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The radiative decays of the ground S-wave and the first excited P-wave mesons in light-quark qq
systems are investigated in the covariant oscillator quark model. An important feature of this
scheme is that the effective electromagnetic currents for respective processes, which are manifestly
covariant and conserved, are given in a unified and systematic way. The results for the S-wave
mesons seem to be in good agreement with experiment, and the results for the P-wave mesons are
satisfactory, as far as the present poor experiments are concerned, except for the process b l+ ~m+y.

I. INTRODUCTION

Recently there seems to be no doubt that quantum
chromodynamics. (QCD) plays an important role as a
theoretical basis for the strong interaction of hadrons.
As a matter of fact the success of nonrelativistic (NR)
quark models, being guided by QCD, has become more
remarkable than before especially for heavy-quark sys-
tems, while various interesting models reAecting some
physical pictures of QCD, such as the bag-model ap-
proach, seem to reproduce some qualitative features of
respective physical phenomena.

On the other hand, from the viewpoint of practical
quantitative application to the various low-energy hadron
phenomena, QCD itself has not yet reached the stage of
making definite numerical predictions, except for the
lower-mass spectrum, and the NR quark potential mod-
els seem to be still keeping their important roles. Howev-
er, their application should be, in principle, limited to
static problems such as mass spectra, magnetic moments,
and transition reactions with small threshold energy.
The difficulty is most seriously seen' in treating the elec-
tromagnetic (EM) processes of hadrons, where it is in-
dispensable to get the effective currents in terms of "ob-
servable" hadrons themselves, and in doing so the covari-
ant description of the center-of-mass motion of hadrons
is necessary. This difticulty still remains in recent semi-
relativistic attempts, which can, by taking into account
the effects of relativistic motion properly, describe the
spectra of light- and heavy-quark systems in a unified
way.

This point has been one of the most important motives
for the covariant oscillator quark model (COQM), where
hadrons are defined as Feirz components of multilocal
fields which satisfy a covariant equation heuristically ob-
tained, and the conserved effective hadron currents are
given explicitly in a covariant form. The COQM has a
long history of development and we have applied it to
various problems' with satisfactory results.

In this paper we shall apply the COQM to analyze the
radiative decays of light-quark qq mesons. From the
above-mentioned point of covariance and of current con-
servation ihe radiative decay processes of the P-wave
mesons are especially interesting, since the final particles
have generally large kinetic energy. ReQecting this
dificult situation there have been published only a few
works ' treating the radiative decays of the P-wave
mesons from a different viewpoint.

The contents of this paper are as follows. In Sec. II we
give a brief review of the COQM and give a general form
of the conserved EM currents. In Sec. III the effective
meson currents for the respective processes are derived
and the corresponding formulas for the decay width are
given. In Sec. IV our predicted decay width for the 5-
wave mesons is compared with experiment. The main
contents of this paper, the analysis of the decay of the P-
wave mesons, is described in detail in Sec. V. Finally in
Sec. VI are given some concluding remarks.

II. CONSERVED CURRENT IN COQM

A general expression for conserved minimal elec-
tromagnetic currents in the COQM has been derived in
our previous works. In this section we shall collect the
necessary formulas for our present application and reca-
pitulate the derivation of them.

In this scheme the mesons of quark-antiquark systems
are generally described as a bilocal field (wave function)

4~(x „x2),
where x, (x2) is the Lorentz four-vector representing the
space-time coordinate of a constituent quark (antiquark),
a (p) (a,p= 1 —4) denotes the index of the Dirac spinor
of a quark (antiquark), and the liavor and the color in-
dices are omitted for simplicity. Here the respective
parts of the wave function, the spin and the space-time
wave function, are covariantly extended, separately, from
the corresponding part of the NR one. Concerning the
spin part we choose the Bargmann-Wigner (BW) scheme
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—U(xi, x~) 4(x„x~)=0,

out of the two thus far proposed, and the wave function
(2.1) is required to satisfy the BW equation.

