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A set of new closed-form solutions for fermionic Green’s functions in the Bloch-Nordsieck ap-
proximation of QED is presented. A manifestly covariant phase-space path-integral method is ap-
plied for calculating the n-fermion Green’s function in a classical external field. In the case of one
and two fermions, explicit expressions for the full Green’s functions are analytically obtained, with
renormalization carried out in the modified minimal subtraction scheme. The renormalization con-
stants and the corresponding anomalous dimensions are determined. The mass-shell behavior of the
two-fermion Green’s function is investigated in detail. No assumptions are made concerning the
structure of asymptotic states and no IR cutoff is used in the calculations.

I. INTRODUCTION

Conventional perturbation theory for quantum field
theories including massless fields (e.g., photons) produces
infrared (IR) divergences, in addition to the ordinary ul-
traviolet (UV) divergences. While the UV divergences
can be removed by renormalization within some ap-
propriate regularization scheme, this is not possible for
the IR divergences.'

In a classic paper, Bloch and Nordsieck? (BN) have
shown that in any scattering process involving charged
particles, an infinite number of soft (IR) photons may be
emitted with a finite total energy. Thus, the concept of a
single particle described asymptotically by a free field is
no longer applicable. A charged particle is always ac-
companied by a “cloud” of soft photons® ¢ which is inex-
tricably tied to the source. As a result, the residue of the
two-point Green’s function of a charged particle near the
mass shell is modified, although the position of the physi-
cal pole is not shifted. (This reflects the fact that the

mass renormalization constant is IR finite.) One
finds*¢~°
Gon(p)~(p2—m2+ie)~ 11T (1.1

with @ =(a/27)3—A), where a=e2/4r (i=c=1) is
the fine-structure constant and A is the gauge parame-
ter.!® The effect of soft photons is contained in the factor
(p2—m?+ie) 9= —alnp’=m’+io  which is a logarith-
mic branch line along the real axis beginning at the mass
shell of the charged particle.!!

The aim of this paper is the analytic calculation of
closed-form solutions for the fermionic Green’s functions
in the BN approximation of QED. One of the crucial
features of our approach is that the n-fermion Green’s
function in a given classical external field is not derived
by solving a differential equation,” but in terms of a
phase-space path integral.!? This treatment'® has several
methodological advantages: (i) it permits clear insights
into the physical content of the performed approxima-
tions; (ii) it is manifestly covariant and does not depend
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on assumptions concerning the structure of asymptotic
states;* % (iii) in addition to the above, it makes it possi-
ble to take into account quantum fluctuations around the
classical trajectory. Such contributions cannot be incor-
porated by other means in a simple manner. Another vir-
tue of our approach is that the use of an IR cutoff is en-
tirely avoided, while the UV divergences are controlled
by dimensional regularization.

The work is organized as follows. In Sec. II the path-
integral method is illustrated in a discussion of the two-
point Green’s function. The generalization to n fermions
is treated subsequently in Sec. III. This problem is solved
in closed form to all orders in the coupling constant a and
for arbitrary gauges. In the case of two fermions, the
mass-shell behavior of the momentum-space form of the
renormalized four-point Green’s function can be investi-
gated in detail because an explicit expression is derived.
To our knowledge, such an expression which has been
calculated by a nonperturbative method (the BN model)
has not been obtained previously. The correspondence
between our solutions and results derived elsewhere by
other methods is discussed. Finally, Sec. IV contains a
summary of our results. Some details of the calculations
are presented in the appendixes.

II. TWO-POINT GREEN’S FUNCTION

We start out with the path-integral treatment of the
two-point Green’s function. Since the path-integral tech-
nique has been discussed extensively elsewhere,!* our dis-
cussion will be brief, concentrating on the points relevant
to the present investigation. We work in terms of the
generating functional, Zgz[J,7,n], of Euclidean QED (in-
dicated by the subscript E in the following) which is writ-
ten

Zg[J,7,m]=N [[dA,]det[iG; '(x,x'| 4)]
X exp[ — (7(x)Gg (x,x'| A)n(x"))]
Xexp[ —4( A4,(x)D ;)5 (x,x") 4,(x"))
—(J,(x)4,(x)], (2.1)
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where the functional integration over the fermion fields
has already been carried out, N '=Z;[J =7=71=0],
and the definitions

