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The production of particles due to the changing gravitational field during formation of cosmic
strings is studied in the sudden approximation for massless scalar fields with arbitrary curvature
coupling. A family of continuous spacetimes which describe sudden cosmic-string formation is con-
structed by joining together an initial spacetime and a final conical, cosmic-string spacetime along a
spacelike hypersurface. Two initial spacetimes are examined: Minkowski space and the steady-
state portion of de Sitter space. In the Minkowski case, it is possible to match the induced three-
metrics on a one-parameter family of spacelike hypersurfaces. We find that, as the matching surface
is varied, the particle production ranges from zero to a maximum which is linearly proportional to
a (where a is the deficit angle of the string). Over a broad domain of matching surfaces, the particle
production is proportional to a?, in agreement with the earlier calculation of Parker. The amount
of particle production thus seems to be significantly sensitive to the details of the model of the for-
mation process. In the initially de Sitter case (which would model strings forming at the end of
inflation) only one matching seems possible, and the particle production is found to be linearly pro-
portional to a. Since a is small (typically a= 87X 107 for grand-unified-theory strings) the particle
production (and created energy density) in this case is significantly larger than earlier estimates.
Some general issues concerning the implementation of the sudden approximation in curved space-
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times are also considered.

I. INTRODUCTION

In the early Universe, phase transitions may result in
the formation of cosmic strings according to many field
theories, including a wide variety of grand unified
theories (GUT’s). The time-varying gravitational field as-
sociated with the formation of cosmic strings in the early
Universe will create particles. These particles will con-
tribute to the average energy density of the Universe,
possibly producing cosmologically significant effects. If
an inflationary scenario is correct and if the strings form
before inflation these effects will be inflated away, but if
strings form at the end of (or after) inflation the particle
creation associated with string formation could contrib-
ute significantly to the reheating of the Universe. The
gravitational creation of particles due to the formation of
strings could be especially important for conformally
coupled fields, as such particles are not produced in the
isotropic expansion of the Universe. Many other in-
teresting properties and cosmological consequences of
strings (such as their possible role in galaxy formation)
are discussed in the excellent review by Vilenkin.!

The purpose of this paper is to study the particle pro-
duction due to the changing gravitational field during the
string’s formation, extending the earlier work of Parker.>
Parker considered the creation of massless scalar field
particles minimally coupled to the scalar curvature in a
spacetime in which the initial geometry (for all + <0) was
described by the Minkowski metric,” and the final
geometry (for all ¢ >0) was described by the conical
cosmic-string metric. We extend this model by allowing
arbitrary coupling of the scalar field to the scalar curva-
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ture and by considering a number of different models of
string formation within the sudden approximation. The
essence of the sudden approximation is to restrict all evo-
lution of the background fields (including the spacetime
metric) to within an infinitesimally thin spacelike hyper-
surface. Our models then consist of an initial spacetime
segment, a final spacetime segment, and the spacelike hy-
persurface on which the initial - and final segments are
joined (using the Israel formalism?®) to form the complete
spacetime. The initial spacetime segments are pieces of
either Minkowski space or de Sitter space. In the case of
an initially Minkowski space, we examine a one-
parameter family of matching surfaces. The initially de
Sitter model describes cosmic-string formation at the end
of an inflationary epoch. The final spacetime segment is
in all cases taken to be the conical flat spacetime of a
cosmic string.*”° Parker’s model is similar to ours in
spirit; however, as we show in Sec. II, there is no con-
tinuous (C°) spacetime which represents his model.

One might wonder to what extent the final results of
these calculations depend on the use of the sudden ap-
proximation. A definitive answer would require a de-
tailed model of the string’s formation, which is too com-
plicated to consider at this point. Instead, we investigate
a simpler (but related) question within the scope of the
sudden approximation for the models which are initially
Minkowski space. We determine how the number of par-
ticles produced depends on the choice of matching sur-
face.

As the choice of matching surface is varied particle
production varies smoothly from a maximum which is
linearly proportional to a (the deficit angle of the string),
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through a large domain where production is roughly pro-
portional to a? (which is what Parker found), and finally
approaches zero as the matching surface approaches a
null surface. Although the results do seem to be sensitive
to the choice of matching surface, for the vast majority of
the choices of matching parameters the particle produc-
tion is of the same order as in Parker’s model,> roughly
proportional to o?.

