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Electromagnetic polarizabilities of psendoscalar Goldstone bosons

Veronique Bernard*
Center for Theoretical Physics, Laboratory for 1Vuclear Science and Department ofPhysics,

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

D. Vautherin
Institut de Physique Nucleaire, Division de Physique Theorique, 9l406 Orsay, France

(Received 23 December 1988)

We calculate the electromagnetic polarizabilities of the charged and neutral pions and kaons
within the framework of a generalized SU(3) Nambu —Jona-Lasinio model. We obtain strong con-
straints on the results from chiral symmetry. The possible effects of nonlinearities in the strange-
current-quark mass are studied. The values obtained for the charged-pion electromagnetic polariza-
bilities are within the error bars of the experimental ones. We predict charged-kaon electromagnet-
ic polarizabilities of the order of 10 "fm, whereas the ones of the neutral pion and kaon are an or-
der of magnitude smaller.

I. INTRODUCTION

Chiral symmetry and its dynamical breaking are very
important concepts in low-energy hadron physics. They
have been explored in the framework of various models. '

A particularly attractive one is the model based on analo-
gies with superconductivity proposed by Nambu and
Jona-Lasinio (N JL) long before the advent of QCD.
There, the particles acquire a mass due to dynamical
breaking of chiral symmetry. This same mechanism is
supposed to take place in QCD. The NJL model has the
advantage of great simplicity, thus enabling one to ad-
dress relevant problems such as the strange-quark con-
tent of the proton, the aspects related to the chiral phase
transition, and the properties of mesons in hot and dense
media. In this model the eight pseudoscalar mesons
(w, K, il) can be identified as the Goldstone bosons of the
spontaneously broken chiral SU(3)L C31SU(3)„symmetry.
Their nonzero masses arise from the finite values of the
(u, d, s) current-quark masses. The ninth pseudoscalar
meson, the g', which does not appear as a Goldstone bo-
son in the hadron spectrum is related to the breaking of
the U(1)„symmetry. All these mesons are well described
as collective qq excitation of the nonperturbative vacuum
and their properties are completely determined by the
few parameters of the model. Several quantities, namely,
meson decay constants, quark-meson coupling constants,
and meson radii, have already been investigated. Addi-
tional fundamental meson structure parameters, the elec-
tric and magnetic polarizabilities a~ and PM which
determine the low-energy amplitude for Compton scatter-
ing, remain to be explored. A definition of these quanti-
ties in terms of the gauge-invariant tensors of the Comp-
ton amplitude can be found in Ref. 7.

The polarizabilities aM and PM measure the induced
meson dipole moment d=aME and magnetic moment
m=13MB in an external electric and magnetic field, re-
spectively. They characterize the deformation of the par-

I & OID, In & I'
a'"'=2 g

n&0 n 0
(2)

where the summation is over all possible intermediate
states ~n ) of the system (bound and unbound) with ener-
gies E„, and D, is the projection of the dipole operator
onto the z axis. The correction term 60.~ comes from
finite-size and recoil effects. In the classical limit it is
given by

e r
hoM =ac1

3mM
(3)

Here, mM is the mass of the particle under consideration
and r is its charge radius. This radius is well known ex-
perimentally for the pion and the kaon. Recent measure-
ments give

r + =(0.44+0.02) fm, r + =(0.34+0.05) fm (4)

leading to the classical values (we use Gaussian units with
e2 —j

)137

a"~= 15 X 10 fm

n" =3.3X10 fm (Sb)

For nuclei and nucleons a" is small compared to e'"'
essentially because the masses of these objects are large.
We will see that the situation is opposite for the m. and K
mesons as was already noticed in Ref. 10, where the pion
polarizability was studied in different chiral models.

A decomposition similar to (1) can be made for PM. Its

ticle in such fields. It will be the purpose of this paper to
study these quantities for the pion and kaon. The electric
polarizability eM can be decomposed as

cx~ = cx +kcx~

a'"' is the so-called intrinsic polarizability:
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intrinsic part P'"' obeys an equation similar to (2) with D
replaced by p, the magnetic dipole operator. The correc-
tion term APM is generally written in nonrelativistic con-
stituent models as

N

&13 = —g '
&,'& — &OID'IO),

, 6m,
' 2m

where e =g; e;, m =g; m;, and r; is the radius vector of
particle relative to the center of mass.

In what follows we will consider the response of the
pion and kaon when the corresponding systems of
quarks, described by a generalized Nambu —Jona-Lasinio
model are placed in an external electromagnetic field.
We will see that chiral symmetry imposes constraints on
the values of aM and /3M resulting in a suppression of a'"'
compared to ha~. For a review of theoretical studies up
to 1981, the reader is referred to the article by
Petrun'kin. " Since then a few calculations have been
performed in particular by Volkov and co-workers' and
Fil'kov and co-workers. '

Unfortunately, little is known experimentally about the
electromagnetic polarizabilities of the pion and the kaon.
Two methods have been used to determine a~ and PM.
The first one consists in a measurement of the level shifts
in mesonic atoms. This method has been used long ago
in the case of K-mesonic atoms leading to a very weak
bound on the polarizability of the K (Ref. 14):

—15X10 fm +0. ~7X10 fm

The second method follows from the Primakoff effect'
and leads to the determination of the pion polarizability.
High-energy charged pions are scattered on a nucleus tar-
get and the effect of the nuclear Coulomb field on the
pion is studied. The most recent analysis' gives

IC [d—etq ( 1+y ~ )q +detq ( 1 —y & )q], (10)

where q denotes quark (spinor) fields, m =diag(m„,
md, m, ) is the bare or current-quark mass matrix, and the
det is over flavor indices. In what follows we will work in
the SU(2)-isospin-symmetric case m„=md. We denote
by G and E' the coupling constants of dimension (mass)
and (mass), respectively. The term proportional to E is
a six-fermion interaction which must be added to the La-
grangian in order to break the unwanted U(1)„symme-
try. This term is responsible for the g-g mass splitting.
The matrices k, (a =0, . . . , 8) are the generators of
SU(3)f with Xo=&2/3I, while D„ is the usual covariant
derivative:

P P. 2 3
3

s

Note that the Lagrangian Eq. (10) is invariant under
SU(3)LII SU(3)z only in the absence of an electromagnet-
ic field. Indeed the quantity y„A~. (j =1, . . . , 8) breaks
chiral symmetry explicitly.