Gg '(x,x'| A)=[iy,9,Fey, 4,(x)+m]d*x —x'),
2.2)

Dyl p(ex)= [3,0,8,,+ 20,8, | 54x —x")

(2.3)

have been used. Here and below ( ) denotes four-
dimensional integration over position or momentum vari-
ables. det[iG; !(x,y| 4)] contains all possible closed
loops of fermion lines. _

The electron Green’s function of the second-quantized
theory is obtained from Zg[J,7,7] by functional
differentiation with respect to the sources 7, 7:

SZZE['L”_]"’]]
87(y)dn(x) Js=5=n=0
=N [[dA,1det[iGg '(x,y| )1GE(x,y| 4)

Gg(x,y)=(—1)

Xexp[—1(A,(x")D}p(x,x")A4,(x")].
‘ (2.4)

T

12m

G[A]=%’:mi fow dTexp

In the BN approximation of QED, the matrices
y*=(B,Ba) are replaced by four scalars u*=(y "1,y " lv)
with u?=1, where y !=(1—v2/c?)!”2. The physical
content of this approximation is that the recoil on the
electron can be neglected so that the emitted photons are
uncorrelated and their spectrum is given by a Poisson dis-
tribution.? Thus,

i i
a/ﬁ:;[»}/[ﬁ’}/y]—);[u’u,uvlzo
and Eq. (2.8) becomes

u-Ill+m
2m

Gpnl4]= ifowdfexp ir

m

2

n n+1
(x,7]y,0)= lim N f 11 dxﬁexpl—iS >
B=1

©
n— a=1

where 8=7,,,—7,=7/(n+1) and N is a normalization constant.

(Xp+1=%, Xo=Y)

e
Mm—m?2+ anVFFV

1+ (Xg—Xq—1
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The Green’s function Gg(x, ylA) describes the first-
quantized motion of an electron in a classical external
field and satisfies the equation

[ d% Gp(x,2| )G (z,y] )=8%x —p) (2.5)

from which follows

iy, d,+ev,4,(x)+m]Gg(x,yl A)=8%x —p) (2.6)

using (2.2). Upon analytic continuation to Minkowski
space, the last equation reads

[iy#d,+ey* 4, (x)—m +ie]G(x,p| 4)=—8%x —y) .
2.7

Introducing now an auxiliary set of states |x) with
(x|y)=8%x —y), G(x,p| A) can be expressed as the ma-
trix element of an operator G[A]: Gl(x,y|A4)
=(x|G[A4]ly ), where the operators x* and p*=igh*d,
satisfy the commutation relations [pH,x"]=ig"",
[x#,xY]=[p*,pY]=0. Defining the conjugate momen-
tum operator I[I#=iD#+iey* =id*+eAdAF+ieyH, the
first-order differential equation (2.7) can be converted into
a second-order differential equation which allows for a
path-integral representation via Fock’s method of the
fifth parameter'® (H ~'=—i [ * e ™" ¢"q1).

—e€r (2.8)

To obtain GBN(x,ylA), one ‘has to compute first the
spinless Green’s function

G(x,y| A)=(x|G[ Ally)

0 — ET
=<xli f dre HT
0

y>5i fow dr{x,7|y,0)

(2.10)

with H=—(I1>+m?)/2m —i€'. Following Ref. 13, we
apply rather standard techniques'* to convert the ampli-
tude {x,7|y,0) into a path integral defined by means of a
nine-dimensional phase-space lattice. The result is'?

2
) Xqtx,_,

—ed
¢ 2

8

Xog Xg—1
5 , @11

Taking the continuum limit, we find
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_ LT,
(x,7]y,0) Nf[dx(r)]exp i fo dr
The exponent in Eq. (2.12) can now be identified with the classical action in which Fock’s fifth parameter 7 plays the
role of the proper time of the electron. (Note that although this action is not reparametrization invariant'® it leads to
the correct equations of motion.) Thus the amplitude {x,7|y,0) satisfies a “Schrédinger-type” equation [recall Eq.
(2.10) with respect to the proper time: i(3/987){x,7|y,0)=H(x,7|y,0) with the initial condition
(x,0]y,0) =8%x —y)].

