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The next-to-leading-order jet cross section is calculated for the simplified case in which there
are only gluons. Numerical results of this calculation have been presented elsewhere. Here, we
describe the calculational method in some detail, deriving all of the formulas that are necessary
for the numerical evaluation of the cross section. The calculation is based on the matrix elements
of Ellis and Sexton. In a future paper, we will extend the calculation to include quarks as
well as gluons.  When quarks are included, the algebraic complexity of the problem increases
substantially. However, the method to be applied is essentially the same as in the gluon-only
case, since there are no new singularities in the amplitudes that are not present in the gluon-only

amplitudes.

I. ORGANIZATION

A. Introduction

One of the dramatic features of the recent data! from
hadron colliders, both at CERN and Fermilab, is the ob-
vious appearance of hadron jets? as a characteristic fea-
ture of a sizable fraction of the final states. These jets
are an essential tool for organizing and analyzing the data
and are potentially important as a test of our quantitative
understanding of the underlying strong-interaction the-
ory, QCD. This is particularly true if one wants to look®
for a breakdown of the standard model due, for example,
to the possible composite structure of the particles now
thought to be elementary. One would like to analyze the
scattering of these elementary partons at the largest pr
scale possible. The signal for hard parton-parton scat-
tering is jet production and the most straightforward jet
cross section is that for the inclusive production of a jet.

Unfortunately, there remain important ambiguities
which limit our ability to perform detailed quantitative
studies with the observed jet cross sections. One source
of ambiguity is the experimental error in the measure-
ment of the jet energy in a calorimeter. Another source
is the uncertainty in the parton distribution functions,*
which will be improved only by further deeply inelastic
lepton scattering data and, for the gluons, by the sort
of jet analysis discussed here. This paper addresses an-
other class of ambiguities. These ambiguities are related
to perturbation theory beyond the Born level and to the
fact that a jet is not intrinsically well defined. At the
Born level, one looks at a cross section for parton scat-
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tering, and assumes that each outgoing parton material-
izes into a narrow jet of particles. However, for reasons
of color, energy-momentum conservation, and quantum-
mechanical interference, a jet of hadrons cannot be the
residue of a single parton. One first sees the difficul-
ties in a calculation at one order beyond the Born level.
Here, one finds that a careful definition of jet measure-
ment is necessary.? The differences in jet definitions are
presumably responsible for at least some of the approx-
imately 50% difference between the reported! jet cross
sections from UA1l and UA2. Further issues related to
higher orders of perturbation theory are the choice of the
renormalization /factorization® scale u? and the value of
the so-called “K factor” (characterizing the uncertainty
in magnitude of the cross section due to higher-order con-
tributions). Thus we can improve the situation by per-
forming a complete calculation at one order beyond the
Born approximation (i.e., at order a2), leading to a theo-
retical uncertainty smaller than the current experimental
€error.

In earlier theoretical studies,® only incomplete QCD
matrix elements at order a® were available. Recently
the full order-a® matrix elements in 4 — 2¢ dimensions
have been calculated.” In the present paper we describe in
some detail a calculation® of the inclusive jet cross section
using these full matrix elements, applied to the simplified
case of gluons only. Results from this calculation have
been presented elsewhere.® We find that the uncertainty
associated with the choice of the renormalization scale
p? is reduced compared to the Born cross section, while
a significant dependence on the cone size R used in the
jet definition appears. In a subsequent publication!® we
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will present the results of a full analysis of pp collisions
including quarks.

An analysis based on the Ellis-Sexton matrix elements
and focused mainly on single-particle inclusive produc-
tion has been given by Aversa, Chiapetta, Greco, and
Guillet.!! These authors also calculate a jet cross sec-
tion, but only in the limit in which the jet cone size R is
much smaller than 1.

In this paper we describe the calculation of the jet cross
section, deriving all of the formulas that are necessary for
the numerical evaluation of the cross section. The essen-
tial problem is to carefully treat the collinear and soft
singularities in the matrix elements. These singularities
lead to integrals that are divergent when ¢ — 0, but the
divergences cancel between real and virtual graphs when
the physical jet cross section is calculated. Thus one must
isolate the divergent contributions and perform the diver-
gent integrations analytically, while leaving only finite
integrations to be performed numerically. An important
feature of the calculation is that, in contrast with ear-
lier theoretical studies® and to the calculation of Aversa,
Chiapetta, Greco, and Guillet,!! we do not assume that
the cone size R that appears in the jet definition is much
smaller than 1 rad. This is important because the ex-
perimental groups, with good reason, use cone sizes in
the range -% < R < 1, and there is no reason to believe,
without performing the calculation, that the small-angle
approximation R <€ 1 is good anywhere in this range of
R.

We are currently engaged in a calculation of the
jet cross section with quarks and antiquarks included.
In this calculation, there is some added complication
compared to the gluon only case because there are so
many processes to consider (99 — 999,99 — ¢49,99 —
499, .. .). It is important to realize, however, that there is
no new physics when quarks are included: the singular-
ity structure of the amplitudes is the same (or sometimes
less singular) as in the gluon-only case. Thus the method
described in this paper will work for quarks also.

The quantity that we wish to calculate is the inclusive
cross section

do

—do 1.1
dyydésdps 1.1)

for production of a jet with rapidity ys, azimuthal angle
¢7, and transverse energy py plus anything. Through-
out this paper, we use p with an appropriate subscript to
denote the magnitude of the transverse momentum of a
gluon—that is, its transverse energy. In the case that two
gluons make up the jet, p;y denotes the sum of the magni-
tudes of the transverse momenta of the gluons—that is,
the total transverse energy of the jet. The rapidity y of a
particle is defined as  In[(E+p,)/(E —p.)]. In the anal-
ysis of jet experiments, one would neglect particle masses
compared to their transverse momenta. Then the parti-
cle rapidity is equal to its pseudorapidity, — In[tan(6/2)].
In our calculation, only massless quarks and gluons ap-
pear, so there is no distinction between the rapidity and
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pseudorapidity of a particle. The mass of a jet consisting
of several particles is not always negligible, so one must
specify a definition of the jet rapidity. This definition is
included in our jet definition below.

At the Born level, the cross section is computed using
graphs such as that shown in Fig. 1(a). Strictly speaking,
the cross section at this level is not a jet cross section
but is rather just the parton cross section. At higher
orders in perturbation theory, the parton cross section is
infinite unless a finite jet size is introduced. At the Born
level, the parton cross section is strongly u? dependent,
and it has no jet definition dependence to match that in
the experimental cross section. Only at truly enormous
values of py, where the size of a jet due to perturbative
effects is small compared to the experimental resolution,
is the Born cross section a reliable estimate of the jet cross
section. Because of the ambiguities in the Born cross
section, the so-called “K factor” is also poorly defined
for the jet cross section—in contrast with the situation
for lepton pair production (the Drell-Yan process), where
the Born level process is essentially a QED process and
is fairly well defined independent of a, and jets.

At order a3, graphs such as those in Fig. 1(b) are
allowed and there is an explicit dependence on the jet
definition. In the calculation, one must decide when two
partons count as two jets and when they count as one.
The calculation at this order allows us to account for the
power of the “experimental microscope” to resolve one
parton into two. It is exactly this careful treatment of
the finite size of the jet which renders the jet cross section
finite at all orders in perturbation theory, in analogy to
what happens for similar quantities in ete~ physics.!?
Also, when two partons do count as one jet, one must
define the resulting jet axis and jet transverse energy. In
the experimental measurement, the differences between
jet definition algorithms are now expected to matter, in
that they can change the measured cross section at the
same level as the o2 corrections in the theory.

Let us consider for a moment the criteria which char-
acterize a “good” jet definition. In general it has the
following properties: (1) it is simple to implement in an
experimental analysis; (2) it is simple to implement in
the theoretical calculation; (3) it is defined at any order
of perturbation theory; (4) it yields finite cross sections
at any order of perturbation theory; and (5) it yields a
cross section that is insensitive to hadronization.

(@ (b)

FIG. 1. (a) A Feynman diagram at order a?; (b) subset
3

of Feynman diagrams at order oj.
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The definition we use is as follows.!3 Let the calorime-
ter consist of cells 7, in which transverse energies p; are
measured. Define a jet cone of radius R in y-¢ space,
centered on a cone axis (Y, @c):

(y— o) + (¢ — 6:)° < R (1.2)

The cone radius R can be anything we like, subject to
the restriction

R< /3. (1.3)

(Certain complications would occur in the calculation if
this bound were not imposed.) The transverse energy py
of the jet is then

pr= Y. pi (1.4)
- 4 in cone
The jet axis is defined by the weighted averages
1 1
yr=— Y, pi%, ¢s=— Y, pidi. (15
pJ i in cone PJ‘. in cone

Finally, the cone axis (y., ¢.) must agree with the jet axis
(ys,#s) determined by Eq. (1.5).

With this definition, a single isolated parton with pa-
rameters (p,y,¢) will be “reconstructed” as a jet with
these same parameters. Two partons with parameters
(p1,¥1,91) and (p2,y2, ¢2) may be combined into a sin-
gle jet. When two partons are combined into one jet, the
jet transverse energy is

ps=p1+p2, (1.6)

while the jet angles are

yr = —(pry1 + p2va), (17)
bJ

¢y = —1—(P1¢1 + p2¢2). (1.8)
ps

To determine if the two partons are to be combined,
we see if the two partons fit in a cone of radius R about
the jet axis. The condition that parton 1 fits into the
cone is [denoting a two-dimensional vector Q = (y, ¢)]

1 — QPP = (11 —vs)* + (¢1 — ¢5)° < R,

or
D2
Q; — Q| < R. 1.9
P+ le ! 2l (1.9)
The condition that parton 2 fit in the cone is
D1
Q- Q| < R. 1.10
pP1+p2 I 2l ( )
Thus the combined condition is
p1+ P2
Q — Q| < ————R. 1.11
I 2l max(p;, p2) ( )

If the parton angles satisfy this condition, then we count
one combined jet as specified above, but not the two
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smaller jets.
Note that in the case
R<|Q —Qy < —BLEP2 R (1.12)
max(pi, p2)

the two partons might with some logic count also as sep-
arate jets, but they do not in our calculation. In this re-
spect, we differ from the jet definition of Furman,® which
is also used by Aversa, Chiapetta, Greco, and Guillet.!!
In the Furman definition, when Eq. (1.12) is obeyed one
has three jet choices that contribute to the inclusive jet
cross section: {1}, {2}, {1 and 2}. In our jet definition,
the only choice retained is {1 and 2}.

It is probably also informative at this point to briefly
compare the jet definition we are using to the jet defi-
nitions being implemented by currently running experi-
ments as described in the literature.!4 The basic jet struc-
ture can be pictured as a set of calorimeter cells in which
energy has been detected. The energy measured in a spe-
cific cell is often characterized in terms of the transverse
energy Er (denoted as py above), defined by projecting
the measured energy onto the transverse plane (i.e., by
multiplying by a factor of sin @ corresponding to the an-
gular location of that specific calorimeter cell). The jet-
reconstruction algorithm of the UA2 Collaboration in-
volves the clustering together of all contiguous cells with
individual energies in excess of 400 MeV. The clusters
(of cells) formed in this way are then tested for multiple
local energy maxima within a single cluster. Two local
maxima separated by an energy “valley” of depth greater
than 5 GeV are split apart into two clusters. The result-
ing sample of clusters are labeled as jets. The UA1 algo-
rithm involves the concept of an “initiator” cell. Among
cells with Ep > 2.5 GeV, the largest Er cell initiates
the first jet. In decreasing order in Er each subsequent
cell (with Ex > 2.5 GeV) is either included in the near-
est (in y,#) existing jet, if it is within a cone of R=1
of that jet’s initiator direction, or it initiates a new jet.
The remaining cells (with Ep < 2.5 GeV) are included
in the nearest jet if the cell’s momentum transverse to
the jet direction is < 1 GeV/c and the angular sepa-
ration from the jet is less than 45°. The CDF group,
with somewhat smaller cell size, uses the following al-
gorithm. Contiguous cells (towers) with Er > 1.0 GeV
are associated together as preclusters (initiators). For
each precluster with Epr > 2.0 GeV an Er weighted cen-
troid in y,¢ is computed and all cells with Er > 0.2
GeV within a cone of R = 0.6 about the centroid form a
cluster. The process of recalculating the centroid of the
new cluster and redefining the cluster within R = 0.6 of
the new centroid is iterated until the cluster list is sta-
ble. Clusters which overlap are merged if they share more
than 50% of their energy. The common cells of unmerged
clusters are assigned to the nearest cluster. The resulting
clusters are the jets. The final jet Ep is defined as the
scalar sum of the cell energies in the jet times sin @ of the
jet centroid. Clearly the latter two algorithms are closer
to that used in the present theoretical analysis. In the
present analysis we will not discuss how the differences
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in the various jet algorithms affect the magnitude of the
jet cross section. Nor we will discuss the related issues of
fragmentation effects, underlying event contributions, or
perturbative contributions at even higher orders.

The jet cross section calculated in this paper is ex-
pressed as the convolution of a hard-scattering cross sec-
tion with parton distribution functions. At the order of
perturbation theory that we use, one must make a choice
of definitions of the parton distribution functions. We
have chosen the modified minimal-subtraction (MS) def-
inition, in which the parton distribution functions are
defined as the proton matrix elements of certain sim-
ple operators.!® Graphs for the operators are ultraviolet
divergent, and the divergences are removed by the MS
renormalization. This definition leads to a simple pre-
scription for subtracting the divergences corresponding
to collinear parton emission from the incoming lines in
the jet calculation. This prescription is applied in Eq.
(4.56). A general discussion of the relation of the calcu-
lational prescription to the definition of the parton dis-
tribution functions can be found in the literature. °

The organization of this paper is as follows. In Sec. IB
we discuss the gg — gg hard process, which includes the
virtual corrections to the Born amplitude. In Sec. IC
we discuss the organization of the calculation for the
g9 — ggg hard process. The rest of the main body of
the paper follows the singularity structure of the ampli-
tude. In Sec. IT we discuss the singularity in which the
softest gluon is very soft or is collinear to the gluon in
the jet direction. Most of the key ideas of the paper
are introduced in this section. In Sec. III we discuss the
singularity in which the softest gluon is very soft or is
collinear to the gluon opposite to the jet direction. In
Sec. IV we discuss the singularity in which the softest
gluon is very soft or is collinear to one of the incoming
gluons. In Sec. V we demonstrate the cancellation of the
€ — 0 divergences. Finally, in Sec. VI, we state some
conclusions. There are two appendixes, one concerning
the definition of the jet axis in 2 — 2¢ transverse dimen-
sions, the other concerning the analytical calculation of
the integrals that arise when the softest gluon becomes
very soft.