As a result of self-interactions quarks of flavor i ac-
quire a constituent mass M, given in the Hartree approxi-
mation by the gap equation

rived in Ref. 3. Since we are interested in properties of
the pion and kaon we will adopt here the combination of
four-quark interactions invariant under 6 used in that
reference. As argued there this choice is dictated by sim-
plicity any other choices would lead to similar results. In
the presence of an electromagnetic field the Lagrangian
density of Ref. 3 becomes

8X= q(i') —m)q+6 g [(qA,,q) —(qy5A, ,q) ]
a=0

a +P =(1.4+5.5) X 10 fm

together with

I3 = ( —7. 1+4.5 ) X 10 " fm

(8a)

(8b)

M;( A„)= m, +4n, Gi tr[S„'(x,x)]
+2n~Ki tr[S'„(x,x)]i tr[S~(x,x)],

i' Xk, (12)

Nothing is known about the polarizability of the neutral
m. and E mesons.

Our paper is organized as follows. We present the gen-
eralized NJL model in the presence of an external elec-
tromagnetic field in Sec. II and devote Sec. III to results
and discussions.

II. GENERALIZED NJL MC)DEL
IN AN KLECTRQMAGNETIC FIELD

A. General formalism

An SU(3) version of the NJL model which respects the
known symmetries of @CD,

G =SU(3) LSU(3) SiSiUI(iV, ) UV(1) Fi,
where SU(3)I SU(3)z is the chiral-fiavor symmetry of
the light quarks, SU(X, )~ is the vectorial global color
symmetry, U(1) i, is the quark baryon number, and F is
the usual set of discrete symmetries I', C, T, has been de-

where the trace is over Dirac matrices and color indices
and S~ is a matrix in flavor space whose elements 5~ are
the propagators of free quarks of mass M, in an external
field:

d4p
S~(x,x)=j (2~) gf

—e, g —M,
(13)

A more detailed expression for S~ will be given below in
the case of a constant electric or magnetic field up to
second order in the fields. We restrict ourselves to the
Hartree approximation for simplicity. In the Hartree-
Fock approximation the self-energy would contain a term
proportional to o.„corresponding to an additional spin
magnetic moment. This would make the calculation
more complicated but would not lead to qualitatively
different results. When m =0, Eq. (12) has nontrivial
solutions (M, WO) above some critical value of G and/or
K corresponding, in the absence of an electromagnetic
field, to a dynamical breaking of chiral symmetry. Note
that due to self-consistency M; depends on the elec-
tromagnetic field.
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Many of the issues surrounding dynamical symmetry
breaking can be related to the constituent mass M or
equivalently to the properties of the quark propagator.
Knowing M one can indeed determine the properties of
the Goldstone bosons as well as the vacuum-expectation
values of the quark condensates:

&q;q; &=&IIlq;q;III& —&olq;q;IO&

d4p=i tr[s~(x, x)] i t—rj (2') P —e,. g —m;

k3 p

1

v'2
T —'

1

v'2

(X,+i A2),

(A6+iA7), r0, X0,

1—(A,4+iX,s),
2

where T is a flavor matrix:

(17c)

where the expectation value of q, q; in the perturbative
vacuum l0& has been subtracted from its expectation
value in the true vacuum l0 & in order to compare with
the vacuum expectation values extracted from QCD sum
rules. A11 these quantities will thus depend on the
strength of the electromagnetic field.

The response of the pion and of the kaon to an external
field is determined by the Bethe-Salpeter equation'

gf+ ——e; A —M, y(p, q) gf
———e A —M,

d4k
=2V,~y5) tr y p+k, q y5(2'�) (15)

where e; and e are the charges of the quark and of the
antiquark bound into the meson, respectively, M; and M.
their constituent-quark masses determined in Eq. (12),
while y(p, q) is the Bethe-Salpeter amplitude. In Eq. (15)
V,z is a flavor-dependent interaction to be specified later
on, consisting of the trivial flavor-diagonal piece from the
four-fermion part and an effective two-body interaction
induced by the determinantal term of the form Ks„'(x,x)
and one has made the minimal substitution p —+p —eA.
One easily recognizes in Eq. (15) the operator S„' [see
Eq. (13)]. For a given value q of the pion momentum,
this equation is an eigenvalue equation for the pion ener-

gy q0. Owing to the special form of the Lagrangian den-
sity, Eq. (10), it can be simplified. Indeed since the right-
hand side of Eq. (15) is proportional to the matrix ys the
foHowing relation must hold:

r

q(p, q)=c(w„)s„' p+ —ass& p —— (16)

J(qo, q)=1

with

(17a)

J(qo, q) = 2i V,a —
4

tr Sw p+ ysT
d p q

(2~) 2

XSQ p j 5T

(17b)

where C ( A „) can be obtained from the normalization
condition of y. Inserting Eq. (16) into Eq. (15) one finds
the eigenvalue equation

Once the solution q0 of this equation is obtained, one can
easily determine the electromagnetic polarizabilities as
follows. Consider a meson at rest (q=O) in the absence
of an electric field. Its energy q0 determined by solving
Eq. (17) is its mass mM. Let us now apply an external
field. The energy of the meson will be shifted by an
amount Aq0 proportional to the intrinsic polarizability
[see Eqs. (1) and (2)]. By definition one has

Aq = —
—,
'a'"'E2

0 (18)

where E is the strength of the external field. In addition
to this e8'ect a force will be exerted on the meson (if it has
a nonzero charge), leading to a change of its momentum
Alql. This momentum shift is related to the term b,aM in
the decomposition of the electric polarizability. In analo-

gy with Eq. (18) we write

~lql', ~ E2
2mM

(19)

Expanding Eq. (17) to second order in E one can deter-
mine the quantity u —v where u and v are the changes in
the square of the energy and momentum, respectively,
due to the presence of the electric field:

q
2 —uE2 Pq2 —vE2 (20)

and thus calculate aM which according to Eqs. (18) and
(19) is given in the meson rest frame by

v u
M

M
(21)

A similar expression holds for PM where u and U are now
changes to second order in the magnetic field.