To proceed, we expand the path integral in (2.12) around the classical path x*(7)=x# + £*(7) keeping the end points
fixed:

L;—[l—f—fc(r')z]—eA(x('r'))-fc(‘r’)—ie (2.12)

(x,703,0) =N [[dg(r)lexp [iSTxal+ 58S [xgl+ -+ | . | 2.13)

xcl]

Retaining only the leading term {x,7[y,0) ~Ne Sbeal and setting N =1, the spinless Green’s function is

—i fOTd'r'

Thus far, % (7) is arbitrary and the integration over 7 cannot be carried out. A closed-form solution may be obtained if
we assume that the electron moves on an effectively free trajectory without acceleration: (x —y)*=u#r (u*=const).
Then Eq. (2.14) yields

Gix,pl 4)=i fO”dTexp ~r2£[1+5cc1(1")2]—eA(xcl(T'))'xcl(T’)—ie

] . (2.14)

G(x,plA)=i fow dTexp

—it(m —ie)+ieut fofd'r'AM(x —ut') ]84(x —y —ur)

. ® d4 . . . . d4k —ik-x T v iukt
=i fo d'rfﬁexp —ip(x —y)—itim —u-p —ze)+zeu#f(2ﬂ_)2 A (k)e " * fo dre™ | | (2.15)

Precisely the last expression was derived in Ref. 7 by solving the first-order differential equation (2.7) using the substitu-
tion y,—u,. (Thus, as expected, spin does not matter for IR phenomena.) It is worth noting that our treatment of
G(x,y| A) not only effects the correspondence between Eq. (2.15) and the straight-line trajectory, but it also provides the
possibility to calculate quantum path fluctuations via Eq. (2.13) in a systematic way.

Turn now to the electron Green’s function [Eq. (2.4)] of the second-quantized theory. Performing the BN approxi-
mation,

det[iG; (x,y| A)]=exp [foede’Tr[GE(x,xlA)y”A#]]=1 ,

and the full photon propagator becomes identical with the free one. Then the full electron Green’s function in momen-
tum space takes the form

Gg(p)=N fow dre TP f[dA#]exp [-e<uHA#(k)eik”x“f0w dT'e*iuAk"T’d'r’)
— 14, 00D e k) ALY | (2.16)
[
where G(p)=i fow dre—ittm—up—ie
— 'y — k—l '
Dl“,}E(k,k )= k28”v———):—k'u_kv 84(’( +k'). XCXP[“%(j”(k,T)D}W(k,k')
XjUk',T)eltk Tk x)] (2.18)
By noticing that, for 7— o,
. 1 r , . with
J”(k,T)Ee(_Z_‘n')—Zu” fo dr' exp(—iu k') (2.17)

k.k,
k2

Dy kik) === | —(1=A)=5" +1e
becomes the Fourier transform of the classical current,
one observes that the functional integral over 4, in X &k +k') . 2.19)
(2.16) is entirely calculable by quadratures. The result of

the integration continued back to Minkowski space is3 The momentum integral
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fln= —é(j“(k,r)u,w(k,k')

X j¥k',m)expli(k +k')x]) (2.20)

is IR finite but UV divergent. To deal with the UV singu-
larities, we employ the dimensional regularization rather
than the more traditional Pauli-Villars regularization
used in Ref. 7. The virtue of the dimensional regulariza-
tion is that it automatically preserves internal symmetries
which do not involve the ¥ 5 matrix. The integration over
the loop momentum k is shown in Appendix A. The re-
sult is!”

f(T)=a %-Hn(rTM-H-O(e) (2.21)
so that
G (p)=ie/ (213} )oe 231 /2a
XT(a +1)im —iu-p —¢)"1+a) | (2.22)
with e=4—d and
In(m7r)=Ltin(4ru’r)+2+3y , (2.23)

y=0.5772... being the Euler-Mascheroni constant.
Here p is the regularization scale parameter and
Re(a +1)>0. Multiplicative _renormalization in the
modified minimal subtraction (MS) scheme!? yields

a

e2a(y+1)

