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Direct experimental reconstruction of the pp elastic scattering
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A direct experimental reconstruction of the five complex pp elastic-scattering amplitudes has been
performed at 447, 497, 517, 539, and 579 MeV. The reconstruction is done over the c.m. angles
from 38' to 90' and is based on either 11 or 15 spin observables depending on the angular range.
The reconstructed amplitudes are presented and compared to phase-shift analysis. A smooth ener-

gy behavior is observed for the amplitudes.

I. INTRODUCTION

We report here on a direct, model-independent, experi-
mental reconstruction of the pp elastic-scattering matrixI separately at five energies and 14 c.m. angles between
38' and 90' from 11 to 15 different spin observables mea-
sured at SIN [now the Paul-Scherrer-Institute (PSI)] with
a polarized beam and target. These observables consist of
the spin correlation parameters ADO„„(Ref. 1) Aookk,
Aoo„, and Aoo, k (Ref. 2) between 38, and 90, , the
polarization parameter P„ooo and the two-spin polariza-
tion and three-spin tensors D„o p
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M, 0,„,and M, ,k„(Refs. 3 and 4), measured about 90',
from 34', to 118', . The 579-MeV reconstruction, be-
tween 66, and 90', , has already been published and
constitutes the first direct amplitude reconstruction ever
made for pp scattering. This paper extends the angular
domain of the 579-MeV data down to 38', and gives
the final values obtained after more refined studies of pos-
sible systematic uncertainties as explained in detail in
Ref. 4. It also presents the same direct reconstruction at
four other energies: namely, 447, 497, 517, and 539 MeV.
It is also meant to detail the formalism and the fitting
procedures used in the analysis (see Ref. 6 for full infor-
mation).

II. FORMALISM

We have followed the formalism developed in Ref. 7,
since it is extremely well developed and detailed: all ob-
servables are explicitly evaluated and given therein along
with the transformations to equivalent formalisms. The
pp elastic-scattering matrix, assuming parity and time-
reversal invariance, is given by

M(E, O)= —,
' t(a +b)+(a —b)(u, .n)s(o'2 n)

+(c+d)(o, m)(o2 m)

+(c —d)(o, .l )(o 2 I )

+e[(~,e 1,+ l,a o, ) n]I .

Here the amplitudes a, b, c, d, and e are complex func-
tions of two variables, i.e., the center-of-mass-system

(c.m.s.) energy E and scattering angle 0. The c.m.s. basis
vectors are

k, k', and k" (3)

FICx. 1. Center-of-mass frame.

kf+k, kf —k, k, Xkf
lkf+k; I

'

where k; and kf are unit vectors in the direction of the
incident and scattered particle momenta in the c.m. s (see
Fig. 1). The spin matrices o, and o 2 (the Pauli matrices)
act on the first- and the second-nucleon wave functions,
respectively.

Equation (1) is the most general expression of the
elastic-scattering matrix for two identical spin- —, particles
subject to invariance under space rotations, parity, and
time reversal. In writing Eq. (1), we have assumed that
the particles are identical which is strictly valid for pp or
nn scattering. For np scattering, this assumes isotopic in-
variance of the nucleon-nucleon interaction. The scatter-
ing matrix for the elastic scattering of two nonidentical
particles would contain an additional sixth term. For pp
scattering, C conjugation plays the role of the Pauli prin-
ciple in nucleon-nucleon scattering. Thus, if P, T, and C
are conserved separately only the five amplitudes a, b, c,
d, and e contribute.

Any observables (measured in the laboratory) can be
expressed in terms of these five complex amplitudes as de-
tailed in Ref. 7. When discussing experiments in the lab-
oratory system (l.s.), we shall use the unit vectors
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"5CATTERED" PROTON
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FIG. 2. Laboratory frames attached to the incident, scat-
tered, and recoil protons.

which are in the directions of the initial, scattered, and
recoil particle momenta in the l.s. (k=—lt;). Further we
use the transverse vectors

s=n Xk, s'=n Xk', s"=n Xk",
where n is defined in Eq. (2). This is illustrated in Fig. 2.
In this formalism any observable is written with four in-
dices, Xz,k, which refer to the polarization directions of
the scattered (p), recoil (q), beam (i), and target (k) pro-
tons, respectively.

III. WHAT IS A COMPI. ETK EXPERIMENTS

In 1957 Puzikov et al. introduced the concept of the
complete experiment for the case of XX scattering. They
proposed a certain ensemble of observables to be mea-
sured which they called complete if it contained sufficient
information for a complete and exhaustive description of
the interaction. This is to be put in contrast with single
observables, such as the differential cross section or the
polarization parameter, which only provide very specific
information about the process considered. Theorists in-
troduced the scattering matrix which is unfortunately
not directly accessible to experiment but convenient to
describe the entire interaction in all its aspects. There-
fore, a complete experiment may be defined as a set of ob-
servables which allows a direct and unambiguous recon-
struction of the scattering matrix.

%'hat is the minimum number of observables needed
for a set to be complete? There exists extensive literature
(see references in Ref. 10 about this problem). These
rather mathematical investigations find a certain final re-
sult in Ref. 10, where a completely general prescription
for necessary and sufficient conditions for reactions with
arbitrary spin is derived. If n is the number of indepen-
dent amplitudes, it states that a complete knowledge of
the scattering matrix up to an overall phase requires only
(2n —1) real functions, since there are (n —1) indepen-
dent nonlinear relations between the set of n observ-
ables. Once the (2n —1) measurements are done, the am-
plitudes are extracted by solving the set of (2n —1) simul-
taneous quadratic equations in the amplitudes.

The above is in principle a complete scheme to deter-
rnine the scattering matrix from experiment. Applied to
the example of pp scattering which is described by five
complex amplitudes, there are 25 linearly independent ex-

periments which are related by 16 independent quadratic
equations (see Ref. 7). Therefore, a minimum set of nine
well-chosen experiments is sufficient to extract the arnpli-
tudes.

