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Vacuum polarization in gravitational and electromagnetic fields around a superconducting string
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We have calculated the polarization current induced in the physical vacuum around a supercon-
ducting cosmic string taking into account the gravitational field of the string. The current can be
calculated as an expansion in powers of the inverse of the electron mass. In the region far from the
string, where it is justified to keep only the lowest term of this expansion, the polarization current
turns out to screen the original current in the string, but the effect is very weak. A direct calcula-
tion of terms due to the presence of the gravitational field shows that they are dominated, for realis-
tic string parameters, by the purely electromagnetic contribution.

The idea of cosmic-string creation developed when
gauge theories with spontaneous symmetry breaking were
taken into account in cosmological models. As first sug-
gested by Kibble, ' phase transitions due to symmetry
breaking at early stages of the Universe may lead to pro-
duction of vacuum domain structures. Cosmic strings
seem to be the most interesting example of these struc-
tures. A detailed review of this matter, involving results
up to 1985, has been presented by Vilenkiri. Several au-
thors have suggested that the interaction of strings with
surrounding matter may play an important role in galaxy
formation. New aspects of this interaction appeared
when %itten showed that, under certain assumptions,
strings may carry currents up to 10 A. The magnetic
field created by such a large current would modify the
inhuence of a string on matter in its neighborhood. It is,
however, important that in the presence of such strong
magnetic fields the vacuum-polarization e6'ects may be
relevant in determining the shape of the field and its actu-
al strength. This problem has been analyzed by the au-
thors of Refs. 5 and 6 with the conclusion that QED vac-
uuin polarization leads to a screening of the current in
the string. However, the calculated e6'ect turns out to be
very weak, at least in the framework of the applied ap-
proxirnations. In both papers the gravitational field of
the string has been neglected, which is not necessarily a
good approximation since the linear mass density of a
cosmic string in many models is of order 10 g/cm (this
corresponds to the width of the string of order 10 cm).
The purpose of this paper is to take into account the
gravitational field of the string.

In order to consider the vacuum-polarization effects
around a string we can approximate it by a straight wire
of radius po carrying a current of intensity I. The
energy-momentum tensor of such a wire can be written in
the form

T,.=diag(pF+pM o o p~)eH(po p) . —

Here p denotes the distance from the string oriented

along the z axis, and pF the string tension, which is of the
same order as its linear energy density pF+pM. 80
denotes the Heaviside function. The particular value of
the parameter pM depends on the internal structure of
the string. In most of the papers on this subject the
linear energy density of a string is taken to be equal to its
tension, which follows from the simplest model of a
string. This implies pM =0. In Ref. 9 the parameter pM
is introduced explicitly, and is interpreted as the mass
density of ordinary particles (protons, neutrons, etc.)

trapped by a string. Its value is then many orders of
magnitude lower than pF. However, following Witten's
considerations, ' one can expect an appearance of other,
much heavier particles inside a string, which might make

pM comparable to pF. The actual value of pM in such a
case is dificult to determine and, moreover, is model
dependent. In the following we shall assume only a
reasonable upper bound for pM, i.e., pM ~pF, leaving
aside the question of whether pM can actually reach this
bound.

Demianski" has generalized the cylindrically sym-
metric metric around a straight wire with current I (Wit-
ten' ) for a cosmic string in the straight-line approxima-
tion. The energy-momentum tensor generating the gravi-
tational field is in this case the sum of the tensor (1) and
the energy-momentum tensor of the electromagnetic field
generated by the string. In the region p) po the metric
takes the form

ds =(p/po)' f'(p)(dt' dp')—
p f (p)y dP f (p)dz— for p) p() r

—(2)

where f(p)=( /p)p' oA+(p/po) ', and the electromag-
netic field is given by

F,= F, =Cp 'f (p)—

(all the other F„vanish) . (3)

The constants y, a, A, and C are defined as follows:
y= 1 4GpF, a =2Gp~,—A =I /(16vrGpMy )=I G/
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S,tr = i—ln f D & D & e ' (4)
I

(4~a y ), C =I/27ry (Ref. 13). The influence of virtual
electrons on the dynamics of electromagnetic and gravi-
tational fields is described by the effective action

where S denotes the action for QED .in a background
gravitational field, and P is the electron wave function.

The first terms of the expansion of S,s (4) in powers of
m ' (the inverse of electron mass) have been calculated
in Ref. 14. Their renormalized form is

S,s= f (
—g)' dx( —~F F"'+r",„')

2

(5RF F" 26R—"F F I'+2R F" F~ +24F""g'~. )efF 2880 2 2 Pv pp v pvpo. pp

+(terms involving only gravitational field)+O(m ) .

Here R„,R„,and R denote the curvature tensor and
its contractions, respectively, and e is the electron charge.
The inverse proportionality of the nonkinetic term in (5)
to the fermion mass squared justifies neglecting other,
heavier fermions in our considerations.