B. The 2—2 hard process

First consider two gluons, A and B, scattering to two
gluons, 1 and 2. Let us suppose that gluon 2 makes
the observed jet. We shall use light-cone coordinates in
which vectors are given by components p* = (p*,p™, p),
with p¥ = (p° + p®)/v/2 and p = (p!,p?). Through-
out this paper, we shall take momentum components in
the hadron-hadron center-of-mass frame, with the 2z axis
aligned with the beam direction. With this notation, we
denote the outgoing gluon momenta by

1 1
pi = (WPJE”‘,EPJG"’",—DJ) )

(1.13)
»— _1 vy __1__ -yJ
Py = ﬁp-’e ’ﬁpje yPJ |
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where p; denotes the absolute value of the transverse
part pi of p;. We have used the fact, which follows from
transverse-momentum conservation, that
Note that y; is not fixed. We will express the other vari-
ables in the problem in terms of the observed jet vari-
ables, the hadron-hadron center-of-mass energy s, and
also y;, which we will retain as an integration variable.
Let us now look at the momenta of the incoming par-
tons. They may be written in terms of momentum frac-
tion variables z4,zp as
pi‘t = (zAVs/2’0: 0)’ p% = (0,23\/5/2,0). (115)
Let us define another set of momentum fraction vari-
ables X4, Xp as functions of y;, ys, and py so that
X a+/s/2 is the plus component of the momentum of the
system formed by gluon 1 and the jet and Xp+/s/2 is

the minus component of the momentum of this system.
Thus

Xa= % (e¥* +¢¥7), Xp= % (e7¥r 4 e7¥7).

(1.16)

In the 2 — 2 hard scattering,which we are now discussing,
momentum conservation implies that X 4 and Xp are the
momentum fractions of the respective incoming gluons:
:CA=XA, :L'B=XB. (1.17)
However, this relation is modified when there is an addi-
tional gluon in the final state.
We also introduce variables S,T,U formed from y;,
ys, and py in such a way that, when we are discussing
the 2 — 2 cross section, these are the Mandelstam vari-

ables §,%,4 of the elementary gluon scattering. Thus [cf.
Eq. (1.19) below],

= 2p§[1 + cosh(y; — n1)],
_pfﬁ;(l + eyJ—yl) ,
—p%(1 + e¥17vY).

S
T (1.18)
U

(We use upper-case letters for S , T,U in order to avoid
confusion with, for instance, the center-of-mass energy
squared § of the two incoming gluons in the 2 — 3 pro-
cess.)

It is useful to have a catalog of all of the invariants:

pa-pp = +S = p3[1 + cosh(ys — 1)},
p1-pa=—3T = 3p5(1+e¥7™¥),
p2-pa=—3U = 1pi(1 +ev1-v7),
P1-P2=PA " PB, P1°'PB = pP2-pPa,
D2 -PB = P1-Pa.

(1.19)
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Let us now express the contribution to the one-jet in-
clusive cross section in terms of the invariant matrix el-
ement for the 2 — 2 process. We denote the invariant
matrix element squared and summed over final spins and
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averaged over initial spins in 4— 2¢ dimensions by (|M |?).
We denote the distribution functions for the incoming
partons by fa(z4) and fp(zp). Then the cross section
in 4 — 2¢ dimensions is

dy: dpa dyz dp> - Y

2 € 2 2 4—2€ ¢4~—2¢

do_/d:cAfA(:L'A)/d:chB(:CB)QmAmBS 62(21)3—% K o lamys—2e (IM]%) p=*¢(2n)*~26*"*(py, + p2 — P4 — PB)
/dzAfA(wA)/d-’BBfB(xB) T s(27r)2‘2€ (IM|?) dy1 dys dp26(p} — pF — pT)6(p5 — PT — P3), (1.20)

where, as usual, the dimensionful parameter u is intro-
duced in order to maintain a dimensionless coupling g.

The delta functions for conservation of the plus and
minus components of momentum can be used to perform
the x4 and zp integrations. We use

8ok — pf —p3)=6(za\/5/2 - pf - p3)
=V/2/5 §(z4 — Xa),
(1.21)
8(pp — pT — p3)=6(zB\/5/2 — pT — p3)

=2/ §(z — X).

For the remaining transverse-momentum integration we
use

dps = py~2“dpy d'~%¢,, (1.22)

where d'~%¢¢ denotes integration over a (1 — 2e)-
dimensional sphere. We identify the p, variables with
the jet variables. We thus obtain [with s = §/(X4X5)]

]

Gy, ps,ys,85) = C(€)L(Xa,XB)

(S 7 - &s
X [d (S,T,U;¢e) + 7 (
Here
2 —€ 2
— by aspJ

Ol = (4#2/12) 4s2(1 — €)2V?’ (1.26)
where

V=nN2-1, (1.27)

with N = 3 being the number of colors. The function L
describes the parton luminosity:

fora(Xa) fg/B(XB)
XaXnB

The function I' g (¢) denotes the product of gamma func-
tions:

L(Xa,Xp) = (1.28)

4mrp?
Qks

do _ _bJ Py )—E
dpydyydi—2c¢y; — (4m)2 \4n2pu?
x / dy1 Xafa(Xa) Xpfs(Xs)

x% (M. (1.23)

This result will enable us to calculate the contribution
from the 2 — 2 hard process to the one-jet inclusive
cross section from M. At the Born level, we just need
one numerical integration. At the next order, the matrix
element will have 1/e¢ and 1/¢% terms. We will have to
extract these terms in the cross section do/dpydy; and
show that they cancel. Only then can we set ¢ = 0 and
perform the numerical integration.

We denote the cross section of the 2 — 2 subprocess
as I(2—~2)_ It can be written as an integral over y; of a
function G(Z-—*Z)(yl yPI, Y7, ¢J)7

g2 do
dpydysdi=2¢¢;

=/dy1G(2_'2)(y1,PJ,yJ,¢J)-

The function G?—?) is simply related to the quantities
calculated by Ellis and Sexton as follows:

(1.24)

)eI‘K(c)[DS(S‘, 7,073 ) + Drs (8, 7, U)]] . (1.25)

[

2
I'k(e) = ra ;(i)f(;c) 9 =14 O(e).
Finally, Q}Zzs is an arbitrary scale parameter introduced
by Ellis and Sexton, called simply Q? in their paper. The
cross section is independent of Q3.

The invariant function d9(3,T,U;e€) is

dD( 8,7, 0;¢)

(1.29)

= 16VN? (1 —¢)? (3

(5‘2+T2+(72 ) (5”4+T4+f]4)
= )

=4VN2(1-¢)? L
52 2U2

(1.30)
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The first form is the form given by Ellis and Sexton. The
second form is equivalent (using S + T+ U = 0) and is
more convenient for algebraic manipulations.

In the next-order piece, Dg denotes the terms that are
singular as € — 0 (together with some simple nonsingular
terms) and Dns denotes the remaining finite terms. In
general, the function Dg has the form

DS(S)T: f];f) = d(4)(‘§') T)[};C) DSI + DS21

4N 8Tr—22N 20Tr — 67N
Dg; = ——+ i + £ + Nx?
€ 3e 9
11N — 4Tg ( u? )
+ 1 1.31
3 n Q}ZSS ( )
D, = 20VI° fs(8,T,0)
S2 € QES
QEs
0 N .
E

where

fns(S,T,0) =

3% "3 10

C. Organizing the 2—3 calculation

We now consider the case of three final-state gluons,
numbered 1,2,3. We shall follow the same notation used
for the 2 — 2 hard process and define

1 1
P = (Emey", Eme‘y“,pk)
for k=1,2,3.

We must integrate over the momenta of the three final-
state gluons. However, we can make the calculation more
efficient if we integrate over each event topology only
once. This amounts to defining which of the three iden-
tical gluons is to be labeled with each index 1,2,3. We
shall define gluon 3 to be the gluon with the smallest
transverse momentum:

(1.36)

P3 < p1,P2. (1.37)

In addition, we shali differentiate between gluons 1 and 2
by saying that the azimuthal angle of gluon 2 is nearer to
that of the jet axis than is the azimuthal angle of gluon
1:
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oo 210 T*+ U*
fS(S’TaU)—3“ 3'2 +""""""'_T2[72
2 2 4 4 4
_ (@4 0S8+ T+ UY) (132)
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Here Tg is half the number of flavors, which is zero in our
present calculation, in which we use QCD with gluons but
not quarks. The first form of fs in Eq. (1.32) is the form
given by Ellis and Sexton. The second form is equivalent
(using S+7'+U = 0) and is more convenient for algebraic
manipulations. Later in the calculation, we will make use

of an identity relating fs(3,7", U) to d®(5,T,U;e):
4VN? (1 - &)*[fs(S,T,U) + fs(T,U,8) + £s(U, 8,T))
=dM(S8,T,U;e). (1.33)
In this paper, we use the symbol u to denote both the
renormalization scale, which arises from the removal of
ultraviolet divergences, and the factorization scale, which
arises from the removal of collinear divergences. If one
wishes to distinguish the two scales as pyv and pcon,
then the p in Ds; above is pyv.
The nonsingular part is
DNS(S'a T, l}) = 4VN2[ st(S,T, 0) + fNS(Tr (A]!g)
+ns(U, S, T, (1.34)

where

272 + U?) 2 181 2 (8 45T+ U3 ) 17| 0]
{( 70 )[1 (Qés) "(S>°)]+( 7207 G)I(Q%S)I(QES)

N 712 72
[4TU_ET +0% 8(

7 U2 15| 2
U2+T2>]IH(Q12.33) —1- } (1.35)

[

|¢2 — ds] < |1 — 1. (1.38)

Let us consider the implications of this choice on which
singularities can occur in the integration region. The
singularities are (a) gluon 3 soft, (b) gluon 3 collinear
with gluon 1, (¢) gluon 3 collinear with gluon 2, (d) gluon
3 collinear with gluon A, and (e) gluon 3 collinear with
gluon B. Other singularities do not occur with these
definitions. Transverse-momentum conservation does not
allow two gluons to be soft or collinear to one of the beam
gluons, A or B, at the same time. Gluon 1 or gluon 2
cannot be soft while gluon 3 is hard because of condition
(1.37). Similarly, gluon 1 or gluon 2 cannot be collinear to
one of the beam gluons while gluon 3 is hard because the
transverse-momentum of gluon 1 or 2 would have to go
to zero, contradicting condition (1.37). Finally, gluon 1
cannot be collinear with gluon 2 because then transverse-
momentum conservation would imply that gluon 3 had
the largest transverse momentum, contradicting (1.37).

Let us now consider the implications of the conditions
(1.37) and (1.38) for the question of which gluons can

be in the jet. The possibilities are (i) gluon 3 is the jet,
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(ii) gluon 2 is the jet, and (iii) gluons 2 and 3 are the
jet. Other possibilities do not occur. Gluon 1 cannot
be the jet because of condition (1.38). Gluons 1 and 3
cannot be the jet because of condition (1.38): transverse
momentum conservation would imply that gluon 2 was
in the opposite half-circle from the jet axis, while gluon
1 is in the same half-circle. [Recall from Eq. (1.3) that
we assume R < /3]

Finally, gluons 1 and 2 cannot be the jet. To see why
not, we suppose that gluons 1 and 2 do constitute the
jet and show that the jet cone size would then have to
be bigger than the maximum allowed cone size: Rmax
=7/3.

The argument is illustrated in Fig. 2. We suppose that
gluons 1 and 2 constitute the jet. Let §; be the absolute
value of the angle between p; and —p3z = p1 + p2, for
k = 1,2, as indicated in Fig. 2(a). Then conservation of
transverse momentum gives

p1sin(f;) = pasin(6,), (1.39)
picos(8y) + pacos(f2) = ps. (1.40)
Eliminating p, from these equations gives
sin(6) _
2! (cos(&l) + sin(0;) cos(Hz)) =ps (1.41)
or
. . pP3
sin(f; + 02) = sin(f2) o (1.42)
1

We use these equations to map a region from which
(61, 02) is excluded, as illustrated in Fig. 2(b). The first
boundary arises from the requirement (1.37) that ps be
less than p;. Using Eq. (1.42), this gives ’

sin(#; + 62) < sin(fs) (1.43)
or
L ™
- - ¢ 02 — —. 1.44
5 02 < 61+ 02 ) ( )
Thus
61 + 20, > . (1.45)
1
3
0, 6,
6,
2
@
FIG. 2. Demonstration that gluons 1 and 2 cannot be the

jet.

STEPHEN D. ELLIS, ZOLTAN KUNSZT, AND DAVISON E. SOPER 40

Similar reasoning with the roles of gluons 1 and 2 inter-
changed give
201 + 62 > . (1.46)

The two excluded regions are indicated by shading in

Fig. 2(b). By adding the two inequalities (1.45) and
(1.46), we obtain
2

B 402 > =, (1.47)

where the minimum value of #; + 0, is realized at the
black dot in the figure. Since gluon 1 and gluon 2 are
supposed to constitute the jet, we have

61 + 62 < 2R. (1.48)

This contradicts the condition R < w/3 that we have
imposed. We conclude that, contrary to our hypothesis,
gluons 1 and 2 cannot constitute the jet.

We now discuss the decomposition of the matrix ele-
ment {|M|?) for the 2 — 3 process. As we have seen, the
only singularities that we have to worry about are those
connected with gluon 3 becoming soft or collinear with
one of the other gluons. Each term in (|M|?) as given by
Ellis and Sexton contains singular factors of the form

1
Pn - P3 Pm - P3’

where n,m = A, B, 1,2 with n # m. Denoting the coeffi-
cient of this denominator, after extracting some common
factors, as f,,,, we have

(1.49)

1673a3

M|? = fom ) 1.50
<l | )2—53 (1 — €)2V2 n,zm DPn * P3 Pm - P3 ( )
n<m

Strictly speaking, the f,,, are not uniquely defined by
Eq. (1.50) away from p§ = 0. For instance, one could
add p; - p3 to f12 and subtract p, - ps from f4 2 with-
out changing (|M|?). However, this lack of uniqueness
does not affect the result of our calculation. We have
performed the decomposition (1.50) following the highly
symmetric form for (|M|?) given by Ellis and Sexton, in
which the denominator structure of Eq. (1.50) is explicit.

