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Nontopological solitons are stable field configurations which may be formed in a primordial
phase transition. We study their cosmic evolution and examine the possibility that such objects
could contribute significantly to the energy density of the Universe. As the Universe cools, initially
all but the largest lumps evaporate into free particles; those which survive may subsequently enter a
brief accretion phase before they ‘““freeze out” at a final size. Although the minimum critical
charges which survive depend on particle masses and couplings, we develop an analysis which ap-
plies to a wide class of models. In most cases, solitons of moderate size survive the evaporation pro-
cess only if there is a significant charge asymmetry or if they form at a temperature well below their

binding energy per charge.

I. INTRODUCTION

Nontopological solitons (NTS’s) are solutions of classi-
cal field theories which are stable by virtue of a conserved
Noether charge carried by fields confined to a finite re-
gion of space. The prototype for such structures is the
phenomenological bag model for hadrons, in which light
quarks are confined in a false-vacuum region by Yukawa
coupling to a scalar field.! In recent years, the bag model
has genetically mutated into a rich variety of species,
which include Q balls,? abnormal nuclei,® strange-quark
matter nuggets,4 cosmic neutrino balls,” as well as sca-
lar®~% and gauge field® nontopological solitons. Despite
the proliferation of models, they all share a number of
family resemblances which allow them to be classified
and discussed in general terms. The key feature of all
models is that, for particle number Q greater than some
minimum Q,_;., the confined soliton state has lower ener-
gy than the free particle state.

Recently, it has been suggested that nontopological sol-
itons may be abundantly produced in a phase transition
in the early Universe.*”%1° However, as pointed out by
Alcock and Farhi!! and Alcock and Olinto'? in the con-
text of strange matter, at sufficiently high temperature,
such structures are in general unstable to evaporation
into free (unconfined) particles. Non-topological solitons
are states of low energy but high order. At temperatures
T =1,, the NTS binding energy per particle, free parti-
cles have a lower Helmholtz free energy, F=FE —TS,
than the NTS state, due to the entropy term. (This holds
as long as the temperature is not very near the critical
temperature for the phase transition.!®) At lower temper-
atures, the energy term dominates, and NTS’s are the
preferred states.

If we focus on the evolution of a single soliton of initial
charge (or particle number) Q, as the Universe cools the
lump begins to evaporate. If it is large enough to survive
down to temperatures T =1, it may then enter an accre-
tion phase. Eventually, the accretion or evaporation rate
becomes negligible compared to the expansion rate, and
the system ““freezes out” with a fixed charge. Thus, all
solitons with initial charge less than a critical number Q;
die before they reach the accretion or freeze-out phase.
Those with charges Q >>Q, are born frozen; i.e., their
evaporation and accretion rates are always negligible.
However, evaporation is so efficient that Q, is often
larger than the charge inside the particle horizon at the
time of formation; in these cases, it is unlikely that any
solitons formed in the phase transition survive to the
present. At the other extreme, if NTS’s form at a tem-
perature well below I, then we expect O, ~ Q. In ad-
dition, it has recently been suggested that,!3 if the parti-
cles are sufficiently strongly interacting to maintain
chemical equilibrium at temperatures significantly below
I, then a new population of solitons may be built up via
accretion and fusion processes at low temperature. How-
ever, this latter possibility is only feasible if Q_;, is very
small, of order unity (and only if the mass scale is less
than about 10* GeV). Otherwise the formation of new
solitons by free particle collisions is statistically
suppressed at low temperature and the system cannot
reach complete chemical equilibrium. Since, in almost all
models considered in the literature, Q_;, >>1, we have
relegated discussion of this possibility to an appendix.

In this paper, we follow the cosmological evolution of
nontopological solitons from birth, through the adoles-
cent struggle for survival, to placid old age. In the next
section, we outline the basic properties of NTS’s which
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we will need; a wide variety of models are encapsulated in
a small number of parameters. For completeness, in Sec.
III, we review several of the NTS formation mechanisms
which have been proposed. In Sec. IV, we set up the for-
malism for treating NTS evolution. We discuss the evo-
lution of single NTS lumps in Sec. V; this treatment is
relevant if Q_;, is not close to 1, in which case the system
generally does not reach chemical equilibrium. In Sec.
VI we discuss NTS destruction by ‘“boiling,” i.e., bubble
nucleation, rather than surface evaporation. Our con-
clusions follow in Sec. VII.

Throughout most of the paper, we shall assume the
Universe carries a net charge asymmetry, and that the
particles involved are long lived. In a forthcoming paper
we will drop the assumption of asymmetry and discuss
how NTS’s evolve as random charge fluctuations in a
universe with zero net charge. In that paper we also will
consider models with unstable particles and discuss
cosmological constraints on particle-physics models with
NTS’s.

II. PROPERTIES OF NONTOPOLOGICAL SOLITONS

In all NTS models, a partially “confined” Bose or Fer-
mi field ¢, carrying a conserved additive quantum num-
ber, couples to a scalar field o; the vacuum expectation
value o of the “confining” field generates part of the ¢
mass, e.g., my=my+tmy(coy). (In the case of Q balls,? a
single complex scalar field performs the roles of both ¢
and o.) For appropriate couplings and sufficiently large
charge, Q> Q. .., the lowest-energy configuration con-
sists not of free ¢ particles roaming the vacuum, but of a
spherical ‘“false vacuum” region in which o =~o¢’, sur-
rounded by a domain wall where o rapidly approaches its
ground-state value. In the NTS interior, m,(o’)
<m (o), and the effectively light ¢ particles are trapped
by the mass gap at the domain wall. Since, classically, a
nonzero charge implies a time-dependent field, the
confined particles carry kinetic energy, which varies as an
inverse power of the volume. The potential (volume) and
gradient (surface) energies vary with positive power of
the volume. As a consequence, for fixed charge Q, the to-
tal energy is minimized at a finite radius R, and the re-
sulting configuration is in hydrostatic equilibrium. We
will consider solutions which carry no currents, in which
case the lowest-energy configurations are spherically sym-
metric.

For large charges Q >>Q,,., the masses of all NTS
models follow a simple scaling law:

M(Q)=am¢Q" . (1)

For NTS’s with nonzero volume energy (bag constant),
the radius scales as

R(Q)Z[J’delQI’/3 (volume) . (2)

On the other hand, models in which the interior potential
energy density is degenerate with the vacuum,
U(o')=Ul(o,), are confined by surface tension alone;>!*

in this case,

R(Q)=Bmy'QP* (surface) . (3)
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In this paper, we will focus almost exclusively on models
with nonzero volume energy; i.e., we will assume the ra-
dius obeys Eq. (2). The dimensionless parameters p, a,
and 8 depend on coupling constants in the theory. We
shall only assume that they satisfy the criteria of NTS
stability. The stability conditions are

M(Q)<m,Q ‘ @
and
2
a'M . 5)
dQ?