In practice, however, the above results are of rather
academic interest since the situation is more complicated
for the following reasons. (1) The set of available experi-
rnents is to a large extent determined by the experimental
facilities. It may even happen that the sets accessible to
experiments are not complete. (2) No attention has been
given to the actual numerical values of the observables
nor to their experimental errors, as they play a crucial
role in the resolution of ambiguities. (3) Analytical solu-
tions for the amplitudes are often carried out in the c.m.
frame. But due to relativistic effects a certain number of
c.m. experiments may correspond to a larger number of
laboratory experiments.

For these reasons, the minimum number of experi-
ments has to be larger than (2n —1). DifFerent ap-
proaches have been used (see Refs. 11—13) to search for
complete sets of observables that are experimentally prac-
tical to measure. In the last approach, the method ap-
plied is based on a Monte Carlo simulation of possible ex-
perirnental values for the observables, distributed around
predicted phase-shift-analysis (PSA) values with assumed
realistic experimental errors. In this way the stability of
the solution for the amplitude reconstruction is tested
and predictions of the errors on the amplitudes are made
assuming a 1% precision on the measured asymmetries.
The conclusion was that the following set of 13 observ-
ables was complete: do Id 0, P„mm, Boo„„,D„o„o,K„oo„,

s'OsO& Ds'OkO& ~s'Osn & ~s'Okn & +Os "sO & +Os "kO & Os "sn &

No, k„. It has the important practical advantage, that
only a vertically polarized target is needed.

This set is in fact a subset of the one used in this ampli-
tude reconstruction which consists of 16 observables.
The additional parameters are the two-spin correlation
parameters Aoo„, Aookk, Aoo, k. The set used consists of

n 000& ~ 00nn & ~ 00ss &
~ Ookk & ~ Oosk

anOnO& +nOOn & Ds'OsO& Ds'OkO& Ms'Osn

s'Okn & Os "sO & Os "kO & +Os "sn & +Os"kn

This set was shown to have various advantageous
features. (1) It disposes of an elegant and simple analyti-
cal solution, even an ideal one when relativistic effects
and the magnetic field of the target are neglected. (2) It
contains equally distributed information for all the five

amplitudes to be reconstructed with about the same pre-
cision. (3) It forms a largely overdetermined system of
equations for the five amplitudes. Therefore, it allows a
fit of normalization parameters which provide interesting
estimates of systematic uncertainties on the measured ob-
servables (see Ref. 2). (4) This set is also complete for the
reconstruction of six amplitudes including the T-violating
one, if one distinguishes P„ooo (—=Po„~) from Boo„o
(= oooo„). This allows one to set an interesting upper
limit for T violation (see Refs. 6 and 14).

Further studies have been undertaken in search of oth-
er complete observable sets. In view of the experimenta1
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TABLE I. Relations between scattered parameters and their
recoil counterparts.

8Q]=8—28]=2a, i.e. , a= ——8i,

Dk'Okp( 0) +Ok "ko(~
'o-(0) = —Xo".(m —0)
, :(0)=N., "..('--0)

Mk'Osn ( 0) +Ok "sn ( ~
MI 'Ok/ (0)= &0k "In (~

I (0)= —I (~—0)
D o„p(0)=E„OO„(m

—0)
D'o o(0) =Ko." 0(m
Dk'0 0(0) +Ok" 0(~
D 'Oko( 0) +0 "ko(~

Q2 = —ir+ 0+20~ = —ir+ 2P, i.e. , P=—+02,
8

for the scattered and recoil particles, respectively, where
8 is the c.m.s. scattering angle, and 8i and 82 are the l.s.
scattering and recoil angles. The nonrelativistic case cor-
responds to

problems a polarized target brings along, the question
arose as to whether or not the measurement of three-spin
tensors should be dropped in favor of a better precision
on the two-spin transfer parameters. Tests with a set of
12 observables, containing parameters only up to two
spins, gave the interesting result that a four-times better
statistics can almost be balanced by the addition of even
poorly measured three-spin tensors. In practice, the-
overdetermination of the system was shown to be of
much greater importance than a high precision which is,
as the experiment proved, anyway limited by systematic
uncertainties. In light of the crucial role the three-spin
parameters play, we finally decided to carry out this ex-
periment with a polarized target.

iTa=O, p= —.
2

All angles and vectors involved for the scattered pro-
ton are illustrated in Fig. 3. One sees that the final polar-
ization vector in the l.s., k&, is seen from the c.m.s. as be-
ing rotated around n by the additional Wigner angle Q&.
Therefore, the relativistic correction to be applied to the
laboratory components attached to the scattered particle
is expressed by the rotation around n:

k z =1 cosa+ m sina,

sz= —1sina+mcosa nR n '

IV. AMPLITUDE DECOMPOSITION

The Pauli principle requires the following symmetry
properties for the five amplitudes:

In an analogous way, the correction for the recoil proton
is given by

k it
= —1 cosP —m sinP, s a =1 sinP —m cosP . (10)

a(0)= a(vr 0)—, b(0—) = —c(n.—0),
c(0)= b(~ 0), —d(0) =—d(m 0), —

e(0)=e(ir 0) . —

In this way one may express all laboratory parameters
defined along (s, n, k), (s&n, k'), and (s",n, k") in terms of
the c.m. components (l, n, m) which is the system in
which M is expressed. In Table II all used observables
are listed.

This tells us that we need to know the amplitudes only up
to 90', . In this light, measurements made above 90,
may be reinterpreted as additional information below
90', . Thus the observables determined for the "scat-
tered" proton at (rr 0) can be equ—ated to equivalent pa-
rameters for the "recoil" proton at 8. The corresponding
symmetries are listed in Table I.

In, this decomposition, several factors must be con-
sidered: (l) relativistic effect and (2) the effect of magnet-
ic field of the polarized proton target (PPT) in data where
the scattered proton polarization is analyzed in a polar-
imeter. The treatment of these effects is discussed below.