In the alternative case where the initial spacetime seg-
ment is a piece of de Sitter space, there seems to be only
one matching surface possible. This matching leads to
particle production which is linearly proportional to a,
leading to a dramatic increase in the average energy den-
sity due to the produced particles compared to the earlier
calculations.

Specifically focusing attention on GUT strings, we find
that the expectation value of the number operator for the
created particles in the lowest modes of the field is less
than one (but not zero) after formation of a single string
segment. Since the string spacetime is flat, particle num-
ber has a well-defined physical meaning; we interpret our
results to mean that most string segments will not emit
any particles during formation. In the initially de Sitter
model, about one GUT string segment in 5X 10* will emit
one (or a few) very energetic particles. When averaged
over a background network of strings these particles con-
tribute an average energy density of roughly 6X10%
ergs/cm?, an increase by a factor of 6 X 10* over previous
estimates.!®

The paper is organized as follows. In Sec. II we con-
struct the first set of model spacetimes by joining togeth-
er Minkowski space and the conical string space along a
spacelike hypersurface. We derive the intrinsic - three-
metric matching conditions on the spacelike hypersur-
face, and calculate the surface stress energy. We also dis-
cuss in Sec. II the relationship of these spacetimes to the
“sudden approximation” as used in Parker’s calculation.
In Sec. III we then compute the gravitational particle
creation in these model spacetimes. In Sec. IV we con-
struct an alternative model of string formation in which
the initial spacetime is a portion of de Sitter space, rather
than Minkowski space. The gravitational particle
creation is calculated in this model spacetime. In Sec. V
the results of these calculations are summarized and dis-
cussed.

We use ‘“‘natural” units, with 7i=c =G =1, except
where otherwise indicated. We have generally attempted
to follow the notational conventions of Parker? in order
to facilitate comparison of our results to his.

II. MINKOWSKI SPACE AND COSMIC-STRING SPACE:
JUNCTION CONDITIONS AND THE SUDDEN"
APPROXIMATION

In this section we describe how to create a spacetime
which models the formation of a cosmic string by joining
together a portion of Minkowski space (to represent the
spacetime before the formation of the string) and a por-
tion of the conical cosmic-string spacetime. The two
spacetime segments are joined together along a spacelike
hypersurface. We believe that this is an appropriate way

to implement the ‘“sudden” approximation in a general
spacetime. An alternative approach, followed by Park-
er,? is to simply define the initial and final spacetime
states, and then match solutions to the wave equation
across the constant time surface t =0 (or any other con-
stant). While this procedure is equivalent to ours in a
Robertson-Walker cosmology, it is inequivalent when the
spacetime has less symmetry (as in the case here). We
will show that it is not possible to join together segments
of Minkowski space and the cosmic-string space if both
are cut along such a constant time surface.

The spacetime metric before the string forms is taken
to be the Minkowski metric, given in cylindrical coordi-
nates by

ds’=dt*—dr*—dz?>—r%d 6> . (1)

The final-state spacetime metric, assuming a static string
has formed along the z axis, is then given by*™°

dst=df*—dr*—dz*—¥*a?d 0", )
where
a=1—a/27 . (3)

The geometry outside the string is flat, but with a conical
singularity present along the string on the z axis. The
deficit angle of the cone is given by a. This in turn is re-
lated to the mass per unit length of the string, u, by
a=8mpu.

We now consider the most general possible way in
which the two spacetimes described by the metrics of
Egs. (1) and (2) can be sliced along spacelike hypersur-
faces and joined together on a common surface we will
denote by =. The spacelike hypersurfaces along which
the spacetimes are cut can be labeled by functions
t(r,0,z) and 7(7,0,Z). Since both spacetimes possess
translational Killing vector fields in the direction of the
basis vectors d/0z and 3/9Z, and rotational Killing vec-
tor fields /96 and 3/90, we choose the surface 3 to be
tangent to these Killing vector fields. This implies that
the functions ¢ and 7 defining = are independent of z, Z, 6,
and 6. The remaining freedom in choosing = thus lies in
choosing functions #(r) and 7(#). The intrinsic three-
metric induced on = by the Minkowski-space region is
then

do =[1—(dt/dr)?)dr*+dz?+r%d 6* (4)

and the three-metric induced on X by the cosmic-string
region is

do? =[1—(di /dF)*)d7*+dz*+7%a*d 6* . (5)

The functions ¢(r) and 7(7) must obviously be con-
strained by (dt/dr)><1 and (df /d¥)?> <1 everywhere so
that X will be globally spacelike.