Equation (4) ensures stability against decay into free ¢
particles, while Eq. (5) expresses stability against fission
into smaller soliton fragments. Equations (1), (4), and (5)
imply the upper bound p =1, and that the minimum
stable charge is approximately Q ;. ~a!/' 7P (for p <1).
The binding energy per unit charge is defined as the ener-
gy required to remove a ¢ particle from a soliton:

Io=m,+M(Q)—M(Q+1). ©

Using Eq. (1), we can express this in terms of the mass of
the free ¢ particles as

fQ=Iy/my=1—a[(Q +1P—QP]~1—apQ? " .
)

Note that for p not very close to 1, f(Q)=~1
—p(Q/Qmin ¥ "', 50 £(Q)—1as Q/Q,.;, grows large.

Two notes are in order about the scaling laws, Egs. (1)
and (2). First, although they are strictly valid only in the
limit Q >>Q, ., we will use them as approximate formu-
las for all Q larger than Q.. Second, these scaling laws
break down at very large charge, Q. ..~ [(B/a)(mp /
mg )2]3/?, when gravity becomes important. Since we are
interested in only moderately sized lumps, Q <<Q,.., we
can ignore this complication; for discussions of soliton
stars, we refer the reader to Ref. 15.

Although the analysis we develop holds for general p,
we will often focus on two particular-cases, p=1 and 3,
to demonstrate how the results vary with p. In the litera-
ture, many models have p essentially equal to 1, e.g., Q
balls, fermion NTS’s, interacting scalar NTS’s, bag mod-
els, and strange matter. In this case, the requirement of
stability is just @ <1, and the binding energy per charge is
independent of Q, i.e., f(Q)=1—a. (Actually, in these
models, due to the surface energy correction, p is slightly
smaller than one; this ensures stability against fission.)
For example, for strange matter, f(Q)==0.05 and
my=m,~1 GeV. Configurations with p=2 arise in a
scalar model in which the confined field has little or no
self-interaction.”8 We shall see that the qualitative evo-
lution of NTS’s in the early Universe is sensitive to both p
and Q;,, as well as the mass scale m 4.

III. PRIMORDIAL FORMATION OF NTS’s

One can envision several mechanisms by which nonto-
pological solitons may be formed in the early Universe.
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In principle, such objects arise in a symmetry-breaking
phase transition if suitably large regions carrying a net
charge Q> Q,;, become trapped in the false-vacuum
state. In the simplest scenario, the NTS interior o =0¢’'
corresponds to a metastable local minimum of the poten-
tial U(o) (dashed curve, Fig. 1), and (i) may or (ii) may
not be a phase of restored symmetry. In case (i), the
universe at high temperature is initially in the “NTS vac-
uum” and undergoes a first-order phase transition to the
true vacuum at a critical temperature T, ~o, Charge
prefers to live in the false vacuum, where the ¢ mass is
smallest. Thus, as bubbles of the true-vacuum phase nu-
cleate, grow, and eventually percolate, the charge may
become highly concentrated in the shrinking “NTS vacu-
um” regions. Such a mechanism was proposed by Witten
for the formation of strange-matter nuggets in the QCD
phase transition.*

If the false vacuum is not a phase of restored symme-
try, i.e., case (ii) above, then NTS’s may form in a
second-order phase transition.” In this instance, during
the transition, a fraction of space evolves to the metasta-
ble minimum o' instead of the true vacuum o. The rela-
tive probability of ending up in the NTS phase is given
roughly by the Boltzmann formula pge/Dirue
=exp(—8ELAf /T;). Here, Ty is the Ginzburg temper-
ature, the temperature at which thermal fluctuations be-
tween the true and false vacua freeze out, £ is the corre-
lation length at the Ginzburg temperature, and Af is the
difference in free energy density between the true and
false vacua. We may interpret T; as the temperature at
which NTS’s are first formed; typically T is just below
T., the critical temperature for the phase transition. The
size distribution of the proto-NTS false-vacuum regions
is calculable from percolation theory, while the scale size
is set by the correlation length £;. Generally, false-
vacuum regions with sizes R >>§£; are exponentially
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FIG. 1. Schematic o (confining field) potentials for theories
with NTS solutions, with a presumed NTS phase at 0 =0 and
true vacuum o(=2.5 (arbitrary units). For the dashed curve,
the “NTS vacuum” is metastable in (the absence of charge),
while for the solid curve it is unstable.
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suppressed; NTS’s with very large charges are corre-
spondingly rare. This holds particularly if the probability
Dralse S+, when only finite NTS regions form. On the oth-
er hand, if pg,, R 1, both the true vacuum and the NTS
phase initially percolate, forming a web of infinite inter-
connecting segments. In this percolating-NTS case, the
infinite false-vacuum regions eventually pinch off into
finite blobs when the pressure squeezing them from the
true vacuum becomes dynamically important. If the vac-
uum asymmetry is small, i.e., Af << T¢&, pinch-off may
occur well after the phase transition is completed; the
finite NTS’s formed in this way are thus born at a tem-
perature T, <<Tg, and have a greater chance of sur-
viving.

In a large class of models, the false-vacuum NTS interi-
or is not a metastable minimum of the potential, but is in-
stead an unstable, symmetry-preserving local maximum
(solid curve, Fig. 1). In this case, solitons cannot form
simply by charge piling up in a metastable phase. To see
how formation occurs in this case,!® consider the struc-
ture of an NTS (of fixed charge) as a function of increas-
ing temperature. Because of finite-temperature quantum
effects, when the temperature reaches the range near T,
the NTS radius expands enormously. If we now imagine
starting with a dilute gas of solitons at 7 ~0 and similar-
ly dialing up the temperature, then at T~ T, the gas
percolates. Reversing the film, as the temperature drops
below T, the Universe, initially in the “NTS vacuum,”
shatters into soliton fragments, which subsequently
shrink as they cool. (We note that this process may hap-
pen at a modest temperature compared to o, a large

- charge asymmetry can delay the transition, since charge

prefers the NTS vacuum.) The essential idea is that, very
close to Ty, the free energy of the NTS state becomes
small compared to the state of a gas of free ¢’s. As a re-
sult, solitons can be formed at little cost. Thus, at tem-
peratures T~T, we expect a population of NTS’s in
thermal equilibrium, with an exponential size distribu-
tion. (Although the initial NTS geometries are expected
to be nonspherical, relaxation due to surface tension
occurs rapidly.)