Ao(x)=Ex3, 3,= 22= 23=0 . (22)

In order to perform the calculations it will be convenient
to bring A o(x ) into the equivalent form

d
Ao(x) = —iE lim exp(iax) .

a —~0 da3
(23)

E being small, one can expand all quantities to second
order in the field. The constituent mass of a quark of
Aavor i reads

B. Second-order perturbation theory
in the electric field

In this section we will consider the response of a meson
to a small constant electric field. We choose the gauge
where
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(E)—Ml + e 2E2Ml (24)

and the propagator Sz in momentum space is given by

Sq (p, X)= So(p)+e;S'i (p, X)

. as,'
+e; E Sz(p, X)+Mz' aM,'

(25)

where p and X denote, respectively, the relative momen-
tum and center-of-mass variable. The free propagator in
the absence of electric field So does not depend on X due
to translational invariance. Note that in Eq. (24) there is
no term linear in the field. Indeed, one can show that the
gap equation (12) does not allow for such a term as long
as gauge in variance is respected. The coefficients
So,S'i, Sz in (25) are obtained by expanding the integral
equation obeyed by S„' to second order in E. In coordi-
nate space this equation reads

Mo=m;+16n, GA ~+32n, KA AA ~,
2

M2 =16n, GB~+32n, K
2 A~~B~+

e

i' Ak,
2

k j
eI

(30)

(31)

where A & and B& are given by

d4p Mo
4A ~ =i trASo(x, x) =4i

A (2w) p —(Mo)

4B A
=i trAS z (x,x )

(32)

uent mass nor to the Bethe-Salpeter equation as a result
of gauge invariance.

Inserting expression(28) into the gap equation (12) and
using the decomposition Eq. (24), the coefficients Mo and

M2 obey the equation

Sq(xz, x, )= S'(xz, x, )

+e;f d x3S (xz x3)A(x3)S„'(x3,xi),
(26)

d4p Mz 2(Mo)
4 2

'
2 2A (2m. ) p —(Mo ) p —(Mo )2

[p2 (Mi }2]4
(33)

where the propagator S' satisfies the equation

S'(xz, xi )[ ijif, ——M, (E)]=13 (xz —x, ) .

This yields, to second order in the electric field,

S„'(xz,x, ) = S'(xz, x, )

+f d x3S'(xz, x3)e;A(x3)S'(x3, x, )

+ f d'x, d'x3S'(xz, x4)e; A(x4)

xs (x4 x3 )e,. A (x3 )s'(x3 xi )

where S has to be expanded consequently leading to

+MoS'( )=
z (Mi )z0

If+Mo oo3
S', (p, X =0)=S'i (p) =

2 (Mi )z)2

2[poyo p33 3 po p3 So 1

[ 2 (Ml )2]3

(27)

(28)

(29a}

(29b)

In Eqs. (30) and (31) one has introduced a subscript A on
difFerent quantities. Indeed the integrals, Eqs. (32) and
(33), need to be regularized. Here we will not use the
commonly adopted covariant cutoff but rather a regulari-
zation motivated by the one of Pauli and Villars' in or-
der to maintain gauge invariance. More details can be
found in Appendix A. Working in the isospin symmetric
case m„=md, the quantities Mo and Mo are equal. How-
ever, because of flavor mixing (KAO) together with the
different charges of the up and down quarks M2 is
different from M2. In the limit of vanishing current-
quark masses the following equalities hold:
Mo =MO~=Mo and Mz" =Mz but MzXMz. Consequent-
ly, in the presence of an electric field one must
differentiate between the propagator of an up quark and
that of a down quark.

Expanding in Eq. (17b) the propagator S„' as given by
Eq. (28) the Bethe-Salpeter Eq. (17a}can be written as the
set of two equations:

1 =Jo(qo, O) = 4n, V,s—i TrA[Sio(p +q)y5So (p)y5],

(34a)
(29c)

The curly brackets in Eq. (29b) denote an anticommuta-
tor. We only give here the propagator at X=O since
terms proportional to X contribute neither to the constit-

0 Jz(qo~O)+(u —U) (qo 0)2 Jo

aqo

with

(34b)

Jz(qo, 0)= 4n, V&i e&ek Trz[SJI(p +—q)y5Si (p)]+ei TrA[SJO(p +q)y5Sz(p)y5]

+ej.TrA[So(p +q)y5Sz(p)y5]+ e; B'„
Sm 4n, V',~

4e n, V&J (2q ,o)0,— (35)
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where u and U are the same as in Eq. (20) and e is the
charge of quarks of Aavor j. Tr~ means a trace over
Dirac and color matrices and a four-momentum integra-
tion. This integration needs to be regularized which we
indicated by the symbol A on Tr. More detailed expres-
sions f'or Jo and J2 can be found in Appendix B. For the
pion and kaon systems studied below, the flavor indices
i,j,k are

The constituent mass is

M (B) Mi +e2B2Mi (44)