XT(a +1)im —iu-p —2)" 1% = (2.24)
J
82nZ [J ﬁi ,r]l]
G (x;,y)=(—1)" E—
II ;)
= J=ni=gni=0
=N [[dA,]]] {det[iGi(x;,;| A)1GE(x},p;1 A)}exp[ —1{ A4, (x)D ;!5 (
i=1
because
Gé'n)(xj’yj|A): IT Gé‘(xjayj|A)

i=1

where the renormalization scale is = (47 /e?)'/?u. This
solution has a singularity structure of the form (1.1),
which, as mentioned in the Introduction, is characteristic
of an intraparticle. It is equivalent to the solution calcu-
lated by Svidzinskii’ within the Pauli-Villars regulariza-
tion scheme, to Zwanziger’s solution® obtained on the
basis of the Kulish-Faddeev formalism,®> and to a more
recent solution derived by Harada and Kubo'® by means
of the improved perturbative technique of Grammer and
Yennie.?®

For the renormalization constants we obtain?!

Z,=e%¢, Zy=2Z,=1, Z,=1

m

(2.25)

(i.e., the coupling of a soft photon to the electron is finite)
and thus the anomalous dimension of the electron is
given by

p 942 9Z, Oa.

vr(e,A)= Z, Oa au

=—a=—-2(3-1). (2.26)
21

Note that in the Fried-Yennie gauge,> A=3, y=0 so

that the soft-photon effect disappears and the full elec-

tron propagator (2.24) becomes equal to the free one.

III. n-FERMION GREEN’S FUNCTION

We now proceed to examine the general case of n fer-
mions. It is a major virtue of our treatment that the one-
particle analysis just completed can be expanded to an ar-
bitrary number of fermions.

The n-fermion Green’s function analogous to (2.4) is
(i,j=1,...,n)

x,9)A4,(y))] (3.1

Proceeding along similar lines as for the evaluation of Eq. (2.15), the n-fermion Green’s function in a classical external

field can be readily obtained:

G x| )= [ d7 LR expl —ip

(27 )4
where

e Ti —iu_k_ 1
. k, )= dr' vy
Julk,7;) 2P u#fo T'e

xL—yL)—iTi(mi+u#pL)-

zkx

(ulk, 74, T, 3.2)

(3.3)

and x lf‘u p —const. Inserting expression (3.2) into Eq. (3.1) and applying the same lines of argument as in the one-
fermion analysis, the Fourier transform of G(”(x j»¥;) continued back to Minkowski space is given by
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. o N —ir.(m.—u-p,—ie) ] , ,
G(”)(P,')=’ fo _I_IldTie T IGCXp —é<J;‘n)(k’Tj’xj)D'uv(k’k )J(vn)(k ’Tk’xk)> ’ (3.4)
i=
where the total current is defined by
(n) > i ik-x;
J Uk T,x)= 3, ju(k,T;)e . (3.5)

i=1

Using now the dimensional regularization to control the UV behavior of Eq. (3.4), the momentum integral
S,y = = S (T Ry x DR e M S (K 7, %,)) (3.6)

is found to be (see Appendix B)

n

M 7
2 i 2

f(n)(,r“,,.j):a wl_‘_]n - i=1 4+ +n1nfﬁ , (3.7
2 € HIT-—T-P/Z 2

-¢. ! J

i#]

which inserted into (3.4) leads to

n*+na

G™(p)=iexp 3 .

(n? o M —it(m, —u-p, —i€) i=1
o +n)a/2f Il drye ™™ 3 St S— (3.8)
0
k=1

n
[lm—7l"
i#j

Then the full n-fermion Green’s function with renormalization carried out in the MS scheme is

_ (n2+n)a/n N n i _ —ie) i T;I
G%(p,-)=i‘% e Hmrtba [ ] dre WM TR 2L (3.9)
k=1 H'Ti‘“Tj'l/Z
i#j
with the renormalization constant
n+1a
Z,= — 3.10
2=exp | = (3.10)
and the anomalous dimension
g rn)=—nTl a 3 5y 3.11
vr (a,A) > 277_( ) ( )

One notices that, analogously to the one-particle case, the choice of the Fried-Yennie gauge A=23 leads to a renormal-
ized Green’s function which reduces to the free one. Otherwise (A73) G%( p;) has no simple poles and, as we shall see
below, it exhibits a complicated singularity behavior. On the other hand, keeping |A| <3 the Green’s function (3.9) falls
off at short distances, i.e., for large momenta p;, with an increasing number of fermions.