If the four-dimensional spacetime regions are to be
joined together on X, they must induce the same intrinsic
metric on 2. The coordinates Z and z can be set equal to
each other at all points on =, as can the coordinates 8
and 6, without loss of generality, owing to the existence
of Killing vector fields in these directions, and the fact
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that  and 8 are both identified with the same period, 2.
The induced intrinsic metrics will then be equal if and
only if we set

F=r/a (6)
and
[1—(dt/dr)*Ja?=1—(dF /dF)? . o)

Any functions ¢ () and 7(7) which satisfy Eq. (7) define a
possible joining hypersurface X.

Note that the simplest possible choice for these func-
tions, taking ¢ and 7 to be constant on X, is not a solution
of Eq. (7). This is effectively the choice Parker made in
his calculation (although it should be emphasized that his
approach to the implementation of the sudden approxi-
mation was different than that followed here). In such an
approach, one must match modes across boundaries on
which it is not physically possible to join the spacetimes
together (i.e., the “spacetime,” if one considers it as such,
on which one is doing the calculation, is not even C9).
We will see to what extent this affects the results of the
particle creation calculation in Sec. III.

The usual surface-layer formalism of Israel’ may now
be used to compute the surface stress energy associated
with 2. We may define an orthornormal triad in the sur-
face by

21-1/2

_ dt

el"_ - ?17]
dt 0 d
x dr ot or ’ @

_19
Y I 9
63:‘86_2 , ' (10)

where we choose to use the Minkowski-space coordinates
on the surface. The components of the surface stress-
energy tensor are then

) d 21-1,2
t
dt 2 dt
—a?4q? | EL — |4 11
Xl 1—a‘+a i ar ] ] , QD
d%t dt e
87S,,=— ;’,—2 {1— E ]
dt 2 dt
_ 2, 2|4t at | _
X |1l—a“+a ar ldr] 1},(12)
8mS 33 =8m(S; +55), (13)

where the intrinsic metric matching conditions [Egs. (6)
and (7)] have been used to eliminate 7 and 7 in favor of ¢
and r, and we have assumed that the sign of dz /dr is the
same as the sign of df /dF (if the signs are opposite, it
greatly increases the surface stress energy).

We will now restrict our attention to the simple case
where the matching hypersurfaces are cones, i.e.,

t(r)=Cr, (14)

Hr)=Ccr, (15)
where C and C’ are constants, related [from Eq. (7)] by

(1—-CHa’=1-C", (16)

and we assume that C and C’ have the same sign, as dis-
cussed above. Furthermore, we restrict Cby —1<C <1.
This ensures the matching surface is spacelike (and thus a
Cauchy surface) upon which we can match modes. This
choice of functions has the immediate effect of causing
the azimuthal surface stress S,, to vanish. The nonzero
surface stress-energy components are minimized by al-
lowing the surface to approach a null surface; as C— 1,
the surface stress energy approaches zero. We will not
restrict attention to this special case, but will consider the
full one-parameter family of surfaces defined by Egs.
(14)-(16).

III. GRAVITATIONAL PARTICLE CREATION

We will consider in this section only the simplest possi-
ble field theory, a massless scalar field with arbitrary cou-
pling to the scalar curvature. Although the scalar curva-
ture is zero in both the initial Minkowski and final
cosmic-string spacetimes (and hence the scalar field
modes take on the same form in those regions for any
choice of curvature coupling), the scalar curvature R will
generally contain a § function on the spacelike hypersur-
face where the geometries are joined. The discontinuity
in the normal derivative of the scalar field at the spacelike
hypersurface will depend on the magnitude of the 8 func-
tion in the scalar curvature if the curvature coupling is
nonzero.