Concerning the space-time part, it is required to satis-
fy the equation

1
(2.2)

' =1 2mi

(5(q) (I'(q)

(2.3)

Here the first term Uo is a confining part corresponding
to a four-dimensional harmonic oscillator (HO), and the
second term is a perturbative potential representing the
one-gluon-exchange effects. In this paper we shall apply
the symmetrical current, which is conserved only up to
the zeroth order of A, and represented in terms of unper-
turbed meson masses. The second term is needed to
determine their values unambiguously through the
analysis of the actual meson spectrum. Equation (2.2) is
rewritten in terms of the center-of-mass coordinates X„
[= (m, x,&+m 2xz„)/(m, +

m 2 ) ] and the relative coordi-
nates x„(=x,„—x~„) as

82

ax'
—Ai (x) 4(X,x) =0 (2.4)

P

with the square-mass operator of the form
T

2

+ U(x)
2p Bxp

(2.5a)

where mt. (mz) is the parameter corresponding to quark
(antiquark) mass, and the potential term consists of two
parts:

U = Uo+A, UG, Uo = ,'E (x,—„—x2„)
FIG. 1. Electromagnetic interaction of qq-meson systems in

the COQM.

d 8
Jip

=48'i l
2m Bx p

a
+gM2 Pv g

+
g

(2.6b)

where e,. is the charge of the ith quark, g~ is the parame-
ter related with the gyromagnetic ratio, o„"are the spin
matrices of the ith quark with the definition
cr„"„'—= (y"'y',"—y',"y„"')/2i (cr„' ' should be understood
as ~p(.)T, AT d—enoting the transpose of A), and
4=&ty4I 'y4' ' (4t is the Hermitian conjugate of 4).
Here it may be notable that the first and second terms in
Eq. (2.6b) are just the generalization of the convection
and the spin current, respectively, in NR nuclear physics.

m, m2p=, d =2(m, +m2) .
mi+m2 ' (2.5b)

III. EFFECTIVE MESON CURRENT
AND RADIATIVE DECAY WIDTH

Here it is to be noted that H has a similar form to the en-
ergy of relative motion in the NR potential model except
for now using Lorentz four-vectors instead of three-
vectors. In order to freeze the redundant freedom of rela-
tive time, we suppose the definite-metric-type subsidiary
condition' for the unperturbed wave function. As is well
known, the wave function satisfying this condition is nor-
malizable and gives '" the desirable asymptotic behavior
of EM form factors of hadrons.

Thus our scheme transforms the results of the NR
quark model for linear mass of hadrons to results for
masses squared, keeping Lorentz covariance. As an im-
portant result we get linear orbital Regge trajectories, as
is desired, for square mass of hadrons in the unperturbed
limit. The general form of conserved meson currents is
most clearly derived by recourse to the Lagrangian
method, ' following the heuristic prescription by Feyn-
man, Kislinger, and Ravndal' (FKR) with some general-
ization. We obtained the action for EM interaction (see
Fig. 1), up to the first order in the EM coupling constant,
as

2

2

as

A. Unperturbed meson wave functions

The unperturbed meson wave function can be written

N~~(x i,x2) =Ne'"' 4~(x;p), (3.1)

1 'XNv
MMo

&„(p)f(x;p),

(3.2a)

where X is a normalization constant for the plane wave
and 4'~(x;p), p„being the four-momentum of the
center-of-mass motion, is the internal HO and spin wave
function. [In Eq. (3.1) we describe only the annihilation
part of the meson bilocal field. ] As was mentioned in Sec.
II we take the BW scheme and the definite-metric-type
HO for the spin and the internal space-time parts, respec-
tively. The detailed forms of the internal wave functions
for the relevant meson systems are given as follows. For
ground S-wave mesons,

%~(x;p) = — y5 1+ &(p)f (x;p)
Mo

d XJ„XA„X (2 6a) where
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f(x;p)= —exp ——5 +2 x xp p
7T 0 Pl ] Pl2 0,

2(m, +m2)
(3.4)

P(p) is a local field representing the pseudoscalar-meson
nonet, and V„(p) the vector-meson nonet satisfying

' being the slope of the trajectories; and the sym-
metric masses Mz and M„appearing in Eqs. (3.2) and
(3.3), respectively, for the ground- and first-excited-state
mesons are related by

(3.2c)p„V„(p)=0 .