In the remainder of this section we shall specialize to the case of two fermions. This case is of particular interest be-
cause detailed knowledge of fermion-fermion scattering amplitudes has accumulated over the years.?> However, most
of these results have been derived by employing powerful but, in effect, perturbative techniques. Therefore, nonpertur-
bative solutions for the two-fermion Green’s function may help to accomplish these results.

As it is sl:g)wn in Appendix C, for two fermions the proper-time integrations in (3.9) can be explicitly performed, and
the result is

3a
Gis(P1opa)=i ﬁ_] o6y+nal(2a +I(1—a)l(3a +2)
Ms \P1:P2

I'(a+2)

2a +1,3a +2;a +2; — 2L

9>

X ql—(3a+2)2F1 qz—-(3a+2)2Fl , (3.12)

2a +1,3a +2;a +2; —gi
1

where the quantities g; =i (m; —u -p; —i€) (i =1,2) measure fractional distance from the mass shell. The validity of Eq.
(3.12) is gauge dependent. Convergence is preserved by restricting the gauge parameter to take values on the interval
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—857<A <433 (a= ;). Note that this is the largest continuous A interval found to contain the Landau gauge A=0.
One checks that Eq. (3.12) amounts for @ =0 to the free two-fermion propagator:

Gyis(P1,p2,a =0)=i g% ,F,

1,2, — 2
a9

+42_22F1

Noticing that ,F|(—a,b;b; —z)=(142z)? (see Ref. 24), this expression reduces to

i —i

Gﬁé(l’nl’z’a =0)= =

919, - (m—u-p,—iedm,—u-p,—ie)

Using now Euler’s integral representation of the hypergeometric function,?> Eq. (3.12) can be recast in the form

3a
e®rtlap(34 4+2)

Giis(p1op2)=i {%

+q2—(30 +2) fol dt t2a(1_t)—a

—(3a +2) ldl t2a 1—2) ¢
91 fo ( )

which can be treated numerically, and which is more suitable to be expanded in terms of the coupling constant a:

! 1
G(p,py)=
MsP1P2 919>

{1+a[3In(@m)+3(y +1)+2(g,Ing, +g,Ing,)—5(q,Ing, +q,Ing,)]1+0(a?)} .

1,2;2;-—ﬂ (3.13)
q2
(3.14)
q —(3a +2)
1+—2¢
9
q —(3a +2)
1+ 1t , (3.15)
9,
(3.16)

The physical content of the two-fermion Green’s function may become more transparent by studying its behavior

near the mass shell. We consider two cases.

(i) For g,7q, we expand expression (3.15) in powers of ¢, to obtain

3a
e6(7/+l)a

£
2

Gyspi—>mi.py)=i

I'2a +1)I'(1—a)T(3a +2)

gy M 9g; 2O P(14a)T(2a +1)+q7 %5 TP (1+a)I(2a +2)

I'(—1—a)l'(1—a)l(3a +2)

+q2—(3a +2)

+0(min(q1,q}_”))} .

(ii) For g, =g, the particles have the same virtuality
and, expanding (3.15) in the limit p? —m?, the result is

3a
Gislg1=g,)=i fzi eS8t hay—an—1/2p(2g 41)
XF 30 +2 F 1—‘0 ql_(3a+2) )
2 2 (3.18)

The asymmetry in the limits involved in Eq. (3.12) or
Eq. (3.15) shows that the physical poles of the Green’s
function are interrelated. Hence, the mass-shell behavior
of the two-fermion Green’s function depends on the order
in which the two particles are allowed to approach their
mass shells. In addition, the mass-shell singularities in
expressions (3.17) and (3.18) depend on the choice of
gauge. For example, for gauges 3 <A <433 the Green’s
function is less singular than in a theory without massless
fields (photons).

The singularity behavior of the two-fermion Green’s
function for momentum values near their mass shells has
been discussed previously by Kibble?® in the context of
asymptotic coherent states. Although our analysis is
consistent with his and the results correspond to each

I'(a +2)

+ T'(—2a)

(3.17)

other, there are also crucial differences. Kibble’s solu-
tions have been calculated through a leading-order sum-
mation of the perturbative series on the theoretical basis
of a nonseparable Hilbert space. In particular, his treat-
ment of the momentum integral in (3.4) extends only over
a subregion Q. which contains momenta |kq| <K, and
|k;| <K with K <<K,<<m. This separation between
hard and soft photons is not covariant.* In contrast, our
method does not handle soft- and hard-photon contribu-
tions separately; i.e., no IR cutoff is involved in the calcu-
lations. Furthermore, careful comparison reveals!” that
solution (3.17) includes additional powers of
(m;—u-p;—ie)”! which are not accounted for in
Kibble’s formalism. To be specific, the term proportional
to g7 19528+ agrees with Kibble’s result, while the
extra term proportional to g °¢$** *? and the one pro-
portional to g; ***? represent additional singularity
contributions due to IR photons.