From this discussion, several general features emerge.
In the scenarios outlined above, charge concentration
into solitons may arise either due to a net cosmological
charge asymmetry (like the baryon asymmetry), or due to
random fluctuations in a Universe containing zero net
charge. We will treat the first case in this paper. In addi-
tion, if thermal equilibrium is approximately maintained
down to a temperature of order T, as above, we expect a
quasiexponential size distribution of solitons produced in
a phase transition.

Finally, independent of what may happen in a phase
transition, NTS’s may form at temperatures below T; by
several mechanisms. First, as mentioned in the Introduc-
tion, in models with small Q. , solitons may form via ac-
cretion and fusion after the temperature falls below the
binding energy I,. Second, some field theory models give
rise to both topological and nontopological solitons. For
example, if ¢ and o are complex scalar fields in a theory
with the symmetry breaking U(1)XU(1)—U(1), the
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spectrum contains both cosmic strings and nontopologi-
cal solitons. For appropriate couplings, the strings carry
trapped charged zero modes which, when excited, act as
a supercurrent.'® In this case, NTS’s can be spawned in
the decay of charged superconducting strings, when the
charge condensate separates from the underlying topo-
logical vortex.®!7 As a final speculative possibility, in
some models nontopological solitons might form in the
gravitational collapse of density perturbations, due to un-
stable spatial fluctuations in the classical o field.

Thus, there are a variety of ways in which nontopologi-
cal solitons may be born in the early Universe. However,
in the temperature range T =T =1, they are not the
lowest free energy states of given charge, and are vulner-
able to evaporation. To study this process, we review
properties of NTS’s in equilibrium at finite temperature
in the next section. We shall confine our attention to
temperatures at least slightly below the Ginzburg temper-
ature T, so that finite-temperature corrections to the
structure of NTS’s (Ref. 10) may be neglected.

IV. NONTOPOLOGICAL SOLITONS IN EQUILIBRIUM

We are interested in the question of whether NTS’s
formed in a primordial phase transition could have sur-
vived to contribute significantly to the energy density of
the Universe. First consider NTS’s in thermal equilibri-
um, where a distribution of lumps of all charges Q coexist
with free ¢ particles. In kinetic equilibrium, the number
density of NTS’s of charge Q at temperature T is

no(T1=g M;g)r exp E(Q)—TM(Q) ®

where g, is the internal partition function for a NTS of
charge Q, u(Q) is the NTS chemical potential, and
M (Q), defined in Sec. II, is the NTS mass. In Eq. (8) we
have made the reasonable assumption that NTS’s are
nonrelativistic, M (Q)>>T, and nondegenerate, u(Q)
<<T. At temperatures T <<my, the distribution of free
¢ particles obeys an expression analogous to Eq. (8).

Chemical equilibrium between the relative number
densities of ¢’s and Q’s is established if the accretion and
evaporation reactions, (Q +1)<(Q)+¢, occur rapidly
compared to the expansion rate. In this case, the chemi-
cal potentials obey

w(Q +1)=p(Q)+uld) . 9)

Inverting Eq. (8) and substituting in Eq. (9), we obtain the
familiar Saha equation

372 3/2
21 1y/T
e

no+1
nohy

_8o+1
8084

M(Q+1)
M(Q)

, (10)

where I, is the NTS binding energy per charge [Eq. (6)].
Unless the minimum stable NTS charge is very small,
Q min = 1, the reactions above are in fact not sufficient to
establish chemical equilibrium. If, as an initial condition,
the Universe contains only ¢ particles, accretion alone
obviously cannot generate solitons. The missing in-
gredient is the fusion reaction, ¢ +¢+ - - - +é—Q in-
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Typically, one expects chemical equilibrium to be
maintained until either the fusion or the accretion and/or
evaporation rates become slower than the expansion rate.
In principle, the proper way to study this freeze-out pro-
cess is to integrate the (infinite set of) coupled rate equa-
tions for the number densities of all charges and free par-
ticles, i.e., numerically solve the Boltzmann equations for
the system. We do not follow this approach. Instead, in
Appendix A, we estimate freeze-out number densities us-
ing the “poor cosmologist’s” approximation: the freeze-
out densities are roughly the equilibrium densities at the
epoch when the reaction rates drop below the expansion
rate.

Such an approach, however, assumes that chemical
equilibrium is initially established and then lost. For
most NTS models, this is unjustified. In particular, when
Q min 18 not very small (as is usually the case) and/or there
is a potential-energy barrier between the true and false
vacua (the NTS vacuum is a metastable minimum), then,
as we show in Appendix A, the fusion rate is strongly
suppressed and can never approach equilibrium. (Essen-
tially, this is analogous to what would happen in big-bang
nucleosynthesis if the lightest stable element had a large
baryon number.) In the limit that fusion can be neglect-
ed, the total number of NTS’s is a nonincreasing function
of time. Since new lumps are not being produced, it
makes sense instead to follow the evolution of individual
lumps of initial charge Q separately. (We shall also as-
sume that accretion of lumps by lumps is rare.) We de-
velop this approach in the next section.

V. EVOLUTION OF SINGLE LUMPS

To follow the evolution of individual solitons, we need
to calculate the emission and absorption rates of massive
¢ particles by NTS’s of charge Q. To do this, we apply
detailed balance arguments in the usual way.!! First, we
massage the Saha equation into a more convenient form.
Since ¢ is a charged field, we assume it has g, =2 degrees
of freedom. In addition, up to corrections of order
T/my, we expect g, ,/8p==1, and we can further ap-
proximate M(Q +1)/M(Q)=1+0(p/Q). Substituting
into Eq. (10), we find
3/2

n
Zert 1 exp(Iy/T) . (a1

nQn¢ 2

2

In chemical equilibrium, the rate at which NTS’s emit
¢’s is equal to the absorption rate. Since the binding en-
ergy grows with an increase in charge, absorption is ener-
getically favored. Thus, if the particles are sufficiently
strongly interacting, we expect a geometric cross section
for absorption:

o=4nf,R (Q)2:47Tf¢

2
.[L l Q2p/3 , (12)
my

where the NTS radius R(Q) is given by Eq. (2). Here,
f4(=1) is the absorption efficiency, which depends on
coupling constants in the theory; we discuss it in more

detail in Appendix B. The accretion rate per unit volume
is simply
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R(Q)+¢—(Q +1)]=nynoov, , (13)

where v, =(T/2mm )1/2 is the mean velocity of free non-
relativistic ¢ particles. The emission rate from a lump of
charge Q+1 is proportional to the number density of

lumps times the evaporation rate r,,p:

R(Q+1)—(Q)+d]=ng {17 evap - (14)
The two rates must be equal in chemical equilibrium; us-
ing Egs. (11)-(14), the evaporation rate from a NTS is

r ———2f 32—7 ’ Q% 3exp(—1,/T) (15)
evap é P Q :
w m¢

Although the evaporation rate was derived from the
assumption of chemical equilibrium, Eq. (15) applies
more generally; in particular, it is valid whenever the ¢
particles are kept in kinetic nondegenerate equilibrium
[Eq. (8)], e.g., by collisions with the ambient plasma.
(The power of detailed balance is that it applies to situa-
tions outside of chemical equilibrium.) Thus, the accre-
tion and evaporation rate from a lump of charge Q is

372
dQ 2 2 T% oo Vvalts | 7T
L¥ - — =< = 22— | =
dt T abs revap 7Tf¢ﬁ m¢ Q T3 m¢
—exp(—1y/T) | .