For first excited P-wave mesons,
P

P„(p)f„(x;p)4'~(x;p) = — y~ 1+
2 2 M, M] =Mo+Q . (3.5)a

tal fact of the universal orbital Regge trajectories,
(3.2b)

1

2v'2 " M, V~ (p)f, (x;p),
B. Effective meson transition current

(3.3a)

where

f„(x;p)= iv'2p 5„,+
1

X —exp ——6 +2 x xp p PpP~
2

1

(3.3b)

P~(p) and V„(p) are local fields representing the axial-
vector nonet ('P, state) and the scalar, axial-vector, and
tensor nonets ( Po, P„and P2 states), respectively,
which satisfy the subsidiary conditions

and

p„P„(p)=0,
p„V„(p)=p V„(p)=0

(3.3c)

(3.3d)

V„,(p)= V,„(p), V„„(p)%0 for scalar mesons,

V„,(p)= —V „(p) for axial-vector mesons,

V„,(p)= V „(p), V„„(p)=0 for tensor mesons .

(3.3e)

Here f (x;p) in Eq. (3.2b) [f„(x;p) in Eq. (3.3b)] is the
ground- (first-excited-) state wave function of the unper-
turbed HO, and the parameter P, being originally defined
by p=v'pK, is represented by, assuming the experimen-

I

The interaction (2.6) describes systematically all EM
interactions of qq-meson systems, that is, the ground-
and/or excited-state mesons. The effective meson
currents J„(X) for respective processes are obtained
merely by substituting the corresponding wave functions
given in Eqs. (3.1)—(3.3) into Eq. (2.6) and performing the
calculation on redundant variables in Eq. (2.6a).

In Table I we have collected the covariant expressions
of the respective effective meson currents J„(X) (in the
momentum representation) thus obtained. In this table
P(p), V„(p), P„(p), and V„(p) [P(p') and V„(p')]
denote the initial [final] pseudoscalar, vector, 'P, axial
vector, and Po, z scalar, axial-vector, tensor mesons
[pseudoscalar and vector mesons] with the four-
momentum p„[p„'] (in the actual application we assume
it is on the physical mass shell), and F (F) is the overlap
integral between the initial and the final HO wave func-
tions of the EM interaction with the constituent quark
(antiquark). Here it is to be noted that in the expressions
following the arrow the terms proportional to p„or p„'
are omitted, considering that they give no contribution to
the present real-photon processes.

By inspecting this table we can easily confirm that the
respective magnetic parts with the coupling coeScients
p's of our e6'ective currents are trivially conserved. In
the following we shall show explicitly the conservation of
our effective electric (convection) currents with the
coeKcients e for the transitions PJ~ S, +y and
'P, 'S +y:

1 ~2
q J o=

v'2p m, +m, [(p'+p»e]+v'2P 1+p pp' p
m&

q —,p' +(m, ~mz)

qp 1 Pl p

pp' ~ V'2P m +m,
(m, +m2)

(p —p' )+2P +(m, ~m~)
f71 ) ~2

~ m2( —M, +Ma+0)+(m, ~m~) =0 . (3.6)

In the first line of Eq. (3.6) we have written down only the
common relevant factor of the currents to both transi-
tions which comes from the overlapping of the internal
space-time wave function. In the third [final] step is used
the relation (3.4) [the relation (3.5)].

C Radiative decay width

From the efFective meson transition currents given
in Table I we can derive straightforwardly the formulas
for radiative decay width following the usual procedure.
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Process
2s+ 1L 2s+ li

TABLE I. Efective transition currents for the radiative decays of S- and I'-wave mesons.

Transition current J„

Si —+'So+y, 'So~ S)+y
»

m2 p~+p~J„=ieg~ 1+ (MQM )Ie&»„gg» [ P—(p') Vz(p)+ Vz(p')P(p)]+( m~mz, M~M)
m] 0

~ieooe, -~z-p'[ —P(p') V~(p)+ V~(p')P(p)]

P2 ] —+'SO+y, 'P)~ 5)+y
t

mz pq . p pIp= ie — ~MQM~ I,pp Ie„;N. + [—P(p')Vl (p)+ Vg(p')P (p)]v'2g m,

—(m &~m2, M~M)

-iepe...~e,pp,'[P(p') Vk, (p) —V~(p')P, (p)]