IV. SUMMARY

A set of new solutions for the fermionic Green’s func-
tions of the BN-approximated QED has been obtained.
The problem has been solved in closed form to all orders
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in the coupling constant and for arbitrary gauges. For
convenience, the results have been presented in the MS
renormalization scheme.

From the calculational viewpoint, a method has been
used which permits clear insights into the physical con-
tent of the model and works equally well for one as for
more fermions. This method has the advantages of being
independent of assumptions concerning the structure of
asymptotic states and being able to incorporate contribu-
tions owing to quantum fluctuations around the classical
trajectory in a systematic manner. An illustration of the
method has been given with the calculation of the elec-
tron propagator.

In the case of n fermions a formal solution has been de-
rived [Eq. (3.9)]. It has been shown that restricting the
gauge parameter to values |A| <3, the renormalized n-
fermion Green’s function gets, at short distances, more
and more damped as the number of fermions increases.

In the case of one and two fermions explicit expres-
sions have been obtained [Egs. (2.24) and (3.12)]. They
are consistent with solutions found previously by oth-
ers®®7% using different techniques. Analyzing the mass-
shell behavior of the two-fermion Green’s function, it has
been shown that its physical singularities are interrelated
and the result depends on whether the two particles are
allowed to approach their mass shells sequentially [Eq.
(3.17)] or simultaneously [Eq. (3.18)]. This interdepen-
dence has been discussed previously by Kibble?® in con-
nection with asymptotic coherent states and a nonsepar-
able Hilbert space. Restricting the analysis to the IR sec-
tor, and recalling that spin does not matter for IR phe-
nomena, Egs. (3.17) and (3.18) correspond to Kibble’s re-
sults, though his solution equivalent to (3.17) contains
less powers of (m; —u-p;—ie) "1 (i =1,2).

In conclusion we remark that our results could be used
to check results obtained by other, less rigorous, nonper-
turbative methods, e.g., quenched QED on the lattice.
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APPENDIX A

In this appendix we derive (2.21) starting from (2.20).
Applying dimensional regularization and substituting
(2.17) and (2.19) into (2.20), the expression we have to
evaluate reads

2,,4—d 1—cos(u, k, 1)
(rd)y=—2E [ g% i
S (274 (u k., )k?

(uy k,
1—(1—7»)7*— , (A1)
where the Euclidean metric has been used and p is an ar-
bitrary scalar with the dimension of mass. Using polar
coordinates in d dimensions, the integration over the an-
gles ¢,0,,...,6,_, can be carried out?’ so that

f (T )= — eZ‘ue 77.(1—6)/2
e (2m)*~¢ 3—e¢
r
2
Xf d s1n2 €0
0—— [l—(l—?»)cos 0]

Xﬂ)ﬂkwr”“
X[1—cos(|u|k|cosO7)] .
(A2)

Here we have introduced the defect of the dimension
€=4—d, and the abbreviation 6=6, _,.

We proceed evaluating first the integral over |k| (see
Ref. 28):

2 (1—€)/2
felre)=— e”;%é s I'(—e€)cos | — |7¢
(27r) r 3—e 2
2
xf |om26[—u—um§m.
(A3)

The remaining 6 integration will be performed making
use of the integral

122 € 2—e€
T sin“” €@ © X

I, = dog————=2 dx

! f |cosB|?~¢€ 0 1+x2

(A4)

with 1 <e<3. To ensure the validity of the limiting pro-
cess €—0, the range of convergence of I, has to be ex-
tended by analytical continuation:

2 €

1——6 fo 1+x2)2

IN=-— dx (—1<e<3). (AS)

Then, I} and the momentum integral in (A1) have a com-
mon range of convergence, namely, the interval 0 <e <2,

and the x integration can be carried out:*
2 3—e¢ 1—e
1= r A6
I —e r 2 5 (A6)
Similaﬂy, one finds
. | ‘ © 2—e
d0sin?> " €0|cosf|€=2 —X_dx
f Ln (14x2)?