B. Effect of the PPT magnetic field

This effect can be suinmaried as follows: at the carbon
scatterer in the polarimeter, where the scattered particle
polarization is analyzed, only transverse-polarization
components are determined. Because of the magnetic
field which precesses the proton spin, the transverse corn-
ponents at the carbon scatterer are no longer the same as
at the interaction vertex in the PPT. It has been shown
that the magnetic field effect can be treated as a rotation
around the vertical axis n by an angle co. Since the rota-
tion axis of the spin precession co is the same as for the

A. Relativistic efFect

As detailed in Ref. 7, all observables can be expressed
as functions of the five complex amplitudes, but with po-
larization defined along I, n, I in the c.m. system. Since
our measured parameters are defined in the l.s., one must
first transform them to the c.rn. s. This is the only in-
stance where relativistic effects have to be taken into ac-
count. Note the formalism developed so far is nonrela-
tivistic.

The relativistic rotation angles are

k;=k

FIG. 3. Wigner rotation of outgoing polarization.
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TABLE II. Observables as functions of the amplitudes.

I~=a=(lal'+ lbl'+ lcl'+ ldl'+ lel')/2
a &~„„= (lal' —Ibl' —lcl'+ Idl'+ lel')/2
aD.O.O= aDo.o. =(Ial'+ Ibl' —lcl' —ldl'+ lel')/2
a11..~.= a)t'o..o =(lal' —lbl'+ l.l' —ldl'+ lel')/2
aP„OOO= oP0„00=0.Aoo„0=o AOOO„=Re{a e)
OD, o,o= cos(a+8/2)Re(a*b)+cos(a —8/2)Re{c d ) —sin(a+8/2)Im(b*e)
o D, 01,0= —sin(a+ 8/2)Re(a b )+sin(a —8/2)Re(c d ) —cos(a+ 8/2)Im(b *e )
o M, 0,„= sin(a+ 8/2)Im(a *b )+sin(a —8/2)Im(c*d )+cos(a+ 8/2)Re(b *e )

oM, OI,„=cos(a+8/2)Im(a b) co—s(a 8—/2)Im(c d) —sin(a+8/2)Re(b*e)
o Ko,-,o = —cos(P+8/2)Re(a c )

—cos(P —8/2)Re(b d )+sin(P+8/2)Im(c e )

oXO,-IO= sin(P+8/2)Re(a c)—sin(P —8/2)Re(b d)+cos(P+8/2)Im(c e)
cryo, -,„= —sin(P+ 8/2)Im(a *c)

—sin(P —8/2)Im(b d )
—cos(P+ 8/2)Re(c*e )

oNo, -k„= —cos(P+8/2)Im(a c)+cos(P 8/—2)Im(b d)+sin(P+8/2)Re(c e)
o.A OD„= cos(8)Re(a *d )+Re(b*c )—sin(8)Im(d*e )

uAoo, k
= aAOO&, = —sin8Re(a d) —cos8Im(d e)

cr AooI, I,
= —cos(8)Re(a *d )+Re(b c )+sin(8)Im(d*e )

with a =8/2 —8„P=8/2+ 8,

Wigner rotation [see Eqs. ' (9) and (10)], co can simply be
added to the relativistic correction u. By replacing

gy to Eq. (11), the formalism for the recoil parameters in
Table II is also kept by replacing

s'~co for the index, a~a+co for the angle, (11) s "~co for the index, p~p —co for the angle . (12)

the same formalism as in Table II can be kept. In analo- In a similar way, the same symmetry relations as in Table

TABLE III. Moduli and phases relative to e of reconstructed amplitudes for pp elastic scattering at 579 MeV. The differential
cross sections used as normalization are also given.

8,
{deg)

38
42
46
50
54
58
62
66
70
74
78
82
86
90

(mb/sr) '

1.550+0.071
1.536+0.080
1.340+0.097
1.284+0.063
1.158+0.154
1.022+0.085
0.849+0.051
0.786+0.045
0.596+0.038
0.482+0.038
0.438+0.044
0.238+0.034
0.111+0.021
0.000

1.507+0.027
1.434+0.029
1.412+0.045
1.332+0.026
1.289+0.036
1.193+0.071
1.167+0.032
1.114+0.024
1.029+0.023
0.978+0.024
0.966+0.026
0.870+0.024
0.814+0.024
0.773+0.020

Icl

0.503+0.119
0.357+0.153
0.527+0.100
0.228+0.134
0.317+0.137
0.507+0.118
0.420+0.050
0.549+0.039
0.548+0.033
0.542+0.034
0.619+0.031
0.670+0.027
0.675+0.023
0.773+0.020

0.961+0.049
0.909+0.048
0.769+0.042
0.762+0.027
0.704+0.033
0.652+0.075
0.691+0.034
0.652+0.032
0.671+0.029
0.655+0.032
0.648+0.026
0.620+0.030
0.605+0.025
0.590+0.030

1.959+0.055
1.944+0.056
1.998+0.029
2.033+0.038
2.039+0.038
2.052+0.019
2.064+0.013
2.021+0.024
2.054+0.018
2.054+0.016
1.999+0.010
2.030+0.012
2.043+0.008
2.024+0.009

8,
{deg)

38
42
46
50
54
58
62
66
70
74
78
82
86
90

(rad)

0.430+0.062
0.493+0.057
0.621+0.051
0.626+0.048
0.697+0.075
0.710+0.051
0.647+0.059
0.705+0.058
0.579+0.087
0.624+0.101
0.879+0.079
0.675+0.179
0.450+0.375
0.000

0.538+0.055
0.650+0.058
1.004+0.065
1.055+0.061
1.255+0.123
1.328+0.061
1.463+0.061
1.589+0.070
1.752+0.065
1.787+0.065
1.948+0.063
1.955+0.075
1.982+0.072
2.173+0.041