The field equation for the arbitrarily coupled scalar
field is

O¢+ER$=0. (17

To calculate the energy in particles created by the for-
mation of a system of strings it seems reasonable to sim-
plify the situation by treating only the gravitational parti-
cle production due to a short straight building block of
string. This is done (following Parker) by enclosing the
infinite string in our models in a cylinder, and then im-
posing  appropriate boundary  conditions. This
simplification can be justified on cosmological grounds.
In the simplest case (the Abelian Higgs model) the strings
which form must be either simple closed loops (i.e., no
vertices) or infinitely long. The statistical distribution of
such strings was studied by Vachaspati and Vilenkin'! us-
ing a Monte Carlo simulation. They showed the strings
lie along Brownian trajectories, with 80% of the total
length of string in any closed volume due to segments of
infinite string. More complicated situations can occur if,
for example, the broken symmetry after the phase transi-
tion is a product of a continuous group and the discreet
group Z,, or if the strings are noncommuting. In these
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cases (with n >2 for Z, strings) a stable network of
strings can form, which eventually dominates the
Universe. In all cases, however, at the time of formation
the loops and segments of infinite string are built of
pieces with a characteristic length on the average equal to
the correlation length of the Higgs field A. This would
also be the average distance between neighboring strings.
Since causality requires that the correlation length can-
not be greater than the cosmological horizon size (which
roughly equals the cosmic time ¢ for noninflationary mod-
els) we have A=ft, with f<1. However, expansion of
the Universe (and friction with the surrounding medium)
eventually smoothes out strings on all scales smaller than
the horizon.

We thus choose the length of the straight string seg-
ment, and the radius of the surrounding cylinder, to be
~A. The values of the radial coordinates at the cylinder
are defined to be 7, and 7,. We then impose on ¢ vanish-
ing boundary conditions at » =r; and 7=7,, and periodic
boundary conditions in z with period L.

In the initial Minkowski space, the positive-frequency
modes are given by the usual solution to the wave equa-
tion in cylindrical coordinates:

Som,s =Nexp(—iwt)exp(ikz)
Xexp(im0)J|m\((w3—k2)1/2r) ’ (18)
with
Ny =Qarilw,)” [T, (wi =k )]},
k =2mn/L, and J,, denoting the derivative of the Bessel
function J,,. The frequencies w, are determined from the
boundary condition J,,|((w2—k?)'"?ry)=0. In the coni-

cal cosmic-string spacetime region, the modes are given
by

&nm,s =N,exp(iW T)explikz)
Xexp(img)J,mM((Wsz—kz)l/z?') , (19)
with
N, =2margLW,) VT, a (WE—EDV 7)),
k =2mn/L, and the frequencies W determined by the
boundary condition J|,, /o ((WZ—k?)!/?F;)=0. In both
cases we have n,m =0,+1,%£2,...and s =1,2,3,... .
The scalar field can then be expanded in terms of

creation and annihilation operators in the usual way. In
the initial spacetime segment we have

$_(,1,2,0)="3 (Ay o FrimsT Al msfhms)s  (20)

n,m,s

while in the final spacetime segment

¢ (T72,0= 3 By Brms T Bamsims) - 2D

n,m,s

We now require that the field evolve in a continuous
manner across the matching surface:

¢+l2:¢-lz s (22)

where the subscript = denotes that the quantities are to

be evaluated on the matching surface. To find the rela-
tion between the normal derivatives of ¢ evaluated at the
matching surface 2 we first use Egs. (11)-(16) and the
trace of the Einstein equations, R = —8mS8(¢t —Cr), to
find the scalar curvature on the matching surface:

_2C’—C)
r

R (1—C*~128(t —Cr) . (23)
Substituting this result into Eq. (17) and integrating we
find

nt 3,y ls= nt au¢_—3§£r_ﬂ(1—cz)*‘/2¢_ .
(24)

These conditions along with the scalar inner product can
be used to derive a relation between the final and initial
creation and annihilation operators given in general by'?

B;=3(Aa;+ 4B}, (25)

where from this point on we will simplify the mode nota-
tion by letting the index i represent (n’,m’,s’) and j
represent (n,m,s). For the specific case at hand, B;; is
found to be

By=i[ ‘f,-n’i 3,8, —(n"d,f,)g;

+E O a—cyinrg laz, @

where dX is the three-volume element in the surface X.
The integration over z and 0 is trivial, allowing us to
write

Bij :Bs’,58~n’,n8—m’,m . (27)

The average number of particles produced in the mode
n,m,s is given by

(‘Oi |Nn,m,: IO: ) =2/3:’,s35’,s ’ (28)

where |O,- ) is the vacuum state of the initial spacetime.

