¢,t)=K1(9,¢)R1A(t)+K2(9,¢)R2A([+T12)
+K,(8,8)R 5 (1 +713) 4.2)

where the functions K, K,, and K are as defined in Egs.
(3.8a), (3.8b), and (3.8¢c); 7),=7,(6,¢) and 7,3=7,5(6,¢)
are defined by Eq. (3.2). The new least-squares function
L ,(6,¢) is defined as
1 rhoy

LA(9,¢)—ELO I%(6,¢,t)dt , 4.3)
where At =t, —t,. The time interval (zy,¢,) is chosen in
such a way that it contains the gravitational-wave pulse
for each trial source location under consideration and it
is not any longer than necessary. We will discuss the

choice of the integration interval later in this section.
The least-squares function L ,(0,¢) can be expressed as

LA(9,¢)=L(G,¢)+ﬁf[,l[K,(9,¢)A1(t)+K2(9,¢)A2(t+712)+K3(9,¢)A3(t+¢13)]2dt
0

t
+ 2 [ 10,8,00[K 1 (8,0)A(1)+K,(0,8)Ay(t +71,)+ K (8,)Aq( +713)]dr ,

At

fy

where L(0,¢) is given by

L(,4)=—- [ '1%6,6,00d1 . @.5)
o
The function I(0,¢,t) is
1(8,8,6)=K,(6,4)R (1) +K,(6,$)R,( +713)
+K3(8,4)R(t+7y3) 4.6)

and the functions R (), R,(t+7y,), R;(t+7,3) are the
noise-free responses.

We minimize L,(6,¢) to find the direction to the
source. For the correct source direction (6,,d,), the
function L(6,,¢;) and the cross term in Eq. (4.4) will
vanish leaving only the pure noise term to contribute to
the minimized function:

LaB, 0= [ " (K,(6,,6,)A,(1)
AVYsr»Ps At 1 1VWss¥s 1

+K2(95’¢S )Az[t +7-12(0s’¢s )]
+K3(0,,6,)A;[ +713(6,,6,)1}%dr .
4.7)

(4.4)

Note that when the noise amplitudes are reduced to zero,
this value goes to zero as well, matching the noise-free
least-squares function. At any other point (6,¢) the func-
tion L(8,¢) is greater than zero and the pure-noise term
in Eq. (4.4) is greater than or equal to zero. However the
cross term in Eq. (4.4) could be negative leading to the re-
sult that the minimum of L ,(6,¢) may not coincide with
the minimum of L(8,¢). This causes the method to miss
the correct source direction and to produce an incorrect
result. The error in determining the source direction will
depend on the signal-to-noise ratio in general.

We point out that the least-squares function defined by
Eq. (4.3) does not correspond to the standard least-
squares function with imprecise data:

. N (x;—p;)?
standard least-squares function= 3 ———, (4.8)

i=1 207}
where x; are noisy discrete data (numbers, not functions
of time) with standard errors o, and p; is the theoretical
function to be fitted to the noisy data. Note that the
standard least-squares function is normalized by the
root-mean-squared (rms) noise level o;, but the least-
squares function L ,(6,¢) given by Eq. (4.3) does not have
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such a normalizing factor. We will now give an argu-
ment that motivates inserting such a normalizing factor
into LA(6’¢)'

Equation (4.3) can be written as

1 t
LA(6,¢)=ELOI{[KlAl(t)+K2A2(t+7',2)

+K3A3(t+7‘13)]
+K R, ()+K,Ry(t+71,)
+K3R 3([+T13)}2dt N (4.9)

where we have formally grouped the noise terms togeth-
er. We can interpret the terms in this equation in the fol-
lowing manner:

T’(t,9,¢)2 —KIRl(t)_Ksz(t+T12)—K3R3(t+T13)

is analogous to the theoretical fit functlon in the standard
least-squares formula;

K A(D+KyA)t+7)+ KAyt +7,3)

is analogous to the noise that is contaminating the data.
These data are identically equal to zero in our case since
the theoretical fit function 77(¢,6,¢) vanishes at the
source location.

Consider a source location (6,¢,). Assume that the
time interval (zy,¢,) is subdivided into N equal-length,
small intervals. Define t;=t,+i(¢t; —t,)/N where i is an
integer in the interval [0, N]. The noisy datum

di(05,0,)=K A (2;)+ K, Ay(t;+715) + K3 Ayt +713)

at a particular time ¢; is a linear combination of uncorre-
lated Gaussian random processes A;(z;) with zero mean
and with varlances a? ; where j= 1 2,3. Using a well-
known result,”> we deduce that the probability distribu-
tion p of d;(6,,4,) is also a Gaussian distribution with
zero mean and with variance K20+ K303+K2%0?; its
analytic expression is given by

1 d'(esa¢s 2
2 Ki10}+K303+K%03

p(d(6,,¢0,))=exp |— (4.10)

Since the theoretical fit function T'(¢;,6,,¢,) is zero,
the noisy datum d;(6,,¢,) is normally (Gaussian) distri-
buted around the theoretical fit function at the source lo-
cation. At any other point in the sky (6,¢), the noisy da-
tum d,;(6,¢4) is normally distributed around the mean
value T'(¢;,0,¢). Hence, the probability density of the
datum d,(6,¢) fitting the mean T'(¢,,6,¢) is given by

1 [di(6,6)—T'(4,,6, PP

(d;(6,¢))=ex
P ¢ 2 K10'1+K20'2+K2

4.11)

The probability of the entire set of noisy data d;(8,¢),
i=0,N fitting the theoretical fit function 77(¢;,6,4),
i=0,N at the corresponding times within a constant ac-
curacy AA’ (ie., [[d;(6,6)—T'(2;,0,4)]l SAA’/2) is
given by
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N d;(6,¢)—T'(¢;,6,¢) 2
P(6,p)=1]exp | — > [K ¢ ¢l AA' .
i=0 101+K202+K3U3

4.12)

When the point (6,¢) is far away from the source loca-
tion, the noisy data will not have the same mean as the
theoretical fit function causing a reduction in the proba-
bility given in Eq. (4.12). This probability attains a max-
imum when the point under consideration is near the
source location for large signal-to-noise ratios. Maximiz-
ing this probability is equivalent to minimizing the nega-
tive of its logarithm:

n(P) N 1 [d;(6,6)—T'(;,6,4)]*
—In _2_
%02 Kioi+K303+K303

—NIn(AA').

(4.13)

Since N and AA’ are constants, minimizing Eq. (4.13) is
equivalent to minimizing a new least-squares function
4(0,¢) defined with a normalizing noise factor as

7 I1%(6,4,t)

(6,4)= dt .
A ¢ K2 +K20'2+K30'3

(4.14)

Note that the least-squares function L, (6,¢) given in Eq.
(4.14) is completely symmetric under permutations of
detector indices. It is this least-squares function that we
will use as the basis of our method for determining the
source locations.

One can try to minimize the least-squares function
L' (0,¢) in terms of the angles (6,¢) or one can express
the angles in terms of the trial time delays 7,,, 7|3 and
perform the minimization using the time delays directly.
Note that the two time delays give two possible source lo-
cations. Hence, the minimization has to be performed lo-
cally in a neighborhood of each point. The resulting two
minima are then compared with each other to decide on
the correct source location. The errors in the two rela-
tive time delays 7, and 7,; are related to the angular er-
rors in the source location A6, A¢ by the linear relations

Aty a" A6+ —¢A¢ J (4.15)
AT3=r1,; gg A9+7A¢ (4.16)

where 1, and r; are the separation vectors between sites
1,2 and 1,3 respectively. The vector n is the direction of
propagation of the gravitational wave as defined in Sec.

TI. Equations (4.15) and (4.16) imply that the errors in

the relative time delays and the angular resolution are op-
timized in conjunction. Therefore, the two different im-
plementations of the minimization procedure described
above are equivalent.

In the absence of noise the integrand I(6,¢,t) in Eq.
(3.9) is nonzero only in a finite time interval. This follows
from the fact that for a finite-duration gravity wave the
detector responses are finite duration pulses. The length
of this interval depends on the angles 6 and ¢ since the



3896

relative trial time delays are functions of them. In this
noise-free case, it is easy to compute the length of this
time interval because the starting times and the durations
of the individual responses are known. Note that the
durations of the responses are all equal since they are
determined by A () and A (2), but the shapes of the
responses are different.

When the noise is present, it is no longer possible to
identify the starting times and the durations of the
responses precisely. They can only be determined with a
statistical accuracy. In this case the interval of integra-
tion (zy,¢;) has to be finite because if it is unnecessarily
large the noise will be integrated causing a reduction in
the overall signal-to-noise ratio in the search for the
correct (6,¢). The starting and ending times of the
pulses will have to be determined using a threshold cri-
terion. Since the durations of the pulses are theoretically
equal, a good guess for the duration of the pulses can be
obtained, in cases where the amplitudes of the responses
are nearly the same, by averaging the individual dura-
tions obtained by the threshold criterion. The interval of
integration determined using the threshold criterion de-
pends on the trial time delays. In the next section we will
give an optimal choice for the interval of integration.

Once the source location has been determined, the
wave amplitudes 4  (¢) and A « (¢) can be solved for using
Egs. (3.11) and (3.12) with the noise-free responses re-
placed by the true noisy responses. However, the equali-
ties between different ways of determining a given wave
amplitude will not hold since the contributions of noise to
each of the terms are different. There is an optimal linear
combination of the three equations for each wave ampli-
tude which results in the least amount of root-mean-
squared noise in the reconstructed waveform. Consider
three distinct reconstructions of & (¢):

Fyx Rop(t+713) —Fy Ry (£ +73)
hi (D)= K
1
| FyRy(t+7,)—Fyu Ry(t+7y3)
= X,
F3XA2(I+TIZ)_F2><A3(t +T13)
+ ,
K,
Fix R3p(t+713) —F35 R5(7)
hy  (8)=
K,
_ Fix Ryt +713)—Fy3 R, (1)
= X,
FIXA3(t+Tl3)—F3X A](t)
.+_
K,
Fyx R\A(1)—F 3 Ryp (1 +7y5)
hy ()=
K;
_ Fyu R{(1)—Fx Ry(t +7y5)
K;
FZXAl(t)_FlXAZ(t +Tl2)
+
K;

(4.17)

, (4.18)

, (4.19)
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where we have formally separated the contributions of
the noise from the noise-free waveforms. Let the optimal
linear combination 4, (¢) which gives the least amount
of noise in the reconstructed waveform be

hopt+(t):a+(6:¢)h1+(t)+b+(97¢)h2+(t)

+c, (6, 5 (1), (4.20)

where

a.(0,¢)+b,.(0,¢) +c,(6,4)=1, (4.21)

since A, (£) should reduce to the noise-free waveform
h_ (¢t) when the noise amplitudes are reduced to zero.
We define the root-mean-squared error 8k, in the
reconstructed waveform as

172

1 g
8h, = A—tfto [Aopes (D—h  (1)]? dt 4.22)

We minimize this expression with respect to a(0,¢),
b, (0,¢), and ¢, (6,¢) subject to the constraint given by
Eq. (4.21) to obtain three linear equations for them; only
two of these equations are linearly independent. We
choose one of these coefficients to be a free parameter and
express the others in terms of it and the angular functions
F;w and K;. When the optimally reconstructed
waveform h,, , (2) is expressed in terms of the noisy
detector responses R, (#) , R,,(¢), and R, (¢) according
to Egs. (4.17), (4.18), and (4.19) using the coefficients
a,(0,¢4), b,(6,4), and ¢, (6,¢) derived above, the
dependence on the free parameter cancels out, resulting
in a unique optimal reconstruction.

The same argument can be applied in computing the
optimal linear combination &y, (¢) for the other
waveform A . (¢). The analytic forms of the coefficients
a,,b,,ci,ay,by,cy in these linear combinations are
given in Appendix C. [Note that the formula (4.22) and
its analog for 6k, give the errors in the reconstructed
waveforms solely due to the noise in the detectors. The
errors in the determination of the source location will
also contribute to the errors in the reconstructed
waveforms. Their effect is given by Egs. (6.9)—-(6.11).]

V. A NEAR-OPTIMAL FILTER
FOR THE LEAST-SQUARES FUNCTION

The accuracy of the source location determined by
minimizing the least-squares function given in Eq. (4.14)
depends on the magnitude of the noise terms in that
equation. If the contribution of these terms to the least-
squares integral can be reduced by filtering then this ac-
curacy will improve.

A linear filter is a map which relates its output to its
input as defined by*’

o= [T eIt — t)ar’ (5.1)
or equivalently
+ o0
o= [ """ —tJdr, (5.2)

where the output O(?) is obtained from the input J(¢)
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through linear operations with coefficients ®(z). In what
follows we call the function ®(¢) the “filter.” The filtering
operation can also be performed in the frequency domain.
The equivalent form of Egs. (5.1), (5.2) in the frequency
domain is

O(w)=P(w)J (w) (5.3)

and

0= [ e ®(w)T(0)dw . (5.4)
2 —

If the noise-free form Q(¢) of the noisy input signal J (¢)
is known, then the “optimal filter,” i.e., the filter which
maximizes the signal-to-noise ratio at the output O(¢) is
given by?*

~ *(0)) —iwt
P = 4 5.5
() SA(w)COe 55
Here ®(w) is the Fourier transform of the filter ®(¢),
B(w)= [ Temw(ndr (5.6)
and its inverse is
1 +owo .
P()=— iwt, . .
(=5—[ e Blo)do ; (5.7)

0 *(w) is the complex conjugate of the Fourier transform
of the noise-free form of the input signal Q(¢); S, (@) is
the spectral density of the random process A(¢) which
represents the noise; ¢, is an arbitrary complex constant;
t, is the time at which the signal-to-noise ratio is max-

imum; and the factor e “" serves only to move the
maximum signal in O (¢) from ¢ = O back to its location
in the input, t = 1,,.

This optimal filter does not preserve the form of the in-
put signal. This can be seéen in the following way: As-
sume that the noise in the input signal is white so that
SA(w) is a constant. Then choose the arbitrary constant
¢, in the filter [Eq. (5.5)] to be equal to the spectral densi-
ty of the noise. The filter then becomes

iwt

S(w)=0%w)e " *. (5.8)

Now, choose 7, = 0 and assume that the input signal J(¢)
is free of noise. Then QO*(w)=J*(w) and the filtered
function O (¢) becomes

+

1
owm=5-["

which is equal to the autocorrelation of the input signal
J(1):

e T* (o) (w)dw ,

0

(5.9)

o= [""TuT( + e (5.10)
~ 00

It is clear from this equation that the output function
O(t) cannot have the same form as the input function
J(t) in general. In particular it is easy to prove that if
the input function has a finite duration d, then the auto-
correlation has the duration 2d (Ref. 24).