I2 ~ o~ S]+y J„=e(MQM)I .
q

—~P p' p„'+p„+ ~ p„' —~
pv2p m+m, ~ pp' ~ " " m, pp' " pp'p"

r

+v'2p 1+ 5 „—
m] pp

1
1 — pp pp

v 2P mt PP' 2 M)Mo M, Mo

+ qp'
2 MM MM1 0 0

r

qp qp
2MM " 2MM

-2M'M P q-P:-P:q-P ) -(P') V"(P)
1 0

+(m, ~m„M~M)

~p +~2p pA Bp +plppqk~ +p'2ppq ~A, )~ (p') ~g, (p)

'P) ~'So+y
r r

Z„= e&MQM&I
' '

q
—'IP

pv'2p m, +m~ e pp' e " " m, pp' " pp'

+v'2p 1+
m&

I

pp
pp

2 MMO

+ gM m 2 qp, qp qp
&ZP m, ~' pp'P' 2M, M, P" 2M, M, P"

Coupling parameter

+(m] m2, M M)

«]I'(p')I'„(p)

PO do
0

+ —,f= gM M[(MO+M] )

v'2P 2 Mo M&
i

PP' v 2P Mo(Mo2+Mf)
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TABLE I. (Continued).

Coupling parameter

(Mo+M) )
g, =v'2p — 1 — d, =v 213 d,

1f2=v 2f3 d(
0 1

pp qp M] g~ M& (Mo+M& )1— d»= »» d»v'2p 2 M, Mp M, MD pp' v'2p MD{MD+M[ )

pp' qp' M& gM M (Mo+M, )
p»= —— 1 — + —,d» —

» d»v'2p 2 M, Mo M, MO pp' v'2p M2O+M~~

d i

do = 1+ (MQM ) + 1+ (MMQ ),
m& m» -d»-

1+
(MQM)F+

m»

m&

m&1+
m»

(MMQ )F

f= (MQM )F— (MMQ )F
m& m»

MoMI = —,exp
pp

m»

4P m, +m,

»

2 (qp)(qp')
pp

1 for S-state~S-state transitions

2MoM I m»F= »»expMo+M1 m
& 2(Mo+M

for P-state~S-state transitions

F=F(m&+ m»)

M (M): initial (final) meson nonet matrix

Q: charge matrix

extraction of terms contributing to radiative decays

The results for the respective processes S,('So)
'So('Si)+)' 'Pz, i('P» 'So('Si)+)' 'P2, t,o

+y, and 'P& —+'So+ y are given, respectively, in Tables
II, III, IV, and V. In these tables the coupling
coefficients e and p for each decay channel are given in
terms of our fundamental parameters and quantities. The
result for decays of the physical axial-vector strange
rnesons, which are mixtures of the 'P, and P& states, is
given separately in Table VI.

In these tables the mixing angles P; for the two physi-
cal isoscalar states Io, and Io,. of respective + 'LJ nonets
are defined from the ideal quark basis, ' ' (nn)=(uu
+dd )/v'2 and ( —ss ), as

K, (1270)) = c sop~ K, s('P, )) —sinltt~K, „( P, )),
(3.8)

K, (1400)) = cosg~K, „( P, )) +sing~ K&(' &P)) .

Here it may be noted that for the antistrange mesons
~K, (1270)) and ~K, (1400)) the corresponding formula
for Eq. (3.8) should be defined with the change of sign as
~K, „( P, ))~—~K, „( P, )), refiecting the different
charge-conjugation property of the P, and 'P, states. In
Tables IV and VI the complex qz dependence of the de-
cay width I is due to the fact that both of the convection
and the spin currents contribute to the decays of P2 & 0

3
t 7

states into S&+y states.

(Io, )= (nn )cosP; + (
—ss )sing. ;,

(Io, ) =( —ss)cosP,. (nn )sinP; —.
(3.7) IV. RADIATIVE DECAY WIDTH OF S-WAVE MESONS

IN COMPARISON WITH EXPERIMENT

These angles p; are related to the singlet-octet mixing an-

gles 0; as P;=8;—35.26. In Table VI we have defined

the mixing angle g for the physical strange axial-vector
mesons as

As is well known, now the assignment of the ground
S-wave qq system, the 'So pseudoscalar- and the S&
vector-meson nonet, is experimentally established and
there is rather rich experimental information on the radi-
ative transition processes among them. The detailed
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ger, x(—:m„/m, ), 0, Mc, (4.1)

which may be dependent on the Aavor channels of con-
stituent quarks in the relevant meson systems
(throughout this paper we shall assume the isospin sym-
metry between u and d quarks, denoting them as n

quarks).
As for the parameters 0 and Mo we take the values

analysis on these processes. was already made in our pre-
vious work' based upon the same theoretical framework
as in this paper. In this paper we have reanalyzed these
processes and compared the results with the renewed ex-
periments in Table VII.