4BA= i tr~[Sz(x, x)]

where Mo satisfies Eq. (30) and M2 is given by an expres-
sion similar to (31) but with BA now defined by

j =$,

j =S,
j=S,

k=u,
k=u,
k=d,

In the case of the neutral pion one must add the two sets:

d4p M2 2(M' )=4i . 1+
A (2ir) p (M—o ) p (M—o )

2Mo(p"i+P2 )

2 (Mi )2]4
(45)

I =$, j =k=0 (37a)

and

l =$~ j=k=d (37b)

The effective interaction to zeroth order in E is given by

V',

ff�=

1+ 3K
8m 6

When deriving the two-body interaction induced by the
determinantal term in the m channel we have assumed
for simplicity that S& =Sz. We expect this approxima-
tion to be good since we are dealing with a small electric
field. From the definition of the polarizability, Eq. (21)
one obtains the equation

6e g~ J2(mM, O)
(46)

From these equations it may be noted that replacing the
external electric field by a magnetic one amounts to re-
placing in the starting expressions the indices 0 and 3 of
the Dirac matrices by 2 and 1, respectively, and the
three-momentum p by —p. This means for the
coefficient M2 an opposite sign when dealing with a mag-
netic field instead of an electric one. Thus if the constitu-
ent mass decreases as a response to an electric field it in-
creases as a response to a magnetic one.

The magnetic polarizability is given by an expression
similar to Eq. (39):

6e glM~ J2 ( m M, O)
(39)

where J2 is defined in Eq. (35) with So, S'„S2, and M2
given by Eqs. (42) —(44).

C. Second-order perturbation theory
in the magnetic fieM

A similar analysis can be made for the magnetic polari-
zability. Choosing the gauge where

A2=8xi, Ai = A3= 30=0 '
(41)

where use has been made of the relation between BJo/Bqo
and g~ the meson quark coupling constant:

'aJ,
gMqq 2 jef (40)qq gq2

1II. RESULTS AND DISCUSSIONS

Let us first consider the limit where all the current-
quark masses are zero. In this case, the calculations can
be performed analytically and the results turn out to be
parameter independent. In the absence of electromagnet-
ic field the Lagrangian is invariant under chiral symmetry
and one has the following well-known properties: (i) The
masses of the pseudoscalar mesons m and E vanish as dic-
tated by the Goldstone theorem; (ii) the Goldberger-
Treiman relation holds at the quark level (g~q"'""= 1):

one obtains the expressions for the propagator Sz.
S„'(P,X)=So(p)+e, BS', (P,X)+.e,. B S2(p, X)

with

P+Mo
So(p) =

2 (Ml )2

[P™o~2i]S', (p, X =0)=S', (p) =
2[ 2 (Ml )2]2

IP2'Y2+Pi'Yi P i+P2 o]
[

2 (Ml )2]3

(42)

(43a)

(43b)

(43c)

M
gMqq

where M is the constituent mass of quarks of any Aavor
and fM is the meson decay constant defined by

&n~~„'(x)~M~&= if p„.'~"S,, — (4&)

J2(0,0)=B+C .

A more detailed expression for fl can be found in Ap-
pendix B.

Evaluating the traces in Eq. (35) one can bring J2(0,0)
into the form
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The quantity 8 depends on the charge of the meson:

B =const X( —Bzz 2B21+Dlz)
=0 for a neutral meson,

B=constX(2Bzz —5Bz, —2D,z)

= —3Xconst/ZM for a charged meson,

(50)

where the constant has the same absolute value but an
opposite sign for an electric or a magnetic field. The
quantity C has the form

C=constX MoDzo(ekMz+e Mz)

a/8; BA
+(e„'+e,')B„+

x V',~
(51)

The coeKcients D „and 8 „are defined in Appendix B,
and x =3G/~, y =3K/Sn G, a =1 for all mesons ex-
cept the neutral pion for which a =2. It is easy to show,
using the gap equations [Eqs. (30) and (31)], that C =0.
Hence we find J2=0 for a neutral meson. Stated in
another way, the Bethe-Salpeter equation reduces (as in
the case E =0) to the self-consistency condition because
of the invariance of the Lagrangian under chiral symme-
try in the absence of electromagnetic field. Indeed a neu-
tral Goldstone boson is a pointlike particle. This can be
seen from Eq. (C7) in Appendix C where we give for com-
pleteness the calculations of the pion and kaon radii per-
formed with the Bethe-Salpeter amplitude Eq. (16) and
with a Pauli-Villars-type regularization. It was shown in
Ref. 8 that a pointlike particle has no excited states and
thus cannot be polarized [see Eq. (2)]. The electromag-
netic polarizabilities in the limit of vanishing current-
quark masses thus satisfy

a~+P~ =0,
a 0

= —P 0 =0 neutral meson, (52)

2

a + = —P + = charged meson .M — M —
4 zm fz

The up and down quarks have small finite current masses
(of the order of 7 MeV). SU(2) chiral symmetry is softly
broken and as a consequence the pion acquires a finite
mass small compared to the constituent masses of the
quarks. We thus do not expect strong deviations from
the result Eq. (52). We will in fact confirm this assertion
in the following. Hence using the physical pion mass
m =140 MeV and the physical pion decay constant

f =93 MeV one gets

a += —P +=1.2X10 fm3 . (53)

(II) m /3GA =1.2, 3EA /Sm G =0.6,
A=700 MeV .