Each denominator factor in Eq. (1.50) can be rewritten
in the form

1 1

Pn 'P3 Pm-P3  (Pn+Pm) - P3 Pn D3
1

(Pn + Pm) - P3 Pm -p3’

(1.51)

Since (pn + pm)* is a timelike vector, the factor 1/(pn
+pm) - p3 gives a singularity only when pj is soft. In this
way we decompose (|M|?) into

(IMP)2—a = (IMP)a + (IMP) 5 + (IM)1 + (IM]?)2,
(1.52)

where (denoting fom = fmn for n > m)
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(|M|2) _ 16m3a3 1 Z frm where p;; denotes the dot product
" T (1—€)?V? pn-ps 5 (Pn+Pm) -Ps’
m#En
Pij = Piul} - (1.55)

(1.53)
We see that (|[M|?), contains a 1/p, - p3 collinear singu-
larity and a soft singularity for gluon 3. Each of these
four terms is treated separately in the calculation.

In much of our computation, we write the reduced ma-
trix elements (JM|?),, in terms of functions f, in a form
that displays both the p, - p3 — 0 singularity and the
ps — 0 singularity in (JM|?),,,

167%03 pap fa
M), = 2t paB Ja
(I I)A (1—‘6)2V2 PB3 Pas3
167202 pap fB
M)y = k2 PaB JB
(IMP)5 (1—-¢€)?V? pas pgs 154
2 167303 p; f1 (1. )
(IM[%), = > =

(1-¢€)2V2 p3 p13’
167%a} ps fa

M), = s P2 J

(M, (1-€)?V?2 p3 pa3’

fale=0)=2

[To avoid confusion, we note that this definition gives
fa a zero when p§ becomes parallel to pg. Similarly,
fB has a zero when p§ becomes parallel to p4 and fi
and f2 have zeros when the transverse components of p§
becomes zero with nonzero p* or p~. We also note that
these functions f4 and fp are not related to the parton
distribution functions f4(z) and fp(z). The distinction
between these two sets of functions should be clear from
the context.]

We have computed the functions f4, fg, fi,and f us-
ing MACSYMA, starting from the matrix elements given
by Ellis and Sexton. These functions are needed in our
calculation only with ¢ = 0 or with € # 0 but with the
kinematic variables evaluated at certain singular points.
The results that we will use are as follows.

Full expressions at ¢ = 0:

1

n<m

1

NV o o 1 N
paB S "™\ pa1pB1 PB2 (Pas + p23)/pB3

Pa2 PB1 PB2 (Pas + p13)/pB3
1

+
P12 Pa1 PB2 (Pa3 + pB3)/pPB3

+
P12 PaB PB2 (Pa3 + p13)/pPB3

1 1
+ + , 1.56
P12 Pa2 PB1 (Pa3 +PB3)/PB3 P12 PaB PB1 (Pas +P23)/P33> (1.56)
fB(e=0)= fa(e=0) with A & B, (1.57)
2N3y 1 1
file=0) = —— n +
1 ) = Prm Pa1 Pa2 PB2 (PB3 + P13)/P3  paz pB1 PB2 (PA3 + P13)/ps3
nm
+ . + -
P12 paB PB2 (Pas+ p13)/Ps ~ pa1 paB PB2 (P13 + P23)/p3
1 1
+ + , 1.58
P12 Pa2 PaB (PB3+ P13)/P3  Ppa2 paB pB1 (P13 + st)/Ps) (1.58)
f2(e=0)= fi(e=0) with1l & 2. (1.59)

Collinear limits: Let gluon 2 be the jet, p) = p/; where
we denote

P = (pse¥? /V/2,pse™7 [V/2,ps cos ¢5,py sin ).
(1.60)
Let gluon 3 be collinear with the incoming gluon from

hadron A, p§ = (1 — z)p/;. Then

1—2
z

(1.61)

fa= d(4)(5',T, U; €) ﬁgg(z),

where Pyy(z) is the Altarelli-Parisi kernel for ¢ — g, but
without the usual regulation for z — 1. Specifically

Py(z) = 2N < +2z(1— z)) ,  (1.62)
whereas
P,y(2)=2N (1 —+ q _zz)+ +2(1— z))
+180 6(1 - 2),

11N — 4T,
Bo = —3——&-

1—2 z
+

1—2

(1.63)
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(Again, Tg is half the number of flavors, which is zero
in our gluon-only calculation.) Similarly, when p} = p4
and p§ = (1 — z)py we find

1—2

fB =d(4)(‘§1T)[})C) P

f’”(z).

Let gluon 2 be the jet, pj = pf, and let gluon 3 be
collinear with gluon 1, p§ = [(1 — 2)/z]p}. Then

(1.64)

1—-2

fi= d(4)(§,T,U;6) }3”(2).

Finally, let gluons 2 and 3 be collinear and together
constitute the jet, p§ = (1 — 2)p4, p4 = zp’;. Then

ng(z).

Soft limits: Let gluon 2 be the jet, p4 = pY, and let
ps = 0. Then the functions f,,, defined in Eq. (1.50) are
given in terms of the function fs defined in Eq. (1.32)
by
faB = fi2=4VN3(1-€)? S £5(3,T,0),
far = fp2 =4VN3(1 - ¢)* (-7) fs(T,0, 8
faz = fB1 =4V N3*(1 - ¢)® (-U) fs(U, 3,1

(1.65)

z

1—2

fa=d(8,T,U;¢) (1.66)

z

), (1.67)
).

II. TERM 2

A. Kinematics

In this section we are concerned with the term (|M|?),
in the decomposition (1.53) of the invariant matrix ele-
ment. We are thus interested in the integration region in
which gluons 2 and 3 may become collinear, or in which
gluon 3 may become soft.

There are nine variables needed to describe the mo-
menta of the final-state gluons, and these are restricted
by two conservation equations after the other two con-
servation equations are used to determine x4 and zp.
Thus seven variables remain as integration variables. (Of
these, three will be eliminated later by the delta func-
tions that define the jet variables py,ysy,¢s5.) We take
the seven variables to be

Y1; P2, Y2, $2; P3, Y3, 3. (2.1)
Here, as before, py denotes the magnitude of the trans-
verse part pi of pf.

We shall need to express p; and ¢; in terms of these
seven variables. We have p? = (p2 + p3)? so

P1 = [P} + p3 + 2p2ps cos(¢2 — ¢3)]'/>. (2:2)
For the evaluation of invariants involving ¢;, we use

d2-2z

P1
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transverse-momentum conservation:

—P1 - P2 = (P2 + P3) - P2 = p3 + pap3 cos(d2 — é3),
(2.3)
—P1 - P3 = (P2 + P3) - P3 = p3 + p2p3 cos(¢2 — ¢3).

Of particular importance is condition (1.38), |¢2 — ¢|
< |¢1 — @i, or cos(d2 — ¢s) > cos(¢1 — ¢s). To express
this in terms of the chosen variables, we write

Ps'P2 PJ'P1 PsP2_ _Ps (P2+P3)
PIP2 pipr ’ pip2 PIp1

cos(ds — ¢5) > — P2 cos(¢s — ¢J);'P3 cos(¢s — ¢s)
: 1
Thus the required condition is

(P1 + p2) cos(d2 — ¢7) + pacos(¢s — ¢s) > 0. (2.4)

The other conditions, p3 < ps and ps < pi, are ex-
pressed in terms of the integration variables, once we
have Eq. (2.2).

We can determine z4 and zp from the final-state mo-
menta using momentum conservation, as before:

Ta s/2=p’1"+p'2"+p§', (2.5)
so
1
Tp = 7_3—(1)16!“ + p2e¥? + pge¥?), (2.6)
and similarly
1
rp = 7—;(1)16‘”‘ + p2e7Y? + p3geT¥3). (2.7)

In the numerical integration program, the invariants
are be expressed in terms of the integration variables us-
ing the previous results and Egs. (1.15) and (1.36). Using
the notation of Eq. (1.55), the invariants are

PAB = ZA B 5/2, pa1r=za\/sp1 eV /2,
Pa2 = zaVs P2 €Y /2, pas=zaV/5 p3 e V32,
pB1=2BVs p1 etV /2, ppy = zp\/s ps eV2/2,
pB3 = zBV/s p3 e7¥3/2, (2.8)
P12 = p1pa cosh(y1 — y2) + p§ + paps cos(¢2 — ¢3),
P13 = p1p3 cosh(y; — ys) + p3 + paps cos(¢2 — 43),
P23 = p2p3 cosh(yz — y3) — p2p3 cos(d2 — ¢3).

We will be especially interested in the invariant p; - p3.

We have expressed it in terms of the variables we have
chosen as

P2 - p3 = papa[cosh(ys — y3) — cos(d2 — ¢3)]. (2.9)

Now let us consider the relation between the cross sec-
tion and the invariant matrix element. We have

2¢dys d>~%py 4. dys d>~2p;3

1 d
doy = /d:cA fA(xA)/de fB(:CB)-2—§ 3 Y1

2(2m)3-2¢

(IM]?)2

2(27(‘)3_2‘ 2(27!‘)3—25

x p~2¢(2m)* =262 (py + py + p3 — pa — PB)O(P3 < p1) 0(p3 < p3)

x0((p1 + p2) cos(¢2 — 1) + p3 cos(é3 — ¢5) > 0).

(2.10)
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Here the theta functions enforce our chosen division of the integration region, as discussed above.

We now use the transverse-momentum delta function to perform the p; integration, the plus momentum delta
function to perform the x4 integration, and the minus momentum delta function to perform the zp integration.
Following the results of the previous section, this gives the replacements

/dpla(pl +o) =1, /ma(pt +o) = /25, /dxas(p; +) = /s,

We write the integrations over the transverse momenta of gluons 2 and 3 as

dps — py~%dps d'~%¢y, dps — py2¢dps d'"%¢;.

These replacements give

—2¢
— 1-2 1-2 D2p3 P2D3 2
doy = dy; dy, dys dpz dps d""*“¢y d""*“¢3 zafa(xa) zBfB(2B) X 8(2n)532 ((2702“2) (IM]*)2

x0(ps < p1) 0(p3 < p2) 0((p1 + p2) cos(¢2 — és) + pacos(¢z — 1) > 0). (2.11)

In what follows we shall denote the angular variables y and ¢ for each particle by a single (2 — 2¢)-dimensional
vector variable @ = (y,¢), where, we recall, ¢ denotes a point on a (1 — 2¢)-dimensional sphere. We shall have
to be careful of the definitions in a nonphysical number of dimensions. Although we use a vector notation for the
angular variables, this notation is to be interpreted in a spherically symmetric sense in the case of ¢. Thus we use
the notation |2, — 2| to denote [(ya — y¥»)? + (as)?]'/2, where $qp is the arc length between ¢, and ¢;. Similarly,
cos(¢s — ¢») denotes cos(¢qp). The linear combination (1 — z)Q4 + 2Qp = Q. with 0 < z < 1 denotes the variable
Q¢ = (Ye, ¢c) where y. = (1 — z)ya + zyp and ¢ lies a fraction z of the way along the arc joining ¢4 and ¢p. Other
manipulations in the following are to be given a similar rotationally invariant interpretation. See Appendix A for the
precise definitions.

We adopt a notation that displays the 1/p; - ps singularity in (|M]?)2, while summarizing everything else as a
function F,. We define F, by

. . . —2¢
(po/ 1)~ Fo(y1;p2, Q2; p3; 03) ¢3)]=“fA(mA) 25 fp(2p) 2B ( P2p3 ) (M)

ps[cosh(y2 — y3) — cos(d2 — 8(27)%82 \ (2m)2pu?
x0(ps < p1) 0(ps < p2) 6((P1 + p2) cos(d2 — )
+ps cos(¢3 — ¢1) > 0), (2.12)
where § = z42zps. B. Jet definition

Using Eq. (1.54), we can express Fy in terms of fs:

Fy, = Hyf, (2.13) With the notation established so far, we can write the

where cross section in the form

1-2¢
— 22 2\e fo) A Qs
Hy, = ( ) (47*) o L(za,zB) © o

—2¢
ps doy = dy, dpy 9B g2-2q, g2-2¢q, (’2)
(2.14) Ps »

Here, C(€) and L(za,zp) are defined as in (1.26) and % F3(y1;p2, Q23 3, 3) ) (2.16)
(1.28) and © is the product of theta functions appearing cosh(yz — y3) — cos(¢2 — ¢3)
in (2.12),
a Now we have to insert the jet definition. Consider first
O =06(ps < 0(ps < 0 + s(p2 — J

(Ps < 1) O(ps < P2) 0 (1 +P2) cos(¢s d:)J) the possibility that gluons 2 and 3 together constitute

+p3 cos(¢s — ¢) > 0). the jet, which happens if both €25 and 23 are within an

(2.15) angle R of the jet axis Q; = (y, ¢5). Then, the jet axis
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is related to the parton momenta by the definition

p2822 + p3d3

Q5 =
d p2 +ps3

(2.17)

The jet transverse momentum is then defined to be

ps = p2 +ps. (2.18)

The condition that Q2 is within an angle R of the jet

axis is

P3|z — Q3|
pJy

The condition that Q3 is within an angle R of the jet
axis is

R> Q- Q| = (2.19)

p2|Q2 — Q3|

R)Iﬂa—ﬂjlz
pJ

(2-20)
J

gy = [ [ [S2 e [ ea(B)
d d d“7° )y d“ Q3
dpydys d1 —2cg, n D2

Since p3 < p2, this latter condition is the more restrictive.
Thus the jet condition is

12, — 23] < R. (2.21)

p2 +p3
P2
Let us also consider the possibility that gluon 2 by
itself is the jet: Q7 = €25. Then, according to the jet
definition, we have to demand that gluons 2 and 3 cannot
form a legitimate jet:

10, — Qg > 2EP3 R

- (2.22)

Finally, we consider the possibility that gluon 3 by
itself is the jet: 25 = 3. Then we have to demand that
gluons 2 and 3 cannot form a legitimate jet, as specified
by the condition (2.22).