The expression for B, ; for arbitrary n and m is some-
what complicated. However, if we take At to be the actu-
al time of formation for the string, production of parti-
cles in modes with frequencies that are large compared
with 1/At will be suppressed. The most conservative es-
timate (that which results in the least particle production)
is obtained by choosing the largest time scale around;
namely, the cosmic time ¢. For strings forming at the.
GUT time this is thought to be a reasonable approxima-
tion. Under these assumptions particle production is
suppressed in the higher modes and we may estimate a
lower bound to the energy output by considering only the
number of particles produced in the lowest mode: n =0,
m =0, or s =1. In this case, after some simplification in-
cluding an integration by parts, 3. ; is given by
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By (n=0,m = o>——§C—CD'f‘exp<—ixlx)Jo(zs,xuo(zsx)dx

C2)1/2

—iD(C'— C)f exp( —ix %) [Jo(zx)J | (z,%)+J

where D =(z, /z, )V [(1+2z, /z,)] | (z,)]

Using C'=
iED'(1—CH) %
By s(n =0,m =0)=£ e
_iD(1—=C%a
27 C

where x,=(z,+2z,)C.

zs ]-1’ D,=[(ZS'ZS )I/ZJI(ZS’ Jl(zs )]_1
of Jo(x). The integrals have been put into dimensibnless form using x =r/ry and z;
C +[(1—C?)/27Cla+0(a?), it is easy to expand this out to lowest order in the deficit angle a. We find

zgx)Wo(z,x)]x dx (29)

» X1=2¢C +2z,C’, and z; is the sth root
=w sTo-

fo exp( —ix,x )W o(zgx)Jo(z,x)dx

folexp( —ix2%)[Jo(zgx )W (2,x) +JT 1 (zx )W o(2,x) ]x dx +0 (a?) , (30)

It is apparent that Eq. (30) cannot be valid when C =0. The reason is that C'=[a/7(1—a/4m)]"/? for this special
case, and thus the first term in the series expansion of B is proportional to a!’? instead of a. Thus, for C =0 we find

Bs',s(n

=0,m =0)=2iD"(a/m)"? [ 'To(z,x)Jo(z,x)dx
0 0

-iD(a/ﬂ)l/zfclx[Jo(zs,x)Jl(zsx)+J1(zS,x)J0(zsx)]dx +0(a) . (31)

This corresponds to particle production greater by
roughly a factor of 1/a than indicated by the previous
calculation of Parker.? Does this mean there is a sudden
jump in production at C =0? To find out, we numerical-
ly integrated Eq. (29) (which gives B, ; to all orders in a),
for s =1 and the first few values of s, and then used the
result to sum the first few terms of Eq. (28). [Approxima-
tions for the integrals in Eq. (29) show for large s’ the
series given by Eq. (28) converges like (1/s')?, justifying
keeping only the leading terms in the sum.] The results
are shown in Fig. 1 for minimal (§=0) and conformal
(§=1) coupling, where we have plotted the base 10 loga-
rithm of the number of particles produced in the lowest
mode versus C, the slope of the matching surface. We see
that the particle production varies smoothly as C is
varied; it approaches zero as C approaches 1, and
smoothly rises to a maximum as C approaches 0. The re-
sults are unchanged if both C and C’ are negative. Thus,
there is no nonzero minimum particle creation; as the
matching surface approaches a null surface (C—1), the
particle production approaches zero, independent of the
curvature coupling. We note, however, that for a wide
domain of values of C, the particle production is roughly
proportional to a?, as was the case in Parker’s calcula-
tions.? It is not clear to us whether nature follows a path
which minimizes particle production (the special case
C — 1), or whether the more typical case (production pro-
portional to a?) is actually the more likely to occur. De-
pending on how the string formation process actually ar-
ranges itself, the average energy density due to particles
produced in the lowest mode could vary from zero, to the
value given by Parker, up to a maximum value (when
C =0). For completeness and comparative purposes, we
will compute the average energy density for this latter
(maximum) case. The calculation will be illustrative,
even if for a special case, since the arguments presented
here will be used again in the next section.