5.320+0.148
5.358+0.186
5.613+0.139
5.349+0.621
5.331+0.582
5.613+0.368
5.322+0.150
5.526+0.079
5.391+0.085
5.396+0.090
5.479+0.065
5.381+0.064
5.322+0.053
5.315+0.041

4.490+0.120
4.633+0.119
4.353+0.147
4.672+0.101
4.510+0.222
4.146+0.127
4.256+0.096
4.310+0.107
4.258+0.104
4.212+0.114
4.287+0.105
4.214+0.115
4.337+0.118
4.237+0.106

do. /d Q
(mb/sr)

4.845
4.574
4.325
4.093
3.878
3.680
3.499
3.336
3.190
3.065
2.962
2.884
2.836
2.819
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I are obtained:

K„oo„(8)=D„o„o(m—8) not affected by o/,

and

Zo .o(8)=D~.o(~—8)

+o ko(8)= D~ko(~

No„,„(8)= —M~,„(m —8),
Xo / (8)=M~/ (n 8)

C. Measured sets

(13)

of the amplitudes must be determined. This is given by
the differential cross section (see Table II). For this,
values from the Saclay-Geneva PSA (Ref. 15) which
presents a suitable world average of the very abundant
existing data were taken. These numerical values are list-
ed along with the results (Tables III—VII). The observ-
ables available for the amplitude reconstruction were
then the following.

(1) Between 38, and 58', (l l spin observables):
"small-angle region"

n000) A 00nn, DnOnO, KnQQn ) A 00ss ) AQOkk )

P is antisymmetric around 90', and its measurement
above 90, does not bring any new information. The
redefinition of parameters measured above 90, results
in the fact that we actually determined 15 polarization
observables from 62', to 90', . Below 62, , we did
not have the recoil parameters at our disposition. Since
here we could not obtain Dnono from K„oon) this was ob-
tained directly from the beam polarization data along n
(
—=Y).
These sets were not yet complete, however, as the scale

A 00sk ) coOsO) coOkQ) ~coOsn ) ~~okn

n000) A 00nn ) nOnO) +nOOn ) A 00ss ) A 00kk

OOsk ) cuOsO) coOkO) ~Osn ) cookn

+OcosO) +OukO) +Ocosn ) +Oukn (15)

(2) Between 62', and 90, (15 spin observables):
"large-angle region"

0,
(deg} (mb/sr) '

TABLE IV. Same as Table III but at 539 MeV.

Icl

38
42
46
50
54
58
62
66
70
74
78
82
86
90

1.394+0.117
1.311+0.075
1.258+0.074
1.035+0.054
0.968+0.049
0.905+0.048
0.793+0.038
0.706+0.033
0.580+0.028
0.418+0.023
0.372+0.030
0.227+0.029
0.096+0.017
0.000+0.000

1.450+0.034
1.375+0.026
1.290+0.032
1.245+0.029
1,183+0.032
1.146+0.030
1.126+0.021
1.086+0.019
1.056+0.017
1.042+0.019
0.984+0.016
0.960+0.018
0.919+0.017
0.847+0.017

0.274+0.158
0.453+0.097
0.417+0.108
0.579+0.070
0.608+0.069
0.532+0.069
0.563+0.042
0.638+0.034
0.666+0.028
0.712+0.026
0.758+0.022
0.776+0.022
0.846+0.017
0.847+0.000

1.015+0.047
0.946+0.043
0.892+0.039
0.853+0.043
0.819+0.042
0.794+0.042
0.728+0.030
0.718+0.028
0.680+0.026
0.643+0.024
0.616+0.025
0.623+0.026
0.585+0.024
0.657+0.029

2.075+0.060
2.091+0.049
2.124+0.038
2.167+0.031
2.159+0.027
2.161+0.027
2.161+0.019
2.133+0.016
2.139+0.013
2.140+0.008
2.140+0.011
2.143+0.009
2.145+0.008
2.152+0.008

0,
(deg)

38
42
46
50
54
58
62
66
70
74
78
82
86
90

(rad)

0.446+0.089
0.491+0.072
0.571+0.065
0.461+0.085
0.580+0.064
0.667+0.063
0;6549-0.056
0.678+0.051
0.636+0.060
0.546+0.084
0.768+0.081
0.712+0.143
0.494+0.325
0.000+0.000

0.484+0.058
0.609+0.050
0.859+0.056
0.955+0.055
1.242+0.055
1.417+0,063
1.568+0.056
1.673+0.049
1.700+0.045
1.783+0.039
1.931+0.041
2.007+0.041
2.128+0.039
2.081+0.032

5.326+0.589
5.319+0.277
5.538+0.284
5.489+0.205
5.598+0.222
5.580+0.223
5.633+0.093
5.656+0.062
5.499+0.055
5.520+0.049
5.494+0.046
5.331+0.052
5.377+0.032
5.222+0.000

4.341+0.174
4.431+0.173
4.589+0.160
4.41 1+0.153
4.440+0.161
4.320+0.131
4.488+0.108
4.478+0.114
4.410+0.097
4.219+0.080
4.325+0.089
4.256+0.097
4.490+0.088
4.137+0.081

do. /d 0
(mb/sr)

4.728
4.542
4.364
4.191
4.021
3.858
3.708
3.576
3.466
3.381
3.319
3.279
3.256
3.249
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V. ANALYTICAL SOLUTIONS

The importance of having an analytical solution for the
system of equations was twofold: (1) as an algebraic tool
in examining the completeness of the observable set when
errors are neglected; (2) the analytical solution represents
an approximate estimate for the amplitudes and thus
serves as a starting point in the numerical least-squares
minimization procedure which estimates the amplitudes
taking into account overdetermination and experimental
errors. In this way the convergence to a single minimum
ensured the uniqueness of the solution.