(16)

Equation (16) describes the evolution of an individual sol-
iton in a thermal bath of ¢ particles. Before applying it,
we must expose two additional hidden assumptions.!! (i)
As it evaporates or accretes, an NTS is cooled or heated
with respect to the environment; we assume, however,
that it is kept in good thermal contact with the surround-
ing medium. (ii) We assume the exterior ¢ gas is dilute, so
that the flow of particles into or out of the lump is not in-
hibited.

For the remainder of this paper, we suppose there is a
primordial asymmetry of ¢’s over anti-¢’s,
ny=(ng—ngz)/n,, where n,=2.4T*/7* is the photon
number density at temperature 7. We shall further as-
sume that ¢ and ¢ are stable, but that they can annihilate
into a pair of massless particles, say, neutrinos or pho-
tons. (These assumptions will be relaxed in our forth-
coming paper.) The latter assumption guarantees that
annihilation takes place inside as well as outside solitons.
For stable ¢’s the Q asymmetry can be written as

M$=2.5X107°Qh* GeV/m, , 1

where & is the Hubble constant in units of 100
km/sec Mpc, and € is the ¢ energy density in units of
the critical density. Requiring that ¢ particles and
charges do not overclose the Universe, Q.¢h25 1, yields
an upper bound on 7, as a function of m,. We define j as
the fraction of ¢ particles in the NTS phase, so the num-
ber density of free ¢ particles is n,(T)=n,(1—j)n,. The
initial value of j depends on the efficiency with which
NTS’s are formed; e.g., in case (ii) of Sec. III, we expect
Ji=Ptase =0.5, while for case (i), Witten envisioned
Jji~0.9. In general, however, j is a temperature-
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dependent function which increases (decreases) during
the accretion (evaporation) epoch. With these definitions,
the expression for the evolution of a lump becomes

3/2

1.9294(1—j)

ﬂ='£ 2L2 2p/3
dt 1rf¢ﬁ m¢Q

my

where f(Q) is the binding energy per ¢ mass [Eq. (7)].
The evolution of a nontopological soliton is determined
by three temperature scales. The evolution begins at the
formation temperature 7T;, which is of order the
Ginzburg temperature T; or smaller, depending on the
formation mechanism. Once formed, the competition be-
tween the two terms in the brackets of Eq. (18) deter-
mines the fate of the soliton. These terms are equal at the
“turnaround” temperature 7,, which marks the transi-
tion between evaporation and accretion phases. Finally,
the freeze-out temperature T is defined as the tempera-
ture at which both the emission and absorption rates fall
below the expansion rate, (|Q|/QH )TF=1. Consider a

model with T; ~m,. From Egs. (17) and (18), at T ~m,
evaporation dominates over accretion due to the small
asymmetry term. Thus, only those charges which are
large enough to survive down to T, or T are present to-
day. There are two exceptions to this general picture. (1)
If ¢ is an unstable particle with a lifetime shorter than
the age of the Universe, the asymmetry is not constrained
by Eq. (17), and may be large. (2) If ¢ is stable, but only
annihilates into particles more massive than f(Q)m,,
then annihilation inside NTS’s is suppressed at low tem-
perature. In this case, NTS’s can grow by accreting both
¢’s and ¢ ’s, and the absorption rate is independent of Mg
We discuss both of these scenarios in our forthcoming
work.

To study lump evolution, it is convenient to introduce
the dimensionless temperature variable

x=my/T . (19)

During the radiation-dominated early Universe,
1=0.3g'*(mp /m})x? (where g, is the effective num-
ber of relativistic degrees of freedom), so the evolution
equation can be rewritten

a0 _ 1.2 2 | el —1/2p/3
dx ‘rrg}k/zfd’ﬁ [m¢ ]x Q
X[1.92n4(1— j)x 73/2—¢ /@], (20)

From the discussion above, there are several possible
fates that may befall a NTS with stable ¢’s: (a) death by
evaporation; (b) evaporation followed by freeze-out,
x; <xp <x,; (c) evaporation followed by accretion and
then freeze-out, x; <x, <xp; (d) accretion followed by
freeze-out, x, <x; <xp; and (e) frozen at birth, x; > xf.
Which of these fates we obtain depends on the mass scale,
the NTS charge, the asymmetry parameter, and the for-
mation temperature.

The turnaround temperature T,, at which accretion
takes over from evaporation, is given implicitly by



3246

In1.9279,(1—j)=1.5Inx, — f(Q)x, . (21)

Equation (21) may be derived either by equating the ac-
cretion and evaporation terms in Eq. (20) or by setting
no=ngin Eq. (11). In Fig. 2 we show x,=m /T, as a
function of’ 14(1—j), for several values of f(Q). Two
trends are obvious. For fixed binding energy f (Q), turn-
around occurs “later,” i.e., at larger x,, as 74 decreases,
since the supply of free ¢ particles is dropping. Thus,
from Eq. (17), for a large mass scale m @ the evaporation
phase is relatively long in units of the mass scale.
Second, NTS’s with lower binding energy per unit mass
turn around later, as expected. For models with p <1,
f(@)—1 as Q— o0, so lumps with large charge spend
less time in the evaporation phase than their smaller
brethren. (The structure in Fig. 2 at very large asym-
metry, 7> 1, is only relevant if ¢ is unstable, so we post-
pone discussion of it to our forthcoming paper.)