Note that the average number of particles produced in
the lowest mode is less than one, even in the case where

the particle production is maximized (where C =0). We
can see from Fig. 1 that the maximum value for minimal-
ly or conformally coupled particles is roughly
(Ng01?=~1X107% However, recall that we have en-
closed the string in a cylinder with dimensions of order
the correlation length A. Thus, the quantum-mechanical
expectation value <No,o,1> can be interpreted as corre-

/——'|Og|o<No'o,|)

C

FIG. 1. The logarithm (base 10) of the number of particles
created in the lowest mode of a scalar field is plotted against the
slope of the spacelike cone C on which Minkowski space is
joined to the conical string spacetime. Results are plotted for
both minimal curvature coupling £=0 (solid curve), and confor-
mal coupling & =% (dashed curve). The particle production is
seen to vary smoothly from zero, when the joining surface is
null, to a maximum of about 107® when the slope is zero. Note
that over most of the possible range for C the number of parti-
cles produced is between 107'° and 1073, which agrees fairly
well with the earlier calculation of Parker. Note also that the
number of particles created depends only weakly on the value of
the curvature coupling.
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sponding to an average over an ensemble of forming
string segments. Our results must then be construed to
mean that in the string formation process, most string
segments produce no particles due to the gross change in
the gravitational field. Assuming the existence of about
100 different species of particles, even in the case of max-
imum particle creation only about one string segment in
about ten thousand (=10°/100) will eject one (or a few)
very energetic particles.

The amount of energy carried by the particle in these
rare instances, in the present calculation, is given by
E =W,, where W;=2.40/r,+O(a). Using ro=L = ft,
the energy emitted per unit length of the string segment
becomes

E/L=24f"%72. (32)

For a GUT string, we have roughly ¢ =~ 10738 sec for the
cosmic time. Choosing f =1, which minimizes Eq. (32),
and returning to conventional units, we find the energy
emitted per unit length, when a string segment does emit
a particle, is given by

E/L~8X10® ergscm™! (33)

which is still small compared to the string’s mass per unit
length, u~10*? ergs/cm. As noted by Parker, a smaller
value for f increases the ratio E /L but also makes W,
large with respect to 1/t, suppressing particle produc-
tion. Thus, the result may be approximately valid for
smaller values of f also. On the other hand, if the corre-
lation length is smaller, then it seems likely that the for-
mation time will be likewise reduced, resulting in dis-
tinctly larger values for E /L.

If the early Universe contained an extensive network of
strings, and we take 7r3L to be approximately equal to
the volume of space per segment of string, then the ener-
gy from the particles emitted by roughly one in 10* seg-
ments (our maximum estimate), viewed on a large enough
scale to be treated as smeared over the entire background
of strings, leads to an average density of

p=10"*XE /(mry?L)~3X10* ergscm™?, (34)

an increase by a factor of 3X 10° over the calculation by
Parker?>!? [for any other value of C, the density may be
easily found by multiplying the right-hand side of Eq. (34)
by 10%(N)]. It should be remembered, however, that
this number represents a maximum density in gravita-
tionally created particles; over a large domain of match-
ing surfaces, the particle production is in agreement with
Parker’s result, and, as the matching surface approaches
a null surface, the created energy density (and number of
particles produced) drops to zero. Thus, the amount of
particle production can be strongly model dependent. In
the next section we investigate particle creation associat-
ed with string formation from an initially de Sitter space.
This may be a more physically appropriate model if
strings form near the end of an inflationary era; also, as
we shall see, there is less ambiguity about the amount of
particle creation in this case, as the nonzero curvature of
de Sitter space only allows one choice of matching sur-
face.