We thus have, for the contribution to the jet cross sec-
tion,

Fy(y1;p2,Q2; ps, Q3)
cosh(yz — y3) — cos(d2 — é3)

1
X [5(P2 +p3 —py) 6272 (p—J(Pzﬂz + p3Ql3) — QJ)
x0(|92 — Qs < %R)
2

+8(ps — pr) 62 2(Qs — 07) 0( |0, — Qa] > 2T B3R
D2

+8(ps — ps) 627 2( — Q) 0(!92 — 4> pg—;&R)] .

(2.23)

C. Extraction of the singular contribution

We now manipulate the expression in (2.23) in order to make the cancellation of the collinear singularity manifest.
Let us define sum and difference variables for the angular integrations:

Q=Q3-0Q, Q=

Q3 + p3fls).
p2+p3(P2 2 + p3Q3)

Then

ngn——ﬂ——ﬁ, 93=Q+—'pi—'ﬁ
p2+p3 p2+p3

(2.24)

(2.25)

We use the first of the jet-defining delta functions to perform the ps integration in the first two terms of (2.23) and

the ps integration in the third term.

In the first term of (2.23), we change variables to £ and €. The Jacobian for this transformation is 1. This would
follow trivially from (2.24) if there were exactly two transverse dimensions. In 2 — 2¢ dimensions, some care is needed

to specify exactly what the definitions (2.24) mean and then to evaluate the Jacobian.

This analysis is given in

Appendix A, where we find that the Jacobian remains 1, even in 2 — 2¢ dimensions. We complete the manipulation
of the first term by using the delta function that specifies the jet axis to perform the € integration.

In the second term of (2.23), we simply use the angular delta function to perform the €2, integration, then change
variables from 03 to € for the remaining integral. Similarly, in the third term, we use the delta function to perform
the 3 integration, then change variables from 5 to  for the remaining integral.

These operations give
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da, d —2¢ 1
Py =/dy1/—p§-/d2“2‘ﬁ (&) —_
dpydy;di—2¢¢, p3 © cosh(y) — cos(¢)

x| Fy (y1;PJ - p3, Qg — 22Q;P:a,ﬂ.l + uﬁ) 9(|ﬁ| <2 R)
pJ Py Py —Pp3

18

= of 1 +
+Fa(y1;05,5;p3, Q5 + Q) 0<|ﬂ| > ?ipij) }
. 1 pJ —~2¢ 1
+[d /d /d“fn-(-) S S—
/ v P2 pr\ M cosh(y) — cos(¢)
S & PJ + P2
X Fy(y1;p2, 5 — Q5 p5,Q5) 6| 2] > TR . (2.26)

Let us first rewrite this as a nonsingular contribution with theta functions plus a singular contribution in which the
theta functions have been eliminated:

do’z

prdy,di=teg, = Izs + I ns, (2:27)
where
dp3 A 1 P35 P1—P3;
fos= [ [ [-rq (—) — L ___p, (yl;pj — 3,2 — B0 pg, 0, + ————n) (2.28)
P3 7 cosh(g) — cos(d) pJ pJ
and

dp3 _aeq (P3) 1
e fn 85 [ v ()" L
28 /yl P3 7 cosh(y) — cos(¢)

X [—Fz (yl;pJ —p3, 2y — ;_jﬁ§P3,QJ + uﬁ) 9<|ﬁ| > £ R)

pbJ pPs —p3

= of 1 +
+Fy(y1;07,25; 03,25 + §2) 9(|Q| > %ER) ]

1 (ps\ % 1
+ d /d /dz_zeﬁ b (—) —_— =
/ nje ps\p cosh(7) — cos(¢)
X Fa(y1;p2, s — Q;p7,9) 6(|ﬁ| > ﬂf—&}t) . (2.29)
2

Notice that I ns has no collinear singularity when Q0 — 0 because of the theta functions. Furthermore it has no soft
singularity when p3 — 0 because of the subtraction.

D. Decomposition of the singular contribution
Now let us consider the singular piece. We write it in the form

Ins = I con + Ia ot + I2,double + I2 finite- (2.30)

Here the first term contains the collinear singularity and is obtained by setting €2 = 0 everywhere in (2.28) except in
the denominator and subtracting the same term with p; also set equal to zero except in the denominator:

d —-2¢
I3 con = Zs(€) /dy1/7f;—3 (I—:?) (F2(y1;p7 — 3, 7303, 05) — Fa(y1;07,925;0,925) 0(ps < Q2)], (2.31)
where
— 1
T — 2—269 _
9= [
o DA —&) [, [ 1 21 e _. D(1—e)?
= l-2¢ E—/d 2‘/ df —— = e N 2.32
i I'(1—2¢) Jo ¢ (sin¢) oo y cosh(y) — cos(4) € i I'(1 — 2¢)2 (2.32)
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Here
T'(l1—¢) '
Vg, = 2172~ 2 2.33
2 T T(-2) (2.33)

is the area of a (—2¢)-dimensional sphere.

In the second term in (2.31), we have inserted a 8(ps < @2) since the theta function contained in F3 that limits
the ps integration was lost when we set p3 = 0 in F,. An upper limit on p3 is necessary to make the integral finite,
although the actual value, @, of the limit will cancel from the calculation. One might choose Q2 = ps/2 as the upper
limit because that is the limit in the first term in (2.31): ps < p2 = ps — ps.

The next piece I sofy reflects the infrared singularity and is obtained by setting ps = 0 in Eq. (2.28) everywhere
except in the denominator and subtracting the same expression with £ also set equal to zero except in the denominator:

where
@2 dps (ps) 1 (Q\ 7
mo=["2®) =%(%) - (239
The next piece is obtained by setting both €2 and ps to zero except in the denominator:
I dq0uble = Z2(€) J2(e) /dyl Fy(y1;p5,925;0,97). (2.36)
Finally, Iy finite is simply the remainder defined by Eq. (2.30):
tae= fan [ 2 () [ o0 ot
X [F2 (yl;pJ —p3, Qs — —0 ;p3, 2y + p1p39)
—Fa(y1;p5 —Pa,QJspa,QJ) — Fo(y1;p7,95;0,95 + ) 0(ps < Q2)
+F(y1505,25;0,925) 0(ps < Qz)] . (2.37)

We see that because of the subtractions, I finite has neither collinear nor infrared divergences.
We now introduce a notation for I g that is analogous to that for the 2 — 2 cross section. We write it as an integral

of a function ng_'a)(yl,p,z, yr,$s) over y;:
do
dpjdysdi=2¢¢;

Here ng-.a) is given by a three-dimensional integral over (ps,#, ). It is divided into pieces:

I2,S /dy G(2 )(ylpry yrs, ¢J) (238)

2—3 2—3 2—3 2—3 23
GO = Gg coll) + Gg,soft) + Gg,dou%ﬂe + G(z ﬁmt)e ) (2-39)

as specified in this section. The finite term, as given in Eq. (2.37), is computed by numerical integration with ¢ = 0.
In the following sections, we extract the 1/¢2 and 1/e pieces from the collinear, soft, and double integrals, so that they

can be canceled against 1/¢® and 1/¢ terms in G2~ (y1,ps,ys,¢s). We will be left with contributions to G(z—.s)
that are finite as ¢ — 0 and are expressed either analytically, or as one-dimensional integrals that can be computed
numerically.

E. The double singular contribution
From Eq. (2.36), we have for G(z?;;z%le the simple expression

GERD) o = Ta(e) Ta(€) Ha(y1;05,21;0,925) f2(vr;ps,25;0,925). (2.40)

When evaluated at the double singular point, the function Hy [Eq. (2.14)] is simply
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1&

C(E)

Hy(y1;p5,97;0,25) = (472)¢ L(XA,XB) (241)

The function f3, when evaluated at the double smgular point, is also very simple:
f2(y1;07,925;0,Q55¢) =2NdD(S,T,U;e¢). (2.42)

[This relation is a consequence of the more general relation given in Eq. (1.66)].

We now assemble these ingredients, extracting an e-dependent factor that appears in the 2 — 2 cross section,
Eq. (1.25). (This extracted factor includes a factor Q%5, where Qgs is an arbitrary scale factor, as in the 2 — 2 cross
section.) We obtain

€ 2 €
ng;gg)le = C(e) L(XA,XB) (452“ ) Tk(e) d*N(S, T, U;e) [-g (fég%) I‘z(e)] , (2.43)
where
7|.2
a0 = 71 ISF ( 1)_ 5y = 1= 5+ 0(e). (2.44)

Expanding the factor in square brackets gives

— 4mp®\ ¢ P
Gé?doi%)le—c(c) L(XA:XB) pys (?ﬂlzf;) FK(C)d(4)(S,T, U,E)

N N, (Qss 1, 2(Qks\_17°
x{€2+ ln(16Q§)+N|:21n (16Q§)— 3]+0(e)}. (2.45)

F. The collinear contribution

From Eqs. (2.31) and (2.13), we have the following expression for ng;']?):

= dp —2¢
ngcol?) _1-2( )/ 2 (pa) { H2(y1yp1 _pa’nJ)pZi)QJ)fZ(ylpr "Pa:QJ»P&QJ)

m
—Hy(y1;07,925;0,95) f2(y1;p7,925;0,925)0(ps < Q2)}. (2.46)

In the singular configuration at which the momenta are evaluated in the first term of Eq. (2.46), gluons 2 and 3 are
parallel and make up a jet with lightlike momentum

1 1
Py = (75 pJe”’,ﬁ pJe"y’,pJ) . (2.47)
Let us change integration variables in Eq. (2.46) from p3 to z defined by
p3a=(1—-2)p;. (2.48)

Then p5 = (1 - z)p4 and p} = z p}.
Then H, is given simply by

Hy(y1;2p5, Q55 (1 — 2)ps, Q5) = 2272 (4x?)¢ —C~'~(i) L(Xa,XB) O(z > %) 21 , (2.49)

where XA and Xpg are determined from y;, y; and py accordlng to Eq. (1.16), as in the 2 — 2 process. The restriction
that z > < 2 comes from the factor §(p3 < p;). From the explicit form (2.32) of Z,(¢) we have

Iy(e) = ——(—:—r(167r)-€ Tk(e) [1+ 0(62)]. 250)
Thus
Gg?;;]?) = - C(e) L(XA,XB) (%"_) Txle) = (3;5)

1
X/(; dz (1 —2)72{217% 0(z > 1) falys; 205, 55 (1 — 2)ps, )
—f2(y1;05,925;0,25) 0(z > 1 — Q2/ps)}1 + O(?)], (2.51)
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At the collinear point, the function f, has a very simple form given by Eq. (1.66):
PO 1—2 =~
fo(y1;2p5, 9055 (1 = 2)ps, Q5 €) = dV(S,T,Use Fyq(2), (2.52)

where ng(z) is the Altarelli-Parisi kernel for g — g, but without the usual regulation for z — 1, as given in Eq. (1.62).
Thus

- 4mp?\ a1 2.\
GoaY = —C(e) L(Xa, XB) 5= ( Qz" ) Tx(e) d(3,T,05¢) [; (%%) Zy(e)[1 + 0(62)]] , (2.53)
where Z is the integral
1
Zy = / dz {6(z > 3) [2(1 — 2)]7%¢ Pyy(2) — 0(z > 1 — Q2/ps) (1 —2)7 172 P }, (2.54)
0
and where we have denoted
Pt = lim (1~ z)P,4(z) = 2N. (2.55)
The integration can easily be performed, yielding
11 1. [Q? 67 @ 2 Q% 2
= —_— - —_—— =+ = —£ . 2.56
Zs(¢€) 2N{ 5 21 (pJ)+€[ TREC l P + O(€?) (2.56)

Expanding in powers of € in Eq. (2.53), we obtain

655 =0 L0aXn) 2 () a9 d0E,2,059

(233G [ 3P () + 552w F) o) oo

G. The soft contribution

In this section we wish to calculate ngsoft), which is given by Egs. (2.34) and (2.13). Making use of the fact that
the function H, as given in Eq. (2.14) is simple in the soft limit, we have

G(z—’3) (4 2)e C(e)

2,s0ft L(XA’XB) o 32(6)
— 1-2¢ 7 1 O
x/dy/d T e Ve, 0030, + ) = falunips, 0030,2) (2.58)

According to Egs. (1.53) and (1.54), the function f, has the structure
foa B n

= , 2.59
f2 d2a  dap  dn (2:59)
where the fp,, are defined in Eq. (1.50) and
dom = '1;—'; (P2 - P3 + Pm - P3)- (2.60)

In (2.60), we evaluate the dot products and divide by ps, then take the limit p3 — 0 with constant (y3,¢s) =
(ys + ¥,¢5 + ¢). This gives

daa = p5D1(9, 6,91 — ys), dap = piDi(=5, 6,45 — 1), dar = p3Da(F,v1 — vs), (2.61)
where

D1(17;<7;,y1 —yy) = -;—(2 + eyl"y’)g—y' + %ei — COS dg’
(2.62)
D2(9,91 —ys) = %(1 + eyj_yl)(e?7 + eyl—!lj—.!?)'
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The functions f,,, with p3 = 0 are given by Eq. (1.67):

foa =4VN3(1 —€)? (-0) £s(U,8,T), fop =4VN3(1 —¢€)? (=T) fs(1,0, 3),
(2.63)
far =4VN3(1 — €)% S fs(S,T,0).
Finally, we use Eq. (2.35) for J2(€¢) and show explicitly the factor V_j, given in Eq. (2.33), that appears in the

relation

d'7%¢ = V_3¢ do[sin(8)] > (2.64)

Assembling this, we obtain

(2—3) _ 1 4rp\ Qis\© (1-¢2?  4VNS3
Gygott = C(f) L(XA’XB) ( Qs ) Tx(e) (452) T'(1+¢)T(1 —¢) 2np?
x[—U fs(U,8,T) vl(yl —ys) =T fs(T,0,8) Viys —w1) + S £5(S,T,0) Va(y1 —ws)l.  (2.65)

Here I'k(¢) is given in Eq. (1.29), and we note that the factor 1/[I'(1+¢)T'(1—¢€)] will not enter the final result because
it equals 14 O(e2). The functions V;(y1 — y;) and V2(y1 —ys) are the integrals of 1/D; and 1/D,. These integrals are
defined more precisely and are evaluated in Appendix B. Using the results of Appendix B together with Eq. (1.18)

relating (ps, ys,41) to (3,7,U) we have

v ) +€Pin(y1 — ys1) + O(e),

U
—— Vilyi —ys) = 1“(16

27p5
. _f )
—5-7;;)3; Vilys —p1) =In 16p 2 +€ePin(ys —y1) + O(e), (2.66)
s S
7Pl Va(y1 —ys) =1In Tgp__%- + ePon(y1 — ys) + O(e).