The filter mentioned above is optimal in the sense that
it maximizes the signal-to-noise ratio at its output. There
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are other optimal filters. In particular, the filter that min-

imizes the difference between the output signal and the

noise-free signal is given by’
% 10(w)]?

P(w)=

- : (5.11)
[Q(0)?+ S, (w)

where Q(w) is the Fourier transform of the noise-free sig-
nal and S, (w) is the spectral density of the noise.

When the form of the input signal is not known both of
the filters described above are unrealizable. However,
there are methods which enable one to construct a
“near-optimal” filter.?®

These methods rely on the fact that the spectrum of
the signal is distinguishable from that of the noise. If this
assumption is true then one can approximate a noise-free
signal spectrum by extrapolating the part of the power
spectrum of the noisy signal where the signal is dominant
to the other parts of the frequency range. Similarly, one
can obtain an approximate full noise spectrum by either
extrapolating the spectrum of noise to the frequency
range where the signal is dominant or by simply comput-
ing the spectrum of the noise when the signal is absent.
Since we are dealing with finite duration bursts the latter
will be used in our method. Note that since the optimal
filter (5.5) is obtained through an extremization pro-
cedure, the errors in the determination of the optimal
filter result in second-order differences in the perfor-
mance of this filter. This means that a fairly crudely

NOISY DIGITIZED DETECTOR RESPONSE R, (t)

8 T T T T T T T T T

AMPLITUDE

) ®
I ( 500 Hz < Detector Bandwidth < 2500 Hz ) 1

_8 L 1 " 1 2 i 2 1 L
-5 -3 -1 1 3 S
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FIG. 7. The noisy digitized response for the east-coast detec-
tor in the receiver configuration as in Fig. 3. The source is as-
sumed to be at the indicated location and the overall signal-to-
noise ratio is 10. The two amplitudes of the incoming gravita-
tional wave are shown in Figs. 16(a) and 16(b). The symbols ®
mark the digitized data points.
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SPECTRUM OF THE DIGITIZED NOISY DETECTOR RESPONSE

I o e e e e s a2 e e e

. S/N = 10 :
® = 27°, ¢ = 85°

F ( 500 Hz < Detector Bandwidth < 2500 Hz,-]

Spectrum of Ry, (t))

AMPLITUDE ( x 10%/ Vaz )

S T S S S S VS SO SO S S S S S S

250 750 1250 1750 2250 )
FREQUENCY (Hz)

FIG. 8. The square root of the suitably normalized power
spectrum of the noisy response given in Fig. 7.

determined optimal filter can still perform well.

If the spectrum of the signal is indistinguishable from
that of the noise except by its amplitude in the total
bandwidth under consideration, the near optimal filter
will not supply any noise suppression. In this case the
“unfiltered” method described in the previous section
should be used.

In our implementation of the near-optimal filter, we
choose the filter that maximizes the signal-to-noise ratio
at the output of the filter as described by Eq. (5.5). We

SPECTRUM OF THE COMBED NOISY DETECTOR RESPONSE

3 ——————————————— —————
F S/N = 10 g
I ® =27, % =85 |
F ( 500 Hz < Detector Bandwidth < 2500 Hz,-

Spectrum of R, (t))

AMPLITUDE ( x 10%/ vz )

PR T S VO SO VN NS ST S '

I SR W SR [ S St L
250 750 1250 1750 2250 2750
FREQUENCY (Hz)

FIG. 9. The spectrum shdwn in Fig. 8 after it has passed
through the comb filter.
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COMBED RESPONSE IN THE TIME DOMAIN FOR R,, (t)

7 T T T T - T T T T

AMPLITUDE

-3

-5

I ( 500 Hz < Detector Bandwidth < 2500 Hz ) B

7 L 1 " ! L 1 s 1 L
-5 -3 -1 1 3 S

TIME (msec)

FIG. 10. The corresponding time domain function to the
combed spectrum of Fig. 9.

will now describe the procedure to determine the near op-
timal filter for a sample noisy detector response from a
single detector (in this case detector 1). As an example,
R, () might have the form shown in Fig. 7. We first
compute the spectral density S,,(w) for “pure” noise
A(¢) from a section of the data which does not contain
the signal. The power spectrum of the noisy signal is then
computed (Fig. 8). The amplitude in each frequency bin

NEAR OPTIMAL FILTER FOR R,, (t)

7 : I . r : T . : T

AMPLITUDE

-3

-5

I ( 500 Hz < Detector Bandwidth < 2500 Hz ) b

2 . | 1 1 s 1 " 1 L
-5 -3 -1 1 3 S

TIME (msec)

FIG. 11. The near optimal filter for the noisy response R, (?)
as shown in Fig. 7 obtained from the function shown in Fig. 10
by a threshold operation in the time domain.
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in the power spectrum of the noisy signal is compared to
the amplitude in the corresponding bin in the sample
spectrum of the noise. If this amplitude is smaller than a
certain multiple of the corresponding amplitude in the
noise spectrum, then the corresponding frequency bins in
the real and imaginary parts of the Fourier transform of
the signal are set to zero. If it is larger, the correspond-
ing bins in the real and imaginary parts of the Fourier
transform of the signal are left unchanged. The power
spectrum of the resulting ‘“combed” signal is shown in
Fig. 9. This combed signal is then transformed back to
the time domain (Fig. 10). A threshold criterion is ap-
plied to the resulting signal setting to zero the external
parts that are below the threshold value. The output of
this operation is our near-optimal filter Q (¢) as shown in
Fig. 11. We finally apply this filter to the original signal
as described in Egs. (5.4), (5.5) and the resulting filtered
detector response is shown in Fig. 12.

We note that the detector responses for widely separat-
ed detectors on Earth do not have similar shapes (Fig.
13). This implies that the near-optimal filter derived for
one of them is not in general near-optimal for the others.
If each of the responses were filtered with its own near
optimal filter then the time-delay information would be
altered since different filters have different time delays.
This would cause the method described in the previous
section to break down.

The solution to this problem can be obtained by ob-
serving the fact that the least-squares function 1,(6,4,t)
as given in Eq. (4.2) should be filtered instead of the indi-
vidual detector responses, since the source location is
determined by minimizing the integral of 1% (6,4,¢).

OPTIMALLY FILTERED DETECTOR RESPONSE Ry, (t)

300 ———T—T T T T

200

100

AMPLITUDE

-100

VIR TS T A T N T T W |

-200

( 500 Hz < Detector Bandwidth < 2500 Hz )

_300 PO U S ST SR WA ST ST T S T ST U S ST ANr
-10 -6 -2 2 3 10
TIME (msec)

FIG. 12. The optimally filtered noisy response corresponding
to Ry, (¢) shown in Fig. 7 filtered with the filter shown in Fig.
11.
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To derive the near-optimal filter for 1,(6,4,t) we
proceed in the following manner: Let ®,(w), ®,(w), and
®,(w) be the near-optimal filters in the frequency domain
for the detector responses R, (), R,, (1), and R3,(¢), re-
spectively. Because of the linearity of the filter one can
easily prove that the near-optimal filter for the function
given by Eq. (4.2) is a linear combination of the near op-
timal filters for the individual responses. If we define
®,(w) to be the near-optimal filter in the frequency
domain for the function given by Eq. (4.2), we get

K, Sip(0)® (o)
K1S A (0)+K2S,,(0)+ K385, (w)

P (w)=

+ K, S, (0)Py(w)
K%SIA(CU)+K%S2A(a))+K§S3A(CO)

4 K3S3A(CD)$3(C0)
K38 A (@) + K38, (@) + K385, (0)

(5.12)

where S| (@), Syp(w), and S;,(w) are the spectral densi-
ties of the noise processes A,(¢), A,(¢), and A4(¢), respec-
tively. Note that when we multiply the filter given by Eq.
(5.12) by the Fourier transform of Eq. (4.2) and inverse
Fourier transform the result, we obtain nine different
terms which represent filtered responses of the detectors.
More specifically, the near-optimally-filtered version of

NOISE-FREE DIGITIZED DETECTOR RESPONSES

2 ———1—— 1

r R;(t) 1

- ® g _

8 4

B R, (t) T

a r 4

= l o ]

a i N

| ]
H o

% r E

= i ]

-4 -

-8 ® =22°, ¢ = 25° -

i ( Infinite Detector Bandwidth ) ]

-12 [ L L 1 L L L " L 1 . L L ]

-10 -7 -4 -1 2 5

TIME (msec)

FIG. 13. The noise-free detector responses in the detector
configuration as in Fig. 3 illustrating the difference of the shapes
of the functions as well as the relative time delays. The symbols
©® mark the digitized data points.
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I&

I0(6,6,1) is
C0,6,0=5- [ "7IK\Rip(0)+K:Rop(@)e ™+ K3 Rap (@)1 (@) dw
1 + ~ ~ ioT ~ ioT
=Zf7w[K1R1A(w)+K2R2A(w)e 24K Rap(w)e ]

% Klsl,\(w)&)l(w)+K252A(w)&>z(w)+K3S3A(w)§>3(w)

K3S A (0)+K3S50 (0)+ K283, (0) edo . (5.13)
Expanding the terms out, we obtain
c<9,¢,z)=ﬁ K[ R]A(C;)‘(Sé:\(;f‘)a))?)l(w)eiw,dw+K1K2 [ RM(mG)fg’A(;:))ciz(w)eimdw
+K1K3f_oo+°o R'IA(LDG)‘(S(;:\(;,(Z))?S(Q)ei‘“’dco+K1K2f+w°° ﬁz"(ag‘fé:\;""w)?l(w) ialttry),
+K2 f_+: ﬁzAmG)(s;’A;Z))fi)z(w) SN g 4 KK ff: R“zAmG)f;’A;Z))Efg(w) foli )
FEK E3A(agfg‘f;f‘;)?‘(w)e"“’“+"’)dw+K2K3f+:’ E3A(agfgf;z?2(w)e"‘"“””)dm
K f—+: KM(GZ;(S:;,A;:)?M) o | (5.14)

where
G(0,0,0)=K3S s (0)+ K38, (0)+K35;,(0) .

In terms of the nearly noise-free waveforms Q;(?),
i=1,2,3 obtained using our near-optimal filter deter-
mination procedure, the near-optimal filters @;(w),
i=1,2,3 become

gt
Bl =g (5.15)
~ ;((9) —ioT),
o)== ) (5.16)
~ Q;(w) —ioT
b = B 5.17
3(60) S3A(w) ( )

After substituting Eqgs. (5.15)-(5.17) in Eq. (5.14), consid-
er a typical term in the resulting equation:

1 f+oo E3A(w)Q;(m) ia)(t+rl3v1'12)dw

(2) —__
V3A(6’¢7t) o d o G(9,¢,a))

(5.18)

where V3)(8,6,t) is the response R;, filtered with the
filter ®,. We consider three cases. (i) The spectral densi-
ties of the noise in the detectors are constants (possibly
different). In this case, the function

G(0,0)=K3S o, +K35,, +K3S5,

is independent of the frequency and it can be factored out
of the integral in Eq. (5.18). (ii) The spectral densities of
the noise in the detectors are the same, but they are not

[
constant. In this case, the spectral density S, (w) can be
factored out of the function G and the resulting

G(0,6)=K?+K3+K3

can also be factored out of the integral in Eq. (5.18). (iii)
The spectral densities of the noise in the detectors are not
constant and they are all different. In this case the in-
tegral remains unchanged.

In the case (i), the typical term given by Eq. (5.18) can
be written as

1
———R
G(0,9)
where G(60,¢) is as given in that case and
RR(+73—7p)

=_21; j:ﬁm(w)é’;(w)eiw(HT'rle)dw )

Vg%\)(ey(b’t): (3%\)(1‘""7'13_7'12) ’

In the case (ii), the typical term given by Eq. (5.18) can
be written as

Vi(6,6,t)= R +r3—7p),

1
——R
G(6,¢)
where G(0,¢) is as given in that case and

R (t+73— 7))

_ 1 pre=Rule
21 — 0 SA

0

*
2(6‘)) io(t+7,,—7,,)

e 13 12 dw .
)

)
(

Note that the definition of R (z+7,;—7,) is different
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in each case. fore the search for the correct time delays starts. The re-

In these cases, the function R (#+7,3—7,) can be  sulting functions are shifted as required by the relative
interpreted as the response R;,(¢) filtered with the filter  trial time delays. The point is that the unfiltered
@, and shifted by the relative time delay 7,3;—7,,. Hence  responses have to be filtered only once. Then the filtered
each of the frequency domain integrals in the functions  functions are used in the minimization procedure.

("')(t) =1,2,3, has to be performed only once be- Define C'(6,¢,t) in the cases (i) and (ii) by
|
C'(0,¢,t)= G(9¢ ——— KRN () +KZRZ () +KIRP) () +K K,R N (t+7,)+K K,RE (t —7,) +K KR (1 +73)
+K KR (t —73)+K,K3RE (t+7,3—715) +KLK3RE) (1 — 7113+ 71,)] . (5.19)

In terms of this function C’'(6,¢,t), the near-optimally-filtered least-squares integral L', (6,¢) becomes
” —_ hl_ g 2
L7(6,)=—; ftoc (6,¢,t)dt . (5.20)

The advantage of this procedure is that we do not have to perform inverse Fourier transforms for each combination
of time delays during the search because the exponential factors containing the trial time delays in the filter functions
correspond to time-shifted filtered functions.

In the case (iii), the factorization of the angular functions from the frequency domain integrals cannot be accom-
plished in general. The filter still functions as described; however, an inverse Fourier transform has to be performed at
each step in the search for the optimal time delays making the filtering procedure computationally more expensive. The
least-squares integral L' (6,¢) retains its form given in Eq. (5.20), but the integrand C’(6,¢,t) becomes

C'(0,0,t)=KV{\(0,0,t)+K2iV2(0,0,t)+KIVN(0,0,t)+K K, VN (0,6,t)+K, K, V{2 (0,0,1)
+K1K3V‘”(9 &, 1)+ K K V3 (0,0,8)+K,K VR (0,0,6)+ KK, V) (6,6,1) .

In the following, we will compute the effect of the near optimal filtering process on the value of the least-squares
function L} (6,,4,) at the source location (6,,¢,). This value is used in the next section to derive the estimates for the
angular errors (A0,A¢) in the source location.