IV. STRING FORMATION FROM AN INITIAL
DE SITTER SPACE

In the early Universe, the energy density of the vacu-
um is thought to have been quite large and may have
dominated at the time just before GUT strings form (with
the subsequent phase transition, of course, corresponding
to a large downward shift in the vacuum energy density).
It is at present not definitely known whether one should
associate cosmic-string formation with the end of a de
Sitter (inflationary) stage. Thus, it may be more ap-
propriate to approximate the spacetime metric before the
string form by a portion of de Sitter space, here written in
steady-state cylindrical coordinates:

ds?>=dt?—exp(2kt)(dr’+dz*+r?d6?) , (35)
where k=(87p, /3)!/?, and p, is the energy density of the
vacuum. In this section we will compute the gravitation-
al particle creation associated with the formation of a
cosmic string from a spacetime initially described by the
de Sitter metric of Eq. (35).

We will also slightly modify the field theory under con-
sideration by now restricting attention to a conformally
coupled massless scalar field (though the result for arbi-
trary coupling will be discussed briefly). The vacuum
state in the initial de Sitter space will be chosen to be the
conformal vacuum. As we shall see, conformal coupling
has the advantage of eliminating any particle production
independent of q, i.e., that due to the phase transition it-
self rather than the formation of the string (for a discus-
sion of particle creation associated with the phase transi-
tion itself, see Ref. 13). A scalar field coupled nonconfor-
mally to the scalar curvature will produce particles even
if a string is not formed in the phase transition (e.g., as de
Sitter space is transformed into Minkowski space in the
“sudden” model considered here). The particle produc-
tion associated with a conformally coupled field will be
entirely due to the formation of the string and the
nonzero deficit angle of its conical geometry.

Using the value R = 12«? for de Sitter space in Eq. (17),
and imposing the same cylindrical boundary conditions
as in Sec. III, the initial positive-norm modes are given by

Fnom,s =Nyexpl —kt +(iw, /x)(e ~*"—1)]exp(ikz)
Xexp(im O, (wZ—k?*)'"?r), (36)

where N, k, and w, are given by expressions identical to
those given for the modes in Minkowski space, and we
have chosen the phase of the modes in such a way as to
allow the limit k—O0 to be easily taken. Since R =0 in
the string spacetime, the “out” modes are unchanged.

We now determine the shape of the joining surface =
by matching intrinsic metrics. By the same arguments as
in Sec. II, the equations for the surface = should be in-
dependent of the 6, 8, z, and Z coordinates, as there exist
Killing vectors in these directions in both four-
geometries. Simple examination of the metrics in Egs. (2)
and (35) then reveals that the intrinsic metrics induced on
2 by the two four-geometries will be the same only if = is
taken to be a ¢ =const surface. For simplicity we choose
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-~

=0,

T=[a/m(1—a/4m)]"/%F

(37
(38)

as the surfaces to be joined on 2. This corresponds to the
choice C =0 in the language of the last section. -

To find the matching condition on the normal deriva-
tive of the field care must be taken to include the &-
functional curvature of the matching surface when in-
tegrating Eq. (17) across 3. As in Sec. III above, the
contribution of the spacelike hypersurface = to the scalar
curvature is easily found using the Israel thin-shell for-
malism.> The final result for the scalar curvature of the
entire spacetime is

R =12k*H (—t)—6K5(t)

+2[(a/m)1—a/4m)] %6(t) /7 (39)

where H (t) is the Heaviside step function.
Integrating Eq. (17) using Eq. (39) for R, we find that
the matching conditions for the conformally coupled sca-

lar field on X become
|

By s(n=0,m =0)=
T

3

—iD fOI[JO(zS,x)Jl(zxx)+J,(zs,x)JO(zsx)]x dx |+0(a) .

Notice that, as mentioned above, no term independent
of a appears in Eq. (43). Consider the limit «—0: the
conformally flat steady-state Universe now goes to Min-
kowski space across the matching surface and the parti-
cle production vanishes. This is just an example of
Parker’s theorem!# (no particle production by conformal-
ly coupled fields in conformally flat spacetimes) in the
sudden approximation. In the case of arbitrary coupling
to the scalar curvature it can be shown there is an addi-
tional term proportional to (1—6£)kr,, independent of a.
This term represents particle creation by nonconformal
fields associated with the phase transition rather than
with formation of the string (since it persists even if the
deficit angle is set equal to zero). Such production will
generally dominate over that which is associated with
string formation, unless there are many more conformally
coupled fields than nonconformal fields in nature (as may
be the case). As in the case C =0 examined in Sec. IIJ
above, the particle production which is associated with
string formation will be proportional to «, a significant
increase over previously studied models.?