Now consider the freeze-out temperature 7. During
the radiation-dominated epoch, the expansion rate is

H=1.67gY>T*/mp =1.67g,/*(m} /mp)x >

To obtain an analytic estimate of x, we consider case (b)
separately from (c) and (d). For case (b), freeze-out
occurs during the evaporation phase, when the absorp-
tion term can be neglected; using Eq. (20), we find

1 f¢52 myg

- +43.9—1n | —2-

ATo) 2.62g 172 " Gev
—l —ZTP Q| (xp<x,). (22)

Note that as the mass scale m or the charge Q increases,
freeze-out occurs earlier, i.e., at smaller x. Also, for large
relative binding energy f(Q), NTS’s freeze out at early
times since more strongly bound objects evaporate less
efficiently.
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FIG. 2. The turnaround epoch x,=m,/T as a function of
the asymmetry parameter 7, for different values of the binding
energy per unit mass, f(Q)=0.05, 0.25, 0.36, 0.5, and 1.
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For fixed mass scale, the freeze-out epoch x5 grows as
Q drops (unless f; <<1, see Appendix B). Therefore, for
small enough charge freeze-out will occur after turn-
around. We denote the charge at the transition point,
Xp=x;, by Qq; for @ <Q.,, we have xp > x,, i.e., case (c)
or (d) above. From Egs. (17), (21), and (22),

m —6/(3—2p)
—(2.2%10!1)3/3~2p) 4
Qeq = ) GeV
201 ; 2 13/3—2p)
oY EEA e LT 23)
3 172
X;/8

For p=4 and 1, Q. scales as m 4and m " 6, respective-
ly. The dominant dependence in Eq. (23) resides in the
first two terms. Thus, approximately independently of p,
form, = 10* GeV, we have Q.4 <1. Since Q. is the larg-
est charge which can have an accretion phase, this mass
scale marks an important boundary.

Given that NTS’s are generally born in the evaporation
phase [except for case (d)], we would like to know how
large the initial charge must be in order to survive to the
accretion or freeze-out epoch. Approximately integrat-
ing Eq. (20) during the evaporation phase, the smallest
charge which survives is

m —3/(3—2p)
— ¢
Qs(xi)2(4'6><1018)3/(3 2p) _é;v
3/(3—2p)
—f(Q)x;
(1=2p/3)f 4B :
. . (24)

[1+£(Q)x; gL

where we have assumed x,x, >>x; and have used a stan-
dard approximation for the exponential integral. In ar-
riving at Eq. (24), we have also made use of the fact that,
for O >>1, f(Q) is approximately independent of Q. For
models with p=3, the surviving charge scales as my 2,
while for solitons with p =1, Q, scales with m ¢ 3

From Fig. 2, we see typically x, ~10-100. Thus, com-
paring Egs. (23) and (24), we find Q(x;)>Q,., if
f(Q)x; <17+In(m,/GeV). That is, unless NTS’s form
at a temperature well below f(Q)m, cases (c) and (d) are
eliminated: all those that would accrete before freeze-out
in fact do not survive. If NTS’s are created in a phase
transition, we generally expect them to form at a temper-
ature within an order of magnitude of their mass scale,
0.1<x; <10, for which we find Q; > Q... This can be cir-
cumvented, on the other hand, if NTS’s form well after
the phase transition is completed, for example, by pinch-
off in the asymmetric vacuum model, or by the decay of
cosmic strings. In these cases, x; >>1, Q,(x;) can be sub-
stantially reduced, and an accretion phase is possible.
For example, with p=32 and f(Q)=1 we obtain, for
x;=1 and x;=10, respectively, Q,(1)~10"(GeV/m )
and Q,(10)~10*(GeV /m ).

For NTS’s formed at relative small values of x;, then,
the only hope of survival is to start with sufficiently large
charge, Q > Q,. However, this runs into two potential
difficulties. First, for most of the formation mechanisms
discussed in Sec. III, large charges are exponentially
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suppressed and thus may be rather rare. As a result,
their contribution to the present energy density of the
Universe is likely to be small. Second, it is difficult to im-
agine forming lumps with a charge larger than that con-
tained in the particle horizon at the time of formation.
The total charge inside the horizon is

Quh*x3 4
- ¢
On(x)=1.2X10%————
8+

GeV
me

(25)

For example, for p =1, with f(Q)=~x;=~1, we have
Q,(1)>Qy(1) for my>10"* GeV; that is, solitons
formed at early epochs (x; ~ 1) in these models are never
large enough to survive (Q > Q,) if their formation is lim-
ited by causality. Only if they form at a sufficiently late
epoch, since Q; depends exponentially on f(Q)x;, can
this problem be overcome. For models with p=3, on the
other hand, at x;=1, we find Q,(1) <Qy(1) if m, <10°
GeV. In this case, models with sufficiently small mass
scale can have surviving NTS’s which form early. Again,
at later formation epochs, the situation can change sub-
stantially; e.g., for x,=10 and p=3, we find
Q,(10) < Qy(10) for m4 < 10" GeV.

In Fig. 3 we summarize our results for the case in
which there is a primordial charge asymmetry. Here we
have chosen f,8°=1, g, =100, Qh*=1, f(Q)=1 and
the two cases p=2 and 1. As a function of mass scale,
we compare the charge inside the horizon at formation,
Qpn(x;), with the smallest charge that survives evapora-
tion, Q,(x;), for x;=1 and 10, obtained by numerically
integrating the rate equation, Eq. (20). For models with
Q(x;)> Qy(x;), even horizon-sized solitons disappear by
evaporation. For f(Q)x; =10, both models have a win-
dow of survival if m, < 102 GeV. We also show the
charge Qeq at which freeze-out and turnaround coincide,
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FIG. 3. The minimum charge which survives evaporation,
Q,(x;), is shown as a function of the mass scale m, for the two
cases p=0.75, 1, and for x;=1 and 10. Also shown are the
charge inside the horizon, Qy(x;) and the charge below which
an accretion phase is possible before freeze-out, Q.,.
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FIG. 4. A sample numerical integration of Q(x), for the pa-
rameters f(Q)=1, my= 10* GeV and p=%. In this example,
0, =~10%,

xp=x,. Recall that if Q > Q,,, the soliton will freeze out
before turnaround; in the opposite case, there may be ac-
cretion before freeze-out. However, for all models and
mass scales, Fig. 3 shows that Q. <<Q; so that these
charges die before they have a chance to grow. In Fig. 4,
we show results of the numerical evolution of Q(x) for a
sample model with p =3 and m ¢ = 10* GeV, in the neigh-
borhood of Q,(1)=10%. For a very narrow range of Q,,
the value of the charge at freeze-out depends sensitively
on the initial charge. Outside this range, the final charge
is either zero (for Q@ < Q,) or ~Q; (for Q; > Q,).

As noted above, for m 6 <10* GeV, it is possible to
have x> x,, so that an accretion phase is possible before
freeze-out occurs. Thus, even if all solitons formed at
x; ~ 1 evaporate away, a later period of accretion starting
from individual charges can build up new solitons before
freeze-out occurs.!> As noted in Sec. IV, this is only
feasible for very small values of the minimum charge,
Qmin ~ 1, so that free ¢ particles can act as seeds for new
lumps. We return to this possibility in Appendix A.