The near optimal filter described above is made out of three operations: The first one is the combing operation in the
frequency domain; the second is the threshold operation in the time domain and the subsequent Fourier transform to
the frequency domain; the third consists of the multiplication of the Fourier transform of the noisy signal with the func-
tion obtained in the first two operations, the division of the resulting function by the spectral density of the noise, and
the subsequent inverse Fourier transform back to the time domain. The first operation can be represented mathemati-
cally in terms of a function Z,(w) which has a constant value when the power spectrum of the original signal at the fre-
quency o is above a certain multiple of the corresponding noise spectrum at the same frequency and it has the value O
when the opposite condition holds. It is normalized in the frequency domain in the following way:

["Z (@do=¢ ,
@

where g is the ratio of the total range of frequencies (bandwidth) in which Z,(»)#0 to the full band of integration,
®,—y. The combing operation is then simply multiplication of the Fourier transform of the original signal by the
function Z,(w) in the frequency domain. The resulting function is then transformed back to the time domain where a
threshold operation is performed on it. This threshold operation can be represented by a multiplication with a rec-
tangular window with height 1 when the function is above the threshold value and height O when the opposite condition
holds. The last multiplication with the rectangular window can be represented by a convolution in the frequency
domain. Hence, the function U(6,¢,w) which corresponds to the function Q(w) in Eq. (5.5) is given in the frequency
domain by the expression

06,8,0)= [ " “Z,(0—0"Z,(0)]4(6,4,0)do’ , (5.21)

where 1,(6,¢,0) is the Fourier transform of the function I,(8,¢,t) given in Eq. (4.2) and Z,(w) is the Fourier trans-
form of the window function described above. The filtered function C'(8,$,) becomes

U*(6,4,0)
G(6,¢,0)

Since T,(6,¢,0)=1(6,¢,0)+M ,(6,¢,0) where 1(8,4,w) is the Fourier transform of the expression given in Eq. (3.7)
and

M, (6,6,0)=K(0,6)A(0)+K,(0,6)A(0)+K;(0,6)A5(w) , (5.23)

C'(6,¢,0)=1,(0,¢,0) (5.22)
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we obtain
. 1(60,4,0)+ M, (0,,0) (+o S e b , ,
C'(6,¢,0)= G060 f_wz;(a;—w )Z* (0 )[T*(0,¢,0")+M%(6,4,0)]do’ . (5.24)
Note that at the correct source location (6, ¢, ) the function I(6,,¢,,t)=0. As a result, Eq. (5.24) gives
. M\(0,,4,,0) e e e -
C'(93’¢S’w)=mf_w Z3 (0—o)ZT (M }(0,,¢,,0")Vdo . (5.25)
The corresponding least-squares-integrand function in the time domain is
, 1 + o0 MA(657¢3’60) + 00 ~ NS BN , ' e
C (93,(]33,1)‘—“57‘_’_"f_eo m . Z3 (0= V2T (' )M }{(0,,¢,,0' )dw' e dw . (5.26)
Eq. (5.26) can be rearranged to give
, 1 + +wMA(Bs’¢s7w) 5 I\ "\ A7 AYR1%) ’
C(ex,¢s,t)=gf_w fﬁw mz;m—m \Z ¥ (0 )ME(6,,,,0" ) “do'dw . (5.27)
Since all signals under consideration except Z (o) are band-limited, we get
1 @y @y MA(OS)¢5;w) ~ ~ ~ .
’ —_ _______.______Z* — lz* IM* 9’ R ’ la)td ld
C'(6,,6,,t) zﬁfwof% TS S w—0)ZT (0 )M} (6,,¢,,0" ) “dw'dw
1 “1 “1 MA(GS’(ﬁS’w) >4 "7 '\AA ry,iw ’
< Ef% f% Wz;(w—w )Z ¥ (M (6,,¢,,0" ) |do'dw
1 “1 @1 MA(05’¢S’w) A 7 ’ 7 % ’ 7 % ’ ’
5—277_‘ o f“’o —WMX(GS,QSS,CO) 122 (w—ow )HZ, ()|do'dw , (5.28)

where o, and w; are the limits of the passed band. Note
that

MA(93’¢s’w) Gmax(os’¢s’m)
G(05’¢s’w) Gmin(es’¢s’w)

where subscripts max and min refer to the minimum and
the maximum values attained by the spectral density
G(0,,¢;,w) in the band wy=w=w;. u is 1 for white
noise. Using the definition of Z(w) we see that
1Z} ()< —8— .
| CL)O ]
Since Z,(t) is a rectangular window with unit height and
width At =1, —¢,, we get

<

M3 (6,,¢,,0") =

u,

sin[(o—w')At /2]

<
(o— ')At /2 At=Ar.

1Z3 (w0—w')|=

Substituting these results in Eq. (5.28), we obtain

C'(93,¢S,I)S$ugAwAt : (5.29)

where Aw=w,;—w,. Note that for Gaussian white noise,
for the realistic bandwidths and pulse durations and for a
reasonable threshold setting g, C'(0,,¢,,t) <1. Using Eq.
(5.20), we get

L3(6,,6,)<1. (5.30)

[

This result will be used in the next section to derive the
estimate of the errors in the computed source location for
the filtered least-squares function.

We will use the linear optimal filter described by Eq.
(5.5) in this section. The reason for this is that the filter
described by Eq. (5.11) is much more expensive computa-
tionally than (5.5). The filter (5.11) must be computed for
each combination of trial time delays and then an inverse
Fourier transform has to be performed in order to com-
pute the value of the function L} (0,¢) at each (6,4).
Note that we cannot perform the decomposition of the
filter (5.11) in terms of the individual filters of the noisy
responses as we did for the optimal filter described by Eq.
(5.5) since the filter ®(w) described by Eq. (5.11) is non-
linear.

The construction of the near optimal filter chosen
above is not unique. An alternate method for realizing
the filter (5.5) is to “smooth” the power spectrum of the
noisy signal in the frequency band where the signal is
stronger than the noise and to use the resulting “smooth”
function as the filter for the responses. This procedure
should be performed carefully to ensure that the filter
thus obtained corresponds to a real function in the time
domain. Then, the method of filtering chosen above can
be used to construct the filtered least-squares function.
One way to build such a filter is as follows: Consider the
noisy signal in the frequency domain. Since the response
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R \(2) is real in the time domain, its Fourier transform
satisfies the condition R ,(w)=R}(—w). This implies
that the real part and the imaginary part of R , (o) satis-
fy

Re[R \(w)]=Re[R \(—w)],
Im[R \(0)]=—Im[R ,(—w)] .

First, one smoothes the positive frequency section of the
power spectrum of the signal. One way to do this is to
treat the positive-frequency section of the power spec-
trum as a signal itself and to apply a low-pass filter to it.
Other standard smoothing methods will also work. Let
P(w) be the amplitude in the smoothed power spectrum
at the frequency w. Consider the real and the imaginary
parts of the original signal at the same frequency. Let

a=|Re[R \(0)]|/|Im[R s ()]l ,
b=sgn{Re[R s(w)]}, d=sgn{Im[R,(®)]} .

Construct the new real and imaginary parts of the filter
for positive frequencies in the following way:

Rel & a’Plw) |
e[U(w)]=b Tta? ,

Blo 1
Im{ O@)]=d | 25

The negative frequency part of the filter U(w) is comput-
ed according to the symmetry equations given above.
This new filter U(w) has P(w) as its power spectrum am-
plitude at the frequency w and its real and imaginary
parts have the same phase relationship to each other as in
the original signal. By its construction, this filter is a real
function in the time domain. Note that the function
U(w) is not necessarily smooth, but its power spectrum
P(w) is smooth by construction.

Up to this point, intervals of integration are chosen by
a threshold criterion. One may argue that by choosing a
function of time which multiplies the least-squares in-
tegrand and vanishes beyond the “optimal” limits of in-
tegration, one can improve the signal-to-noise ratio in the
least-squares function. Such an optimal “cutoff”” function
may not be a rectangular window with constant height.

We will now argue that the optimal cutoff function is a
rectangular window whose extent is determined by the
threshold criteria described in this section. If the cutoff
function has any other shape, then finding the optimal
shape corresponds to applying yet another optimal filter
J
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to the minimized function which is already as optimally
filtered as possible. This will not give anything new. It is
also easy to deduce that any cutoff function whose dura-
tion exceeds the duration of our rectangular window will
simply add more noise to the minimized function without
improving the signal-to-noise ratio. Hence the rectangu-
lar window with unit height and with duration equal to
the one obtained by the method described in the previous
section is the optimal cutoff function with this near-
optimal filter.

VI. THE ESTIMATES OF ERRORS

Consider the unfiltered least-squares function L', (6,¢)
as described in Sec. IV [Eq. (4.14)]. Since we expect our
solution to be near the actual source location for a good
signal-to-noise ratio, we assume the least-squares function
to be well approximated by a quadratic form in the neigh-
borhood of the minimum as follows:

6—06,,
L)(6,$)=~L}\(6,,,$,,)+5(0—06,,6—¢,)H, e
6.1)

where ﬁ is the Hessian matrix of L, (6,4) evaluated at
6,,,9,,) - The explicit form of this H is given in Section
A of Appendix B.

The Hessian matrix H is formed out of the second
derivatives of the function L) (0,¢) evaluated at the
minimum and it contains information about the shape of
the minimized function in the neighborhood of the
minimum. Note that since L(6,,,4,,) is positive and
L', (6,¢) is larger than the minimum value, the quadratic
form

0—9,,

HO=0,,8=, H, |4y | =LA(O,0)=L(0,,0,)

6.2)
is positive definite. Therefore, the shape of the function
given by Eq. (6.1) is an elliptical paraboloid in a neighbor-
hood of the minimum. Since we assumed a good signal-
to-noise ratio, the actual source location will be in this
neighborhood somewhere on the paraboloid. As the
signal-to-noise ratio approaches infinity, the minimum
will move to the actual source location. The quadratic
form given by Eq. (6.1) is not diagonal in general. If it is
diagonalized, its eigenvalues describe the curvature of the
paraboloid along its principal directions and this provides
an estimate of the errors caused by the noise.

At the actual source location (6,,¢,) the value of the
least-squares function L, (0,¢) is given by

K A (DK Ayt +71,)+ K, A3(t+1'13)]

A(es’¢s Al

Klol K202+K303

where the functions K,, K,, K3, 7y, and 7,3 are evaluated at the source location (6,,¢;

L\ (6,,¢,)is

, (6.3)

). Note that the value of this

+T/2 [K A (t)+K A (t+T12)+K A}(I+Tl3)]

L)\(8,,¢,)= lim —f o i
1 l

dt=1. (6.4)

202+K303
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Since the bandwidth of the detector outputs is limited,
the relaxation time for the random processes A (),
j=1,2,3, as seen through the limited bandwidth is equal
to the period of the highest frequency in the band. If the
time interval At is large compared to this relaxation time
(as will be the case in the simulations in the next section),
the actual value of L, (0,,,) will be close to unity.

Assuming that the actual source location (0,,4,) isin a
small neighborhood of the minimum (6,,,¢,,) of L', (6,¢)
so that the expansion given by Eq. (6.1) is valid, we ob-
tain

L;\(es,(,bs):L;\(Om’(ﬁm)

- 0,—6,,
+46,—6,,,6,—¢,,)H,, I¢S_¢m ] . (6.5)
Substituting 1 for L, (0,,d, ), we get
- 0,6,
6,—6,,,6;,—,,)H,, 6. —d, =1—L)(6,,,¢,,) -
(6.6)
This is a quadratic equation for the errors

(6,—8,,,¢,—¢,,) with coefficients specified at the
minimum point (6,,,4,,). We diagonalize the Hessian
matrix to solve this equation.

The diagonalized Hessian is obtained by transferring to
a new coordinate system which is determined by the
eigenvectors of the Hessian. In this coordinate system
(x,,x,) Eq. (6.6) becomes

— 2
(x2s x2m)

(1/A_)

(xls “Xim )2

(1/A4)

=1—"L;\(le,x2m) ) (6.7)

where A, and A_ are the eigenvalues of the Hessian.
Note that the radii of curvature along the principal direc-
tions are given by the inverse square roots of the eigen-
values. The estimated errors in the original coordinate
system (6,¢) will in general be a linear combination of
these radii. The explicit expressions for the angular er-
rors AG and A¢ in terms of the Hessian are given in Ap-
pendix D. We point out that the estimated errors will get
smaller as the noise level vanishes since the minimum
L', (6,,,¢,,) approaches 1.

The analysis carried out above also holds for the
filtered least-squares function defined in Sec. V. However,
because of the results obtained in Sec. V [Eq. (5.30)], Eq.
(6.6) takes the following form:

;=0

%(95 _Om’¢s ‘¢m )Hm d,s _._¢m

=Y—L}(6,,$,),

(6.8)

where H, . is the Hessian matrix of L, (60,) evaluated at
the point (6,,,8,,) (see Appendix B2) and Y=L/} (0,,¢,)
is smaller than 1.

In the absence of noise, the least-squares function can
still be expressed in quadratic form near its minimum.
The radii of curvature for the paraboloid which
represents the noise-free least-squares function in a neigh-
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borhood of the minimum value are smaller than the radii
of curvature of the paraboloid which represents the noisy
least-squares function in a neighborhood of its minimum.
As the signal-to-noise ratio gets lower, the paraboloid
opens up making the minimum less well defined. There-
fore, the eigenvalues of the Hessign H, are larger than
the eigenvalues of the Hessian H,, if the filtering im-
proves the signal-to-noise ratio.

As the signal-to-noise ratio increases, the minimum
point of the paraboloid moves towards the actual source
location which is at the value 1 for the unfiltered least-
squares function and at the value Y for the filtered one.
The estimated errors are proportional to the ratio of the
difference between the values of the least-squares func-
tion at the actual source location and at the minimum,
and the eigenvalues of the Hessian. Hence, we deduce
that the estimated errors will be smaller for the filtered
least-squares function in general. The actual elements of
the Hessian are different for the two cases. Their explicit
forms are given in Appendix B. A method for computing
the probability distributions of the errors in the angles
(6,¢) is given in Appendix D.

If the signal-to-noise ratio is too low, the estimated er-
rors given above may not be accurate. The reason for
this is that as the signal-to-noise ratio gets lower the radii
of curvature of the paraboloid defined by Eq. (6.7) grow
larger making the minimum of the paraboloid harder to
locate. Eventually, the minimization method will not be
able to discriminate between the correct source direction
and its mirror image with respect to the plane defined by
the positions of the detectors; and the computed
minimum may end up in the neighborhood of either point
with equal probability. Note that with four detectors this
difficulty is less pronounced since one will be able to per-
form the minimization around the approximate source lo-
cation determined by using three independent relative
time delays. We will examine this case in a future paper.