For these processes we have the following five kinds of
parameters: g~=0. 850, x =0.797 . (4.3)

(In our previous analysis' we took the values gM=0. 931
and x =0.674 determined from the analysis' of baryon
magnetic moments. ) As for the mixing angles of the
pseudoscalar and vector nonets, we take the typical
values of

Pp= —55' (Ref. 19),
/v=3. 7' (Ref. 17),

(4.4)

in our previous work. As for the fundamental parame-
ters gM, assuming gM(n) =gM(s), and x we have deter-
mined from the experimental values' of
I (p

—~sr —y)=68 keV and I (E*+—~K —+y)=SO keV, re-
spectively, as

Q(universal) = 1.15 GCV

Mc (nn ) =0.592 GeV

Mc(ns or sn )=0.849 GeV

Mll(ss ) = l. 12 GeV

(4.2)

and also use these values in the analysis of the P-wave
meson decay widths.

By inspecting Table VII we may conclude that our pre-
dicted values are in good agreement with the present ex-
perimental ones.

determined from the detailed analysis of the mass spectra
V. RADIATIVE DECAY WIDTH OF P-WAVE MKSONS

IN COMPARISON WITH EXPERIMENT

TABLE II. Formulas for radiative decay widths of the tran-
sitions S& ~'So+r and 'So —+ S&+r.

A. Experimental candidates for P-wave meson nonets

Process

E E r

'9~p r

2 3=
2J, +1"'~'

PO

3MON

gM
2 sing p

ON

1+x
3

1+ 1

x
)

Mos.

1 gM

X MO~

2 gM 4
singvcosgp cosfl sinPp

2 cost)) p
ON

2 gM 4 gMcosfpcosfy singpsingl
0N 3 os

J&. spin of initial mesons
m„

X =
m,

gM
2 cosfy

ON

2 4 gM
cosgvsingp —— singvcosgp

ON OS

gM—2 sing v
~ON

2 RM . . 4 gM
sin/i singp —— cosgl cosgp

As is well known, the assignment of the excited P-
wave qq systems is still controversial and not fixed except
for the Pz tensor-meson nonet. A main reason for this
situation is that around the relevant mass region there
may exist other kinds of particles such as a hybrid-
quark-gluon system, a glueball, and a four-quark (q q )
system. Accordingly in this paper we have picked up all
established and/or typical possible candidates and ana-
lyzed their radiative decay width. In Table VIII we have
shown all the experimental candidates to be examined, on
which are made some remarks in the following.

Pz nonet. All the members belonging to this nonet are
established. Concerning the two isoscalar members, the
fz(1270) and the fz(1525) are supposed to have mainly
nn and ss contents, respectively. The value of the mixing
angle PT determined from two-photon decay widths of
the az(1320), fz(1270), and fz(1S25) by current algebra
and SU(3) is about —8.7' (Ref. 21), while the quadratic
mass formula gives its value of about —3.6'. We shall
take the value PT= —8 to calculate the radiative decay
widths.

P, nonet. All the members belonging to this nonet ex-
cept for the isodoublet one IC, „(1340)are still controver-
sial. The mass value of K,„,1340 MeV, is obtained from
the mean of mass squared of the two physical isodoublets
IC l (1400) and E l (1270). Concerning the isotriplet
member a, there is a long history of controversy. Re-
cently the standard choice seems to take the a, (1260)
with the mass of 1260+30 MeV and the width of
300—600 MeV (Ref. 17). Concerning the isoscalar
member with the mainly nn content, the f, (1285) seems
to be almost a unique candidate. Concerning the other
isoscalar member with the, mainly, ss content the
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f, (1420) has been usually supposed to be the candidate.
Recently another promising candidate, f&(1530) with
M =1527+5 MeV and I =106+14 MeV (Ref. 17), has
been observed ' in the reaction K p~(KKrr)A. In
the case of the combination of two isoscalar members,
f &