VI. NTS BOILING

Although NTS’s may be formed at a phase transition
at T, they are not the lowest free energy phase until the
Universe cools below T,. In the last section we studied
the struggle for survival of NTS’s against surface eva-
poration. In this section we discuss the boiling of NTS’s,
i.e., bubble nucleation of the lowest free energy phase
(massive ¢ particles in the true vacuum) throughout the
volume of a NTS.

Imagine heating up a NTS from zero temperature.
Surface evaporation starts at temperatures just above T,
(or Ty, if T, <Tg). Bubble formation is negligible for
temperatures just above T, due to the energy cost associ-
ated with the bubble surface. However, at higher temper-
atures (T'~Tg), bubble nucleation throughout the
volume may dominate the evaporation process. The
probability of bubble nucleation is very sensitive to the
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surface tension of the bubble wall, o,, which is deter-
mined by the mass scale and coupling constants. NTS’s
can survive the boiling phase if 0, is greater than a criti-
cal value derived below.

Following Ref. 12, we calculate the thermodynamic
work expended to create a bubble of free ¢’s inside a
NTS:

W=-—4T1Tr3(P,,—PNTs)+41rabr2 ,
where r is the radius of the bubble, P, is the pressure in-
side the bubble, and Pyrg is the pressure inside the NTS.
W is maximized at the critical radius r,=20,/
(P, —Pynrs). Bubbles with radius r <r, shrink away
while those with r 27, grow. The nucleation rate I" is
determined by the abundance of critical size bubbles:

(26)

r~T% "7, (27)
where
3
o
Wc = 1617- b (28)

3 (Pb_PNTS)2 .

The soliton is assumed to be in pressure equilibrium
with its surroundings. Therefore, Pyyg is just equal to
the exterior thermal radiation pressure. The pressure in-
side the bubble, P,, has the same thermal component,
plus the pressure due to the massive ¢ gas, P,. Hence,

Py —Pnrs=Py=(2/7°)?m T %exp(—1o /T)  (29)
and-
W, _ 8z o} Jo/T 30)
376
T 3 myT
J
amin(x,Q,m¢)=0.55m3,exP[_zfz(Q)x 3] 11 -0.0231n
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FIG. 5. The surface tension o, and o, as a function of x,
for mass scales m,=10% 10°, 10'° GeV, for f(Q)=1. Also
shown is the strange-matter case, f(Q)=0.05, my=m, ~1
GeV. Boiling dominates evaporation for o, < 0 -

At temperature T, the characteristic number density of
bubbles, n, is of order I't, where ¢ is the expansion time
scale, so n,~0.3g, ' ’mp T?exp(—W,/T). If n,
>>nyrs, the charge density inside the soliton, the NTS
phase is so far out of thermodynamic equilibrium that the
probability of remaining in such a phase is negligible.
(The NTS would likely not have been formed, let alone
survived.) The condition n, <nypg translates into a con-
straint on the surface tension o, > o ,;,, where

}1/3

My
1 GeV

Q' Px%g 2B (31

Here we have assumed a spherical NTS lump of charge Q and radius R, given by Eq. (2).
On the other hand, if o, is too large, boiling may never occur. Boiling will only dominate surface evaporation if the
surface area of the NTS lump is smaller than the surface area of all the bubbles inside the lump. Boiling is more

effective than surface evaporation if o, <o ,,,, where o

(Q)x /3]

2

max

—2
Umax(x’Q;m¢):0.57m;exp[ £

X

140.021 l2f(Q)x +1In

Both o, and o, depend on the specific NTS model.
In Fig. 5, we plot o.;,(x) (lower curve) and o, (x)
(upper curve) for different values of m,, where we set
0=0x(my, x =1) [Eq. (25)]; we have chosen f(Q)=1,
except for the case m,=1 GeV, where we set
f(Q)=0.05, characteristic of strange matter. We have
also set p =pB=1, since the dependence on 3 (~ 1) is only
logarithmic, and the difference between p =1 and

x3g1728QP/3 [

is given implicitly by

1 GeV
mg

=

p=0.75 is unnoticeable. For o, <o, there is copious
boiling and NTS’s disintegrate. Between the two curves,
O min < 0 <O .y, boiling dominates over surface evapora-
tion, and for o, > o ,,, boiling can be neglected.

From Fig. 5, we see that, for models with f(Q)=~=1,
boiling is important if x; ~ 1. In these models, the surface
tension o, must be larger than about O. 3m3 to avoid
boiling. Alternatively, for smaller o,, NTS’s can survive

[
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if they form later. More generally, the efficiency of boil-
ing is larger for f(Q)x; <1. For example, for strange
matter, f(Q)==0.05, x; =~ 10, and strange lumps can only
survive if'? o, >0.006m} (much larger than the theoreti-
cally expected value®).

VII. CONCLUSION

We have discussed the cosmic evolution of nontopolog-
ical solitons, developing a general analysis which applies
to virtually all classes of models, and thus separating gen-
eral features from model-specific results. We have found
that, for a wide range of parameters and models, primor-
dially formed NTS’s of moderate charge disappear quick-
ly, either via surface evaporation or bubble nucleation,
leaving behind a distribution of free massive particles.
For a range of mass scales, depending on the scaling pa-
rameter p, there is a window of survival between the
smallest charges which survive evaporation, Q,, and the
largest that can be causally formed, Q5. This window, in
turn, depends on the epoch of NTS formation; in
scenarios with delayed NTS formation, the chances of
survival are enhanced, and, if my = 10* GeV, sufficiently
small charges may then undergo an accretion phase. Our
results pertain to models constrained to have small
charge asymmetry by the existence of stable ¢ particles.
If this constraint is relaxed, the results can change con-
siderably.
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APPENDIX A

In this appendix, we consider a system of interacting ¢
particles and solitons which reaches chemical equilibrium
for a time in the early Universe. Recall that this might
occur in two ways. (1) If Q. ~1, chemical equilibrium
can be established by the accretion and evaporation reac-
tions (Q +1)«(Q)+¢. (This possibility was recently
studied by Griest and Kolb!® in the context of a particu-
lar toy NTS model with p=2.) (2) In most NTS models,
unless the coupling constants are specially chosen,
Qmin >>1. In this case, the fusion and dissociation reac-
tions ¢+¢+ - - - +d<>(Q) are also required to establish
complete chemicdl equilibrium. However, at the temper-
atures at which fusion can be effective in generating new
solitons, T < T,, these reactions are likely to be strongly
suppressed compared to the expansion rate, for reasons
given at the end of this section.