The errors A6, A¢ in the determination of the source
direction and the noise A;(z) in the detector responses
R;A(¢) will induce inaccuracies in the reconstructed grav-
itational waveforms &y, (#) and h,,« (¢). Since these
waveforms are functions of time, the errors in them are
functions of time as well. Using Egs. (4.17)-(4.19) and
the corresponding equations for A, (¢) we get the follow-
ing expressions for the error functions Ah,, . (f) and
Al (2):

3
Ah oo+ ()= [1; +(6,4,A6,A0)R;A(1 +E;)

i=1

+€ .(0,6,A0,A0)R; \(t+E)], (6.9)
3
Ahoux ()= 3 [14;%(0,¢,A0,A¢)R; 5 (1 +&;)
i=1
+€,4(0,6,A0,Ap)R, \(t+E)] .  (6.10)

The angular functions p;,,€;, and yu;y,€;x are deter-
mined by the optimal choice of the reconstruction formu-
la for the waveforms. The function &; is the appropriate
time delay for the response used. These functions are
evaluated at the computed source direction which mini-
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mizes the appropriate least-squares function. The expli-
cit form of these functions are given in Appendix C.
R (1) is the time derivative of the noisy response R, ,(¢).
Finally, one can also define a measure of the inaccura-
cies in the functions A, () and Ay« (¢) in the follow-

ing way:

1 )
ol = A fra Ah2, ., (dt (6.11a)
ok =—— ["an2 (v (6.11b)
Atab ta opt

where the integration range At,, =t, —t, is the common
domain of definition of the noisy responses R;,(?),
i=1,2,3. Note that Egs. (6.9)-(6.11) include both the er-
rors due to the noise in the detectors and the errors in the
determination of the source location.

VII. THE NUMERICAL IMPLEMENTATION

A. Simulation of the gravitational-wave signal

Once the detectors are built and operating, data from
them will be kept in digitized form because of the ease of
storage and manipulation. The algorithm described in
this section assumes that the data are presented in this
form. Because of the present unavailability of the data
from wide-band gravitational wave detectors containing
pulses with signal-to-noise ratios larger than 1, the in-
coming gravitational wave and the responses of the detec-
tors have to be simulated in order to test the performance
of the method described above. The simulation involves
the construction of the continuous waveforms A (2),
h « (1), the computation of the angular functions and the
relative time delays related to the simulated source posi-
tion, and the simulation of the instrument noise which
gets added to the incoming noiseless waveforms. In addi-
tion, any other parameter of the receiving instrument
which affects the responses has to be included. In our
simulations we assume idealized detectors which are
characterized by the formalism given in Sec. Il and by
the spectrum of their noise. Our idealized detectors are
assumed to have two arms with identical length along
two orthogonal directions. We assume that the noise in
the receivers is Gaussian and white and their spectral
densities are the same for all three detectors. Note that
our filtered method works when the noise is not white
and the spectral densities are different for the three detec-
tors, since its derivation was carried out with arbitrary
spectral densities. The numerical implementations are
different for the cases (i), (ii), and (iii) described in Sec. V.

In our simulations, the detector responses are digitized
with a sampling rate of 10 kHz. The “continuous” signal
is simulated by a digitized waveform sampled at 80 kHz
and spline fitted to produce the values between the sam-
pling points. The clock for the continuous signal is not
synchronized with the clocks which digitize the receiver
responses. A random phase shift is added to the receiver
digitization clocks relative to the continuous signal clock
when the receiver responses are digitized. The receiver
clocks are synchronized with each other.
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In the simulations, the signal is constructed from two
functions h , (¢) and h , (¢). In one set of simulations, we
use a_one-cycle, circularly polarized sinusoid: £ (¢)
= AV2cos(wt) and hy(t)= AV 2sin(wt), 05wt <27
where ¢ is measured by the continuous signal clock. The
frequency @ of these waveforms is randomly selected to
place the largest frequency component of the wave at an
arbitrary location in the frequency band under con-
sideration. The waveforms are normalized so that the
root-mean-squared amplitude for each of them is 4.

The “‘continuous” receiver responses R;(¢) are then
constructed from these waveforms using Egs. (3.1a)-
(3.1c) with appropriately chosen angular functions and
relative time delays which correspond to the simulated
source location. These noise-free R j( t) are shown, for the
above choice of h , (¢) and h . (¢) and for a specific choice
of detectors and source locations, in Fig. 13. The Gauss-
ian white noise in each receiver is simulated by a normal-
ly distributed deviate with zero mean and unit variance.?®
This noise is added to the “continuous” signal at each
tick of the clock for the ‘“continuous” signal [Egs.
(4.1a)—(4.1c)]. This noisy digitized signal is then fitted by
cubic splines to supply the values between the sampling
points.

Since the root-mean-squared amplitude of the signal in
an optimally oriented detector is A, this case can be
thought of as having a signal-to-noise ratio

S _ 4

N-o’ (7.1)
where o? is the variance of the Gaussian deviate de-
scribed above. It is instructive to reexpress our definition
(7.1) of signal-to-noise ratio in terms of the (white) spec-
tral density of the detectors’ noise S;,. Denote by 2f ..
the sampling frequency (80 kHz) used in our noise-
generating procedure—so f .. =40kHz is the highest
frequency present in the noise. Then, because
f o Spdf =¢2, the spectral density of the noise is
S, =02/ f max; and thus our definition (7.1) is equivalent
to

i:—A
N \/Shfmax

Figure 14 shows the spectral density S, of the noise used
in our simulations.

Having constructed the noisy ‘“‘continuous” receiver
responses R;,(¢), we then filter them with a band-pass
filter that has relatively sharp cutoffs at 500 Hz and 2500
Hz (Fig. 15). This filtering operation can be interpreted
in two ways. First, the actual gravitational wave detec-
tors are band-limited devices. The noise level rises at low
frequencies due to seismic noise and other factors reduc-
ing the sensitivity and the dynamic range of the instru-
ment. At high frequencies the resonances in the mechan-
ical and electrical parts of the receiver servo system limit
the dynamic range well before the photon counting noise
becomes dominant. A high frequency cutoff is also
needed to limit the data acquisition rate to a man-
ageable level. We choose the cutoffs described above to
correspond to the current operating band of a typical

(7.2)
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FIG. 14. The spectral density of the unfiltered noise used in
the simulations.

laser interferometric gravitational wave detector proto-
type.8 7101227 Second, another way to interpret this
band-pass filtering is to regard it as a preliminary filter in
our method. The band-limited wave amplitudes &, (¢)
and A 4 (¢) of the two polarizations of the incoming grav-
itational waves are shown in Figs. 16(a) and 16(b).

THE BAND-PASS FILTER

2 M T—— T T

AMPLITUDE OF BAND-PASS FILTER

O S Y W S S IS S S T SO S S S B S S

250 750 1250 1750 2250 2750
FREQUENCY (Hz)

FIG. 15. The band-pass filter in the frequency domain. This
filter is applied to every noisy response.
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Often one encounters, for a broadbapd signal such as
ours, an alternative definition of the signal-to-noise ratio:

S -4
N alternative ‘/Sh Afband-pass
/2
fmax : S S
=|—| ==20=. (13
Afband-pass N N

Here Afpandpass =2 kHz is the width of our band-pass
filter. For example, this alternative definition is a good
approximation to the more sophisticated one used by
Thorne [Eq. (29) of Ref. 2]. Thus, our simulations, which
entail S/N = 10 for an optimally oriented detector ac-
cording to our definition, actually entail a larger
(S /N)aiternative =45 for an optimally oriented detector ac-
cording to the alternative definition. For a random orien-
tation of the detector relative to the source, the signal-
to-noise ratio will be reduced from these values by rough-
ly a factor 2.

After the “continuous” detector responses are band-
pass filtered, they are digitized at the rate of 10 kHz with’
synchronized receiver clocks. The minimum sampling
rate for a signal whose largest frequency component is at
~2500 Hz is 5 kHz.2® We choose to sample at twice the
minimum rate to be able to perform fast reconstruction
of the receiver responses from the digitized points
without causing an excessive distortion in the recon-
structed responses. We will discuss this choice in more
detail when we address the reconstruction problem later
in the following subsection.

In order to test the waveform independence of our
method we also used a somewhat arbitrary waveform in
another set of simulations. The band-pass filtered incom-
ing waveforms h (¢) and h.(t) corresponding to this
wave are shown in Figs. 16(c) and 16(d). In this case,
each wave amplitude is normalized in the manner de-
scribed above. By contrast, with our previous 4 (¢) and
h « (1), these “arbitrary” h  (¢) and h , (t) are not related
to each other by a simple phase shift; i.e., this wave does
not have a well-defined polarization.

The simulation of the continuous signal is done in a
subroutine of the main program that implements our
method. This subroutine is written in such a manner as
to provide digitized detector responses to the main pro-
gram when given a source location, and it does not share
any other information with the main program. Then the
main program calls our method to get the computed
source location and the reconstructed waveforms. The
sets of Figs. 17-19 show contour plots of the maximum
response amplitudes of the detectors for a given source
location, as functions of the source location in the coordi-
nate system described in Sec. II. Note that this coordi-
nate system depends on the set of detectors under con-
sideration. Hence a given source location corresponds to
different coordinate angles for different sets of detectors.
Compare these figures with the ones in sets 3-5 showing
the geometric antenna patterns.
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B. Reconstruction of the “continuous” signal

Since the responses of the detectors are kept in digi-
tized form, the band-limited “continuous” responses have
to be constructed out of them in order to be able to

INCOMING WAVE AMPLITUDE h,(t)
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search for the correct time delays which are noninteger
multiples of the sampling period in general. The sam-
pling theorem governs the parameters of the digitization.
It states that if a continuous function of time A(¢) is band
limited, i.e., its Fourier transform vanishes above a cer-

INCOMING WAVE AMPLITUDE h,(t)
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FIG. 16. The incoming band-limited wave amplitudes (a) 4, (¢) and (b) h«(¢) for single cycle, circularly polarized, sinusoidal
pulses and the incoming band-limited wave amplitudes (c) 4 .. (¢) and (d) h«(¢) for an arbitrarily chosen nonsinusoidal waveform.
The symbols © mark the digitized data points.
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tain cutoff frequency f, then the function can be unique- where T=1/(2f.) . Note that the sampling frequency
ly determined from a knowledge of its sampled values  has to be at least twice the cutoff frequency; otherwise

h(t): _aliasing will occur. The reconstructed continuous func-
tion A (¢) is given by?®
N + o0 + o . _
Ry= 3 h(nD8(t—nT), (7.4) h=T S hipp 22/t —e) (7.5)
n=-—oo n=—oo TT(l “’17”)
EASTERN SITE SKYMAP (hy= h, , , = WESTERN SITE SKYMAP (hy= h,, S/N = 10, a = 12°)
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FIG. 17. The maximum amplitude of the noisy detector responses as a function of the source location (6,¢) for detector
configurations described in Fig. 3. The waveforms are single cycles of sinusoids. The amplitude of the waves emitted by the source is
assumed to be a constant independent of the source location while the frequency of the pulses are allowed to vary randomly in the
range [770 Hz, 2000 Hz]. The realization of the noise is computed to be randomly different for different source locations. The
sources are uniformly distributed over the sky and the overall signal-to-noise ratio is 10 as defined in Sec. VII.
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Although Eq. (7.5) describes how to construct the con-
tinuous function from its sampled values, it is of little use
in practical applications where a large number of the
values of the function at arbitrary times are required.
Since the number N of digitized points is finite in reality,
we assume that h(nT) given in Eq. (7.5) is zero for values

EASTERN SITE SKYMAP (hy= h, , S/N = 10, a = 72°)

180

150

120

60

30

of n outside the existing stretch of data and the series
given by Eq. (7.5) becomes finite. However, for a typical
data run that is just long enough to cover all possible
time delays between the detector responses the number N
is about 2000 for a sampling rate of 10 kHz. This implies
that in order to obtain the value of the continuous

WESTERN SITE SKYMAP (h,= h; , S/N = 10, a = 12°)

180

FIG. 18. The maximum amplitude of the noisy detector responses as a function of the source location (8,¢) for detector
configurations described in Fig. 4. The waveforms are single cycles of sinusoids. The amplitude of the waves emitted by the source
is assumed to be a constant independent of the source location while the frequency of the pulses are allowed to vary randomly in the
range [770 Hz, 2000 Hz]. The realization of the noise is computed to be randomly different for different source locations. The
sources are uniformly distributed over the sky and the overall signal-to-noise ratio is 10 as defined in Sec. VII.
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responses at a given time ¢ a large number of tri-
gonometric functions has to be computed. These facts
make the direct use of Eq. (7.5) prohibitively expensive in
implementing the method described in Secs. IV and V.
The main reason for the computational cost is the re-
quirement that the least-squares function must be com-

EASTERN SITE SKYMAP (ARB. WAVE, S/N~15, a = 72°)

;
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puted for arbitrary time delays and for a large number of
iterations in order to converge to the correct source
direction. In addition, a numerical integration with possi-
bly variable stepsize has to be performed in order to com-
pute the least-squares function.

An alternate approach to the reconstruction of the

WESTERN SITE SKYMAP (ARB. WAVE, S/N~15, a = 12°)

FIG. 19. The maximum amplitude of the noisy detector responses as a function of the source location (8,¢) for detector
configurations described in Fig. 3. The waveforms are shown in Figs. 16(c) and 16(d). The root-mean-squared amplitude of the waves
emitted by the source is assumed to be a constant independent of the source location. The realization of the noise is computed to be
randomly different for different source locations. The sources are uniformly distributed over the sky and the overall signal-to-noise

ratio is 15 as defined in Sec. VII.
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continuous function is to use polynomial interpolation. If
the outputs of the detectors are sampled at an adequate
rate and they are band limited, we expect that the inter-
polated responses will not be too far off from the actual
responses. The reason for this is that the signal has to
change very rapidly between two consecutive samples in
order to differ from the interpolated value significantly.
This is not possible since the signal is band limited. The
effect of interpolation is to introduce additional noise into
the signal as compared to the signal reconstructed ac-
cording to Eq. (7.5). If the level of this noise is small
enough not to affect the accuracy of the method, the in-
terpolation is acceptable. The advantage of the interpola-
tion is that it is much faster computationally. The sim-
plest form of interpolation is the linear interpolation.
However this introduces too much noise into the interpo-
lated response because it does not have continuous first
derivatives at the sampling points. As we have seen in
Sec. VI we need continuous second time derivatives of
the responses in order to compute the estimated errors.
The simplest choice that satisfies these criteria is the cu-
bic spline interpolation, and we have chosen to imple-
ment it. Tests of the errors caused by cubic spline inter-
polation are discussed in the Sec. VIID.

C. The least-squares function

The least-squares functions are computed according to
Eqgs. (4.14) or (5.20) depending on whether the unfiltered
or filtered version of the method is used. We computed
the integrals in the time domain using a constant step in-
tegration technique. The step size of the integration was
chosen to be a quarter of the sampling time, which gives
a good compromise between the accuracy of integration
and the time it takes to run the method. We note that
the computation of the least-squares function is in the in-
nermost loop of the method; hence the time it takes to
complete the search for a given source location is directly
proportional to the integration time.

The range of the integration has to be chosen carefully
in order to avoid a reduction in accuracy due to the
square-integrated noise when the signal is absent. The
range of integration depends on the trial time delays. We
separate the unsquared integrands given by Egs. (4.2) and
(5.19) into two parts: A template and a fit function. This
separation is only employed while determining the in-
tegration range for each particular combination of the
trial time delays. In the unfiltered case we consider the
largest in absolute value of the three terms in Eq. (4.2) as
the template, and the sum of the remaining two is taken
to be the fit function. In the filtered case we consider the
sum of the terms in Eq. (5.19) which do not contain any
of the trial time delays as the template and the sum of the
remaining terms as the fit function.