Set (I) corresponds to the barely broken regime while set
(II) corresponds to the firmly broken one according to the
definition of Ref. 3. These two sets illustrate the predict-
ed range of values of the electromagnetic polarizabilities
with the constraints given above to determine the param-
eters. Table I shows the dynamical masses M'=MD —m;,
the vacuum and meson properties in the absence of elec-
tromagnetic field. There is a quite good overall agree-
ment between theory and experiment as can be seen by
comparing the first two lines [sets (I) and (II)] with the
last one (Expt. ). Table II gives the corrections Mz to the
constituent masses in the presence of a small constant
electromagnetic field as well as the polarizabilities o,~
and p~ of the kaon and pion. As was already mentioned

This result is in agreement with the calculation of the
pion polarizability in a linear o. model with quarks or a
nonlinear o. model. ' One finds a somewhat smaller value
than the classical one Eq. (5a). However, one also finds in
the mean-field approximation in the NJL model a smaller
radius than the experimental one. In fact using Eq. (C9)
one sees that the result Eq. (53) is nothing but the classi-
cal result. Thus in the Hartree approximation the sum of
cx'"' and relativistic corrections vanishes.

Let us consider the effect on the polarizabilities
of explicit SU(3)r X SU(3)zi symmetry breaking (m„,
md, m„XO). Equation (49) must be corrected for mass
terms. A detailed expression of Jz(m», 0) is given in Ap-
pendix B. Since the kaon and the quark masses are of the
same order of magnitude one cannot simplify by expand-
ing in the mass. We thus have performed the integrations
numerically. The results depend on three parameters G,
K, and the regularization parameter A. We determine
them as in Ref. 3, i e., by requiring an over-
all good fit for E=8=0 to the quark conden-
sates ( uu ) =

& dd ), & ss ), the meson masses ( m, mx,
m„,m„), and decay constants (f,f»). As further con-
straints we impose M„=Md —-250—400 MeV and
&ss ) ( & uu ). In Tables I and II we give the results ob-
tained for m„=md-—7 MeV and m, =175 MeV using
two different sets of parameters:

(I) m /3GA =1.4, 3EA /Sm G =0.45,
A=795 MeV,

TABLE I. Dynamical quark masses, quark condensates, and meson properties in the absence of electromagnetic fields for the two
different sets of parameters (I) and (II) defined in the text. For comparison, the empirical values are also given.

(I)
(II)
Expt.

(MeV)
6.2
7.8
6.2+1.9

(MeV)
247
360

(MeV)
315
383

—(uu )(')"

(MeV)
236
228

225+35

&ss),

&uu),
(MeV)

0.66
0.51
0.8+0.2

(MeV)
141
140
139

(MeV)
92
99
93.3

mg

(MeV)
512
470
494

f»

(MeV)
105
104

120+ 10

(MeV)
462
479
549

(MeV)
920

1084
958
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TABLE II. Meson properties in the presence of an electromagnetic field. The corrections M& to the dynamical masses to second
order in the field are given in units of A . The lower (upper) signs correspond to the electric (magnetic)'case. The electromagnetic
polarizabilities of the charged (neutral) particles are in units of 10 (10 ). The sets of parameters (I) and (II) are the same as in
Table I.

M2
+2.2
+0.95

M"
+5.78
+2.42

M2
+2.73
+1.72

(fm )

12.5
10.5

p+
(fm')
—11.8
—10.3

CX

(fm )

3.88
3.14

p +
(fm )
—1.74
—2.45

a p

(fm')
1.24
2.30

p.o

(fm')
9.97
1.93

CX p

(fm )

3.50
3.42

(fm )

6.35
0.14

before, the changes in the constituent masses are opposite
for external electric or magnetic fields, the change being
negative for an electric field. A recent paper' investigat-
ing the effect of a constant electromagnetic field in the
original version of the Nambu —Jona-Lasinio model indi-
cates that such a trend persists for stronger field leading
to a zero value of M at a certain critical value of E and
prohibiting it in the case of a magnetic field. The electric
field has the effect of preventing the formation of a quark
condensate in the vacuum while the magnetic one en-
forces this formation. Let us make a final remark about
the quantities Mz by returning to the zero current-quark
mass limit. One obtains, in that case, for our two sets of
parameters,

(I) M" = —18.86A, M" = —61.65A

M2 = —61.65A

(II) M2 = —1.36A, M2 = —3.67A

M2 = —3.67A

Comparing with Table II one observes a strong quench-
ing effect with the strange-quark mass in the barely bro-
ken regime [set (I)] similar to the one obtained for the
strange-quark content of the proton. Strong nonlineari-
ties in the mass persist when applying an electromagnetic
field.

The results of the electromagnetic polarizabilities in
the case of charged mesons are rather independent of the
parameters (as long as the properties of these mesons-
masses and decay constants —are well reproduced)
whereas those concerning the neutral particles are more
sensitive as can be seen by comparing the first two lines in
Table II. This essentially comes from the fact that recoil
effects do not contribute for neutral mesons. In this case
one is left with the intrinsic part, Eqs. (1) and (2), which
receives both positive contributions from possible excited

states- reached by dipole transitions and negative contri-
butions from vacuum-polarization effects. As a result of
these delicate cancellations one obtains a small number
which is very sensitive to possible nonlinearities.

The comparison of the results of the pion polarizabili-
ties with the ones obtained in the zero current-quark
mass limit shows few deviations. The main effects are to
relax the constraint a~= —

pM and to give small but
nonvanishing values to the electromagnetic polarizabili-
ties of the neutral mesons. These values are still very
small, 1 —2 orders of magnitude smaller than the charged
ones. The results concerning the charged pion are within
the error bars of the experimental ones Eq. (8): p + is at
the upper end of the allowed values whereas a ++P +
whose value is of order (0.3 —0.7) X 10 fm is somewhat
smaller than the central value.