The functions Pin(y1 — ys) and Pan(y1 — ys) are rather complicated, and are given in Eq. (B7).

Using these results, Gg?;f::) becomes

2 €
G == €0 (Xa, Xa) 32 (Ga=) Tle) VN

( [fs(U 3,7 1n(165 ) + f5(T, 7, 8) 1n(167;) + fs(8,7,0) In (lé )]
+fs(U,8,T) {[ln(g——z—) - 2- 1“(1;5;]3) + Pin(y1 —y7) }

-T
P —
16p_, ) + Pin(ys —y1)

+£s(8,T,0) {[m(%—g) —9lin (1: ) + Pon(y1 — y,)} + O(e)). (2.67)

In order to make the cancellation of divergences easier to see, we add and subtract loganthms of the scale factor Q&g
in the singular terms. Then we use the identity (1.33) relatmg fs(5,1,4) to dD(3,%,4;€) to obtain our final result:
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ng;f;) =~ C(e) L(XA;XB) (g.f ) Tk(e)
( dD(8, T, 0; e)ln(QzS ) VNP 0,87 | =L ) + £5(2,0,8) m[ =X
16p2 QE QEs
+f5(8, 7, 0) 1n(5%;>]
oA l -U
+4V N3 fs(U,S,T) { 1n(2%%-) | In (—lﬁ—pg—) +P1N(y1"y.l)}
. a a 1 -7
+4VN? f5(T,U,S) { 111(%%') In ('l?p—ﬁ-) + Pin(ys — yl)}
N S
+4VN3 fS( U) { In %%) ln('l—ép—g') +P2N(y1 -—-yJ)}
+2N d(S,T,U;¢€) ln(g 2) + O(e)). (2.68)
Py

III. TERM 1

A. Kinematics

In this section we are concerned with the term (|M|?); in the invariant matrix element with a 1/p3 - p; singularity.
We are thus interested in the integration region in which 1 and 3 may become collinear, or in which gluon 3 may
become soft. Our treatment will be similar to the treatment above of term 2. However, there are some differences,
which arise ultimately from the definition (1.38) that gluon 2 always lies nearer the jet axis than gluon 1.

As in the case of term 2, we take the seven integration variables to be

Y1;P2, Y2, $2;P3, Y3, P3. . 3.1
The crucial denominator factor p; - p3 has a form analogous to that given in Eq. (2.9):
p1 - p3 = p1ps[cosh(ys — y1) — cos(43 ~ ¢1)], (3.2)

where p; and ¢@; are to be expressed in terms of the seven integration variables, as discussed below. In order
to simplify the notation for the manipulations to follow, we shall define the integrand to be a function Fj times

(ps/p)~2¢/psfcosh(ys — y1) — cos(d3 — ¢1)]:

—2¢ Fi(y1;p2, Q2; p3; N3) _ P2P3 paps \ ¢ 2

(ps/k) palcosh(ys — y1) — cos(p1 — ¢3)] wafa(za) xBfB(zB)S(QW)s-?? ((27")2u2> M

x0(p3 < p1) 0(p3 < p2) O(lp2 — 8| < |$1 — 45). (3.3)
Using Eq. (1.54), we can express F} in terms of f:
Fi(y1; p2, Q2;p3;Q3) = Hy f1, ‘ (34)
where
1-2¢
H = (;’%) (472)¢ C( ) L(wa,zn) 6. | (3.5)

The variables py, 4, £, and p; - p; can be expressed in terms of the seven integration variables of Eq. (3.1) as in
Egs. (2.2) and (2.6)—(2.8). In particular, we shall want to be able to express the denominator p; - ps/pips in terms
of the seven integration variables. We name this denominator function D;3 and find

Dy3(y1;p2, Q2; p3, N3) = cosh(yz — y1) — cos(¢3 — ¢1)

_p1°P3 _ cos(ds — ¢2) + (pa/p2)
- ;w: = cosh(ya —1n) + (1 + (p3/p2)? + 2(p3/pz) cos(@s — ¢2)]*/? (3.6)
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B. Jet definition

With the notation established so far, we can write the cross section in the form

dps 5 o 2-92 (Pa)mge F1(y1;p2,Q2; p3, 23)
doy = dyy dpy —= d“7°¢Qy d“7 Q3 | — . 3.7
! b1 opz P3 2 2\ u D13(y1;p2,2; p3, 03) (3.7)

Now we have to insert the jet definition. This is just the same as for term 2. We find
_ doy / / / p3 / 2_3 / 2-2 (Pa) 2 Fi(yy; p2, Q23 p3, 3)
d d d°7%Qy | d°7%Q3
dpydy;di=%¢; v | e D13(y1; p2, 225 p3, 3)
1
X [5(192 + ps — ps)6*% (p—J(Pzﬂz + p3Ql3) — QJ)
x()(]ﬂz — Qs < wR)
D2

+8(p2 — ps)8* (02 - QJ)O(mz — Q3| > pzz‘;Pa R)

+6(ps — ps)82 (5 — m)o(mz — > 2 : Ll R)] :
(3.8)

C. Extraction of the singular contribution

We now manipulate the expression in (3.8) in order to separate it into a nonsingular piece with theta functions plus
a singular piece in which the theta functions have been eliminated.

We make use of the variables defined in Eqgs. (2.24) and (2.25). We use the jet defining delta functions to perform
3 — 2¢ of the integrations in (3.8), as in Sec. II B. This gives

—2€
_do / / Pa/dz 2¢6) (ﬁ)
dpydysdi=-2¢¢; ~ Iz

y [ Fi(y1;p5 — p3, 05 — (p3/ps)SY;p3, s + (1 — p3/ps))

D13(y1;p5 — 3,y — (p3/p5);p3, s + (1 — p3/ps))

- pJ Fi(y1;p5,;p3, Q7 + Q) ( pJ +Pp3 )
[ (Q < R) + 0|9 >——=R
| I PJs —P3 Dla(yl,PJ,QJ,Ps,QJ'*”n) I l pJ

—oemn 1 (P57 Fi(v1;p2,905 — Q;p5,92) ps +p2
+/dy/d /d“fn-(-) o[ 19 > ZL22R) . 3.9
L) P pr \ p Di3(y1; p2, Ry — Q;p5,27) 1621 P2 (39

We now separate this into a singular piece with no jet defining theta functions plus a nonsingular piece:

d0’1
Tordyydirg; ~ 18 T G0
where
d _ —2e . . 0
Il,S — /dylfﬂ /d2~2€Q (p_3) Fl(ylapJ)nJ:p:i)nJ + (_2_) (311)
P3 7 D13(y1; 07,5503, + Q)
and

—2¢
Iins = /dylfilp_"’/dz—zeﬁ (@)
p3 H

Fi(y1;p5 — p3, Qg — (pa/pJ)ﬁ_; p3, Qs+ (1 - ps/pJ)fE)
D1a(y1;p5 — p3, 5 — (p3/p1)Q;p3, 25 + (1 — p3/ps)Q)

0 Fi(y1;p5,9;p3,Q5 + Q _
0 (]Ql < _l’;’_R) _ 1(y1;07,920;p03, 27 + _) 0 (lﬂl < p_,p.*.p:,R) ]
J

pJ — P3 Di3(y1;p7,20;p3,05 + Q)

—2¢ =
—2¢5 1 (ps Fi(y1;p2,Q5 — Q;p75,Q5) = _ Pr+p2
+/dy/dp/d22€ﬂ—(—) ot ol |19 > ——=R) . 3.12
o ps \ p Dra(s;p2, 0ty = 7, 00) 1 P2 (3.12)
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Notice that I; ns has no collinear singularity when gluon 3 becomes collinear with gluon 1 because of the theta
functions, including (for the third term) the theta function in the definition of F; that guarantees that gluon 2 is
nearer to the jet direction than gluon 1. Furthermore I; ns has no soft singularity when p3 — 0 because of the
subtraction.

D. Simplification of the denominator

We must now extract the singular terms from I g in the form of integrations that can be performed analytically.
Our first task will be to simplify the denominator. -
Let us examine the crucial denominator factor D;y3. We recall from Eq. (3.6) (with p; = ps, Q2 = ;) that

D1s(y1; 95,925 p3, Q3) = cosh(ys — y1) — cos(d3 — ¢1)

cos(¢3 — é5) + (p3/ps)
[1+ (p3/ps)* + 2(ps/ps) cos(¢s — $1)]*/%
This expression is rather complicated. We are, however, primarily interested in the behavior of this denominator

near the collinear singularity at ys—y; = 0,¢3—¢; = 7. Let us therefore rewrite the right-hand side of (3.13) in a more
convenient form that has the same expansion about the collinear point to second order in (y3 — y1)?, (¢3 — ¢7 — 7)%:

[1 — (p3/ps)] — [1 + cos(43 — ¢J)]
1 — (p3/ps)1? + 2(pa/ps)[1 + cos(¢3 — ¢)]}1/2

1+ cos(¢s — ¢7)
(1 - (p3/ps))?

=cosh(ys —y1) + (3.13)

D13(y1;p1,7; p3, Q3) = cosh(yz — y1) — i

~cosh(ys —y1) — 1+

1
~ T Galo (cosh{[1 — (pa/ps))(ys — y1)} + cos(¢s — ¢)). (3.19)
Let us define
p(p3 [ps, Ya—y1, 63— d1)
_ 1 cosh{[1 — (p3/ps)l(ys — ¥1)} + cos(¢3 — ¢7)
[1 - (pa/ps))? cosh(yz — y1) — cos(¢s — ¢1)

(cosh{[1 — (ps/ps)I(ys — y1)} + cos(d3 — 8))/[1 — (pa/ps)]?
cosh(ys — y1) + [cos(¢3 — 67) + (p3/ps)l/[1 + (ps/ps)* + 2(p3/ps) cos(és — ¢)]*/%’
where we have used Eq. (3.13) to express p explicitly in terms of the variables p3/ps, ys — y1, #3 — ¢s. Then the
analysis given above shows that p has a smooth limit at the collinear point, with

(3.15)

p(p3/ps, 0, ®) = 1. (3.16)
Inspection of Eq. (3.15) shows that p is also simple in the soft limit
PO, y3 —y1, d3—¢s) = 1. (3.17)

E. Decomposition of the singular contribution

We can use the results of the previous section to rewrite our singular integral as

ILis= /dy1/£1£3/ d?~%Q; (p—:) o [1 - (p3/ps))?

y Fi(y1;p5,95;p3,03) (ps/ —y1, b3 —éy)

cosh{[T — (pa/p2)](va — v1)} + cos(@a — ) P72/ PT ST I G20,

where we have used €23 as the angular integration variable. An alternative form with a simpler denominator is

obtained by changing variables from 23 to £ = (¥, &) defined by § = [1 — (p3/ps)(ys — ¥1), é = ¢3 — ¢s. This gives
a Jacobian factor [1 — (p3/ps)]~?, with the result

no= [an (% [ asa (2) 7 0= ospa)

o 1(y15ps, Q5 ps, 1 + /1 — (p3/ps)] 65 + $)
cosh(§) + cos(¢)

(3.18)

p(ps/ps, §/11 — (ps/ps)], 4)-  (3.19)

We now extract the singularities from I; s by writing it in the form
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Il,S - Il,coll + Il,soft + Il,double + Il,ﬁnite- (320)

The first term in (3.20) contains the collinear singularity and is obtained by setting €2 = (0,7) in F; and p in (3.19),
so that Q3 lies in the singular direction Q3 = 2,, where

Ys = Y1, ¢s =5 + . (3~21)

We subtract from this the same term with ps also set equal to zero except in the 1/ps denominator in order to
eliminate the soft singularity. This gives

d —-2¢
Iy con = 73(¢) / dys / 2 (”f) (11 = (0s/p3 )P (913 07> s Py 2) — Fi(ys pry 2750, 2,) 6(ps < Q)},
(3.22)

where Z; (¢) is the integral already encountered in Eq. (2.32) except for a change of sign from — cos ¢ to + cos ¢, which
does not change the result:
1

€) = 2—2€0) _
19 /d e cosh(g) + cos(¢)

— 21—26”—5 r(l / d¢ (Sln ¢) 2e /°° dg —1__.:
I‘(1——2 ) —co  coshgy+ cos¢

271 4 . (1 —¢€)3
D ) 3.2
€ T T(1=2e)2 (3.23)

In the second term in (3.22), we have inserted a 8(ps < Q1) since the theta function contained in F; that limits the p3
integration was lost when we set p3 = 0 in F;. An upper limit on ps is necessary to make the integral finite, although
the actual value of the limit will cancel from the calculation. One might choose Q1 = ps/2 as the upper limit because
that is the limit in the first term in (3.22): p3 < p1 = ps — ps.