The stretch of data is scanned in the direction of in-
creasing time with steps of length equal to the sampling
time. When either the absolute value of the template or
of the fit function exceeds a certain threshold, that time is
taken to be the lower limit of the integration. The scan is
then repeated starting from the other end of the stretch
in the direction of decreasing time. When the condition
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described above is met, that time is taken to be the upper
limit of integration. The integration thresholds are
chosen to be a certain fraction of the maximum ampli-
tude in the template. The reason for this choice is that if
the amplitude in the responses gets too small, the entire
stretch of the data is used in the integration possibly lead-
ing to an inaccurate source location due to excessive
noise contamination. This way the program is robust
against the lack of signal in the data and it always pro-
duces an answer. The error estimates given in Sec. VI in-
dicate whether the amplitudes are too low to cause a suc-
cessful source location determination.

D. The minimizer

We minimize the least-squares functions defined by Eq.
(4.14) and (5.20) with respect to the relative time delays.
For a given pair of time delays there are two mirror im-
age points in our coordinate system. We minimize the
least squares function separately for these points. When
the minima for the set of points is computed, we compare
the values and we take the one which has the smallest
value for the least-squares function. In the very unlikely
case of equal minima we choose the upper point. In the
absence of noise these minima can never be equal. The
noise has to conspire to produce this pathological
configuration. Since we assume the signal-to-noise ratio
is larger than 2.1 [(S/N),ycrnative=10] at each detector,
the pathological case never arises. Note that for pulse
rates of about once a month and for a digitization rate of
10 kHz, the minimum threshold value for a single detec-
tor (for having one false alarm per month due to Gauss-
ian white noise larger than this threshold) is equal
to 1.5 times the root-mean-squared noise amplitude
[(S'/N)atternative=6.6]. For three separated detectors run-
ning in coincidence, the minimum threshold goes down
to 1.0 times the root-mean-squared noise amplitude for
similar data rates and observation times [(S/N)
~4.5].%

The minimizer needs a starting point which is relative-
ly close to the location of the expected minimum. A sim-
pleminded guess is to compute an arrival time for each of
the pulses and subtract the arrival times to get a pair of
starting time delays. In the presence of noise, this pro-
cedure is not very reliable. An alternative to this ap-
proach is to compute a “center of amplitude” for each of
the responses which is guaranteed to give a time value
within the duration of the pulse. For a given detector
response, we apply a threshold criterion to find the ap-
proximate starting and the ending times of the pulse.
The stretch of data containing the pulse is scanned in the
increasing time direction. When the absolute value of the
amplitude exceeds a certain threshold we take that time
to be the lower limit of the pulse. A similar scan is per-
formed in the opposite direction starting from the other
end of the stretch. When the same condition holds, the
resulting time is taken to be the upper limit of the pulse.
A “center of amplitude” T, for the pulse is then com-
puted by the following expression:

alternative
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tiu
ft tIR,\(2)|dt
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Tica: t ’
f[,, IR, \(1)|dt
where t;; and t;, are the lower and the upper limits of the

pulse R, (1), respectively. The initial relative time delays
Tinit 12 and Ty 13 are then computed by

i=1,2,3, (7.6)

Tinit 12:T20a——T1 ca? Tinit]3:T3ca_TIca . (7.7)

These initial time delays are not accurate enough to
compute the source location. A search has to be per-
formed in an area around this point in the two-
dimensional space of trial relative time delays. Due to
the complicated nature of the least-squares function in
the presence of noise, the standard minimization methods
that follow narrow valleys in the minimized function usu-
ally cannot reach the minimum if they are started from
the point described above. In order to circumvent this
problem, we perform an initial grid search in a patch sur-
rounding the crude startup point. We choose a rectangu-
lar patch in the space of trial relative time delays. The
size of this patch is decided by assuming a certain max-
imum error in the determination of the ‘“‘center of ampli-
tude” time delays. We subdivide this patch into small
rectangles and we compute the least-squares function at
each grid point. We then pick the point with the smallest
least-squares value as the next starting point. We note
that we compute the least-squares function for both of
the mirror image source locations defined by the two trial
time delays and we choose the one with the smaller least-
squares function at each grid point. The resulting pair of
time delays corresponding to the source location with the
smallest least-squares value is used as the starting point
of the next step of the minimizer. The next stage is a
direction set minimization method known as the Powell
minimizer.3®3! This minimizer is run for a constant num-
ber of iterations on each of the two candidate source lo-
cations defined by the starting pair of relative time delays
found by the previous stage of the minimizer and the
answers it supplies are compared with each other. The
one with the smaller least-squares value is taken to be the
computed source location.

The Powell minimizer is an automatically stepping
minimizer. This means that it is free to choose any time
delay combination while searching for the minimum. If
the trial time delays are unconstrained in magnitude,
then the minimizer can get a low value by trying very
large time delays which push parts of the responses out of
the stretch of digitized data since we assume the signal is
zero outside that stretch. To prevent this we implement
a maximum trial time delay check in the least-squares in-
tegral. We estimate the accuracy of the “center of ampli-
tude” algorithm, and we constrain the minimizer to a re-
gion in the search space centered around the starting
point computed by the “center of amplitude” algorithm.
The size of this region is proportional to the estimated
accuracies for each coordinate in the search space. If the
trial time delays result in a point which is outside this re-
gion, the least-squares integral returns a very large value
which is not normally computed. This action prevents
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the minimizer from trying such time delays.

The number of grid points in the initial grid search and
the number of iterations in the Powell minimizer are
chosen by considering a variety of source locations and
instances of noise. Note that in the noise-free case, the
Powell minimizer can be run in a mode where it searches
for the absolute minimum of the least-squares function
which is zero. The number of iterations is left free and
the minimizer stops when the computed minimum is in a
neighborhood of zero with a specified accuracy. It is pos-
sible that in this mode the minimizer may not reach the
absolute minimum when it is started from the initial
point described above. The program checks for this pos-
sibility and refines the grid search to locate the minimum
better.

This cannot be done in the noisy case, because the
value of the minimum depends on the particular realiza-
tion of the noise. Running the minimizer with a halting
condition that depends on the relative change in the
least-squares function (approximate local minimum) is
not advised with this function, since it has a large number
of such local minima in the presence of noise. The pro-
cedure employed above is analogous to integrating
differential equations with a given step size. In order to
check the answer one runs the integrator with a finer step
size and checks whether the answer is stable against such
disturbances.

A similar method can be applied in this case by chang-
ing the fineness of the grid search and the iteration count
of the Powell minimizer. In our program, after the
Powell minimizer has located an optimum position for
the source, another grid search in a small neighborhood
of this location is performed followed by another pass of
the Powell minimizer. The answer thus obtained is print-
ed out. The program has provisions of refining this pro-
cedure indefinitely. The only limitations to this pro-
cedure are the available precision of floating point arith-
metic and the time it takes to compute these iterations.

In order to test the algorithm we implemented the
noise-free case first. The reasons for this are as follows.

(a) The numerical precision that is necessary can only
be decided by actually implementing the method and by
running it for a few source locations and waveforms.
Since we did not know in advance the absolute value of
the difference of the least-squares function for the two
mirror image points determined by the same time delays,
the only way to test the method is to actually run it.

(b) There is a certain amount of numerical noise intro-
duced by various approximations (cubic splines, time
domain integration) made earlier. An estimate of the
magnitude of this noise is necessary in order not to con-
fuse it with the actual detector noise.

(c) The nature of the function L(6,¢) has to be exam-
ined in order to decide on a minimization strategy and to
see how accurately one can locate sources that are placed
in arbitrary directions in the sky.

The crude grid-search followed by Powell’s algorithm
as described above was run on simulated noise-free detec-
tor outputs. The standard single precision arithmetic as
defined in FORTRAN 77 language (REAL*4) was used which
allocated 32 bits per floating point number on the work
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stations we used. The program was run for a number of
source directions and for a number of detector orienta-
tions. The noise introduced by the cubic spline interpola-
tion was found to be completely insignificant as well as
the noise introduced by the finite-step time-domain in-
tegration. The minimizer was able to locate the source
direction within 10~° degrees in each of the two angles
which define the source location without an excessive
number of iterations.

E. Determination of the wave’s parameters

The full test of the method is conducted by running it
on simulated noisy detector responses for source loca-
tions, uniformly distributed over the sphere, defined by
the angles 0,¢. The locations of the detectors are chosen
to coincide with detector sites for large scale laser inter-
ferometric gravitational wave receivers considered in
various proposals.> 12 We assume that there are two
detectors in the United States of America located on the
east coast and the west coast. As a detector location in
Europe, we choose a site in southern Germany which
represents an average location for the future large scale
interferometers planned by the British, the Italian-French
and the German groups. To evaluate the effects of a
longer baseline we also include a receiver located in
Western Australia. The precise locations and the orienta-
tions of these detectors are given in Table I.

The orientations of the detectors are chosen according
to the criteria given by Tinto and Schutz.!>3? We pick
the detector on the east coast of the United States of
America as the reference detector to explain the optimal
orientations. The west-coast detector is then oriented
with the east-coast detector in such a way to optimize the
mean coincidence probabilities for sources located in the
Virgo cluster of galaxies. This alignment is near the op-
timal alignment for sources randomly distributed in the
sky. The European detector is separately aligned with
the east-coast detector according to the same criteria.
After this procedure, the orientations of the European
and the west-coast detector are near optimal when they
are considered as a pair.!* The Australian detector is
aligned with the American pair in a similar manner. In
order to see the dependence of the method on other possi-
ble orientations of the detectors, we also consider a case
in which the west coast detector is rotated by 45° from
the optimal orientation.

The sources are chosen to lie on a grid defined by the
angles 0,¢; 0<0=w, 0=¢ =27 and the grid steps are
7/10 in the angle 0, 7/20 in the angle ¢ resulting in 400
grid points on the sphere. The number of points on the
grid is limited to 400 because of the computational time
limits imposed by the speed of the computing machinery
we used. The amplitudes 4 of the waves emitted by the
sources are assumed to be a constant independent of the
source location while the frequencies w /27 of the pulses
are allowed to vary randomly in the range [770 Hz, 2000
Hz]. The realization of the noise is computed to be ran-
domly different for different source locations.

In certain directions in the sky, the signal-to-noise ra-
tio for a given receiver falls below the threshold value of
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2.1 [(S/N),pternative = 10] due to the variations in the an-
tenna pattern. Such points are removed from the simula-
tion since our method does not always converge to the
correct source location in these cases. The number of
such directions is less than 10% of the total number of
source locations considered.

As a test of the adequacy of the source location grid,
we run the method with a 10 times finer grid restricted to
one quarter of the whole sphere. The answers are in
agreement with the main results. We also run the
method for three different values of the optimally orient-
ed signal-to-noise ratio: 10, 30, 50 [or (S /N),jermative =45,
135, 225]. For larger values of the signal-to-noise ratio
the number of source locations which gave poor ampli-
tudes is considerably reduced since the large signal-to-
noise ratio compensates for the unfavorable antenna
response. The program failed to find the location of the
source in about 2% of all the source locations which pro-
duced larger than threshold amplitudes in all three detec-
tor responses. An analysis of such points will be given in
the next subsection. We note that the initial thresholds
in the program were set before the program started and
the program automatically selected to alter them for the
source locations under consideration in a given simula-
tion without human intervention or a prior knowledge of
the source locations and amplitudes. The filters in the
program usually start with a threshold value which is cer-
tain to be too high and lower it in a smooth fashion in
such a way that the maximum amplitude of the filtered
pulse is not less than 75% of the maximum amplitude of
the unfiltered pulse.

The reconstruction of the two independent wave ampli-
tudes of the gravitational-wave h  (¢) and h(?) is per-
formed after the source location is computed, according
to the algorithm described at the end of Sec. IV and in
Appendix C.

F. Analysis of failed points

As mentioned above, the program failed to find the
correct source location in about 2% of the trial source lo-
cations which resulted in above-threshold amplitudes in
all three detectors. The failure was marked by the fact
that the actual error in the source location was of the or-
der of 20° in either of the angles 6,¢. The reason for this
is determined to be the following: Although the Powell
minimizer is restricted to try time delays that are within
the initial delay range mentioned above, it can still try
time delays which will lead it out of the range of the ini-
tial crude grid search. If the minimizer is not able to get
back into this range because of the nature of the particu-
lar instance of noise, it falls into the next local minimum
which does not correspond to the correct source location.
A further restriction of the minimizer to the range of the
prior grid search caused the minimizer to converge to the
correct source location.

G. Computing resources, precision, and timing

The program was run on several different brands of
computers with various speeds and precision. The com-
puters used were Cray X-MP/48, Masscomp MC-5500,
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FIG. 20. The estimated error AQ,, [Eq. (8.1a)] and the actual error AQ,, [Eq. (8.2)] in the source location as functions of (6,¢).
The detector configuration is described in Fig. 3. The waveforms are single cycles of sinusoids. The amplitude of the waves emitted
by the source is assumed to be a constant independent of the source location while the frequency of the pulses are allowed to vary
randomly in the range [770 Hz, 2000 Hz]. The realization of the noise is computed to be randomly different for different source loca-
tions. The sources are uniformly distributed over the sky and the signal-to-noise ratio is 10 as defined in Sec. VII. The symbols ®
mark the simulated source locations. A line is drawn through them to emphasize the sequential order of the simulated points. The
source locations which produced maximum detector responses below a threshold of 2.1 times the root-mean-squared noise level are
not displayed.
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Ridge 3200, Sun 3/50, Sun 3/160, Sun 4/160, and Sun
4/260 in alphabetical order. The noise-free program was
developed on the Ridge. The noisy algorithm was
developed on the Masscomp and the Suns. All of the
simulations were run on the Suns in single precision. The
program was then ported to the Cray and vectorized.
The resulting code was run on the Cray in Cray single
precision which had twice as many digits as the Suns for
two full simulations: one optimally filtered and one
unfiltered. The same program which ran on the Cray was
then run on the Suns to check the effects of the precision
difference between the two computers. No significant
difference in the accuracy of the source location deter-
mination was observed.

On the Sun 4/260, the average time to determine one
source location was 15 min for the unfiltered algorithm
and 30 min for the filtered algorithm. The Cray was
found to be 70 to 100 times faster than this work station.

VIII. RESULTS

The sets of Figs. 20—-23 summarize the estimated and
the actual errors in the source location for the simula-

tions mentioned above. The estimated errors are com-
puted using the formulas given in Sec. VI. The actual er-
rors are computed by comparing the simulated source lo-
cation to the computed one. Note that the errors in the
source location in these figures are expressed in terms of
the solid angle AQ.