(1285) and f &
(1530), the quadratic mass formula gives

the mixing angle $„=21 . In the case of the other com-
bination, f, (1285) and f&(1420), the quadratic mass for-
mula gives P„=6.7', while the ratio of the decay width
I (f~(1420) yy*) to I (f&(1285) yy*) gives
$„=10'. We shall take the value P~ =21' (10') in the
former (latter) combination. We have also examined the
case of assignment recently proposed by Iizuka, Masuda,
and Miura [a

&
(1075), K, ~, and f, ( nn—) (unob-

served), f', (-ss)=f, (1285)].
Po nonet. The experimental situation on the members

of this nonet is quite confused. The Ko(1430) and the
fo(1400) seem to be favorable members of the isodoublet
and the isosinglet with the mainly nn content, respective-
ly. The ao(980) and the fo(975) are usually assigned to
the isotriplet member and the isosinglet one with mainly
ss content, respectively. Against these assignments, it has
been suggested that both the ao(980) and the fo(975)
may well be weakly bound EK systems. Recently there
has been the following report. An amplitude analysis of
the E&Kz system produced in the reaction

K p~(KsKs)A at 11 GeV/c has provided evidence for
the resonance fo(1525) to be assigned as an isoscalar
member with the mainly ss content instead of the f0(975).
If this assignment is taken, it is remarkable that there ex-
ists an approximate mass degeneracy among the isoscalar
members belonging to the different P& nonets [viz. ,
among the fo(1400), the f, (1285), and the fz(1270) and
among the fo(1525), the f, (1530), and the f2(1525)]. A
similar degeneracy may be seen in the isodoublet sector
[viz. , among the Ko (1430), the K, ~ (1340), and the
Kqt1430)]. If this degeneracy is valid in the isovector
sector, the mass of the Po state in this sector is expected
to be —1300 MeV. In fact an amplitude analysis of the
iso vector KE system produced in the reaction
m. p~(K Ks)p at 10 GeV/c has provided evidence
for an S-wave enhancement peaking at —1.3 GeV. In
this paper we investigate both the cases of [ao(980),
fo(975)] and [ao(1300), fo(1525)] with the ideal mixing

'P& nonet. All the members of this nonet seem to be es-
tablished except for h &, the isoscalar one with the mainly
ss content. The b, (1235) and the K,s are unambiguous
candidates for the isotriplet and the isodoublet members,
respective1y. The mass of K,~ is calculated to be 1340
MeV from the mean of mass squared of the K, (1400) and
the K, (1270). The h, (1170) is a good candidate for the

TABLE III. Formulas of radiative decay widths of the transitions P2 1
—+'Sp+ y and 'P1 —+ S1+y.

1

for 'P, ,
5P gy

Process
+ +a2, Q1 ~~—

y
p+ +

&1~~Z-y+ +

gM+2 A~F~
Q~

+ x+ +21 gM 2 x—
A» F»+ F»—

Q» 3x 3

+0 0&2 &1~~spy 1/2
1+ x+ —+2
X

gM 1 x—
»

3
Fk+ 3F»

where
+

for —
p

M1;(M;+M1; )

Mp (Mp. +M1 )

2M' M1~ Q J.

(j =N or S)

2MOKM, K QK
FK =

2 e&p
MOK +M 1K 2X (MQK +M 1K )

1
FK =FK x-+—

X
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TABLE IV. Formulas for radiative decay widths of the transitions I'» 0~'S1+y.

2
10 I 4 2 4

3
E1+ (62+P2) 2

+ P1 qy+
PlF

2
E') Ptl I 2 3, —~&(~&+@2) &+, +3~ivi q, «r ~z

NlF Pip
qy

Jr+1 2~r'
2

2e, +(e2 —pz) q +
PlF

E'
1

E1(EP 'P2)
WF

—,e, +—,p)q —
—,e,p, q for Po2 2 2 2 4 4 2 3

P7l I1+
mp

q for P,

Process

Q2, Q1, QO ~Pf 3 V QNBNFN

ol

2 gM

3 Qn,

p1 or p2

QQNBNFNCOSP v

QQNB—NFNS1np y

2 CNFNcosg y
QN

gM
2 CNFNS1npy

K2 —,EC1~,XO —~K*—
y

1/2
X

BK 3 FK ——FK

' 1/2
gM 2 x—

K 3
k 3 K

SC,*O,Z~», rc,"-a*'~
1/2

K

x+ —+21

X— 18 ——F ——FK 1+—K 3 K 3
K

1/2
8M

Qn,
1 X—

FK
3

FK
3X

f2,fi,fa P')' '1y QNBNFNcosp;