=1 [22€ 0|55 | 0<e<). (A7)

Hence, f;(7,€) is given by

euc A1-/2 l1—e
frine=——h 1= (e | 15
E 2
Xcos | — ——-Hl——?\.)}. (A8)
2 1—e

Finally, by expanding (A8) in a Laurent series at €=0
and keeping only the leading terms, one arrives at (2.21).
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APPENDIX B

We here mention the steps leading to Eq. (3.7). By sub-
stituting (2.19) and (3.5) into (3.6), we obtain

n _ i —M(u-k)?/k*+ie
ST =97 )4f k2w -k )?
XE( zukT (e—iu~k‘rj__1)
xe TN (B1)

We consider two cases.

—A)(u-k)?
u-k) i)

i k2—
fir,T)= 202 fd4

1B

(i) i=j:

M-k )?
k)2
Xz[l—cos(u k)]

filr,T)=

=>f(r;). (B2)

(ii) i#j: Here we assume that each fermion moves on a
free trajectory with constant velocity u* so that
xf(7;)=u"r;. Then (B1) takes on the form

2([1—cos(1) k7)]1+[1—cos(u-k7;)]—{1—cos[u-k(r;,—7;)1}) (B3)

z% E[f("'i)"*'f(Tj)‘f(l”'i_‘Tﬂ)] s (B4)
i#j
where the symmetry properties of the momentum loop integral have been used to pass from (B3) to (B4).
By combining the two possibilities, we get
)= i)+ for,m)=n 3 f(r)—+ 3 flr (BS)
i i*j
and with the use of (A8) we finally derive (3.7).
APPENDIX C
Equation (3.12) is obtained in the following manner. One starts from (3.9) evaluating for two fermions:
3a 22 )0
_.lm 6(y+1) o S —irm;—u-p —ie) —ir,(m,—u-p,—ie) 172
Gigs(p1,p2)=i fzi s “fo dnfo drje VTP TINIm TR fr— (1)
Consider now the integral
g — 2 |
> © 719, Th4, 12
I=["dr [“dre e [P (C2)
where ¢; =i(m; —u-p,—ie) with i =1,2.
There are then two possibilities: 7, <7, or 7; <7,. Hence
—ray - ns | S A3 |
_ © © 714, 729, 172 _ © 0 7,9 T5q 172 _
I—fo dr, fo drye e pp— O(r, '7'2)—|-fo dr fo drye Vle 2 pp— O(r,— 1)
=1,+1, . (C3)

It suffices to calculate I; because I, can be inferred from
I, by interchanging g, and g,. Upon performing the 7,

integration,?® one finds'
;= Ta+1ra-a)
I'a +2)
X fo“’ drr@tle MF (2a +1;a +2;—q,7)
(C4)

which holds for —857 <A <433. The remaining integra-
tion over 7, can be carried out by utilizing the relation?®

fow f(t)e ~Pldt

Y

Pnr> »
(C5)

=F(U)p_om+nFn a; " a,505p1 7
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with the inverse Laplace transformation
fy=t°"' _F.(a,  a,;p; " pn)r), (C6)

provided Reo >0 and Rep > ReA.
In our case these conditions are satisfied:

o0=3a+2>0 with—i<a <1 (CT7)

and

A=g,—RerA=—¢€, (C8)

p=4g,—>Rep=€. (C9)
Thus, we obtain
I'(2a +1)I'(1—a)I'(3a +2)

I, = —(3a+2)
! T(a+2) !
X,F, [2a +1,3a +2;a +2;—§‘— (C10)
2

and a similar result for I, (g,<>q, in I). Inserting these
expressions into (Cl), one easily arrives at (3.12).

*Present address: Deutsches Elektronen-Synchrotron DESY,
Notkestrasse 85, D-2000 Hamburg 52, Federal Republic of
Germany.