The estimated error AQ g is taken to be the area of the
ellipse defined by Eq. (6.6) in the unfiltered case and by
Eq. (6.8) in the near-optimally-filtered case. The expres-
sion for the area of this ellipse in the unfiltered case is

1—L,(6,,6,)

AQ’est=Tr (}\,+}»_)1/2

(8.1a)
Here A, and A _ are the eigenvalues of the Hessian of the
least-squares function L} (6,¢) evaluated at the
minimum point (6,,,¢,,) [Egs. (6.7) and (D6)]. In the
near-optimally-filtered case, Eq. (8.1a) becomes

1LY (6 ¢m)

A =T 12

» (8.1b)

where A, and A" are the eigenvalues of the Hessian of
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the least-squares function L\(6,4) evaluated at the
minimum point (8,,,¢,, ).
The actual error AQ,, is computed using the formula

A(lact = 7T[ ( ecomp - eact )2 + Sinz( eact ) ¢comp - ¢act )2] ’

(8.2)
where 6.y, $comp are the computed source coordinates;

00> Pact are the actual source coordinates. Equation (8.2)
gives the area of the circle on the unit sphere centered on
the actual source location with radius equal to the length
of the difference vector between the computed and the ac-
tual source locations. We assume that the computed
source location is likely to fall anywhere in this circle

with different realizations of the simulated noise for a .

given signal-to-noise ratio.

The plots in each set of figures show the error in the
source location AQ)—estimated or actual—as a function
of the coordinate angle ¢ and for a particular coordinate
angle 8. The symbol ® marks the points we have in the
simulation. Lines are drawn through them to aid in dis-
tinguishing the ordering.

We see that for a signal-to-noise ratio of at least 2.1
[(S/N)atternative==10] in each detector, the average actual
error given by the unfiltered method is about 1X 10™* sr,
while the filtered case gives a location error of 1X 1073
sr. The estimated errors are 5 to 10 times larger than the
actual ones in the unfiltered case and the filtered method
produces tighter error estimates. The errors decrease as
the signal-to-noise ratio increases. The rotated detector
and the change in the waveform do not alter these results
significantly. [This insensitivity to detector rotation is
what one should expect in our case of circularly polarized
waves [Figs. 16(a), 16(b)] or the arbitrary wave [Figs.
16(c), 16(d)]. For linearly polarized waves there would
probably be a sensitivity to rotation. However, we have
not explored this case.] There is a slight decrease in the
errors when a longer baseline is used.

The errors quoted above are in good agreement with
the approximate geometric formula for the error in the
source location in terms of the uncertainities in the time
delays A7y, A7; and the area A4 of the triangle defined
by the detector locations:*3
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FIG. 21. The estimated error AQ., [Eq. (8.1a)] and the actual error AQ,. [Eq. (8.2)] in the source location as functions of (8,¢).
The detector configuration is described in Fig. 4. The waveforms are single cycles of sinusoids. The amplitude of the waves emitted
by the source is assumed to be a constant independent of the source location while the frequency of the pulses are allowed vary ran-
domly in the range [770 Hz, 2000 Hz]. The realization of the noise is computed to be randomly different for different source loca-
tions. The sources are uniformly distributed over the sky and the signal-to-noise ratio is 10 as defined in Sec. VII. The symbols ©
mark the simulated source locations. A line is drawn through them to emphasize the sequential order of the simulated points. The
source locations which produced maximum detector responses below a threshold of 2.1 times the root-mean-squared noise level are

not displayed.
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_ ZCZAleATI:;
~ Acosf

Here 6 is the angle between the source direction and the
normal to the plane of the three detectors. The uncer-
tainities in the time delays are related to the signal-to-
noise ratio (S /N),jermative and the dominant frequency f,

in the signal in the following manner:3334

1
FfO(S/N)alternative ’

where we assume that the bandwidth of the signal is
equal to the dominant frequency in the signal as in a su-
pernova burst.

In our simulations the dominant frequency f, is about
1 kHz, the alternative signal-to-noise ratio in each detec-
tor is about 20, the typical value cos8=0.5 and the band-
width of the signal is about 1 kHz. The area of the trian-
gle spanned by the detectors is about 0.2 of the square of
the radius of the Earth. Substituting these numbers in
Egs. (8.3), (8.4) we obtain AQ~1X1073sr.

By combining Egs. (8.3) and (8.4), we get

AQ (8.3)

A712,13= (84)
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If a burst has a lower dominant frequency f, then its
bandwidth will also be lower. In our method, all integra-
tions are performed in the bandwidth of the signal in or-
der to maximize the signal-to-noise ratio. Since the alter-
native signal-to-noise ratio (S /N),jernativer fOr White noise
and fixed wave amplitude A4, is inversely proportional to
the square root of the bandwidth of the bandpass filter
used, we deduce that the error AL in the source location
is inversely proportional to the dominant frequency of
the signal.

It is possible that the strongest signals that will be seen
by the future generation of gravitational wave detectors
will have a dominant frequency and bandwidth of about
100 Hz. This implies that the error AQ in the source lo-
cation will be 10 times worse than those quoted above if
the noise is white and the amplitude is fixed. For the
weakest detectable signals, (S /N),jernative = 6. 6 at any fre-
quency, AQ will be 100 times worse for f;=100 Hz than
for f,=1000 Hz.
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If the waveform of the burst is known, as in the case of
coalescing compact binaries, the frequency dependence
derived above for the error AQ no longer holds as point-
ed out by Schutz.’* An improvement in the error AQ can
be obtained by using a specially tailored interferometer
for lower frequencies, and the error decreases as the fre-
quency decreases. We will evaluate the performance of
our method for signals from coalescing compact binaries
in a forthcoming paper.

We show a particular case of optimal waveform recon-
struction in Figs. 24(a) and 24(b). The incoming
waveforms are shown in Figs..16(a) and 16(b).

IX. CONCLUSIONS

We have developed a method for solving the inverse
problem for gravitational-wave bursts. The method is
capable of computing the source direction and the wave’s
two amplitudes and it is insensitive to the actual

waveforms. We show that for networks of three detec-
tors widely separated on the Earth (whose locations and
orientations are given in Table I), for signals with a dom-
inant frequency and bandwidth of 1 kHz and for a
signal-to-noise ratio of at least 2.1 [(S'/N),jternative = 10] in
each detector, it can locate the source direction within
1X 107 % sr. Signal-to-noise ratios significantly lower than
2.1 result in the loss of discrimination between the
mirror-image directions determined by the correct rela-
tive time delays. For signal-to-noise ratios lower than .1
the method completely loses its resolution.

In this paper we considered only short bursts of gravi-
tational radiation. In a forthcoming paper we will analyze
signals with characteristic signatures and longer dura-
tions. Examples of such sources include coalescing com-
pact binaries, quasi-normal-mode radiation from pulsat-
ing black holes and brehmsstrahlung from colliding black
holes. These signals contain information about their
sources which can be extracted from the waveforms;
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FIG. 22. The estimated error AQ,, [Eq. (8.1a)] and the actual error AQ,, [Eq. (8.2)] in the source location as functions of (6,¢).
The detector configuration is described in Fig. 3. The waveforms are shown in Figs. 16(c) and 16(d). The root-mean-squared ampli-
tude of the waves emitted by the source is assumed to be a constant independent of the source location. The realization of the noise is
computed to be randomly different for different source locations. The sources are uniformly distributed over the sky and the signal-
to-noise ratio is 15 as defined in Sec. VII. The symbols ® mark the simulated source locations. A line is drawn through them to em-
phasize the sequential order of the simulated points. The source locations which produced maximum detector responses below a
threshold of 2.1 times the root-mean-squared noise level are not displayed.



18

LOCATION ERROR (& = 117°)

107

107®

NEAR OPTIMAL SOLUTION TO THE INVERSE PROBLEM FOR . ..

3923

LOCATION ERROR (@

10!

= 135°)

TTTT T T T T T T T I I T[T T T I T T T [T T T

10~*

1073 1072 ' R
~ P i
L ~
0 ]
A Nt
S 10¢L Arvitrary Wave, S/N ~ 15 S 10~
Estimated Error Estimated Error
10~% 10-—01nnl|||||I|||||||||:|l|||||i||n|
o 60 120 180 240 300 360 o 60 120 180 240 300 360
[ d
LOCATION ERROR (@ = 153°) LOCATION ERROR (@ = 171°)
107 107
10-2
107®
102
10 |
~ ~
2 5 0
N ~— V)
Arbitrary Wave, S/N ~ 15
S 10#L Arbitrary Wave, S/N ~ 15 G
< v / < yo-s Estimated Error
Estimated Error
1078 107
(] 60 120 180 240 300 360 0 60 120 180 240 300 380
® P
FIG. 22. (Continued).
however the limited bandwidth of the instrument alters ACKNOWLEDGMENTS

the shape of the waveform. As the bandwidth of the in-
struments gets larger, this effect will be diminished. We
will also consider the case of four or more wideband
gravitational wave detectors running in coincidence.
With four or more detectors we will be able to compute
the source direction with possibly improved accuracy due
to the availability of three or more independent relative
_time delays.

We plan to extend the method described in this paper
to the case of continuous and stochastic signals. Con-
tinuous signals originate from pulsars or spinning neu-
tron stars and they are expected to be emitted at well-
defined frequencies. The frequency of these signals must
be searched for as well as their directions. Since these
signals last much longer than a typical data run, the
response of a detector is Doppler shifted by the rotation
of the earth. This fact raises the computational cost of
the search considerably.*

We thank Kip S. Thorne for reading an earlier version
of this paper, for making many useful comments and for
suggesting that the method should be optimized. We
thank R. W. P. Drever, Frank B. Estabrook, and Bernard
F. Schutz for stimulating discussions. We also thank the
members of the Theoretical Astrophysics and the Gravi-
tational Physics groups of California Institute of Tech-
nology for their hospitality. M.T. acknowledges the sup-
port provided by the National Science Foundation under
Grants Nos. AST 85-14911 and AST 88-17792. Y.G. is
supported by the National Science Foundation under
Grant No. PHY-8803557. We used part of the Caltech
block grant from San Diego Supercomputer Center while
performing the simulations on the Cray X-MP/48 and we
thank Aron Kuppermann for granting supercomputer
time at the San Diego Supercomputer Center and for ex-
tending the grant subsequently. The plots in this paper



3924

YEKTA GURSEL AND MASSIMO TINTO

~ 107t
]
\
c 107°
< Arbitrary Wave, S/N ~ 15
10-10 Actual Error
lo—ll
i 60 120 180 240 300 360
L]
LOCATION ERROR (0 = 45°)
107*
102
107?
107 &
107% |
~
B 1o
RS 10
S 10~
10"® Arbitra? Wave, S/N ~ 15
Actual Error
10~°
(] 60 120 180 240 300 360
d
LOCATION ERROR (@ = 81°)
10°
Arbitrary Wave, S/N ~ 15
107! i Actual Error
107®
1073
1074 L
~
~
B 10y
S 10
1077
qo—s ittty e e benr b baaaaalanay
[} 60 120 180 290 300 360
®

FIG. 22

LOCATION ERROR (@ = 27°)

1072 g
1073
107
107°
107 L

1077 |

AQ (sr)

Arbitrary Wave, S/N ~ 15
10~® Actual Error

0 60 120 180 240 300 360

®

LOCATION ERROR (@ = 63°)

10°

107!
107%

Arbitrary Wave, S/N ~ 15
10~° Actual Error

10-10
0 60 120 180 240 300 360

LOCATION ERROR (® = 99°)

107
1072
1073
107¢ E
107 |
1070 |

1077 &

AQ (s1)

Arbitrary Wave, S/N ~
10~ Actual Error

joobir b b b a b ag ey
1] 120 180 240 300 360

L

. (Continued).

18



I&

LOCATION ERROR (@

107t

117°)

TIT T T T T T T[T I T T T[T IV I TTT T T 7oTT

AQ (sr)
AQ (sr)

10°® Arbitrary Wave, S/N ~ 15
Actual Error
go sl vn el enna b donnnalinge
o 60 120 180 240 300 360

¢

LOCATION ERROR (@
1072

153°)

AQ (sr)

Arbitrary Wave, S/N ~ 15
Actual Error

AQ (s1)

0 60 120 180 240 300

NEAR OPTIMAL SOLUTION TO THE INVERSE PROBLEM FOR . ..

3925

LOCATION ERROR (@ 135°)

Arbitrary Wave, S/N ~ 15
Actual Error

joo L by b b ena b aan gy
0 60 120 180 240 300 360

¢

LOCATION ERROR (@

171°)

Arbitrary Wave, S/N ~ 15
Actual Error

joo i e b by e b aanbaaing
0 60 120 180 240 300 3860

¢

FIG. 22. (Continued).

were generated using the NCAR graphics library. The
text editor GNUEmacs was used in developing the pro-
gram, in analyzing the results and in writing this paper.
We also thank the Theoretical Astrophysics Group at
Caltech and the LIGO project for providing some of the
computing resources.

APPENDIX A

In this Appendix we derive the explicit expressions for
the detectors’ beam-pattern functions F(6,¢,a,B8,7)
and F,(6,¢,a,,7) which are introduced in Sec. II. The
location of a chosen detector is given in the form of lati-
tude B and longitude ¥ in an Earth-based coordinate sys-
tem (Fig. 2). The orientation of the detector is measured
in the plane tangent to the Earth at the detector location
and is given as the angle a between the bisector of the
arms of the detector and the local east-west direction.
The quantities (6,¢) are the Euler angles of the source in
a certain coordinate system (x,y,z) with z orthogonal to

the plane formed by the detector locations and x along
the line from detector 1 to detector 2.

The Earth coordinate system is defined by choosing the
x'" axis to lie in the direction of the line passing through
the center of the Earth and the intersection of the great
circle which passes through Greenwich, England and the
equator. The z'’ axis is chosen to lie in the direction of
the line passing through the center of the Earth and the
North Pole. The y” axis is chosen to form a right-
handed Cartesian coordinate system with the x’* and z"’
axis.