In the chiral limit the pion and kaon are degenerate in
energy thus leading to the same polarizabilities. Howev-
er, the explicit breaking of SU(3) by mass terms is larger
than in SU(2). The mass of the strange quark is of the
same order than AQCD and the kaon acquires a mass
which is comparable to the constituent-quark masses.
One thus expects large corrections to the zero current-
quark mass result Eq. (53) for the kaon. Indeed as shown
in Table II the charged-kaon polarizabilities are about
three to four times smaller than the pion which is roughly
the ratio of m to m&. One notices that the effect of the
breaking of chiral symmetry by mass terms is stronger in
the magnetic case than in the electric case leading to a
bigger value of ax. +px. . As was just pointed out the case
of the neutral particles is more delicate. a p is slightly

bigger than a o while p o turns out to be somewhat
smaller. Let us return to the charged kaon. The value of
the electric polarizability of the charged kaon lies within
the large error bars of the experimental result, Eq. (7).
The result for o.'+ is somewhat bigger than its classical
value as can be seen by comparing Tables II and III.

TABLE III. Meson radii and classical electric polarizabilities (in units of 10 ) as defined in Eq. (3)
for the same set of parameters as in Table I. The experimental values of the radii are given for compar-
ison. The value for the neutral kaon is taken from Ref. 20.

(I)
(II)
Expt.

(fm)

0.59
0.54
0.66+0.01

(fm)

0.54
0.49
0.58+0.025

p
2
sap

(fm )

—0.062
—0.033
—(0.054+0.026)

a +cl

(fm')

12.0
10.2

(fm )

2.72
2.18
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Thus, if the pion electric polarizability is essentially given
by its classical parts, the kaon receives some contribution
from the intrinsic part (in the case of the kaon, possible
relativistic corrections are expected to be small). The
value of the electric polarizability seems to increase
slightly when the nonlinearities in m, become bigger
while the magnetic one is decreasing.

IV. SUMMARY AND CONCLUSIONS

In this paper we have investigated two structure pa-
rameters of the pion and of the kaon: namely, their elec-
tric and magnetic polarizabilities. These parameters ap-
pear as coefficients in the low-energy expansion of the
amplitude for Compton scattering. We have used the
generalized NJL model which was extended in Ref. 3 to
N& llavors preserving the known symmetries of QCD and
have considered the case of three fIavors. The only de-
grees of freedom of the model are quarks. We have
minimally coupled them to a small constant electromag-
netic field. We have studied the effect of such a field on
the gap equation and on the Bethe-Salpeter equation
self-consistently in the Hartree approximation. We have
seen that the solution of the latter to second order in the
field is intimately related to the structure parameters aM
and PM. The model has three parameters in addition to
the quark masses: namely, two coupling constants G and
K which give the strengths of the interactions, and a
regularizing parameter A. Indeed the NJL model is not
renormalizable and one needs to render loop integrals
finite. Here we did not use the common method which
can be traced back to the original paper by Nambu and
Jona-Lasinio consisting of introducing a cutoff function
in the loop integrals. We have rather implemented a
gauge-invariant regularization motivated by the method
of Pauli and Villars.

We have calculated a~ and PM in the barely and
firmly broken regimes as defined in Ref. 3 and obtained
strong constraints on our results from chiral symmetry.
We have seen that in the zero current-quark mass limit
the electromagnetic polarizabilities of the neutral pseu-
doscalar mesons vanish because of their pointlike nature.
In the case of charged mesons it is the sum aM+PM
which vanishes. Deviations from these results away from
the chiral limit come from mass terms. To analyze our
results we make a standard decomposition of eM into a
part which takes into account recoil effects and is related
up to some relativistic corrections to the electromagnetic
size of the object (classical part) and an intrinsic part as-
sociated with possible excited states reached by dipole
transitions and with vacuum-polarization effects. It turns
out that the electric polarizability of the charged pion
(kaon) is to a very good approximation (for a major part)
given by the classical term while the ones of the neutral
pion and kaon are necessarily only given by the latter.
The value of the electric (magnetic) polarizability of the
kaon increases (decreases) slightly as the nonlinearities in
the strange current-quark mass become stronger. The
values we have obtained were within the error bars of the
experimental data; however, the lack of accuracy in the
measurements did not allow us to draw any decisive con-

elusion. Better experimental results are thus highly desir-
able.

Since our approach involves the mean-field approxima-
tion together with a strong-coupling theory it is necessary
to discuss the following question: What would happen if
one would include higher-order efFects? These would nat-
urally affect the intrinsic part since one would include
more possible excited states and more vacuum-
polarization effects. However, as we have seen these two
effects are of opposite signs having a tendency of cancel-
ing each other. Furthermore, as we have emphasized in
this paper, the electromagnetic polarizabilities are very
much constrained by chiral symmetry. We thus do not
expect significant changes in the results concerning the
pion for which the soft-pion limit should be a good ap-
proximation. The kaon polarizabilities could be more
sensitive to higher orders.

We would like to conclude by stressing the advantage
of using the NJL model compared to other models. First
of all, of course, it incorporates chiral symmetry and its
dynamical breaking in the same way as one believes it
happens in QCD which was seen to be crucial. Second, it
includes in a consistent way within the approximation
scheme all possible excited states as mell as vacuum-
polarization effects. In constrast, most other models
select some intermediate mesonic states which can be
coupled to pions and photons usually through quark
loops. " In this case, one can always add some direct
couplings of these, mesons as has been done in Ref. 10.
There, a non-negligible increase in the pion electric polar-
izability was observed as a consequence.
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APPENDIX A: REGULARIZATION

The gap equations, Eqs. (30) and (31) as well as the
Bethe-Salpeter equations, Eqs. (34) and (35) involve diver-
gent integrals, for which a regularization procedure has
to be defined. In order to preserve the symmetries of the
system, namely, chiral symmetry, gauge invariance, and
Lorentz invariance, we follow the regularization method
of Pauli and Villars. ' In this method, integrals of the
type

d "p JP pI pr(m, ,mj;q)=i
(2~) (p —m; )~[(p —q) —m ]r

(Al)
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are replaced by a sum of contributions corresponding to
different masses,

(M, ) —m; (m, ') —m,2

(M,') —(M, ) (M, ) —(M,')
——2.