The full and detailed analytical reconstruction can be
found in Ref. 6 and in the Appendix. Both sets of mea-
surements given by Eqs. (14) and (15) are shown, on the
level of the analytical solution, to be almost identical. In
view of this, the recoil parameters do not seem to be of
great importance. In practice, however, the overdeter-
mination given by the four additional parameters make
the system behave in a very different way (see Sec. VII).

VI. DETERMINATION OF THE AMPLITUDES

In order to be independent of the undetermined overall
phase, we defined the amplitude e as purely real. This
choice is arbitrary, but is determined by the fact that the

absolnte value of e stays large over the entire measured
angular domain. We have used a polar representation of
the amplitudes: namely,

A =
i Aiexp(i/~ ) (16)

with 2 =a, b, c,d, and P„ the phase of 3 relative to e. In
this way the undetermined common phase is set in the
phase of e. Only the modulus iej which we will simply
call e is then determined. This is true at each angle.

The overall phase (which multiplies all the amplitudes)
is not experimentally measurable. This is clearly seen
from the equations given in Table II: any change in the
common phase would not be seen on the observables as
the amplitudes always appear as a modulus square or a
product of conjugates.

The amplitudes were estimated by a numerical least-
squares minimization procedure using the computer pro-
gram MINUET (Ref. 16). The theoretical expressions for
the observables, listed in Table II and modified for u,
were directly fitted to their corresponding experimental
values at each separate angle, taking into account their
errors, but neglecting their correlations which were found
to be very small. For the double- and triple-spin parame-
ters, only the statistical errors were taken. The systemat-
ic uncertainties will be discussed in a more natural way in

8,
(deg) (mb/sr) 1/2

TABLE V. Same as Table III but at 517 MeV.

38
42
46
50
54
58
62
66
70
74
78
82
86
90

1.371+0.068
1.310+0.106
1.245+0.062
1.088+0.050
0.968+0.053
0.851+0.040
0.757+0.035
0.670+0.031
0.521+0.023
0.433+0.024
0.326+0.024
0.220+0.025
0.103+0.018
0.000+0.000

1.377+0.032
1.324+0.026
1.244+0.027
1.252+0.025
1.211+0.031
1.157+0.026
1.134+0.025
1.081+0.022
1.074+0.018
1.036+0.017
1.032+0.017
1.018+0.017
0.942+0.018
0.941+0.018

0.501+0.085
0.393+0.123
0.387+0.095
0.479+0.067
0.575+0.056
0.596+0.056
0.635+0.041
0.662+0.037
0.734+0.028
0.746+0.026
0.844+0.024
0.921+0.022
0.901+0.018
0.941+0.000

0.963+0.033
0.959+0.043
0.915+0.030
0.874+0.028
0.801+0.027
0.804+0.035
0.710+0.030
0.727+0.027
0.683+0.026
0.702+0.024
0.624+0.026
0.616+0.026
0.656+0.023
0.680+0.028

2.038+0.044
2.068+0.051
2.113+0.038
2.129+0.027
2.152+0.020
2.164+0.023
2.178+0.017
2.172+0.014
2.167+0.013
2.165+0.011
2.152+0.011
2.129+0.011
2.162+0.008
2.137+0.008

0,
(deg)

38
42
46
50
54
58
62
66
70
74
78
82
86
90

a

(rad)

0.488+0.063
0.553+0.081
0.627+0.056
0.565+0.060
0.645+0.060
0.631+0.057
0.644+0.055
0.660+0.054
0.534+0.068
0.615+0.074
0.617+0.098
0.660+0.142
0.567+0.280
0.000+0.000

0.390+0.041
0.578+0.055
0.718+0.045
Q.878+0.043
1.116+0.052
1.274+0.048
1.442+0.053
1.581+0.051
1.637+Q.048
1.819+0.044
1.862+0.042
2.020+0.044
2.012+0.044
2.138+0.032

5.509+0.168
5.738+0.340
5.767+0.211
5.614+0.136
5.635+0.122
5.583+0.163
5.471+0.091
5.517+0.06S
5.353+0.OS7
5.454+0.050
5.430+0.044
5.396+0.043
5.272+0.033
5.280+0.000

4.584+0.105
4.646+0.155
4.684+0.117
4.552+0.116
4.593+0.135
4.521+0.114
4.559+0.109
4.369+0.090
4.407+0.093
4.392+0.084
4.380+0.090
4.567+0.117
4.306+0.075
4.225+0.085

do /dQ
(mb/sr)

4.552
4.410
4.273
4.138
4.004
3.875
3.755
3.650
3.564
3.498
3.452
3.422
3.406
3.401
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Sec. VII. For the spin-correlation data, the total errors
including both statistical and systematic errors were en-
tered, as for these data no experimental check of the tar-
get polarization was possible (see Refs. 3, 4, and 6).

A few small corrections to the exact number of mea-
sured observables used in the fit have- to be given: (1) at
447 MeV D p p exists only between 34', and 62',
and between 74', and 102', , (2) at 497 MeV, no
App„„data were measured, so interpolated values be-
tween App„„measurements at 515 and 470 MeV (Ref. 1)
were used for angles below 62, (see Sec. VII), (3) at 579
MeV (Ref. 4), D„p„p was measured only between 34,
and 62,

The particular role of the differential cross section also
caused certain problems. As it would not make sense in-
troducing an error for the cross section which only
defines the scale of the amplitudes, the error propagation
to the moduli of the amplitudes being trivial, these cross
sections were taken out of the fit. By doing this, howev-
er, we then had too many parameters to be fitted. This
was remedied by fixing one parameter e, which was found
to be the largest and best determined. We summarize the
procedure applied for the reconstruction of the ampli-
tudes.

Step 1. Analytical reconstruction which gave a first
raw estimate of the amplitudes: ap bp cp dp ep (see
Sec. V and the Appendix ).

Step 2. Fix e to ep.
Step 3. Start minimization procedure at ap, bp, cp dp.

Solution at the minimum: a &, b &, c &, d &.