Let a;, B;, v be the angles a, 3, v (defined above) for
detector I. In the detectors’ coordinates (as defined in
Sec. II), consider the following complex null vector:

e=—(e +ie,), (AD

V2

where e, e, are the unit vectors along the x’ and y'
axes. The vector € is given by
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1 . ..
€= \/—5[( —siny; —isinf;cosy e,

+(cosy ; —isinB;siny e, +(icosf; e, le e
(A2)

For an interferometer oriented in such a way that the x’
axis bisects the angle between the arms, the detector ten-
sor D ! can be written as

5’=sin29,(ex.®ey,+eyr®ex:) (A3)

Here 2Q); is the value of the angle between the arms (usu-
ally close to 90°). -
In terms of € the detector tensor D ! can be written as

eERe—e*®e*
i

Let d; be the unit vectors pointing from the center of the
Earth to detector I. They can be written as

D '=sin2Q, (A4)

d; =(cosB;cosy)e,+(cosBsiny e, + (sinB;)e, .
(AS5)

We will now construct the transformation from the Earth
axes (x',y",z"") to the common detector axes (x,y,z).
Let f and g be defined by

f= -ii*l:d—z (A6)
ldy—d,| ’
d;—d;
g= E_:d—ﬂ_ . (A7)
Define the unit vector o by
o=—|£—§§—l : (A8)

where we assume in the vector product X that the order
of the vectors f and g is chosen in such a way as to make
the triad (f,g,0) a right-handed one. We can get the
orthonormal right-handed triad (f,p,0) by computing

the following vector p:
p=oXf. (A9)

We construct the orthogonal transformation matrix Q;;
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in the following way:

fx” Pxr Oxn
Qij = fy,, py,, Oy" (Alo)
fz" Dy Oy

Then the functions F; (6,¢,a,B3,7) and F;«(6,¢,a,B,7)
are given by

F;4(6,¢,a,8,7)=D}0, Q;Re(mym;) , (Alla)

F1(6,6,0,B8,7v)=D}Qy Q;Im(m;m,) , (A11b)

where we have assumed the Einstein summation conven-
tion over all repeated indices, and the vector m is defined
by

=1 i i
m= v [(cos¢ —icosBsing)e,

+(sing +icosfcosd)le, +(isinble,] .
(A12)

By combining the Egs. (A2) and (A4)-(A12) we obtain
the explicit form of F; (0,¢,a,B,7) and F,+(6,4,a,B,7).

APPENDIX B

In this Appendix, we give the explicit forms of the
Hessian matrices for the filtered and the unfiltered
methods.

A. The Hessian for the unfiltered method

The Hessian 17,',, for the unfiltered method is given in
terms of the second partial derivatives of the least-
squares function L (6,¢) given in Eq. (4.14) evaluated at
the minimum point (6,,,¢,,) where

oL (6,9) 0L, (6,4)
a0 ¢

The matrix representation of the Hessian is as follows::

0m ’¢m 0m ’d)m

2L\ (6,4) LY\ (6,¢)
> 692 9m’¢m 89 a¢ 0m’¢m
"= Bl
" L'\ (6,4) 3L\ (8,9) B
d¢ 08 6, 3¢? B,y > b

The second partial derivatives of L),(6,4) at the
minimum point are given below:
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FIG. 24. (a) The optimally reconstructed waveform 4, 4 (¢); compare with Fig. 16(a). (b) The optimally reconstructed waveform
hopix (2); compare with Fig. 16(b). The detector configuration, the coordinate system, and the amplitudes of the incoming gravita-
tional wave are as described in Fig. 3. The source is placed at (27,85’). The overall signal-to-noise ratio is 10.

3L\ (6,9) B ) 1 ft‘ ar, | I
36? 0,8, K202+K202+Kio2 |Ar Y 36 A ae?
L kK, |’ 7K, |, K, |’ 7K, |
; 30 ' e |7 a0 2 302 | 02
0K, ’K ,
w 3 aez U% ’ (BZ)
L) (6,4)
303p |06
_ 1 ftl oI, oI, i, i
T Klo?+Kioi+ K202 | Ard |36 9 T A 3004
3K, 3K, %K, R 9K, 9K, K,
— 4 + 2
A 36 3 Kigas |7 30 04 2300 |72
3K, 0K, K 9’K, R )
30 3¢ 300 |73 |
3’L\(6,6) B ) lle ar, |’ 9%, "
a4’ 0,06, K202+ Kiol+K202 | At Y || 04 A 342
L kK, | 7K | | [k 2 7K, |
A 9 1 a¢? 1 Y 2 3¢ 2
2
oK, 3K,
[ a¢ ] 3-5?’;7 0'% » (B4)

where I, is given by Eq. (4.2); K, K,, and K, are given in Egs. (3.8a), (3.8b), and (3.8¢); 0, 05, and o, as in Eq. (4.14).
The times ¢, ¢, are the limits of the integration corresponding to the minimum point and At =, — ¢,.
The derivatives of I, are given below:
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aIA aKl 3K2 aK a aT13 .
—89 = ———ae RlA(t) + _a' 9" RZA(t + TIZ) + — ae R3A(t + T13) + — 9 Kz R2A(Z + le) + WK:;, R3A(t + ’7'13), (BS)
aIA aK! aK2 aK3 aTlZ . aT13 .
a¢ =—a¢ Rl/\(t)+ a¢' RZA(t+TlZ)+ a‘—¢ RSA(t+TI3)+—a¢T‘K2R2A(t+T12)+_‘5;K3R3A(t+7'13), (B6)
31, 3K, 9K, K,
aez = 862 Rl/\(t)+ "8_92 RZA(t+T12)+ 862 R3A(t+'rl3)
aKZ 87'12 82 . aK3 aT” 827_13 .
36 96 2 392 Roalt ¥ 72) + 12 30 06 + K, 30° R3p(t + 713)
ary, ? " 0743 2
+ 30 KZRZA(t +T12)+ "‘a‘é“‘ K3 3A(t +T13) (B7)
3, K, R+ 2K 3K, R K,
3006 _ 300g Rl T Fagg Raalt +ma) + Fom m Rap(t 4 73)
9K, dr; 9K, dry, Fr, | .
+ — 1z
30 09 | op a6 @ K23gag | Rl T
aK3 8713 aK3 37'13 + 82
5% o5 T a5 30 T K agag | Raaltt )
9712 61'12 oTy; OT ,
30 3¢ — Ky Rpp(t + 1) + a: 8(1153 Ky Ry (t + 713), (BS)
%, K, 3K, K, 3K. 3r 0% ‘
a¢2 = a¢2 RlA(t a¢2 RZA(t+TIZ)+?¢_2_'R3A(t+T13)+ 2 a¢2 aqlsz +K2—a¢——;z- RZA(t+7-12)
K, or | ar, |° . ary |° .
* 2 d¢ 8:;53 + K, a¢123 Rzt +73) + a; K, R, \(t + 1) + —84153 Ky R;,(t +113), (BY)

where R, (), Ry, (1), and R;,(¢) are the noisy detector responses; R, (1), and R;,(t) are the first time derivatives of
these responses; R,,(¢) and R;,(t) are the second time derivatives of them. The derivatives of the time delays are given
by Egs. (4.15) and (4.16). The functions K, K,, and K are given in Egs. (3.8a), (3.8b), and (3.8c).

B. The Hessian for the filtered method

The Hessian H, » for the filtered method is given in terms of the second partial derivatives of the least-squares func-
tion L’ (0,¢) given in Eq. (5.20) evaluated at the minimum point (6,,,4,, ) where

3L} (6,4) _ALK(6,4) B
36 Opiby O Opes b

We will give the expressions corresponding to the cases (i) and (ii) in Sec. V for which the integrand in Eq. (5.20) is given
by Eq. (5.19). The form of the Hessian in terms of the least-squares integral Ly (6,¢) [Eq. (5.20)] is the same as the one
in Eq. (B1). ‘

We define 4(6,,t) in terms of the integrand C'(6,¢,t) [Eq. (5.19)] and the function G (6, ¢) defined in Sec. V in the
following way:

A(6,¢,t) = G(6,8)C'(60,8,1), (B10)
Then the second derivatives of the least-squares integral L'y (6,¢) are
ang((;,qb) em,¢m=§ _Al_t ,;l | %g_ 2+A%Ze% dt— L', [%%]ZJFG%%%H, (B11)
32L§;3’¢) 6wm:ng Xl; ,;1 % oy f;;f; dt — L l%%}2+g%g]], (B13)
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where the times ¢, ¢, are the limits of the integration corresponding to the minimum point and At = ¢, — ¢,.
The derivatives of the function 4(6,¢,¢) are given below:
oK, JK, dK,
aA o =2Ki 55 RN(1)+ 2Kk, ) RP (1) + 2K, ) )
oK, (1) o7y (1) R
+ Kl K, 30 [RYN(t + 1) + RR(t — 1)1+ K K, 80 At + 1) = Ry — 7p)]
aK H a7, 5(3)
-+ Kl [R (t+713)+R1A(t—7'13]+K K3 t+T13)_R1A(t.—Tl3)]
0K, ) (3)
Kz 89 K; 30 [RA(2 + 73— 713) + R3X(E — 713+ 73]
o3 —Ta) 0 5 (3)
K, K, 30 [R AN+ 13— 7)) — Ry — T3+ 7)), (B14)
34 K, 3K, 9K,
= K t
8¢ =2K, 3% n() +2K, 2)(t)+ 2K, 5% )
9K, oK, (1) (2) o7, (1) R@
+ |K; 3% + K, 3 [RoA(t +715) + Ryt — 7)1 + K K, a¢ Alt +75) — Ry (2 — 71,)]
8K3 aKl (1) (3) 87'13 s (1) s (3)
+ |k, 06 + K 36 [R3x(t + 713) + RNt — 713)] + K Ky E‘[Rm(t + 713) = Rip (0 = 713)]
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+ 1K, ) K, ) [R3A( + 73— 715) + R — 75+ 7y5)]
8(713 7'12) (2) s (3)
+ K, K, ) [R3A(t + 73— 715) — R\ (t — 75+ 715)], (B15)
2
62A Kl azKl (1)
30> {2 l“ﬁ 2K T | Rl
2 2 2
K K 3K,
2 22 p@ipy + S| 42K RPN
12|30 | T2K e | BB [2 30 3 362 3
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3 9609¢ 96 3¢ 96 3¢ 1 36 3¢ 13 1B
aK,; oK, o7y3 a1<1 oK, o7y3 R
+ 66 K3 89 Kl a¢ a¢ + a¢ Kl ae [R (t+Tl3) lA(t T13)]
Friy 913 07Ty ()
+ K, K; 3634 Wt +73) — RN — 1)1+ K Ky ——= 30 3¢ [RY)(e + 73) + Rt — 713)]
G|k, OK | OK, 3Ky | 0K 3K, | 0K, [RY(t + 73— 113) + Rt — 73+ 73]
3 aea¢ ae a¢ ae a¢ 2 aea¢ 3A 13 12 2A 13 12
K2 6K3 8(713"'7'12) aKZ 8K3 8(713"‘7'12)
—_— -} K K, + K
+ { a0 K3t 3g K2 EY) 9 1 9 ? a6
X[R (t+7'13 Ti2) — 2A(t_7'13+7'12)]
373 — 710) .
+K2K3 aI;a¢ [R (t +’T'13 le)_R(zi\)(t _Tl3+712)]
a( —7,) Ot — 7T ..
+ K, K, Tnae 12 ‘3a¢ 2 R 4 1y — 1)+ R — i + 1), (B17)
2
%4 oK, K, (0
s |° | o0 Kz | Ris®
2 2
oK 92 K 3K
+ |2 a¢2 +2K, a¢22 RE®+ |2 a¢3 +2K; a¢23 R0
3K, 3K, 9K, 3K, RY) .
+ 2 e +2 56 99 + K, YE [RN(t + 7)) + RE(t — 115)]
oK K or .
+ 2 a¢1 K2 a¢2 1 8(;2 [R(z )(t +T12) R(ﬁ\)(t _‘le)]
T 5 (2) o7, ’
+ K, K, =Rzt —1p)] + K K, 8¢ [RiN(t +75) + Rt — 11p)]
3’k 3K, 9K 3K ;5
+ |k Ly —L 23 4k [REN(2 + 73) + R (2 — 113)]
3 a¢2 a¢ a¢ 1 a¢2 3
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aKl 8K3 87'13 . o
+2 a¢Kf+a¢K1 M[Rﬂu+ﬂg—Rﬂu—nm
2
3’r . . oT . ..
KK IR o+ 7) = R = )] + KL K l 56 | R0+ 7+ R = 7))
’K 3K, 3K A’k
+ |Ks 8¢22 + 8¢2 8¢3 + K, 6¢23 [RQ (& + 13— 71) + REX(E — 713+ 71))]
oK oK N7y — 7). .
+2 64)2 K, + '8¢3 Kzl 1384) E [RY(t+ 73— 7p3) — Rt — 713+ 711,)]
T3 — T1y) . ..
+ K, K; 1;¢2 = RNt + 73— 115) = R\t — 713+ 7))
a ) |2
T e .. ..
+K,K, —~%$JL [RE(t + 73 — 715) + ROVt — 715 + 712)], (B18)

where R,(l',(’)(t), m,n = 1,2,3, are the filtered noisy detec-
tor responses as defined in Sec. V, cases (i) and (ii);
R,ﬁ’,’{)(t), m,n = 1,2,3, are the first time derivatives of
these responses and R\ (¢), m,n = 1,2,3, are the second
time derivatives of them. The derivatives of the time de-

lays are given by Egs. (4.15) and (4.16). The functions

K|, K,, and K, are given in Egs. (3.8a), (3.8b), and (3.8c).

APPENDIX C

In this Appendix we give the explicit forms of the
coefficients of the optimal linear combination for recon-
structing the waveforms A,y (#) and A,y (2) of the
incoming gravitational wave [Eq. (4.20)]. We also give
the explicit forms of the functions wu; (6,¢4,A60,Ad),
1ix(0,0,00,A0), €;,(0,4,A0,Ad), and €, (0,4,A0,Ad)
where i = 1,2,3 as given in Egs. (6.9) and (6.10).

Let the optimal linear combination A,y (t) which
gives the least amount of noise in the reconstructed
waveform be

hopt+(t) = a+(9,¢)h1+(t)

+ b, (0,9 hyy (2)+ i (6,0)h3, (2). (cn

When the noise amplitudes are reduced to zero, A,y (?)

should reduce to the noise-free waveform A (¢). This
implies

a.(0,) +b,.(0,4) +c, (6,6)=1. (C2)

We define the root-mean-squared error 84, in the re-

constructed waveform as
172

t

Sh, = -A—I; [ U = ho P ar| , ©3)
where [¢4,¢;] is the optimal interval of integration and
At =t;, —t,. We minimize 8h% with respect to
a (6,¢4),b,.(6,¢), and c,(6,¢) subject to the constraint
given by Eq. (C2) using the method of Lagrange multi-
pliers. We define a new mean-squared error 8k 2, with
an arbitrary parameter A:

8h316w+ = 8h 2— }"[a++b++c+_1]’ (C4)

For brevity, we refer to a,(6,¢), b,(6,4), and
c;(0,¢) as a,, b, and c,, respectively. Using Eqgs.