ID. R. Yennie, S. C. Frautschi, and H. Suura, Ann. Phys. (N.Y.)
13, 379 (1961), and references therein. For a recent review
and general discussion of the IR problem see, e.g., G. Mor-
chio and F. Strocchi, in Fundamental Problems of Gauge
Field Theory, proceedings of the International School, Erice,
Italy, 1985, edited by G. Velo and A. S. Wightman (NATO
Advanced Study Institute, Series B: Physics, Vol. 141) (Ple-
num, New York, 1986).

2F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937).

3V. Chung, Phys. Rev. 140, B1110 (1965).

4T. W. B. Kibble, J. Math. Phys. 9, 315 (1968); Phys. Rev. 173,
1527 (1968); 174, 1882 (1968); 175, 1624 (1968).

5P. P. Kulish and L. D. Faddeev, Teor. Mat. Fiz. 4, 153 (1970)
[Theor. Math. Phys. 4, 745 (1970)].

6D. Zwanziger, Phys. Rev. Lett. 30, 934 (1973); Phys. Rev. D
11, 3481 (1975).

7A. V. Svidzinskii, Zh. Eksp. Teor. Fiz. 31, 324 (1956) [Sov.
Phys. JETP 4, 179 (1957)]. See also N. N. Bogoliubov and D.
V. Shirkov, Introduction to the Theory of Quantized Fields (In-
terscience, New York, 1959), p. 503. )

8A. A. Abrikosov, Zh. Eksp. Teor. Fiz. 30, 96 (1956) [Sov. Phys.
JETP 3, 71 (1956)].

9L. P. Gorkov, Zh. Eksp. Teor. Fiz. 30, 790 (1956) [Sov. Phys.
JETP 3, 762 (1956)].

10A rigorous derivation of Eq. (1.1) within the framework of re-
normalized perturbation theory is still lacking.

For such particles the name “infraparticles” has been pro-
posed [B. Schroer, Fortschr. Phys. 11, 1 (1963)].

12R. P. Feynman, Phys. Rev. 84, 108 (1951).

I3N. G. Stefanis, Diplomarbeit, Heidelberg University Report
No. HD-THEP-78-15, 1978 (unpublished).

14The following are references on gauge theories and the path-
integral method in quantum field theory: E. S. Abers and B.
W. Lee, Phys. Rep. 9C, 1 (1973); L. D. Faddeev and A. A.
Slavnov, Gauge Fields, Introduction to Quantum Theory (Ben-
jamin Cummings, Reading, MA, 1980); P. Ramond, Field
Theory, A Modern Primer (Benjamin Cummings, Reading,

MA, 1981).

15V, Fock, Phys. Z. Sowjetunion 12, 404 (1937). See also Y.
Nambu, Prog. Theor. Phys. V1, 82 (1950); J. Schwinger, Phys.
Rev. 82, 664 (1951).

16The reparametrization-invariant action depends on the invari-
ant measure

172
dx* dx"”

ds ds

dr=ds 8uv

and does not involve path-dependent integrals when varying
over virtual paths.

17A. Kernemann, Diplomarbeit, Bochum University Report
No. RUB-TPII-88-1, 1987 (unpublished).

18W. A. Bardeen et al., Phys. Rev. B 18, 3993 (1978).

19K . Harada and R. Kubo, Nucl. Phys. B191, 181 (1981).

20G. Grammer, Jr. and D. R. Yennie, Phys. Rev. D 8, 4332
(1973). '

21Tn order to maintain the Ward-Takahashi identity (Z,=2Z,)
while rendering Z, independent of the external momentum p,
we have to define the renormalized vertex function according
to

a

e ~Z 1 ', [1- 2

22H. M. Fried and D. R. Yennie, Phys. Rev. 112, 1391 (1958).

23The literature in this area is vast. The interested reader is
recommended to H. Cheng and T. T. Wu, Expanding Protons:
Scattering at High Energies (MIT Press, Cambridge, 1987).

24W. Magnus, F. Oberhettinger, and R. P. Soni, Formulas and
Theorems for the Special Functions of Mathematical Physics
(Springer, Berlin, 1966).

25A11 the details of these calculations are provided in Ref. 17.

26Second paper of Ref. 4; see also Ref. 6.

27G. ’t Hooft and M. Veltman, Nucl. Phys. B44, 189 (1972).

28A. Erdélyi et al., Tables of Integral Transforms (McGraw-
Hill, New York, 1954), Vols. 1 and 2.

29]. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series
and Products (Academic, New York, 1980).