The second term in (3.20), Iy sof:, reflects the infrared singularity and is obtained by setting ps = 0 in Eq. (3.19)
everywhere except in the 1/p3 denominator and subtracting the same expression with 23 also set equal to 2, except
in the denominator:

- Q
Il soft = Jl(e)/dyl/dz—zfﬂ Fl(yl)p.’»n]) y Y1 +ya J +¢) Fl(yl;pJ;QJaO .s) (324)
cosh(9) + cos(qS)

where J1(€) is the same integral encountered in Eq. (2.35):

Qld —2¢ 1 13
o= [ 2 () -4 (2)™

The final term in (3.20), I1 double, is obtained by setting both Q3 = €2, and p3 = 0 except in the denominator
factors:

Il,double = Il(f) J1(E) /dyl Fl(Ul;PJ; Q;;0, Qs)- (326)

Finally, I finite is simply the remainder defined by Eq. (3.20):

dp P —2¢
Imn.te—/d / 3(") /d"“na

[1—(ps/ps))?
cosh{[1 — (p3/ps)](ys — y1)} + cos(¢3 — ¢7)
x[F1(y1; ps, s p3, Q3)p(p3/ps, y3 — 1, ¢3 — ¢5) — F1(y1;07,Q5;p3, Q)]

0(1’3 < Ql) _ . '
+COS}(3/3 —y1) + cos(¢ps — 451)[ F1(y1;p5,97;0,0Q3)

+F1(y1;p1,ﬂJ;0,Q,)]>. (3.27)

We see that because of the subtractions, I finite has neither collinear nor infrared divergences.
We now introduce a notation in which I; g is written as an integral over y;:

Ls= /dy1 G (y1,p7,v1, ). (3.28)
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Here G~ is given by a three-dimensional integi-al over (ps, ¥, ¢). It is divided into pieces:
1
— — 2—3 2—3 2—3
C;'(l2 D= ngcol::) + Gg,soft) + Gg,dou%)le Gg ﬁnll:)e ’ (329)
as specified in this section. We analyze the pieces, other than the finite term, in the following sections.
F. The double singular contribution
From Eq. (3.26), we have for G’1 double the simple expression
GP23) o = Ti(e) Tu(€) Hi(wi;ps, Q550,20 fi(v1;p5, 2130, Q). (3.30)
When evaluated at the double singular point, the functions H; and f; [cf. Eqgs. (1.65) and (3.5)] are simply
C
Hy (392, 0530,0,) = (42 S L(X 4, Xp) 2L, | (331)
fi(y1;9,0550,9Q55€) = 2N d9(8,T,U5¢). : (3.32)
" We now assemble these ingredients and obtain
23 47 € S N 2 \¢
6l = COLCa, X052 (Fho ) Tata®(8,2,039 [ 5 () Taca)]. (339
where
I'(l—¢) 7r2 2 3
Ti(e) = T+ OT( = 26) 7€+ O(e%). (3.34)
Expanding the factor in square brackets gives
23 a 4mp? SN
Gflasthe = € L(xXa Xp)52 (TE ) i )d“)( 52,059
N QEs w2
x{€2+ ln(16Q2 +N 16Q -3 + O(e) (3.35)

G. The collinear contribution

From Egs. (3.22) and (3.4), we have the following expression for Gg?;l?):

- d —2€
ngcoﬁ) =Il(€)/';p:f' (%3) [ A =p3/ps)Hi(y1; 05,255 p3,Q2s) f1(¥1; 25,55 P3, D)
—H1(y1;07,925;0,Q,) f1(y1;07,25;0,2,)0(p3 < Q1)]. (3.36)

In the singular configuration at which the momenta are evaluated in the first term of Eq. (3.36), gluons 1 and 3 are
parallel and recoil against the observed jet. Let us change integration variables in Eq. (3.36) from p3 to z defined by

p3=(1-2)p;. (3.37)

Then p§ = [(1 — 2)/2]p%.
The function H; at the collinear point is given simply by

C(9)

Hi(y1;p5,97;p3,Q,) = (47 2)‘ L(XA,XB)G(z > l) (3.38)

where XA and Xp are determined from yi, ys, and ps according to Eq. (1.16), as in the 2 — 2 process. The restriction
that z > § comes from the factor 8(ps < p1). From the explicit form (3.23) of Z;(¢) we have

Ti(e) = —2—:r-(167r)‘€ Tx(e) [1 + O(e?)]. (3.39)

At the collinear point, the function f; has the simple form given by Eq. (1.65):
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o a 1l—z =
Fii390,955(1 = 2)ps, Qa5€) = dD(S, T, U €)— 2 Pog(2), (3.40)
where ]3” (2) is given by Eq. (1.62).
Combining these results, we obtain
(2—3) a, (4rp®\° HE& TP 1/Qs " 2
GPo) = —C(e)L(Xa,XB) = | —=3— ) Tk(e)d™(S,T,U;¢) |= > ) Zu(e)[1+0(D)]| , (3.41)
s 27 \ Qfs ‘ € \ 16p3
where Z; is the integral
1
Zy = / dz[0(z > )(1 — 2)"2Pyy(2) — 0(z > 1 = Q1/ps) (1 — z)~ 172 Pt (3.42)
0
and where we have denoted P;;’“ = 2N as in Eq. (2.55). The integration can easily be performed, yielding
11 1 Qi 17 uyen T Lo Q%) 2
= —— —=In{ = -3 L] — + =1 = . .
Z(¢) 2N{ T 2ln<p3)+c[ 2L — Ln(2) + 5 +3ln o) + O(€*) (3.43)

Expanding in powers of ¢ in Eq. (3.41), we obtain

2\ € A
G = €0 LXa Xa) 32 (GE) T d(S,T, 030
’ 27 Qis
111 1 (@} 1 1 %) Q%S>
x2N{€ [12+21n(p%>]+[12+21n(1)3 ln{ T6p2

2 2

+H 4 Hn() - T - 9—%) +0(e) - (3.49)
6 4 P

H. The soft contribution

In this section we wish to calculate G(f;f":), which is given by Egs. (3.24) and (3.4). This task is very easy. We

invite the reader to check that G(l?s:f::) is the same as G(Z?s:f::)’ Eq. (2.68), with the substitutions y; < ys, T — U, and

Q2 — Q1. Furthermore, Gg?s:;z) is symmetric under the interchange y; < ys, T < U. Thus

G(2—>3) — (G(2—;3)

1,s0ft 3 s0ft JQ2—Q1 - (3.45)

IV. TERM A

A. Kinematics

In this section we are concerned with the term in the invariant matrix element with a 1/p3 - p4 singularity. We are
thus interested in the integration region in which gluon 3 may become collinear with hadron A, or in which gluon 3
may become soft. For this purpose, we define integration variables W, ¢ for gluon 3 as follows:

ps = (EV/s/2,EW?[V25,EW) . (4.1)
Note that W is a vector in 2 — 2¢ dimensions. Its magnitude gives the rapidity of gluon 3:
Jvs _ _EVS/2 s (4.2)
EW?//2s W2
Let us investigate the appearance of the singularities corresponding to p4 being parallel to p, and to p§ being soft.
The collinear singularity corresponds to W — 0 at fixed €. Using p}y = (z41/5/2,0,0) we find that
P3-pa = zAEW? . (4.3)

The soft singularity corresponds to & — 0 at fixed W, that is, just scaling p4. It arises from factors such as ps-(pa+pB)
in the matrix element (after rewriting by partial fractions). Using p/; as above and pz = (0,zp+/5/2,0), one finds,
for instance,
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p3-(pa+pB) = %(zas+mAW2)- (4.9)
We shall therefore extract a factor
1
e2we (4.5)
from the matrix element to account for the collinear and soft singularities.
Let us now look at the needed integrations. We can adapt Eq. (2.11), using
dya pé—Zc dp3 d1—25¢3 — dy3 d2—2c p3 = _§d2 26 = 61—2ed€ dZ—ZcW . (46)
This gives
doa = dy; dys dpy d' "¢y £'7%dE d*7*W z4fa(za) zBfB(2B)
—2¢
D2 P2 2
O(ps < f(ps < 0 - < - . 4.7
coae () (MP)A0Ws < 1) 0(pa < x) 0042 = b1 <161 = 6 (47)
Let us define a function F4 to be the integrand with the singularities factored out:
F (y y P2, y2)¢27€ W) D2 P2 —2e
2 LA 1 2
Iz 2W? = zafa(za) 273131’13(1:15)8(27r)5§2 @n)Ta (IM[*)a
x0(p3s < p1) 0(ps < p2) 0(|¢2 — d5| < |$1 — ds)- (4.8)
Using (1.54), we can express F4 in terms of f4. One finds [cf. Eq. (2.13)]
Fa(y1;p2,Y2,62:6, W) = Hafa , (4.9)
where
b2 o 2\e C(f) 5 Qs
Hp(y1;02,92,62;6, W) = oy (47*) L(za,zB) © o 2. (4.10)

We shall want to express the variables of the problem in terms of the chosen integration variables

Y1,P2,Y2,92,§, W, ¢3 . (4.11)
The required relations are similar to those in Sec. ITA:

s 1
p3=EW, e¥° = % , P1 = [p% + P2 + 2paps cos(p2 — ¢3)]2, za = 7—;(1)16"“ + p2e¥? + pae¥?),

1
zp = ﬁ(l’le_’“ + p2e”¥? + p3eY), pap = x4 2B 5/2, Pa1=2TaV5 p1 €Y /2, paz=za\/5 p2 e V22,
Pas=2zaVsp3 e ¥/2, pp1=zpVsp1et? /2, ppy=zpVspret¥?/2, pps==zpVspzet?/2, (4.12)
P12 = p1p2 cosh(yy — y2) + p3 + paps cos(é2 — ¢3) , P13 = p1p3cosh(y1 — ys) + p3 + paps cos(d2 — ¢3) ,
P23 = pa2ps cosh(yz — y3) — paps cos(d2 — ¢3) .

It is useful for computational purposes to rewrite the dot products involving p4 in a form that makes it explicit
that they contain a factor £ as & — 0. One finds

PA3=§(xA;V2) ) PB3=§(£;;€),

pi13 = 5( —y1p1\/_+ nP 2\/‘; +€W2+p2WCOS(¢2—¢3)) , (4.13)

P23 = 5( -y,pzx/_ +evak 2\/— —PzWCOS(¢2~¢3))

B. Jet definition and extraction of the singular contribution

With the notation established in (4.8), we can write the cross section in the form
d{ d2—2eW

doa = dy; dpy dys d' "%, T e

£ Fa(y1; 2,92, 62;§, W) . (4.14)
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As we argued in Sec. I C, there are three possibilities for which gluons constitute the jet: gluon 2, gluon 3, or gluons

2 and 3. Following Eq. (2.23), we find the following contribution to the jet cross section corresponding to these three
possibilities:

doa 1—2 / dé 5, [d*2W
= d d d d € — —_— F ; , , ; ,W
dyy dpy di-2¢4; / 7 / P2 / Y2 / b2 e M W3 3 'a(y1; P2, Y2, $2; €, W)

! +
8(p2 +ps —pJ) 62—26(1)_](?292 + pafls) — 91) 0(|ﬂz - Q3| < _p2p2p3 R)

X

+6(pz — ps) 622(Q3 — 0) €<Iﬂz — Qs > %ER)

+6(ps — p1) 6272(Q3 — 0) o(mz — Q] > Q%R)] . (4.15)
2

In the first and second terms here, we use the delta functions to perform the integration over the momentum of gluon
2. In the case of the first term, this gives

o _ __pJ __&w _ __pJ v
p2=ps —EW, $2= ey ¢ pJ—£W¢3’ V=g W pJ_{WID\/S/Wz, (4.16)

and a Jacobian equal to [py/(ps — EW)]?~2¢. In the third term, we use the delta functions to perform the integrations
over £ and W so that

£=eylp1/\/‘;v er—yJ\/g’ ¢3=¢J (417)
with a Jacobian equal to (ps/€)1~2¢. Thus Eq. (4.15) becomes

do d d2-2W 2-2e
A1—2£ = /dy1 /_5 p* 2 £ ( B )
dyy dpy d'=2¢¢, 3 w ps—EW

o ey PIYI —EWIn/s/W?2 psés —EWes
XFA (yl;p] fVV, pJ‘éW ) p_r—{W 7£)W)

x0[(ys —In\/s/W?2)? + (¢5 — ¢3)* < R?)
2—-2¢
+/dy1 /%6- e d—ng—V § % Fa(y1;05,97,65;6, W)

2
xH[(yJ —In\/5/W2)? + (¢5 — ¢3)* > (’—”—:TWK) R2]
1—2¢ i (ﬁ_)ze
+/dy1 /dpz /dyz /d ¢sz Py

X Fa(y1;p2, Y2, 02;€¥ ps/\/5,e7¥7\/s cosdy, e ¥7\/s sin¢y)
xa(mz -Qy> %R) . (4.18)
2

The only term with a collinear singularity here is the second. In this term, let us first eliminate the theta function
by adding and subtracting a piece with the opposite theta function. In this way, we divide the cross section into a
singular piece with no theta function plus a nonsingular piece:

dO'A
dyy dpy d—Zg, Ipgns + 14, (4.19)

where

de¢ 2/d2‘2‘W s Py 2=2e
I — o € €
ans= [ an [ e ) TwE S gmew

o piys —EWlin/s/W? pyd; —EWds3
>(IFA (ylypl gW) pr — £W ’ ps — EW ,£,W)

x0[(ys — In\/s/W?2)? + (¢5 — ¢3)* < R?)
d 422w
—/dm/-g- u* - €72 Fa(y1;p5,95,97;6, W)
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2
xﬁ[(yJ —Iny/s/W2)? 4 (65 — ¢3)% < (!’_f_:ﬂ) Rz}
J
1-2¢ 1 H 2
+ [dyy [dp2 [dys | d ¢ — [ —
ps \ps
X Fa(Y1;P2,92, 62;€¥7ps /5,6 7Y /5 cospy,e 7[5 sinds)
+
x0(|ﬂz — Q> Pz_pz&R) : (4.20)

Notice that there is no collinear (W — 0) singularity in I4 ns because the theta functions now do not allow it. Also,
there is no soft (6 — 0) singularity because the first and second terms cancel when § — 0.
The remaining term is

d d2—25W
Ins = /dm /-ﬁﬁ n*e —7r E 2 Fa(y1;p,95, 056, W) . (4.21)

C. Decomposition of the singular contribution

Now we separate our integral I4 s into pieces. The piece containing the collinear singularity is defined to be

Lncon =Za(e) [ dur [ % €2[Fa(vr; ps,v,65:6,0) = 0(€ < Ea) Falyi;ps,v5,4550,0)], (4.22)
£
where
1—¢ 2 —€
IA(G) = pZG/ 22w 0(W2 < Qi) % = —:—I_?ET';)' (%;—) . (4.23)

We have inserted a theta function §(W?2 < Q%) to provide an upper cutoff on the W integration. The final result will
not depend on the arbitrary parameter @%. A sensible choice might be Q% = s, which corresponds to y3 = 0. Note
also that there is a subtraction at £ = 0 to remove the soft singularity from Icon. In this term, we have also inserted
a factor 6(¢ < E4) to provide an upper cutoff on the £ integration. For instance, one might use £4 =1— 4p3% /s. The
final result will not depend on Z4.