In both cases, in chemical equilibrium the chemical po-
tentials are related by
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mQ)=Qu(¢),
where u(Q), u(¢) are given implicitly by Eq. (8). We
define the mass defect by
By=0m,—M(Q)=0m ,(1—aQ?  )=0mf(Q),
(A2)
and note that f(Q)—f(Q) [Eq. (7)] as p—1 or as
Q — 0, independent of p. Then, from Egs. (1), (8), (A1),

and (A2), the number density of solitons of charge Q in
chemical equilibrium can be written

(AD

3(Q—-1)/2

4 B,/T
o e 277 .

no(T)==5ng(aQ?)”?

g8

It is convenient to introduce the charge fraction of soli-
tons of charge Q, Yo=n,0/N, where the total charge
density is given by

27

m,T (A3)

N=n,+ 3 QOno=mn4n, . (A4)

Note that, in general, the charge fraction is different from
the mass fraction. From Egs. (A3) and (A4), we have

8o
YQ — _a3/2Ql+(3p/2)

gg

2.4 3/210—1
e %l (1—j)2e”’"  (As)
™ [
and the constraint
> Yo=j. (A6)
Qmin

The charge fraction is obtained by simultaneously solving
Egs. (AS) and (A6).

The qualitative behavior of the NTS population is rela-
tively simple to understand. At high temperature, the
relative abundance of NTS’s with large Q is suppressed
by the small asymmetry factor ~m, . At lower tem-
perature, the exponential and Q1+(3»/2) terms favor the
formation of large Q objects. The trend from small to
large Q shifts at the “turnaround” temperature defined in
Sec. V: in the Saha equation, we find nyo=ngy, at
T=T,. Since f(Q) is approximately constant for large
0, x, is roughly Q independent. Thus the turnaround is
rapid: slightly above T,, large charges are strongly
suppressed, while slightly below it, they are strongly
favored. As the temperature drops through T,, large
charges quickly build up until the available “fuel” of free
particles is depleted, thereby shutting the system out of
chemical equilibrium.

At high temperature, x <x,, Y, falls rapidly to zero
with increasing Q. Consequently, in this regime, only the
first few terms contribute significantly to the sum in Eq.
(A6), and the equilibrium charge fraction may be easily
calculated. Thus, if xz <x,, i.e., if freeze-out occurs be-
fore turnaround, the final abundance Y,[xr(Q)] can be
estimated analytically. As discussed in Sec. V, this is al-
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ways the case for m 4> 10* GeV. At x <x,, we expect the
total NTS charge fraction to be small, j <<1. To zeroth
order of approximation, we can then estimate Y, by set-
ting j =0 in Eq. (A5).

J
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Alternatively, we can obtain a more transparent ex-
pression for Y,(xp) without approximation. Setting
84=2 as in most cases of interest, the freeze-out abun-
dance for x; < x, may be written

m
Yo(xp)=10"(axp)’gq | o5 |(QhH7'Q! T #/2(4.8x 10742
1—j 4.4x1018f¢BZQ(2p/3)—1 FQV/f(Q) GeV 1+[F(Q)/f(O)] , 0]
X 3/2 1/2 Q4h ) (A7)
XF. 8« mg

where xp(Q) is given by Eq. (22), f(Q) by Eq. (7), and
F(Q) by Eq. (A2). If we approximate f(Q)=f(Q), valid
at large Q, this may be rewritten using Eq. (23):

(axp )3/2gQ mg
Y — 107 1+(3p/2)
Q(XF) Q¢h2 GeV Q
1—(2p/3) 3/210Q
Qeq t
X | |— — (A8)
Qo XF

This gives the freeze-out abundance for QO >>Q., and
thus x <x,. The case xz ~x, must in general be handled
numerically.

We finish this section by discussing the fusion of free
¢’s into a soliton for models in which Q. is not small.
This rate must be faster than the expression rate in order
to maintain chemical equilibrium. We shall show that
this is unlikely at temperatures below m,. We estimate
the rate by assuming that a soliton is formed when
Q = Q... ¢ particles get together in a fluctuation with a
charge density comparable to the NTS’s charge density.
This criterion can be made rigorous by considering the
effective o potential U(o,q) in a background of nonzero
charge density g. At a charge density g ~gnts, the
unconfined phase o =0, becomes degenerate with the
NTS phase and at higher densities the NTS phase is pre-
ferred. If the vacuum potential U(o,0) has no barrier
(see Fig. 1), then a soliton forms whenever a sufficiently
dense charge fluctuation occurs. However, if there is a
barrier between the NTS state and the unconfined phase
(dashed curve in Fig. 1), a charge fluctuation is not
sufficient to form an NTS: in addition, the o field must
tunnel through the barrier, leading to an extra suppres-
sion of the fusion rate. We will ignore this factor, so the
estimate below will yield an upper bound on the forma-
tion rate.

For simplicity we focus on the case p =1; the results
may be easily generalized to other models. Consider a
fluctuation region with fixed volume V_; =47/
3)B3m¢_ 30 min» the size of a NTS with charge Q,,;,, con-
taining an average charge Q=gV,,,, where the mean
charge density g==(2.4n,/7°)T>. The probability of
finding a charge Q in a region with average charge Q is of
order

P(Q,0)=~27Q) " 2exp

)2
~lo-0F }dQ . (A9
20

Here we have assumed Q is of order a few or more, so
that the Gaussian approximation to the Poisson distribu-
tion is reasonably accurate, and have ignored antiparti-
cles. We are interested in a fluctuation with charge
0> Qpy- At the temperatures of interest, T <m,, we
can safely assume 7, <<(m¢/BT)3, so that Q... >>0.
Thus, the probability of a fluctuation with charge large
enough to make a soliton is
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—1, " CQnin/20

P( Q > Qmin )= min€ . (A10)

0
2

The number density of minimum charge NTS’s is
e =~P(Q > Q.. )/Vpin, and their abundance relative to
free ¢ particles is approximately

! /zexp _ Qmin
2

x3 x3
B3Q3nin7]¢ 331745
Thus, if Q. is large and/or the asymmetry is small, the

formation of solitons from thermal fluctuations is strong-
ly suppressed at temperatures below m, (x > 1).

Rso1 _

ne

(A11)

APPENDIX B

The factor f, measures the probability of absorption
into a NTS of an incoming particle ¢, relative to its
geometric cross section. Since the mass term for ¢ gen-
erally drops abruptly (and monotonically) as the NTS
surface is approached from the exterior, an incoming ¢
particle effective sees a square-well potential inside the
NTS. Since there is no potential barrier, ¢ particles have
no difficulty entering the NTS, but they can as easily es-
cape at the other side. The incoming ¢’s (massive outside
the NTS) have energies higher than the binding energy of
the massless ¢ gas inside the NTS. Therefore, f, is deter-
mined by the probability of an incoming ¢ being trapped
by scattering down to lower energies.