I = g c,I(M, MJ, q),
s=0

(A2) (A5)

N N

g c, =0, g c, (M ) =0. (A3)
s=0 s=0

Equations (A3) can be satisfied through the introduction
of two auxiliary masses for each Aavor index i'. We use
the standard definitions

with the convention co =1, M, =m;, and Mj Plj and
the usual conditions

4A A =4MOIO)o(MO Mo'0) (A6a)

4BA =4[M2[IO,O(MO Mo'0)+2(MO) Io]o(MO MO'0)]

The gap and Bethe-Salpeter equations involve the func-
tions Io,o and Io». For example, the quantities A and B
[Eqs. (32) and (34)] which appear in the gap equation can
be written as

(M 1 )2 m 2+ 2A2 (M2)2 m 2+ A2 (A4) +nondivergent quantity J . (A6b)

where A is a cutoff parameter. These equations lead to According to our prescription one finds

(M' )
Io,o(MO, MJO;0) = [(1+2x;)ln(1+Zx; ) —2(1+x, )ln(1+x; )],

16m

Io&&(MO, M~~;q ) = [(a++2x)ln(a++2x) —(a +2x)ln(a +2x)2 1 M
32& m

—(a++x)ln(a++x)+2(a +x)ln(a +x)]

+b+lna++b lnb —2 1+c arctan +arctan
b+ b

C c

(A7)

(AS)

where the following notation has been used:

AXl-
M'0

A m 2m 4M
x=, a+-=1+, b+-=1+, c =

M M q q

' I/2
4m4—1—

4 (A9)

In Eq. (A9) we have also introduced the average square mass M and the square mass difFerence m:
M2 1 [(M& )2+(MJ )2] m 2 1 [(M& )2 (MJ )2]

For equal masses, expression (AS) simplifies to (for q =0)

Io»(MO, MO;0) =ln(1+2x; ) —2 ln(1+x; ) .

(A10)

(A 1 1)

APPENDIX 8: BETHE-SALPETER EQUATIONS AND DECAY CONSTANT

1. Bethe-Saltpeter equations

a. In the absence of an electromagnetic geld

Performing the traces over the Dirac and color matrices, Eq. (34a) becomes

Using the identity

4 ~2 Ml 2
p q

2 MJ 2
(Bl)

2[MOM~~ —p(p —q)]=[(MO) —p ]+[(Mo) —(p —q) ]+[q —(Mo —MJO) ]

one can write Jo(q ) in terms of the quantities Io» and Io,o introduced in Appendix A [see Eqs. (Al), (A7), and (AS)] as

Jo(q ) =2K, IIO)0(MO MJO'0)+Io&0(MJO Mo'0) [q (Mo M~() ) ]Io„(M0 M~()'q ) I (B3)
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b. In the presence of an electromagnetic fteld

Let us first define the quantities

z I (n +k —2) 1 a" '(1 —a)"
I (n)l (k) o [m'a+m'(1 —a) —a(1 —a)q']"dc'

I (n+k —3)
I (n)I (k)

I (n+k —2)
r(n)r(k)

z I (n+k —2)
I"(n)l (k)

k —1(1 )n
—1

[m, a+m, (1—a) —a(1—a)q ]
k + 1( 1 )n

—1

[m,za+m, (1—a) —a(1 —a)q ]"+"
ak( 1 a)n —1

[m a+m, (1—a) —a(1 —a)q ]"+"

(B4)

Note that the divergent quantities D'(z, D'(1,D z~o
—=D",

1 are related to Ioio and Io», respectively, by

DI'o(q )=Iolo(Mo)Mo, q ), D'1'1(q )= —Ioii(MO, MO, q ) .

The traces appearing in the expression of Jz, Eq. (35) can be expressed in terms of these quantities as

Tr[ ysS(1p +q) ysS~(p)]=+4n, i I 1D'('2(q )+—,'Dz~, (q ) —Bzjz(q )

—(q3 +qo )[Azjz(q ) —C~~~(q )]+ ,'[q (M—o M—~()) ]D—zz(q )I,
Tr[ ysSz(p +q) ySs~~(p)]=+4n, i( Bs~, (q )—+Bj~(0)+M&[M@)z~~(0)+D'(,(q )(Mo —M~&)]

—(qs +qo )[Ag, (q )
—2Cf, (q )+[q —(Mo —Mo) ]24', (q ))

+[q (Mo M~—()) j[8)—, (q )+MDMJOD~~, (q )]),
where the upper (lower) signs and indices correspond to the electric (magnetic) case, and

Tr[ysSo~(p +q)ysS~z(p)] =Tr[ysSJz(p +q)ysso(p)] .

(B5)

(B6)

(B7)

From these equations it is straightforward to calculate Jz. As an example, let us derive the expression of Jz(mk, 0) in
the case of the charged kaon. Let us introduce the quantities 6 and Edefined as

(2e n, V it/18~ )[22 22
—4A si

—3 &",
—(Mo Mo ) (4241+ r441 )+mx(4241+ A~", )] for an electric field,6=.