We define the soft-gluon subtraction I4 soft as

2—2¢€
T4 0t = JA(E)/dyl n* —pz Faliips,v5,6550, W) — O(W? < Q%) Fa(yi;p5,95,95;0,0)],  (4.24)
where
Sa df —2¢ 1 -2
= —= =—=— E7°°. 4.25
am@= [ Fer=-g = (4.29)
The final subtraction is for gluon 3 being both collinear to the beam and soft. It yields
I4,double = Za(€)Ta(e) /dyl Fa(y1;p5,97,94;0,0) . (4.26)
We have now treated the singular terms and can turn our attention to the finite remainder. We define I4 finite by
IA,S = IA,coll + IA,soft + IA,double + IA,ﬁnite- (4-27)‘
Then

d d2-2¢W
14 finite = / dy1 / ?ﬁ T we £%
X[Fa(y1;05,97,85;6, W) = 0(W? < Q%) Fa(y1;p5,94,65;€,0)

—0(€ < ZA)Fa(y1;07,95,93;0, W) +0(W? < Q%) 0(€ < Ea) Fa(y1;p7,y5,$5;0,0)].
(4.28)

One easily checks that the subtractions remove the singularities, so that I4 finite is indeed finite.
We now introduce a notation in which I4 s is written as an integral over y;:
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I8

IA,S = /dyl quz—)s)(yl)p-’:y]y ¢J) . (429)

Here GG~ is given by a three-dimensional integral over (ps, &, W, ¢3). It is divided into pieces
A
2—3 2—3 2—3 2—3 2—3
GS& ) = GSA,coll) + GE&,sot‘t) + Gﬁi,dou)ble + GfA,ﬁni)te ’ (430)

as specified in this section. We analyze the pieces, other than the finite term, in the following sections.
D. The double singular contribution

From Eqs. (4.26) and (4.9), we have for G‘(f;o?ble the simple expression

Gf;*o?ble =Za(e) Jale) Ha(y1;05,Y5,45;0,0) fa(y1;05,91,45;0,0) . (4.31)
When evaluated at the double singular point, functions H4 and f4 [cf. Eq. (1.61)] are simply
C s
Ha(y1;p1,97,94;0,0) = (4W2)€”§'("€')'L(XA,XB) o2 9, (4.32)
g 27
Fa(y1;p5,93,6530,0;¢) = 2N d®(S,T,U;e). (4.33)
We now assemble these ingredients and obtain
2 a, [4rp?\°© o N 2 \¢
Gt =0 Lt X052 (G ) tat9 d96,7,050 [ 5 (2 o) | (430
2m \ QEs € \E3Q4
where
I'(1-2
Ta(e) = A-2) _14 o) . (4.35)

T(1 + e)L(1 — €)?

Expanding the factor in square brackets gives

(2—3)  _ a, (4mp®\° @a g |lN N Qks 1 o Qs
G4 qouble = C(€) L(XA,XB)27r (Q?as ) T'k(e) d'(S,T,U;¢) = + - In =2 Q% + N2ln =02 + O(e)| -
(4.36)

E. The collinear contribution

In this section, we examine the term Gf’;?l)(yl,p_y, y1,97) given by Egs. (4.22), (4.9), and (4.30):

. d.
fo,co?l) = IA(G)/?Ef—ze[HA(yUPJ,yJ,%;E,O)fA(yxspJ,yJ,¢J;€,0)
—Ha(y1;07,97,67;0,0)fa(y1;p5,97,45;0,0)0(€ < Z4)] . (4.37)

The functions appearing here are evaluated in the collinear configuration in which gluon 2 constitutes the jet and
gluon 3 is exactly collinear to incoming gluon A, carrying a fraction £ of the incoming proton momentum.
It will be helpful to recall some notation from Sec. I B. We defined momentum fractions X 4, X5 by

Xa= % (e +¢¥?), Xp= % (e7¥' +e7¥Y). (4.38)

If only gluons 1 and 2 were present, X4 and Xp would be the momentum fractions of the incoming gluons. In the
collinear configuration at issue here, gluon 3 also takes up some + component of momentum, so that the momentum
fractions of the incoming gluons are

za=Xa+€& zp=Xp. (4.39)

We also introduced variables §,7", U formed from the momenta of gluons 1 and 2 in such a way that, in the absence
of gluon 3, these would be the Mandelstam variables of the elementary gluon scattering. Thus [cf. Eq. (1.18)],
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5=2pj[1+cosh(ys —w1)], T=—-pj(1+e""%), U=—pj(1+e"¥). (4.40)

Finally, let us supplement this notation by letting z denote the fraction of the momentum of gluon A that is left for
the hard interaction after the collinear gluon 3 is emitted:

7 Sl 4 (4.41)
TA
SO
r4= % . (4.42)

We can now return to an examination of Eq. (4.37). In the collinear configuration at hand, the function Hy,
Eq. (4.10), becomes

C @
- Ha(y1;02, 92, 62; €, W) = (47%)° (c) (— XB) 2—; 2. (4.43)
The function f4 has the simple form given by Eq. (1.61):
SN 1—2 =~
fA(yl,PJ,yJ,¢J,§,0 6) d(4)( T,U;f) P = Pyy(z), (444)

where P,4(z) is given in Eq. (1. 62)
We shall want to rewrite G'E‘ ol using z instead of £ as the integration variable. The relation between the two is

Xa Xa
_Xa _ , 4.45
fTTa T Xa+E (4.45)
so
1-2
£ = X4 (4.46)
z
The Jacobian is
€ ___dz (4.47)
£ z(1-2)
Using all of this information, we can write fo;;?l) as
GEoN =14 (e)(47r2)fc(‘) =2 A8, 1,05 ¢)
1 4z 1—z_ \7* Xa soft
XA m (—Z_XA) [ (—Z—-,XB> - H(Z > Zmin)ng L(XA,XB)] . (448)
Here we have defined
Xa
in = T 4.49
Zm Xa+Ea ( )
and we have used Eq. (2.55),
(1—2) Pyg(z) > PSS"=2N as z—1. (4.50)
Inserting the value of Z4(¢€) from (4.23) gives
2—3 1 4
U =~ R CO5 43,7, 030
Xa(1 — —2e Psoft
x /dz (—Q—A—iu(z——fl> { Poy(2) o L(XA X ) —0(z > Zmin) (1——) L(Xa,Xg) (4.51)

Then expanding in powers of ¢ gives
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1&

G(z—.a)_ 1 (47f)

A,coll — € r(l ) C( ) d(4)(s T U 6)

/dz [ gg(z) ( XB) — 0(z > Zmin) —(}1);3—&)- L(XA;XB)]

: +C’(0)% d®(8,T,0;0) / dz 1n(%(1—‘z-)>

pz
soft

x [ng(z) Z%L(X" XB) —0(2 > Zmin) —gﬂ—) L(X4,XB) | +O(e) -

(4.52)
Now we have to add the counterterm that removes the collinear divergence, using the MS definition of parton

distribution functions.!'®> A general discussion of the calculational prescription can be found in Ref. 16. To use this
prescription, we note from Eqgs. (1.24) and (1.25) that the Born cross section is

doBorn
dpydyydi=2¢¢;
We write this as

= C(e) / dyy L(Xa,Xp) d9(3,T,U;e) . (4.53)

dog
m /d.’lfA d.l‘B fA(:cA) fB(:cB)C'(e)/dyl 6(23A - XA) 6(1‘3 et XB) d(4)( 6) . (4.54)
Thus we can identify the hard—scatterlng cross section as

d&Born 4)

e = C() / A5 824 = Xa) 8(zn = Xp) dV(3,T,056) (4.55)

The MS counterterm to be added to I A,coll 1s thus
1 (4‘7(‘)e d&Born
Iper = - T(1-o¢ - /dCL‘A dzp fa(za) fB(“f‘B)/ dz Pgy(2) (ddede1'2‘¢J oasrma

i 1‘87?:) o /d“ dep fa(za) fB(zB)

/ ds Pog(2) O [ dnng

= irgw_) 9 ;’ C(e)/0 dz Pyy(2) /dylz’z' L (%,XB) d(S,T,U;e) . (4.56)

6(Z$A —XA) 6(.1,')3 —-XB) d(4)(5 T U 6)

Removmg the integral over y; gives the counterterm for G(Azz:lil)

Now we want to break this up, explicitly displaying the z — 1 regulation of P,4(2):
(2—3) _ l (47") os (4) (& F 7.
GA cT — € I‘(l 6) 2 C(C)d (S,T, U)G)
1

x { /0 "4z Py (2) [ﬁ L (fzﬁ‘-,xg) — 0> zmin)L(XA,XB)] + L(Xa,X5) [ dz ng(z)} .57

We need the integral
1
dz Pyy(z) _/ d [2 <1 z zz +2(1— z)> + 180 6(1 —z)]
Zmin Zmin

1 soft Psoft

= d i

'/zmin ‘ ( y(Z) Z)) Zmin Z(l - Z)+ ﬂo

1 soft " — Zmin

= /mm dz _qg(z) z) + Pso * In p— ) + ‘%ﬁo

soft ’

= / dz | Pyy(z) - ) + P;o In ) 160 . (4.58)

Zmin Z) A

Thus we find that the counterterm is
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I8

e = +l__rg‘11") ) CO3 d<4>(5*,T,0;e)/dz {F’gg(z) [ziz <X" XB) — 0(z > Zmin) I(XA’XB)]

z)
C(e)5= d9(8,T,05¢) L(X4, Xs) [P;;ft In (%) + %ﬂo] : (4.59)

+0(z > zmin) L(Xa,XB) ( Pyy(2) - (PSOft )}

1 (4m)°
teTa=o

Noting that two of the terms cancel, we write this as

soft
R =+t 0 4060000 [ ) 505 00) > ) G )
+irg‘1"‘) 5052 ¢S, 1,039) I(XA,XB)[P““I (; ) 2/30] : (4.60)

We thus obtain for Gf:;?l) + fo_é.%) the result

- Ly 1 (4 =
o e o S ) AT )52 dO(3, T, U3¢) L(Xa, Xp) [p;;ft n (_A) +1 ﬂo]

eT(1—¢) Xa
+C(0)22 d(S,T,0;0) / dzln (—————Q"X“(l = "‘))
X4 . prott
[ gg(z) (— XB) — 0(z > Zmin) (1—) L(Xa,XB) ] + O(e) . (4.61)
We can modify the 1/¢ term to make it match the form of our other 1/¢ terms by multiplying it by
000 (8) =B (£ -1 () o

This produces an extra finite term to compensate for the change, giving

. . 4 ¢ 1 & AT SO
GLal +C%er = C(IL(Xa, Xp) 5= ( 52“ ) k()7 d(S,T,Use) [P ®In ( XA) 2,30]
— Qs (4) soft él_ 1
C(0)~ 2ln(QEs> dN(8,T,U;€) L(Xa,XB) [ng In (XA) + zﬂo]

+C(0)37ri dD($,T,U;0) / dz In (Q—"‘)%‘L(Tl”—z))

sof t

M(z) (XA XB> —9(2’ > me) —(-1——-—)' L(XA,XB)} + O(E) . (463)

The first term is saved for cancellation against other divergent pieces, while the remaining two terms give finite results
that can be computed numerically.

If one wishes to distinguish between the renormalization scale pyy and the factorization scale pcoy, then the p
appearing in Eq. (4.63) is pcon-

F. The soft contribution
(2-—»3)

In this section we wish to calculate Gy (s’, which is given by Egs. (4.24) and (4.9). Making use of the fact that
the function Hy4 as given in Eq. (4.10) is simple in the soft limit, we have

— C
G = () S0, Xp) 22 274(0)
d2 2eW 2 2 /
iz UFaiips,95,6550, W) = 0(W* < Q%) falyi;ps,9s,6550,0)] . (4.64)
According to Egs. (1.53) and (1.54), the function f4 has the structure
fa = fan + far | Jas (4.65)

dap  dar  daz’
where the f,,,, are defined in Eq. (1.50) and



ONE-JET INCLUSIVE CROSS SECTION AT ORDER a. ... 2217

I&

dam = %(PA “P3 + P - P3) - (4.66)

In (4.66), we use (4.13) to evaluate the dot products and divide by &, then take the limit & — 0 with constant (W, ¢3).
This gives

dap = p3Ds(W,y1,y5) , dar =p5D3s(W,¢3— ¢s+m,y1,y5), daz=p3Ds(W,¢3— ¢71,y7,41), (4.67)

where

— (oY1 yJ W2 Y1 1.y5 1.~ w
D3(W,¢,y1,y5) = (e¥* + %) —S-—(e +3e¥7) + 1e -7 cosé ) ,

(4.68)
W2
Ds(W,y1,y1) = %(2 4 Y1V 4 VY1) (__;_eyﬁw + 1) .
The functions f,,m with p§ = 0 are given by Eq. (1.67):
fap =4VN3(1 - )28 fs(S,T,0),
far = 4VN3(1 —©)2(-T) fs(T,0,9), (4.69)

faz =4VN3(1 - )*(=0) £s(U,3,T) .