Step 4. Renormalize the moduli to the differential
cross section by the factor

r =[2~i(lail'+ Ibil'+ Ical'+ ldll'+ lepl')]'"

which then gave the final solution for the amplitudes:

af = la, Ir exp(iP, ), bf = Ib, lr exp(if' ),
cf Ic, Ir exp(ip, ), df = Id, Ir exp(i/& )

ef =epr .

(17)

The error on the normalization factor r was calculated
from the errors on the fitted amplitudes including their
correlations. The errors on the renormalized moduli
were then recalculated, taking into account the error on r
as well as the correlation of the moduli with r. Further-
more, the correlations of ef with other moduli via r were
computed.

TABLE VI. Same as Table III but at 497 MeV

8,
(deg)

38
42
46
50
54
58
62
66
70
74
78
82
86
90

(mb/sr) ' i

1.300+0.074
1.240+0.100
1.158+0.075
1.083+0.107
0.935+0.053
0.852+0.048
0.799+0.044
0.617+0.032
0.537+0.030
0.415+0.028
0.413+0.036
0.237+0.031
0.128+0.032
0.000+0.000

Ibl

1.324+0.048
1.223+0.042
1.147+0.031
1.099+0.015
1.031+0.030
1.044+0.028
1.014+0.027
1.041+0.027
1.025+0.023
1.048+0.023
1.017+0.028
1.012+0.023
0.981+0.020
0.944+0.019

ICI

0.320+0.071
0.366+0.107
0.320+0.151
0.318+0.139
0.533+0.077
0.652+0.060
0.674+0.052
0.737+0.042
0.737+0.036
0.789+0.032
0.855+0.035
0.900+0.028
0.922+0.021
0.944+0.000

1.050+0.026
1.051+0.050
1.030+0.030
0.970+0.036
0.900+0.034
0.888+0.032
0.845+0.030
0.814+0.032
0.771+0.029
0.721+0.031
0.685+0.029
0.686+0.027
0.668+0.027
0.621+0.028

2.055+0.056
2.090+0.016
2.145+0.041
2.185+0.032
2.223+0.028
2.174+0.025
2.172+0.023
2.170+0.019
2.182+0.016
2.172+0.015
2.156+0.009
2.156+0.012
2.171+0.011
2.193+0.009

0,
(deg)

38
42
46
50
54
58
62
66
70
74
78
82
86
90

a

{rad)

0.498+0.064
0.561+0.068
0.602+0.074
0.665+0.060
0.651+0.064
0.709+0.059
0.752+0.053
0.583+0.072
0.624+0.071
0.608+0.090
0.810+0.078
0.764+0.136
0.955+0.190
0.000+0.000

0.595+0.061
0.560+0.062
0.751+0.063
1.013+0.068
1.178+0.074
1.199+0.069
1.456+0.070
1.448+0.054
1.698+0.047
1.750+0.046
1.825+0.045
1.888+0.046
1.998+0.043
2.093+0.034

7.200+0.430
5.981+0.389
5.860+0.517
5.792+0.337
5.734+0.215
5.714+0.176
5.467+0.104
5.480+0.069
5.431+0.066
5.388+0.056
5.464+0.051
5.311+0.052
5.291+0.036
5.234+0.000

4.486+0.134
4.590+0.140
4.516+0.156
4.533+0.147
4.496+0.137
4.559+0.137
4.532+0.104
4.447+0.092
4.492+0.095
4.322+0.088
4.439+0.105
4.513+0.108
4.391+0.084
4.477+0.115

do. /d Q
(mb/sr)

4.436
4.322
4.211
4.099
3.987
3.879
3.777
3.689
3.618
3.564
3.527
3.505
3.493
3.489
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At 90', , where the Pauli principle requires that
a =0, b = —c, only b, d, and e were determined using the
same method.

VII. RESULTS AND DISCUSSION

Figures 4 and 5 display the results of the amplitude
analysis. The numerical values are listed in Tables
III—VII separately for each energy. The errors given are
purely statistical. The solid lines represent the fit ob-
tained by the Saclay-Geneva PSA (Ref. 15) at fixed ener-
gy using the same data completed with points from a
small-angle experiment. ' Tables III—VII also give the
values for the differential cross section to which these am-
plitudes have been normalized.

These reconstructed values constitute a complete and
exhaustive description of pp elastic scattering which now
enables any experiment at these energies and angles to be
predicted. This should be put in contrast to the measure-
ment of a single observable which only provides very par-
ticular information about the process. Figures 4 and 5
also forcefully demonstrate the importance of both the
spin-independent and spin-dependent parts of the pp in-
teraction. The angular dependence of the amplitudes is,
as already noticed for the parameters, very smooth. We

are still in the region where only the nuclear part of the
interaction is important. For smaller angles (below
10', ), the Coulomb interaction sets in and gives rise to
violent changes.

It is interesting to look at the phase-shift behavior, ' as
drawn in Fig. 6. One notices that in our energy domain
(indicated by the two vertical lines) the dominant phase
shifts are the P's ( Po, P, , P2), and not the 'Dz phase.
All these different phase shifts combine to construct
smooth energy-dependent amplitudes.

The reconstruction has been applied to the two sets of
data defined in Eq. (15) (from 90', to 62', ), and in
Eq. (14) (from 58', to 38', ). The fit performed above
58', showed no problem, due to the overdetermination
of the system. The statistical precision is equally distri-
buted over all the amplitudes, since the set of observables
contained sufficient information on all of them. Towards
90', , where la goes to zero, P, becomes undetermined.
A g per degree of freedom of 1.21, 1.29, 1.64, 1.50, and
1.12, averaged over the eight angles, was found at 579,
539, 517, 497, and 447 MeV, respectively. This confirms
the consistency of the data which originate from different
and independent experiments. The system was so largely
overdetermined that one could easily remove certain ob-
servables from the fit in order to undertake further con-

I

TABLE VII. Same as Table III but at 447 MeV.