The probability of at least one collision inside a soliton
of radius Ry, is given by p. =1—exp(—Rg /A,), where A,
is the mean free path of ¢’s inside the NTS. Thus,
Ag=(n,04)”", where n, is the number density of scatter-
ers and o, is the cross section for ¢ scattering. If
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Ry >>MAy, the incident ¢ will have enough scatterings to
be trapped, and f,=p,~1. On the other hand, if
Ry <k¢, then p.~R, /kd, << 1. In this case, there will
typically be at most one scattering, and f; is given by the
probability of scattering and losing enough energy in one
collision to be trapped. _

If a ¢ particle has initial kinetic energy E outside the
NTS, it will have energy E,-=E+m¢ inside the NTS.
(Here, we are assuming ¢ is massless inside an NTS.) The
particle is captured if it scatters down to a final energy in-
side the NTS, E r<mgy. In the case of multiple scatter-
ing, capture generally occurs, since the incident energy
E~T=m,. In the single-scattering regime A,= R, the
capture probability is model dependent. If we consider
isotropic cross sections, on average half of the incident
energy is lost per collision. If the target particles respon-
sible for capture are not ¢ particles, the condition for
trapping in one scattering is roughly E <m . However,
if the dominant scatterers are ¢’s the incident energy
must be lower; otherwise, the initially bound ¢ will be
scattered out of the NTS, with no net gain in charge. In
this case, the condition for single scatter capture is ap-
proximately E SIQ, and thus T SIQ.

The mean free path A, is also model dependent. In the
simplest NTS models, the possible interactions are either
¢-¢ or ¢-o scattering. In some models, although the
cross section for ¢-o scatterng is appreciable, the density
of o particles inside the NTS is small (e.g., if o is very
heavy). In these models, ¢-¢ scattering can occur either
through a ¢* term in the Lagrangian, or through the ex-
change of a o particle.

For example, consider a model where ¢-¢ scattering
through a g¢* interaction dominates, with cross section
o,=g?/32wE} If the ¢’s inside the NTS are nondegen-
erate, the density of scatterers is n,=3Q / (47TR(32). Then

0 1-2p/3
Q. ’

fs=1—exp (B1)
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where
3/(3—2p)
_ | 1287% B* (1+x)? !

3 g2 x?

O, (B2)

In this case, f,~1 for Q >>Q, (multiple scattering), and
fe=(Q/Q,) %7 for Q<Q,. At x=1, for models
with p=3, we find Q, ~10%B/g)*, while for p=1,
Q,~10%B/g)°. Thus, the approximation f,=1 is valid
for large charges, but for small charges the scattering
probability is suppressed. Consequently, small charges
freeze out earlier; for 0 <Q,,

2 O,
xp=xp(fe=1)— [1—-31’- In —(—2—‘ , (B3)
and
0.~ [Ql ]Qeq(qu:l), (B4)
0, =~ Ql 0,(f,=1). (B5)

In principle, the distribution of NTS’s with charge
0 << Q, may be frozen out from the beginning (xz =x;)
and thus survive. For these objects, the mean free path is
much larger than the NTS size, so the time scale to re-
populate the evaporated tail of the interior ¢ distribution
is longer than the expansion timescale. In this case, the
initial distribution of small NTS’s is preserved, and may
contribute significantly to the energy density of the
universe. On the other hand, if ¢ is kept in thermal equi-
librium by scattering with other particles, the mean free
path is much shorter and we expect f;~ 1 down to small-
er values of Q.

1A. Chodos, R. L. Jaffe, K. Johnson, C. B. Thorn, and V. F.
Weisskopf, Phys. Rev. D 9, 3471 (1974); W. A. Bardeen, M.
S. Chanowitz, S. D. Drell, M. Weinstein, and T. M. Yan, ibid.
11, 1094 (1975); R. Friedberg and T. D. Lee, ibid. 15, 1694
(1977); E. Copeland, E. Kolb, and K. Lee, Nucl. Phys. B319,
501 (1989).

28. Coleman, Nucl. Phys. B262, 263 (1985); A. M. Safian, S.
Coleman, and M. Axenides, ibid. B297, 498 (1988); A. M.
Safian, ibid. B304, 392 (1988); J. Werle, Phys. Lett. 71B, 367
(1977); T. F. Morris, ibid. 76B, 337 (1978); 78B, 87 (1978).

3T. D. Lee and G. C. Wick, Phys. Rev. D 9, 2291 (1974).

4E. Witten, Phys. Rev. D 30, 272 (1984); E. Farhi and R. L.
Jaffe, ibid. 30, 2379 (1984).

SB. Holdom, Phys. Rev. D 36, 1000 (1987).

SR. Friedberg, T. D. Lee, and A. Sirlin, Phys. Rev. D 13, 2379
(1976).

73. Frieman, G. Gelmini, M. Gleiser, and E. Kolb, Phys. Rev.
Lett. 60, 2101 (19838).

8J. Frieman and B. Lynn, Nucl. Phys. B (to be published).

9R. Friedberg, T. D. Lee, and A. Sirlin, Nucl. Phys. B115, 1
(1976); B115, 32 (1976).

103, Bahcall, J. Frieman, and B. Lynn (in preparation).

11¢, Alcock and E. Farhi, Phys. Rev. D 32, 1273 (1985).

12C. Alcock and A. Olinto, Phys. Rev. D 39, 1233 (1989).

13 K. Griest and E. Kolb, Fermilab report, 1989 (unpublished).

14T, D. Lee, Phys. Rev. D 35, 3637 (1987).

I5R. Ruffini and S. Bonazzola, Phys. Rev. 187, 1767 (1969); J. D.
Breit, S. Gupta, and A. Zaks, Phys. Lett. 140B, 329 (1984); M.
Colpi, S. L. Shapiro, and I. Wassermann, Phys. Rev. Lett. 57,
2485 (1986); C. Alcock, E. Farhi, and A. Olinto, Astrophys J.
310, 261 (1986); R. Friedberg, T. D. Lee, and Y. Pang, Phys.
Rev. D 35, 3640 (1987); 35, 3658 (1987); T. D. Lee and Y.
Pang, ibid. 35, 3678 (1987); M. Gleiser, ibid. 38, 2376 (1988);
39, 1258(E) (1989); M. Gleiser and R. Watkins, Nucl. Phys.
B319, 733 (1989); P. Jetzer, ibid. B316, 411 (1989); B. W.
Lynn, ibid. B321, 465 (1989).

16E. Witten, Nucl. Phys. B249, 557 (1985).

17R. Davis and P. Shellard, Phys. Lett. B 209, 485 (1988).