0 for a magnetic field,
(B8)

2e2n y + (D us + Dsu (Mu Ms )2Dus1
c eft' —

2 12 21 0 0 2218~

+4M"
t
D"'(M' —M" )

—M" [Dz'(0) —(M" —M' ) D"' ] I

+M' ID'"(M' —M" ) —M'[D'" (0)—(M" —M' ) D'" ]I
—2822+482'1+Bi", —84O(0) —B~o(0)+(Mo —Mo) (48qi+8~"1 )

3It.+ (D"' 4M "M"D"' M(Pf 'D—'" 48 "' ——8'" —2C—"' +8C"'+2C'" ) ) +K 22 0 2 21 2 21 41 41 22 31 31 2 d
8m 6 2n, V„

where 8 z(ti ) is the function defined by Eq. (33) [see also Eq. (A6a)] which depends on the nature of the field (electric or
magnetic) through the quantity Mz. All the functions A, B,C, D have to be taken at q =mx unless otherwise specified.
The resulting expression of Jz(mk. , O) reads

Jz(mx, O) =F+6 . (B9)

A similar expression can be obtained for the case of the pion. By using Eq. (39) one can then calculate the electromag-
netic mesonic polarizabilities. As an illustration let us give an approximate analytical expression for the neutral-pion
electric polarizability as obtained using the original SU(2) NJL model:

5 e + ma 0= m 1
96 f 3GMm
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2. Meson decay constant (E =B =0)

The meson decay constant defined by Eq. (48) obeys the equation

fMqo = —
'gMqq TrA[y5yoSo(p)y~So(p —q)], (B10)

where i =j =u for the pion and i =u, j =s for the kaon, and where gM~qy, is the meson quark vertex [gMqq being the
quark-meson coupling given in Eq. (40)]. The integration over p in (B10) leads to a divergent expression. After calcu-
lating the traces over Dirac and color matrices one can write f in terms of the quantities I &z (Appendix A):

f+=12gM~q[ MoIoii(Mo Mo q')+(Mo' Mo)Iiii(Mo M'o q')']

where Io» is given in Eq. (A8). Using the notation of Eq. (A9), Ii» can be written as

I (M' M~ q )= 'I —— — 1 — (1 —2x) ln
1 1 M a++2x

111 0 & 0 & P 011 64 2 2 4 a +2x

(B1 1)

1 — (1+x) ln
m4

a +x
a +x

M 2M 2m a+
+ 1 — ln

2
q

2 M 2q 2

2m 4m a+ a+ — c arctan —arcian
M q C e

(B12)

APPENDIX C: CALCULATION OF MESON RADII

From the knowledge of the Bethe-Salpeter amplitude y(k, p) of a meson in the absence of an electromagnetic field [see
Eqs. (15) and (16) with A„=O] one can determine its form factor F(q ) and consequently its radius through the expres-
sions (see, for example, Ref. 17)

with

d xe'~" M j„x M =e p„+p„'F q (C 1)

(M
~ j„(x)~M ~ ) = ie; f d x tr—[y (x, , x )y„"'y (x;,x, )](irl'J" m) —i—e.f d x;tr[j (x;,xj )(irl"' m, )j'„—.(x;,x )]y„'j'

(C2)

and

( q) dF(q )

q =0
(C3)

In (Cl) j„(x)is the electromagnetic current, q„=(p„' —p„) is the momentum transfer, e is the charge of the meson, the
indices (i) and (j) refer to particles i and j bound into the meson, and y(p, q) and y„(x;,xj ) are related by the transfor-
mation

y (x;,x.)=e '~ fd"k e '""y(k,p) .

The variables X and x are the center-of-mass and relative coordinates, respectively:

m; . mj

(C4)

Inserting Eq. (C2) into Eq. (Cl), one obtains the expression for F (q ):

e(p„+p„')F(q )= —ie, Tr[y(k, p)y„"Sz~'(k +q+@,p)yz] —ie Tr[g(k, p)y5S&~'(k —
q

—p p)y„'~']

with

y(k, p) =—CS(')i'(k —p p)y~So" (k —p, p ) .

(C5)

(C6)

In order to determine the radius one can expand F(q ) in powers of q . Performing the traces, and using the identity

f d ia(P —m )

p —m

one obtains, to first order in q (q )0),
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2 q 2 (1—a) (1+2a)
+ ~+~ ~o

a(1 a—) [am~+M;(MJ —MI )]+
2 +(i~j )

[a(M~&) +(1—a)(Mo) —m~a(1 —a)]
(C7)

where i and j are defined by Eq. (36) for the kaon and charged pion. For the neutral pion one adds the four sets
i =j =u, i =j=d, i =j=u, i =j=d. In Eq. (C7) N is a divergent quantity which can be brought into the form

1 a(1 —a)[amM+M;(M. —M; )]
N =24e; —I, i, (Mo, M~o, mM)+ f da . .

' ' +(i~j ) . (CS)
16m a(MJo ) +(1—a)(MO ) —mla(1 —a)

The normalization factor C is usually chosen to give the
correct total charge:

x M jo x M = e;+e charged meson

(C&)

i.e., F(q =0)=C %=1 for the charged pion and kaon.
C can also be identified with the quark-meson coupling
constant [see Eq. (40)] since the Bethe-Salpeter vertex
I =Cy5 describes the coupling of a qq pair to a meson.
We have used this convention to calculate the meson de-
cay constant [Eq. (B10)]. With C=gM we find that the
relation C % = 1 holds for the case of the pion. Slight de-
viations are observed for the kaon. We get C X =0.99
for set (I) and C N = 1.13 for set (II). Note that it would
be possible to adjust C X to unity by introducing
different cutoffs A in the strange and nonstrange sector.
Indeed, there is no a priori reason to choose them to be
identical. However this has been done in order to mini-
mize the number of parameters.

In the chiral limit [(Mo) =(Mo);mM=0] one finds,
from (C7) and (Bl 1),

3
rM = (charged pion),

4m f~
(C 10)

rM =0 (neutral pion) .

The results for sets (I) and (II) are summarized in Table
III. They are in quite good agreement with experiment.
The somewhat too small value obtained for the pion ra-
dius with the set of parameters (II) comes from the some-
what too large value of f (see Table I). It is interesting
to note that the K square radius is quite sensitive to the
set of parameters used. The stronger the nonlinearities in
m, are, the larger is the absolute value of the square ra-
dius. The error bars in the experimental value are in any
case too big to draw any decisive conclusion. The radius
obtained for the pion is the same as the one derived in the
linear o. model with quarks. Results of both pion and
kaon radii correspond to the ones calculated with a co-
variant cutoff whose value is taken to infinity
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