0,
(deg)

38
42
46
50
54
58
62
66
70
74
78
82
86
90

(mb/sr) '

1.058+0.047
1.002+0.041
1.146+0.067
0.918+0.037
0.862+0.037
0.804+0.034
0.770+0.033
0.556+0.031
0.497+0.028
0.390+0.027
0.318+0.033
0.218+0.034
0.079+0.014
0.000+0.000

Ibl

1.186+0.031
1.104+0.027
1.092+0.024
1.043+0.024
1.026+0.024
1.023+0.030
1.100+0.022
1.014+0.026
1.052+0.020
1.006+0.020
0.985+0.021
1.007+0.019
1.007+0.018
0.956+0.018

Icl

0.348+0.077
0.433+0.067
0.419+0.067
0.589+0.054
0.602+0.051
0.636+0.058
0.777+0.040
0.700+0.044
0.784+0.031
0.838+0.027
0.885+0.025
0.901+0.023
0.966+0.019
0.956+0.000

1.169+0.031
1.100+0.028
1.031+0.024
0.985+0.025
0.963+0.021
0.922+0.035
0.836+0.030
0.864+0.033
0.787+0.026
0.781+0.025
0.773+0.027
0.766+0.023
0.715+0.025
0.758+0.026

2.085+0.026
2.149+0.024
2.091+0.028
2.176+0.022
2.182+0.020
2.182+0.022
2.115+0.019
2.212+0.018
2.190+0.014
2.201+0.012
2.199+0.012
2.192+0.009
2.190+0.009
2.203+0.008

0,
(deg)

38
42
46
50
54
58
62
66
70
74
78
82
86
90

(rad}

0.317+0.085
0.381+0.074
0.646+0.055
0.515+0.060
0.598+0.055
0.601+0.054
0.696+0.046
0.506+0.090
0.603+0.077
0.585+0.098
0.709+0.117
0.805+0.151
0.303+0.457
0.000+0.000

0.196+0.041
0.330+0.038
0.627+0.044
0.750+0.038
1.046+0.042
1.125+0.041
1.228+0.045
1.501+0.060
1.542+0.048
1.750+0.051
1.805+0.053
1.829+0.048
1.841+0.049
1.870+0.042

5.521+0.243
5.330+0.150
5.792+0.195
5.311+0.132
5.529+0.131
5.350+0.177
5.571+0.094
5.292+0.121
5.311+0.078
5.363+0.072
5.261+0.069
5 215+0.067
5.166+0.044
5.011+0.000

4.199+0.098
4.252+0.078
4.505+0.109
4.321+0.099
4.406+0.111
4.308+0.104
4.566+0.104
4.265+0.103
4.385+0.093
4.480+0.121
4.396+0.111
4.345+0.105
4.214+0.084
4.215+0.100

do. /d Q
(mb/sr)

4.181
4.120
4.058
3.992
3.923
3.854
3.790
3.733
3.691
3.661
3.643
3.633
3.629
3.628
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sistency checks. For example, the horizontal two-spin
correlations Aoo which form a subgroup of measure-
ments independent of the others, were taken out of the fit.
A comparable g and the same result was found for the
amplitudes, with, of course, somewhat larger errors. The
excellent properties of the set given in Eq. (15) for an am-
plitude reconstruction are thus confirmed under realistic
conditions.

The reconstruction based on observables from the set
defined in Eq. (14) from 58', to 38, showed a
diferent behavior due to the fact that it was reduced by
the four recoil parameters. Nevertheless, examining the
reconstructed amplitudes one sees that it also succeeded

in extending the reconstruction down to the region where
the recoil parameters were absent. It even reproduces the
amplitudes a, b, d, and e with a comparable precision, ex-
cept for pd. For p„however, there is a certain loss of in-
formation. The precision on P, which is determined via b
and d, becomes worse towards 58', , since

~
b

~
and

~

d
~

diminish. At angles where ~c~ also happens to be small,

P, shows large errors. Here further measurements with a
target polarization in the scattering plane could help.
For instance, M, .o„, and M, o„k contain products of c
with e, the largest and best determined amplitude. But
one must not forget about the additional complications
such an experiment would bring, keeping in mind all in-

2.5 2.5 I I

b/sr)"2

2.0

1.5 1.5

1.0 1.0

0.5

2.0

0. 10 30 50
0 (deg)

70 90

2.5

2.0

(mbt sr )' 2

30 5'0

0, (deg)
70 90

1.5

1.0 1.0

2.5

10 30 50
0, (deg)

70 90 10 30 50
8, (deg)

70 90

2.0

1.5

1.0

10 30 50
CI, (deg)

70 90

FIG. 4. Absolute values of the five complex amplitudes separately for each energy (579, 539, 517, 497, and 447 MeV). The solid
lines represent the Saclay-Geneva PSA amplitudes as obtained from the same experimental data.
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VIII. CONCLUSION

The suuccessful reconstruction of the
scattering amplitudes at 14 c m g
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APPENDIX: ANALYTICAL SOLUTIONS
FOR THE AMPLITUDES

1. Set I [Eq. (15) used within 90 and 6 ',an 2', ]

The evaluation of the Ae 00 gives

Aoo„+ Aookk =2 Re(b*c),

A Oo,k sin8+ ( A ookk
—A oo„)cos6)/2

= —Re(a*d)= —(a„d„+a.d )=Ci i

—
Aoo, k cos8+( Aookk

—Aoo„)sin8/2

(Al)

= Imd*e = —d.e =F
i

which directly provides d-. Th 1e po arization P gives a„:

P =Re( ae ) = „ae.