Finally, we make use of Eq. (4.25) for J4(¢) and show explicitly the factor V_j, given in Eq. (2.33), that appears in
the relation

-2¢
pXEdPT2EW = Vo, (V—Z) W dW dg[sin(8)] =% . (4.70)

Assembling this, we obtain

~ 4mp?\° Qs \*__(1-¢® 4VN3
oz = = cmora s () o0 (s ) rrori=s 5
18 5.2.0) Vlon 1 @0) ~ T 0,0, Volon,9,Qa) 0 (0, .7) s, @] . (471

Here Tk (¢€) is given in Eq. (1.29), and we note that the factor 1/[I'(1 + €)T'(1 — €)] equals 1 4+ O(€?). The functions
Va(y1,ys,Q4) and Va(y1,ys,Qa) are the integrals of 1/D3 and 1/D4. These integrals are defined more precisely
and are evaluated in Appendlx B. We use the results of Appendix B together with Eq. (1.18) relating (ps, ys,y1) to
($,7,U) and the relations p% = TU /S and s = S/(X 4Xg), which follow from Eqs. (1.16) and (1.18), to express the
integrals V in the form

S S XaXBQ2
—5 Va(y1,97,Q4) = ln( ) - ln(——A—-—B&‘F)— Y1 — Ys + €Pan(y1,v5,Qa, 4, 5) + O(?) ,

WP Q%} Q%s
T T XaXBQ3
p 7 Va(y1,45,Q4) =In (Qz ) —In (—-AF@Q-Q—’-‘) — Y1 — Y7 + €Psn(y1,97,Qa, 1, 8) + O(e?) (4.72)
Es
U -U XAXpQ4
—— Va(ys,91,Q4) =In| —5— ] —In ('ATBQA) —v1 — Y5+ €Psn(ys,v1,Qa, 1, 5) + O(€2) .
TPy ES QES

The functions Psn(ys,¥1,Q,s) and Pan(v1,ys, Q, 1, s) are rather complicated, and are given in Eq. (B8) of Appendix

B.
Using these results we obtain, for fo:;?t) ,
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(2—3) _ dmp? QES 3
GA,soft - C(E) L(XA)XB) Qz FK(G) 2'—'2 4VN
A oA n oA oA XaXBQA
x{—(l — O (3, T,0) + fs(T,0,5) + fs(0,5,T) ] [ (_Aé_z.B&) m +w]
ES
+fS(S,T,U) (1_26) In (Q_g) €P4N(y1a Yys, QA:/"S)
ES
+fS(TaU3S) (1"'26) In (Q_) +€P3N(y1)y-’ QA’”)S)
A U ]
+fS(U:S$T) (1 —26) In ( ) +€P3N(y1)y1’QA)l‘:s) } +0(€) (473)
&s ]

We use the identity (1.33),
4V N?(1 — €)%[fs(3,%,4) + fs(E, 0, 8) + fs(@,5,0)] = dD (5,1, 0;¢), (4.74)
and expand in powers of ¢ to obtain the final result:

Gl == C(e) L(XA,XB) (45—2") T'x(e)

A 2
X (—iv'd(é)(S, T,Us¢) [ln (%) +y + yJ]
ES

[fscs“',:ﬁ, 0) In (i) + 55(1,0,8) In (-@1) + £5(0,8,1) In
S ES

P4N(y17 yJ:QA,”) )

(@

) }
~_T> + Pan(y1,95, Qa, i, )}
}

+4V N3 fs(T,0 { In ( 4Q12‘>§ ) — 9l

~ ~ A~ 2 Ji
+4V N3 f5(U,S8,T) ln( o= ) -2 U + Pan(ys,91,Qa, 4, 8)
—NdD(E,7,0;50) In (-2 [in XAXfQA +u | +0@). (4.75)
4112 Qs

The reader may have noticed by comparing this result with the starting expression (4.64) that the quantity in the
large bold parentheses in (4.75) should be independent of the scale parameter x. Using the results of Appendix B for
P35 and P4y, one finds after a bit of algebra that this is indeed so.

V. CANCELLATION OF DIVERGENCES

Let us check the cancellation of 1/¢ and 1/¢? terms. We denote

Y (e) = O(€)L(Xa, Xp)or (‘g—;‘) Tx(e). .1)

We collect the terms that are divergent as ¢ — 0. The first is from Eq. (1.25) and (1.31):

€2 3e

16VN3[ ( )fs(STU)+ln<Q2 ) fs(T,U,5)

+1n (Q_%S) fs(U,S,T):, } (5.2)

[GP=D(yy, ps,ys,6)]divergent = Y(€){ d*(8,T,U;¢) (*ﬂ - 22N)
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The next contribution is from Egs. (2.45), (2.57) and (2.68):

(2-—»3) 2——»3) (2—03) .
[ 2,double +G(2 ,coll 2 soft ]dlvergent

v (s o+ - () 4 +(9) -~ (B))

4V N3 U A S
- [fs(U $,T) In (QE ) + fs(T,U,8) In <Q2 ) + (S, T,U) n (5}2;)]) (5.3)

The next contribution is from Egs. (3.35), (3.44), and (3.45):

—3 2— 2—
[ngdou%)le GS col?) + G(l ’sof::)]divergent
— (4) . 22t E - — YES
_Y(e)»(d (S,T,U,e){62+ p []n(16Q2)+ +In ( 3) In (16p3

—4VN3 [fs(U 3,7) ln( 0) + f5(F,7,8) ln( ) + £6(5,7,0) In (—f-)]) (5.4)
QE QES

The next contribution is from Egs. (4.36), (4.63), and (4.75):

2—3 2—3 2—3 2—*3
{G,(A,dou)ble +G Et,cou) + GE4 C’I‘) + GE« soft]dwergent

=Y(¢) (d(4)(STUe){ +——[1 (ijSA)Hl (XA)+—1(—}+1 (&‘Qﬁ%—‘f)—i>+m+w]}

4VN3 [fs(S T,0) In (Q2 )+fs(T U,5) In <Q2 ) + £5(U,8,T) In (Qf)]) (5.5)

The final contribution comes from term B and is the same as the term A contribution except for the substitutions
A B: THU; Y1 — —4, and Yyr — —ys:

2—3 2—3 2—3 2—3)
[G%,dou)ble ‘*‘GSB,cou) + Ggs CT) + GE; soft ]dwersent

= (062,050 {5+ 2 [ () +om (32) + Lo (X02290) -y, ]}
- S

4VN3 S T
[fs(s U) In (QE ) +fs(U s, T)ln (Q2 ) +fs(T U S) In (QES)])

(5.6)

The reader can now easily check that the sum of the divergent contributions is exactly zero.

VI. CONCLUSIONS

We have seen that the divergent contributions cancel. It remains to add up the finite contributions, now taking
€ = 0. We have

do / .
——— = d G(’) , , , i 61
T 5,03, Z 1 GO(u1,p5, s, 67) 6

Since we know that the divergent terms in the G(*) cancel, they can simply be dropped. Formulas for the various
contributions G(*) are given in the equations

G(2—2) (1.25)

GIRY (2.29) GYas).  (2.37)

Y (257)  GELD (268) G (245)
G (3.12) GULY (3.27)

Geoy (344) GE2Y  (3.45) GPR. (3.35)
G‘2"3) (4.20) G(j;’,ﬁze (4.28)

G(::,?HG%%) (4.63) GUTY  (a75) GUT.. (436)

G(z"'a) for GG7% with A & B,T = U,y1 — —y1,y5 — —ys
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These formulas give the [ dyy G| less the divergent
pieces, as integrals over one, two, or four variables. These
integrations are all finite, so they can be done numeri-
cally. Thus the numerical results are produced by a FOR-
TRAN computer program.

We have checked the calculation and the computer cod-
ing for the numerical integrations by checking that the
computed result is independent of the variables Qgs, @1,
Q2, Qa, @B, Z4, and Eg. We have also checked the cod-
ing by writing two independent programs and verifying
that they produce the same results.
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APPENDIX A: DEFINITION
OF THE JET AXIS IN N DIMENSIONS

In Sec. I1 C we defined the azimuthal components ¢; of
the jet axis and transformed integration variables to ¢;
and ¢ using a vector notation that is really only suitable
if the number of transverse dimensions, n = 2 — 2¢, is
2. In the case of arbitrary n, the angular variables lie
on (n — 1)-dimensional spheres, which have an intrinsic
curvature and thus require further definition. Here we
give the required generalization to arbitrary n.

We begin with the azimuthal angles of two gluons,
which we denote here by a and b. These variables ¢,, ¢s
represent points on a sphere S(n — 1) having n — 1
dimensions. Let © denote the (one-dimensional) an-

% ¢p

(1-x)© \/

Definition of the jet axis and related angles.

FIG. 3.
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gle between ¢, and ¢, and let z = py/(pa + ps), so
1 —z = pa/(pa + Pb), as illustrated in Fig. 3.

We then define the azimuthal angles of the jet axis,
¢7 € S(n — 1), to lie in the plane defined by ¢4 and ¢
a fraction z of the way (as measured in arc length) from
¢4 to ¢p. We define another point ¢p € S(n — 1) to also
lie in this plane, an angle © from the jet axis. (Thus ¢p
is essentially ¢, but measured from the jet axis instead
of the north pole of the original sphere.)

Evidently, there is a one-to-one transformation be-
tween the variables ¢,, ¢, and the variables ¢, ¢p. Thus
we can write

/d"‘ldza d" ¢y f(da,ds)
= / Y45 dY6p p(bard) F(bards), (AD)

where d"~1¢ stands for the usual rotationally invariant
integration measure on a sphere. We would like to know
the Jacobian p(dq,#s). This is easy because we can
write

/ e "'y F(dar bb)

2% 27
- / o, [ do, sin(©)"? / PP f(da, bb).
0 0
(A2)

Here 0,4, 0, are the one-dimensional angles of ¢, and ¢
in the plane determined by ¢, and ¢;. The angles 6,,6;
are measured from an arbitrary fixed meridian. The re-
maining integration, [d?"~%P, denotes integration over
this plane. [The factor sin(©)"~2 will drop out of our
final result.] We can also write

/ g5 &6 (b

2 27
= / do; dfp sin(©)"~2 / d>*~*dP f(¢a,ds)-
0 0
(A3)

Finally, it is easy to check from the explicit transforma-
tion that

27 27
/ db, dby ---
0 0

Comparing Egs. (A.2)-(A.4), we see that the Jacobian
in Eq. (A.1) is

P(¢a: ¢b) = 1.

2T 2T
:/ doy dfp ---.
0 0

(A4)

(A5)
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APPENDIX B: THE SOFT INTEGRALS

Only four soft integrals have to be calculated:

Vit —n) = [ a6 ey | [ +: i) e (B~ o))

Va(yr —ys) = /:d¢ (sing) ¢ [/i: msh(y)df cos(¢) (Dz(y,yll —y1) Ds(0, yll - yJ)):i ’

(B1)
" ©aw (W 1 (W < Q) )
- d 2e hedA RAS _

Vw00, Q) = [ ds o [/ 7 (0 (e Bosn) |

" e AW (W 1 (W< Q) )
\% - d 2¢ sw i _

95,9) /o ¢ (eind) [/o w ( p ) (D4(W, vi,95)  Da(Oy1,u5) /|’
where
Di(y,¢,y1 —ys) = 5(2+ €77 )e™¥ + Je¥ —cosd, Da(y,y1 —ys) = 3(1+e¥77¥2)(e¥ + ¥ 7¥77Y),
2

Da(W,¢,y1, yJ) — (eyx + ey:) (_W;_(eyx + %e“) + %e~y1 - % cos ¢) (B2)

2
Dy(W,y1,y5) = %(2 + V1Y gV (_V_g__eyﬁyj + 1) )

These integrals are finite as € — 0, but since they multiply a factor 1/¢ we must evalute them to first order in e.
First we carry out the integrals over y and W. These are the integrals which are enclosed in the square brackets in
Eq. (B1). We denote them as V; . We obtain

e (%ln(“az)_l_—_gos_qﬁ

_ 4a? 1
T (14 a?)?2 1+ a* + 242 cos(2¢)

x [_(,r — ¢)tan <%) [(1 = a?)? — 4a%cos(¢4)] + (a* — 1)In(a) — a(1 + a2)7rc08(¢)] ,

AR (m— ) — °f""“(w—a)),

sin¢g sina

Va(é, 31 — )

(B3)
‘7 _ 2(12 2 COSﬁ 1 2 1_2_ 1 2 Q >]
5(601,0,Q) = Tz (1) | 2L~ ) = In(:1 @)+ (1= 9P = T +10*(:@)) |
~ 2&2 2 7r2 2
Va(y1,95,Q) = m(fczu) ¢ [— In(k2Q) + € (—--ﬁ +In (MQ))] )
where a2, a, B, k1, k2 are defined as
a? =e¥ 7Y cosa=(2+ eyl"’”)"l/2 cos ¢, cos B=(2+ ey’"!“)’l/2 cos ¢,
(B4)

kI= (24 eV V1) W1 /s, Kk} =¥tV /s,

In the € = 0 limit, the integration over ¢ can also be performed analytically. Consequently, analytic expressions can
be obtained for the leading contributions as ¢ — 0. In the case of the next to leading part, two one-dimensional
integrations over ¢ must be performed numerically.

It is convenient to give the results in the form

27
Vilvya —ws) = m[ﬂs(yl —y5) + €Pin (31 — y5)] + O(%),
— — il —_ —_— 2
Va(yr —ys) = 1 v — [Pes(y1 — ys) + €Pan(y1 — ya)] + O(€),
B5
V3(y1)yJaQ): He—Z‘,_M[P3S(y1,yJ,Q,3)+€P3N(y1,yJ,Q,ﬂ,3)]+0(62)1 ( )
™

V4(y1) Yys, Q) = 2 — yJ)] [P4s(y1,yl, Q) 5) + 6P4N(y1: yJ,Q,H; S)] + 0(62)'

[1 + cosh(y:
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We find that the leading contributions have the simple expressions
14 ev2—vys 1 + cosh -
Pis(y1—ys)=1In (T) , Pas(y1—ys)=1In ( éyl yz)) ,
(B6)
= Yi—ys Q2 — Q
P3S(yl;y];st)_~ln(1+e )—'yl_y-’_ln T ) P4S(y1,nyQ,5)——y1—yJ—ln T .
We also find that the nonleading contributions Pin(y1 — ys) and Pyn(y1 — ys) are given by
2 T
—y)= -% vi-ys i/ in ¢) <% (7 —
Pin(yr —ys) 3 +2In2 In(2+e )+ A d¢ In(sin ¢) P, (7 — ),
(B7)
2
Pon(yi—ys)= —-7%-— + 2 In2In{2[1 + cosh(y1 — ys)]} — 2In(1 + ¥*7¥7) In(1 + e¥77Y1),
where cos « is defined as in Eq. (B4). The integral that remains can be evaluated numerically.
For the nonleading integrals Pan(y1,y7s, @, 1, s) and Pan(y1,ys, @, i, s) we obtain
22 1 Qz QZ
P = ——_— - =N Y1 v = _eY1 Y1 Yy
3N (y1,Y7, @, 1, 5) 3 +3 In ( P (2% +e )) In (1636 (2¢¥* + e ))
2 2
—In (_s_eyx(Qeyx + ey;)) In (Teyl(eyx + eyj))
2 [ . cosf 2
+ﬂ_ /0 d¢ (—-2 In(sin ¢) sinﬂ(w —B)+ (7= pB) ) ,
(B8)

2
™
P4N(y1ayJ3Q)/1,S) = _? — "2"111

where cos 3 is defined as in Eq. (B4).

1

16pt
sQ?

(Q__zeyri-yJ) In ( eyl-H/J) ,
S
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