The expansion (5) of X',z in powers of m ', called the
adiabatic approximation, is legitimate only if both elec-
tromagnetic and gravitational fields are suRiciently small
and slowly changing. More precisely, it can be used only
in regions where eF„, R„and all their covariant
derivatives are much smaller than the mass nz to a power
that can be determined on dimensional grounds. In the
case of a cosmic string this restriction does not allow us
to use Eq. (5) in regions closer than m ' to the string, for
any value of the current I. For currents greater than
Io =m /2e =600 A this restriction becomes stronger, and
the region in which Eq. (5) is applicable is bounded by the
inequality p) 2Ie/m .

Having these restrictions in mind we can calculate the
vacuum-polarization effects in the region of validity of
the adiabatic approximation. Assuming that in this re-
gion the correction to the electromagnetic field due to
vacuum polarization is small (which will turn out to be
the case) we can calculate the vacuum-polarization
current from the equation

(6)

where, after taking the derivative with respect to I'"„,
and necessary antisymmetrization, the fields E„and
R„are put equal to the external ones determined by
(2) and (3). Having obtained j„„from (6) we insert it into
the usual Maxwell equations (in curved space) and calcu-
late the correction to the external electromagnetic field
this way. This procedure is obviously an iterative
method (in m ') of solving the Euler-Lagrange equations
for the effective Lagrangian.

In the general case, combining (5) and (6), we obtain

J vac
PV aP e

ap+ext; p+ 2 J ext90~m 15m.m

j„„(p)= Rir
90am

—4(a +1)
f '(p)h (p) (8)

po

and

where h (P) =(P/Pp)' —3 (P/Pp) '. (The Part of j"„,due
to purely electromagnetic effects is of order m .) In-
serting j„„(8)into Maxwell s equations we obtain the fol-
lowing solution for the total electromagnetic field around
the string:

+13Ta"+ext";p
—9+ext Ta'; p

6F~ T—)+.ext; p

where a=e /4m, T„, and j,„, are sources for the exter-
nal gravitational and electromagnetic fields, respectively,
and T = T"„. For the field around a cosmic string the
equalities J„,=0 and T„=O hold in the whole region
where the adiabatic approximation is valid (the energy-
momentum tensor of the electromagnetic field can be
neglected in this region). Thus, in the orthonormal frame

1 8 p
'

1

f(P)»' '
Po f(P) dp

'

ae-= e-=f (p)
pf(p)y a

we have

F»(p) = f '(p)(p/po)
I

2&pop

X 1— aa A

45ir(m A) pp

h(A)

f (A)
aa p

45ir(m pp)' Po

22Q 2

+0( )f '(p)

+(corrections due to vacuum polarization at distances to the string smaller than A) for p) A .
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Expression (9) can be simplified when one realizes that for
the considered values of pM, pF, and I [i.e., pF —10
g/cm, pM ~pF, I ~m/2e (Ref. 15)], even for po-10
cm and at distances p comparable with the present di-
mension of the Universe, we have f (p) = 1, h (p) = 1, and

a2
(p/po)' =1. This means that the last three approximate
equalities are valid in the whole region where the string
can be treated as straight. Thus, taking A=m ', we ob-
tain

2myp 45m 45~(mp)~
(10)

The current seen far away from the string is lowered in
this approximation by the amount of bI=(2Gp~a/
45m)I Even. if the linear mass density pM is of order pF,
then Gp~ ~ 10 —10,and so the correction in the con-
sidered approximation is very small. Taking naively
A-po in (9) would make the correction big, which sug-
gests that probably a nonperturbative calculation (in
m ') of the induced current would give a reliable result.
Unfortunately, the adiabatic approximation seems to be
the only known method of dealing with vacuum-
polarization effects in a general gravitational field. For a
given field one can try to use other methods similar to
those developed for the electromagnetic field' at the ex-
pense of general covariance. However, in the case of
metric (2) the presence of the linear singularity leads to
insurmountable technical difhculties.

We can compare our result with the purely electromag-
netic vacuum-polarization effect calculated in Ref. 5.
When the gravitational field is neglected the first nonvan-
ishing term in the expansion (in powers of m ') of the

correction AI to the current I seen at infinity reads

2a I
45am A

where A denotes the minimal distance from the string at
which the adiabatic approximation is still applicable.
The correction (11) cannot be larger than about 5 X 10
On the other hand, our result

2GpMa
Gp~ X 10 (12)

turns out to be much smaller at the considered values of
pM. Thus, the second-order (in m or in a) effect ap-
pears to be greater than the first-order one since it does
not depend on the strength of the gravitational field
around a string. Of course, we can make the. two correc-
tions comparable by varying arbitrarily the parameter
pM, but it seems physically unreasonable.

In conclusion, the inhuence of gravity on vacuum-
polarization effects around a cosmic string (in the region
where the adiabatic approximation is applicable) will lead
to a screening of the current in the string. However, this
effect will always be negligible. The presented calcula-
tions do not allow us to tell anything about phenomena
that take place very close to the string, where our ap-
proximations are not valid.
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