[
(4.17)-(4.19), we get
1 I
Shl,, = ~ fto [lay +b, +cp — 1A (2)

+ A A1)+ Ay Ayt 4 7p,)

+ Ay, Ayt + 73] dt

— Alay +b, +c, — 11, (C5)
where A;(?) is the random process representing the noise

in detector 7; h(t) is the noise-free waveform of the
gravitational wave; 4;,,i = 1,2,3, are given by

¢y Fyx by Fyx
A4 = - , (C6)
1+ K, K,
ay Fyy ¢y Fix
4,y = - , (C7)
2+ K, K,
by Fix ay Fyy
A3 = - , (C8)
3+ K, K,

where the functions F;, F;, are given in Appendix A
and the functions K; are given in Egs. (3.8). Note that
hope+(t) as defined by Eq. (C1) can also be expressed in
terms of the noisy detector responses R;,(t) i = 1,2,3,
using the coefficients 4,,, i = 1,2,3, in the following
way:

3
Popr+ (1) = 3 AL Rzl + &),
i=1

where the time delays &, are given by
§1=0, &, =1, &H=13. (C10)

We differentiate 8h2,,,, with respect to the parameters
ai, by, c,,and A and set the resulting expressions to
zero. We then get

(C9)

adh>
a;fW* =a,+b, +c, —1=0, (C11)
8h2 s Fiy Fy
Taa, A, T Aw
—%—FI‘_O, (C12)
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O8h e+ Fyx Fix
"‘(—j‘;_iw— = A3, K—zag_ A4 X, o}

—%-FF =0, (C13)
aahrzlew+ F2>< FlX
Tac, Ak, ol A g9l

A -
—?-i-[‘ =0, (C14)
1 rn
r=— ftoh+(t)[A,+ A() + Ayy Ay(t + 71)
+ Ay, Ay(t + 73] dt, (C15)

where o is the variance of the random process A;(z). In
deriving the equations above we have used the fact that
the random process A;(¢) is uncorrelated with the ran-
dom process A;(¢) unless i = jand
2 - 1 112
of = & fto AX(t) dt .

We also used Eq. (C11) to reduce Eq. (C15) to its present
form. Note that the function I' is not known since the
noise-free waveform 4 . (¢) is unavailable in the presence
of the noise. We eliminate the unknown combination
I’ — A /2 by subtracting Eq. (C13) from Eq. (C12), and
Eq. (C14) from Eq. (C13). We then get three equations in-
volvingonlya,,b,,and c:

a, +b, tcy =1, (C16)
aa, +p4by +y,¢, =0, (C17)
a,ay +B,by +y,cp =0, (C18)
where
F? K,F, F
ay =503 — S (C19)
Kl KIKZ
Flzix K3F1><F3>(
B, = — X2 o? KK, a3, (C20)
F2X F3>( 2 FIXF3>( 2
Y= o2 — o2, (C21)
! K2K3 ! K1K3 2
Fix Fyx 2 Fix Fyx 2
a, = o5 — o35, (C22)
> KKy ' KK, °
Fix K, F x F3x
B, = o}~ o2, (C23)
K3 K3k,
F%x KIFIXFZX
(Eae o} ey o3. (C24)
3 3 2

In deriving the equations above, we have made use of the
identity
Fi K +F,, K, +F; K;=0. (C25)

We solve for the parameter ¢, using Eq. (C16), and we
substitute the resulting expression in Eqgs. (C17) and (C18)
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to obtain
(ay—vday +By—v)br =—v,, (C26)
(@y—7vyday +(By—72)by = —v,. (C27)

Equations (C26) and (C27) are linearly dependent. Equa-
tion (C27) can be obtained by multiplying Eq. (C26) by
(Fix K,)/(F3x K3). This implies that we have only
two equations for the three unknowns a, b,, and c .
We leave ¢, as an arbitrary parameter without loss of
generality and we solve for a; and b in terms of ¢,
the angular functions F;y, K; and the variances o?,
i = 1,2,3, using Egs. (C16) and (C26). We then get

1 2 2 K| K;Fx 2 K Fix
=— |K _— —_— ,
4 p 1l Fyx . K3 Fyy o
(C28)
1 K, K3 Fyx K, F,x
. KZ 2 2 e ,
b+ P 272 F;x 73 K3 F3x e
(C29)

where p = K3 0+ K303+ K% o3
Substituting Egs. (C28) and (C29) into Egs. (C6)-(C8)
we obtain '

A, =L (K Fyy 03— K, Fyy 03, (C30)
p

Ay, =i(K1F3X 02 — K4 Fyy 03, (C31)

Ay, = %(KZFIX 03— K, F,y 03). (C32)

We point out that the arbitrary parameter ¢, does not
appear in the expressions for 4,,, 4,,,and A;,. Us-
ing Eq. (C9) we see that the optimally reconstructed
waveform A, () is unique. The total integrated noise
8h . in the optimally reconstructed waveform A, (7) is
given by

3 172

S 47 o? (C33)

i=1

This formula gives the minimum root-mean-squared er-
ror in the reconstructed waveform A, (¢) due to the
noise in the detectors. In general, the error in the
reconstructed waveform will be larger due to the errors
in the determination of the source location [see Eqgs.
(6.9)-(6.11)].

Similarly, let the optimal linear combination Ay (¢)
which gives the least amount of noise in the reconstruct-
ed waveform be

Bopix (1) = ax(6,8) h (1) + bx(6,4) hyx (1)

+ 05 (8,8) hys (1) (C34)

When the noise amplitudes are reduced to zero, h g (£)
should reduce to the noise-free waveform h . (z). This
implies
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ax(6,6) + by (6,8) + cx(6,4)=1. (C35)

Using Egs. (4.1a), (4.1b), and (4.1c) we can eXpress
hopex (2) in terms of the noisy detector responses R;,(7),
i = 1,2,3, in the following way:

3
hopix (1) = 3, Aix Riplt + ;).

(C36)
i=1
The time delays &; are given in Eq. (C10); A4,
i = 1,2,3, are given by
by Fy4 Cx Faq
= — , C37
1% K, K, (C37)
cx Friy ay Fyy
Ay = — , C38
2 K, K, (C38)
ax Fy, by Fiy
Ay = - . C39
3% K, K, (C39)

For brevity, we refer to a x(0,¢), b« (6,¢), and ¢ (6,¢)
as ax, by, and cy, respectively. We define the root-
mean-squared error 84 « in the reconstructed waveform
as

1 . 172

1

Shy = |27 fto[hoptx(t)——hx(t)]z dt (C40)
Proceeding as we have done for the + polarization of the

wave and using the identity
F,.K,+F,,K,+F;, K;=0, (C41)

we obtain the coefficients for the optimal reconstruction
of the waveform A, (¢) as introduced in Eq. (C36):

A = %(KZFH 03— K3 F,, 03), (C42)
Ay = %(K3Fl+ 03— K, Fy, 0?), (C43)
Ayy = %(K1 F,, 02— K, F,, 03). (C44)

The total integrated noise 64  in the optimally recon-
structed waveform A, (2) is given by
172

Shy = (C45)
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The functions u;,(0,0,A0,Ad), un;«(6,4,A0,Ad),
€ 4+(0,0,A0,Ad), and €;«(0,4,A6,A¢), i = 1,2,3, which
are introduced in Egs. (6.9) and (6.10) are then given by

0,6,00,00) = it pg 4 Qv ) (C46)
,Uw,‘+( s, ,Ad) = FY:) Y &,
0,6,00,08) = “2ix 5oy Oix \ (C47
pix(6,4,86,A¢) = 36 FY ¢, )
9E; 9g;
€ +(0,0,A0,A0) = A, | 30 A6 + &— Ad |, (C48)
9¢; 9g;
Eix(g,(ﬁ,AG,A(ﬁ) = Aix *£ A6 + '5; A¢ . (C49)

The derivatives of the time delays 7, and 7,3 are given in
Egs. (4.15) and (4.16).

APPENDIX D

In this Appendix we outline a method for computing
the probability distributions for the errors (A8, A¢) in the
computed source location (8,,,4,,). For simplicity, we
will analyze the unfiltered version of our method; the
filtered case can be analyzed in a similar fashion.

Consider the unfiltered least-squares function L, (6, ¢):
2

3

[2 K; Rij\(t + &)
t =
Ly6,¢) = ~ [" !

At Y1, K% 02 + K3 02 + K2 o}

dt,

(D1)

where &; are the time delays as defined in Appendix C.
One can formally expand the noisy detector responses
Ri/\(t =+ §,) as

R\t + &) = Ri(t + &)+ Ai(z), (D2)

where R;(t+£;) are the noise-free detector responses;
Aj(t) is a random process equal to the random process
A;(t + &;). By the ergodic hypothesis, the probability
distribution of the random process Aj(¢) is equal to the
probability distribution of the unshifted random process
A (1)

1

Substituting Eq. (D2) into Eq. (D1), we obtain

(D3)

t 3 3 3

L4(6,¢) = 7:? ftol ['lei’K;Ri(z +EIR;(t + &) +2 ‘EIK,.'K;R,-(I + &) A(t) + EIK{ZA}Z(” dr,
LI= ij= i=

where K; =K, /(K? 02 + K3 03 + K3 03)!/? and the cross terms involving two different random processes in-

tegrate out to zero since these processes are assumed to be uncorrelated.

As shown in Sec. VI and Appendix B, the errors (A8, A¢) are computed using the Hessian matrix of L, (6,¢) evalu-
ated at the minimum of L, (6,¢). The elements of the Hessian matrix are second derivatives of the least-squares func-
tion with respect to the angles 6 and ¢ as given in Eq. (B1) of Appendix B. Using Eq. (D3), we note that the angular
dependence of L’ (6,¢) is due to the angular functions K; and the implicit dependence of the noise-free detector
responses R;(¢ + £;) on the angles 6 and ¢.

The analytic expressions for the errors A8 and A¢ in terms of the elements of the Hessian described above are
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po e " Hnas (27200008, )1 | = Higs [2= 205061 (D4)
[(Hpoo — A+ H2u 1202 [(Hpgg — M)+ H,ly 1222
Ap = (Hygp — Ay)[2—2L3(6,,,6,)]'" | (Hpgp —A_)[2—2L(6,,6,)]" (D5)
[(Hpgp — A)? + HiZgs 1212 [(Hpgp — A0+ Hyly 12012
I
where If the noise in the detector responses is Gaussian, then
- - < the random variable v, is a linear combination of ran-
, rN2 " y1/72 09
Ay = tr (H )+ [tr (H )" — 4det(H )] . (D6) dom variables distributed with Gaussian distributions.
+ 2 This is because the integral over time can be performed
and as a discrete sum and at each discrete time coordinate the

tr(H ) = Hyygp + Hypgy
det(H;,,) = H;nee H,’n¢¢ - H,,"26¢ .

moor Hpop and H,, ., are the elements of the Hessian
matrix of L, (0,¢) evaluated at its minimum as given by
Eq. (B1) of Appendix B.

For the moment, let us assume that the noise-free
detector responses R;(t + &;) are known functions of
time. From Eq. (D3), we see that the element H,, g, of
the Hessian matrix evaluated at the minimum of the
least-squares function L, (6,¢) will contain two noise
terms:

Vos = Ay fo 2 aead’[KKR (t + EDIA(2
(D7)

8as = A7 f Z a9a¢ K2 A1) dt . (D8)
The other elements H,, 4, and H,, ,; will contain identical
terms with the appropriate derivatives. We will compute
the probability distributions of the random variables vy,
and 8.

Let p;(A;) be the probability distribution of the ran-
dom process A;(¢). As mentioned above, p; is also the
probability distribution of A;(¢). The characteristic func-
tion (k) of a probability distribution p(x) is defined by

x(k) = [T e *p(x) dx (DY)
Let z = f(x,y) be a function of two random variables x
and y with probability distributions p(x) and ¢q(y), re-

spectively. The characteristic function for the probabili-
ty distribution of the random variable z is given by*?

x,(k) = f fe“ikf("’y)p(x)q(y) dx dy . (D10)

If z=ax + by where a, b are constants, then the
characteristic function y,(k) is proportional to the prod-
uct of the characteristic functions x, (k) and x, (k):

X.(k) = [ [e *@=* p(x)q(p) dx dy
— fe ikax p(x) dx fe zkbyq(y) dy

= Xx(ka)x,(kb). (D11)

value of the random process can be regarded as a random
variable if the integration step is larger than the relaxa-
tion time for the random process. The probability distri-
bution of the random process vy, can then be obtained
using Egs. (D9)-(D11) with p;(A;) substituted for p(x)
and g (p).

The random variable 8y, is a linear combination of
squares of normally distributed random processes. Let
z = x? where x is a normally dlstrlbuted random variable
with zero mean and variance o2. The characteristic func-
tion of the probability distribution of z is given by

k) = (1—2iko?)™1? (D12)
Using this result and expressing the time integral as a
discrete sum, the probability distribution for the random
variable 84, can be computed by multiplying the charac-
teristic functions and by performing an inverse Fourier
transform on the product.

Let the analytic expressions for A8 and A¢ in terms of
the random processes Vg, Vog, Vgy » Ogor Dags gy be given
by

(D13)
(D14)

AO = G(V99,V9¢,’V¢¢,890,89¢,8¢¢),
A¢ = H('Vga,V9¢,'V¢¢,896,89¢,8¢¢).

The precise form of the functions G and H can be ob-
tained by combining Egs. (B1) and (D3)-(D6).

The characteristic functions y ¢ and x4 of the proba-
bility distributions of the errors A8 and A¢ are then given
by

Xaolk) = fe_ikGP1("90)P2("e¢)P3(V¢¢)
X p4(89g) Ps(Bgy) P6(Byy)

X dvggdveyd vy, dBogddesd8sy,  (D15)
Xaglk) = fe'"‘Hpl(vgg)pz(v9¢)p3(v¢¢)

X p4(8gg) P5(8gs) P6(Byy)

X dvggdvesdvyss dBeyde, d8yy,  (D16)

where the functions p;, i = 1,2,3,4,5,6 are the probabili-
ty distributions for their arguments. The probability dis-
tributions for A6 and A¢ are obtained by inverse Fourier
transforming the expressions given in Eqs. (D15) and
(D16).
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In the discussion above, we assumed that we knew the
noise-free detector responses R,(¢ + £;). In reality, these
functions are not known. Consider a sequence of experi-
ments in which the source location and its waveforms are
held fixed. In each experiment, the realizations of the
detector noise will be different leading to slightly different
computed source locations and waveforms. After the ex-
periments are concluded, one obtains a ‘““mean source lo-
cation” and two ‘“mean waveforms” by averaging the
source locations and waveforms obtained in each experi-
ment. These will be the closest approximations to the
real source location and the real waveforms. In such a
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case, we compute the best guesses for noise-free detector
responses using the “mean source location” and the
“mean waveforms” and we substitute these in place of the
“unknown” detector responses in the equations above.

If we have only one set of three responses, we compute
the probability distributions of the angular errors A9 and
A¢ in the following way: After the source location is
determined using our method, we fit smooth curves to the
noisy detector responses and we use these smooth curves
in place of the unknown noise-free responses in the equa-
tions above to compute the desired probability distribu-
tions.
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