If we calculate the number of particles produced in this
case [the series converges as described in Sec. III and so
only the first few terms of Eq. (28) need be summed] we
find

(Ngo)=~2X1077 . (44)

As was true in Sec. III, the number of particles pro-
duced is again less than one. Thus, using the same argu-
ments of Sec. III, one segment of string in about 5X 10*

172
a iD' p1
’ [ f  Jo(zex)o(z,x)dx

40
nia#¢+|2: nliaﬂ¢_+K¢__
- {31— [a/m(1—a/dm]Pé_ |  (40)
r b3
and
dils=¢_Is . (41)

These can then be used as in Sec. III to derive the Bogo-
liubov coefficient B;;:

Bijzif\f,-n‘jr 3,8, —(n"3,f,)g,—kfg;

+ (a/m)(1—a/4m)]'fig; [dZ . (42)

1
3r

The integrals over z and 0, as well as the physical argu-
ments concerning suppression of particle production in
the higher modes, are the same as before. Thus, the
relevant factor B, ; for the lowest, dominant mode is
given by

(43)

-
will emit a very energetic particle with the ejected
particle’s energy divided by the segment’s length equal to
E /L =~8X10* ergs/cm. Also, the energy of the emitted
particles, viewed on a scale large enough to be treated as
smeared out into an average energy density, gives

p~2X107E /(mr®L)=~6X10% ergscm 3.  (45)

This result closely corresponds to the maximum limit de-
rived for the initially Minkowski models in Sec. III.

V. DISCUSSION

Using the sudden approximation, we have calculated
the average number of particles produced during forma-
tion of a cosmic-string segment for the lowest mode of a
massless scalar field with arbitrary curvature coupling.
We have assumed particle production in higher modes is
suppressed (by arguing the actual formation time is
roughly the longest possible, the cosmic time).

Before we discuss our results, we consider the validity
of the approximations in our calculation. First, the “sud-
den” approximation will be valid for those modes whose
periods are long compared to the formation time of the
string segment. In our calculation the period of the
lowest mode is roughly three times our (maximum) esti-
mate of the actual formation time of the string segment.
This assumption thus leads to a very conservative lower
bound on the number of created particles (and their ener-
gy density), since even with the largest possible formation
time, several (rather than only the lowest) modes will
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have a significant probability of particle creation.
Second, we have attempted to determine how strongly
the results of a particle creation calculation depend on
the details of the (necessarily nonunique) implementation
of the sudden approximation in the initially Minkowski-
space case. We have seen that the amount of particle
production depends strongly on the choice of matching
hypersurface. The number of created particles varies
from zero up to a maximum which is linearly proportion-
al to the deficit angle of the string. On the other hand,
independent of the curvature coupling, for a large num-
ber of our models in Sec. III we find the particle produc-
tion is proportional to @2, in agreement with the calcula-
tion by Parker. In other words, regardless of the detalils,
for a wide range of the matching parameter C we find a
consistent answer, as is evident by the relative flatness of
the curves in Fig. 1, which over a large domain yield
values roughly of order (Ny,,)=~10""". However, the
C—1 and C—0 end points of the particle creation curve
in Fig. 1 provide a cautionary note, showing that the
particle production can be strongly model dependent.

We have found results for two different initial space-
time segments; either portions of Minkowski space or de
Sitter space. The Minkowski-space results are discussed
above and in Sec. III. In the initially de Sitter model,

which might represent string formation at the end of an
inflationary epoch, we find particle production is neces-
sarily linearly proportional to a. The resultant energy
density is roughly 6X 108 ergs/cm?, significantly larger
than in most of the other cases examined. If strings form
near the end of inflation the energy density produced in
emitted particles could significantly contribute to the
reheating of the Universe. As mentioned above, the ener-
gy density calculated here is to be interpreted as a lower
bound on the actual energy density, since we have con-
sidered only the lowest mode and have made conserva-
tion assumptions about the relative size of the correlation
length and the horizon size. It should be pointed out that
in all our models the energy emitted per unit length of
the string is always small compared to the string’s energy
density and so the back reaction can be ignored. Howev-
er, if our calculations are a severe underestimate, back re-
action would of course become important to the calcula-
tion.
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