3
'1v QNBNFNcosp(cosfy

, +nsBsFs sin—g; singv

gM
2 CNFNCOSP;

QN
2 RM 4
3 Qn„

CNFNCOSP; cosgy — CSF—ssing; singy
ns

—
1 V QNBNFNcosp;sinpy

1 +ns BsFs»nfl cosk v

2 gM . 4
CNFN cosg; sing y

— CsFs sing—;cosg v3+n ' 3+n,

fZ, f1 fo~c )' +QN BN FN Sing;

'Q QNBNFN S1n—g(cosg v

, QnsBsFscosg; si—ngy

,' QQNBNFNsing; si—nay

'ty nsBSFscosp;—cosf y

gM—2 CNFNsinp;
QN

2 RM 4
3 Qn„ CNFN s1ng, cosg v

— CSFsco—sg; s1ng v
ns

2 gM 4 gM

3 Qn
CNFN sing; sing v — CsFscos—g; cosg y

Qs

(MOJ+M1~ )
fol

4M' M1~

1 for e2
2MO, M1

M'„{M„+M„}
Mo Mo. +M1

M, .(M()) +M1J )
for p2

mi (mF): initial (final) meson mass 4 =QT 4'~, gs
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isoscalar member with mainly nn content. Recently
another isoscalar (J =1+ ) meson with M =1380+20
MeV and I =80+30 MeV, to be classified as h'„has been
observed in the reaction K p ~(KKm )A where has
also been observed the f, (1530) mentioned above. The
quadratic mass formula for these two isoscalar members
Il l(1170) and h, (1380) gives the mixing angle pz = —22'.
%e apply this value for our analysis.

8. Predicted decay width in comparison with expenment

Most of the parameters appearing in our formulas for
the decay width of the P-wave mesons (Tables III—VI)
have already been determined through the analysis of the
S-wave mesons in Sec. IV [see Eqs. (4.2) and (4.3)].
Another new parameter M&, the symmetrical mass of I'-
wave mesons in the HO scheme, is determined through
the relation Eq. (3.5) from the values of Mo and Q given
in Eq. (4.2). Using these values of the parameters and
taking the values of the mixing angles. given in Sec. V A,
we can calculate the numerical decay widths for relevant
respective processes. At present, experimental informa-
tion on the I'-wave meson decays is limited to a few
processes. %'e have given our predicted values for these
processes, separately from the predictions for general
processes to be given in the next subsection, and com-
pared them with experiment in Table IX.

By inspecting Table IX we may generally conclude that
our predicted values for the established candidates
[a&+(1320), Kz+(1430), and K f (1430)] are in good agree-
ment with the present experimental ones except for the
one [bz+(1235)] which is a factor of about 3 —4 below the
experimental one, and our values for the usually sup-

posed candidates [a, (1260) and f, (1285)] are consistent
with the experiments.

In the following we shall add some comments on the
comparison of respective processes.

P 'S +y(a+ lr+y, K* ~K y, K' ~K y).
Our predictions for these processes are in good agree-
ment with the experiments and seems to confirm the
usual assignment of the resonances a2(1320) and
K2(1430) from our radiative-decay analysis. The process
K2 ~K yis 'forbidden in the SU(3) limit, and our pre-
dicted value, which is smaller than the experimental
upper bound, depends strongly on the value of x.