With

I
dl'=(1+ A D-

00nn nano +noon )

one finds

(A3)

We present and discuss the anal tical sol

o serva es were measured as given in E s. (14

cannot be determin d
vera p ase of the scatterin mf h g matrix M

( S . VI) T}1
ine, we c ose e to be r
is choice will be hei pf 1 fo th 1

e i inear products in e. The number
products happens to be t
convenience we put o. =1

o e t e argest in our s stem.y . or

tudes of the amplitudes. We
o =, since it onl scales t e magni-

p i u es. e will also use the notation

a„=Re(a), a; =Im(a),

where a is one of the five amplitudes
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d =+[G (—F/e) ] ~ (A4)

which is ambiguous in sign. We thus have a„, d„, and d;
as functions of e. With the help of C, we find

a; = —(C+a„d„)/d; = Ce/F+(P/F)[G (F—/e ) ]'

(A5)

By putting a,. and a, into the expression

~
a

~

= ( 1+ A pp„„+D„p„p+K„pp„)/2 e—=I—e (A6)

we get an equation in e which, after quadrature, turns out
to be of second order in (e ) only, simplifying the number
of possible solutions:

This equation yields at most two real positive solutions in
e and therefore in e since we have chosen e to be real
and positive. So far we have determined a, d, and e up to
a twofold ambiguity: d, in sign and e. For the deter-
mination of b and c, one may proceed as follows: D's and
M's are combined to give the expression

sin(2a)a b+i cos(2a)be

=sin( a —8/2 )(D, p, p+ iM, ,pk„)

cos(cx 8/2)(D pkp iM p

cp+c, (e )+cz(e ) =0

with

(A7)

which provides b, since we know a:

(A8)

cp=(F I PG)—+4(CPF)

c, = 2(IF —PG)(—F +C ) 4C P —G,
—(F2+ C2 )2

b = E/[ a*si n(2a) +ie cos(2a)] . (A9)

In an analogous way, one can extract c combining K's
and X's:

c—cos(P 8/2—)(Kp, kp iNp, -,„—) —sin(P —8/2)(Kp, -,p+iNp, «)
a *sin(2/3)+ ie cos(2P)

(A10)

At this point we have determined all the amplitudes up
to the twofold ambiguity. This can be lifted by using the
remaining six equations:

a *c db =sin—(8/2)(Kp, ,p+iNp, -j,„)
+cos(8/2)(Kp kp i'Np ):Z (A16)

App + Appqk —2Re(b*c)

(1 App D p p+K pp )/2=~c~
(A 1 1)

a ( App + Appj k ) D's, K's, M's, N's

Combining equations for the D's and M's in the same way
as (A8) with a=O yields

be=8 (A13)

A different combination gives

a *b+d*e =cos(8/2)(D, p,p+iM, pk„)

plus four other independent linear combinations in D, M,
K, and N.

Looking at the situation where the relativistic correc-
tions and the magnetic field of the target are neglected
(a =0,f3=sr), we almost find the minimum number of ex-
periments as a subset of 10 (or 11 if one would not con-
sider the second one as a single measurement, although it
is possible in principle):

These expressions provide the immediate simple solution

b= W/e, c= Y/e,

a*=e(WX+e Z)/(W + Ye ),
d*=e(XY—ZW)/(W + Ye ),

(A17)

App„+ Appkk =2 Re(b*c)=2 Re( W*Y)/e

and, therefore,

e =+[2 Re( W' Y)/( App„+ Appkk
)]'~

(A18)

with our convention of e real positive. If the denomina-
tor happens to be zero, one of the other six experiments
not used so far would do as well.

Next we briefly examine the case at 90, where the
Pauli principle demands .

a=0, b= —c . (A19)

which is unique as long as e&0. But the second observ-
able term in (A12) determines e unambiguously as a sim-
ple square root:

—sin(8/2)(D pkp+ iM, p,„)=X

In the same way, for the recoil K's and X's,

ce =cos(8/2)(Np, „„iKp,-,p)—
+sin( 8/2)(Np + iKp kp ) =Y'

and

(A14)

(Al s) e=+[(1+App +D p p+K ~ )/2]~~~

For d we proceed as in (Al) and (A4):

(A20)

Here one need only determine b, d, and e. Let us try us-
ing the two-spin parameters only, as suggested in Ref. 21.
P does not contain any information since P =0. e is then
immediately given by
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d, = F—/e, d„=+[6—(F/e) ]' (A21)

with a sign ambiguity. From the D's which contain the
same information as the K's at 90', , we extract

Re(c *d ) = R—e( b *d ) = (b—„d„+b; d, )

were used in the solution presented in point 1 was for the
determination of c in (A10). Knowing a, b, d, and e, we
may as well extract d*c from the equations for D and M
only, leaving the more complicated expression

d*c =cos(a —8/2)D, .o,o+ sin(a —8/2)D, ,o&o
and

Im(b "e ) = —Im(c'e ) =b, e

(A22)

—c os(2 a) Re(a *b)+sin(2a)Im(b *e )

from whence we get b;. In order to find b„, we must pass
through (A22) and thus transfer the same sign ambiguity
from d, to b„. The Boo 's still provide the quantity

Re(b*c)= —Re(b'b)= —(b„+b; ) (A23)

which is quadratic and brings in a further sign ambiguity.
Looking at all the other two-spin parameters, there is

no new information available other than terms quadratic
in the moduli that cannot help resolve sign ambiguities.
Therefore, at 90', a unique amplitude reconstruction
requires three-spin tensors.

2. Set II [Eq. (14) used below 62, ]

Here, we do not have the recoil parameters K and X at
our disposal. However, the only instance where they

—i[sin(a —8/2)M, .o,„—cos(a —8/2)M, ok„

+cos(2a)Im(a'b) —sin(2a)Re(b' e)] . (A24)

So the analytical solution for this set of observables is
identical with that of point 1 except for the determination
of c. The number of ambiguities is the same as well. For
their resolution, however, there remains only two equa-
tions. They correspond to the two given in (A11).
Indeed, on the level of analytical solution, the two sets
discussed in this appendix are almost identical. In view
of this, the recoil parameters do not seem to be of great
importance. In practice, however, the overdetermination
given by the four additional parameters make the system
behave in a very different way.
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