P, ~'So+ y[a,+ (1260)~m+y]. Our predicted width
for the standard mass value of the a

&
resonance is con-

sistent with the present experiment. Here it may be
worthwhile to note the controversies concerning the
properties of the a, resonance. From the analysis of v de-
cays (r*~lr m+lr v—, ) it has been recently reported
that the mass and the total width of the a, resonance are,
for example, M=1056+20+15 MeV and I =476+]zo
+54 MeV (Ref. 37) different from the average values' of
M =1275+28 MeV and I =316+45 MeV using the had-
ronically produced data alone, while the subsequent reex-
amination of the same ~ decays reports that they are
consistent with those average values. Experimentally the
values of radiative decay width of a, have been report-
ed ' as I (a,+ ~lr y) =640+246 keV and 240+90 keV
for the cases of M =1280 MeV and I =300 MeV, and
M =1056 MeV and I =476 MeV, respectively, through
the measurement of Primakoff production of the a

&
reso-

nance. Qur predicted width, which is I (al —wiry)=125
keV, for the case of M = 1056 MeV also seems to be con-

TABLE V. Formulas for radiative decay widths of the transition PI ~ Sp+ y.

Process

CX

mI

b, ~my

x+ +21

,' &&NDNF—N

++NDNFN PP
+II N DNFN cosfp
' I/2

D~ 3' Fg2 —X

XO„SC'y
' 1/2

x+ +2
X— 1——F ——F 1+—K 3 K

h, ~m'y

~7l'y
h', ~m'y

V QNDNFNCOSPB
—' +QNDNFNcospssinpp —T~QIISDSFssinpscospp

&
QQNDNFNcospscoslpp

&
QQSDSFssinpzslnpp

+IINDNFN sinps-
,
' QQNDNFNsinpzsinp—p —

l QQSDSFzcospscospp

l V QNDNFN sin(bscospp r~VASDsFzcosgsslngp

(Mo-+MIJ )
J
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&z, zy)

TABLE VI. Formulas for radiative decay widths of the E, (1270) and the K, {1400).
2 2

p mr mF
J)tt El~(P )+1Bp(p)+ 9 y~(P )+12p(p)v'2 2

cosf p mI mFI"=,q~ e, , ~ +i)
—sing
cosg

2
for K1(1270)
for K1(1400)

p

1/2

1x+—+2
2 x — 1D —F ——F 1+—K 3 K

3 K

1/2
gM 2 x—

~» Fic+ —F»
Q» 3x 3

K, K y

QK

1x+ +2

1/2

DK 1
X— 1——F ——F 1+—K
3 K + x+ +21

1/2
1 x—F»+ —F»

Q» 3x 3

DK. see Table V see Table III
(Ic, z'y)

E1 E2 P2J =ieE „q
— — p & + — p.p p.' — — p.q p.' ~ (p )&1am(p) &&PEp ~Q Pd'p~&(p ) 1Bp p)v'2 mr

P +2 mr +2mr

I =
q2 Ymr

t 2
E1 sin I/J cos P

mF
p2) 1+ q '

2 +2m1Pcos p sin y

for E1(1270)mr+g V'2 e,pmzq +2&2(e2 p~)p— , q~ cosg sing f I (1400)mr +mF or

Ol E2

QK

1x+ —+2
X

QK

Ix+ +2

1/2
2 x — 1B —F ——F 1+—K 3 K

3
K

1/2

B ——F ——Fx—
K 3 K

3 K

1/2

1/2

2 X—
C» F»

3
F»

Q» 3x

gM 1 x
C» — F» — F»—

Q» 3x 3

BK.. see Table IV

:-(")= — "- '"()
&2mK,

CK. see Table IV
+1 for K1+ and j( 1

1 for K1 and K

Process

P ~'7TQ
~sly

EC* K y
cu —+my - S, —+ S00 3 1

nr
y~~'y

&~P3

Radiative
Theory'

68
54
50
109
646
6.0
6.1

49
0.36

decay width I (keV)
Experiment

68+7
50+ 13'
50+5

117+10
680+80

0+2.5

5.78+0.58
56.7+2.8

& 1.8"

62+6
S0~ S,1 3

~CO/ 6.8 6.2+0.9
'q = —(nn )sin( —55 )+ ( —ss )cos( —55'), q' = ( —ss )sin( —55 )
+ (nn )cos( —55'), ~=(nn )cos3.7 +(—ss )sin3. 7',
p= ( —ss )cos3.7' —(nn )sjn3. 7'.
From Ref. 17, unless otherwise noted.

'Reference 51.
dReference 52.

TABLE VII. Radiative decay widths of the S-wave mesons in
comparison with experiment. The input values are underlined.

sistent with the corresponding experimental one.
Fi~ &i+y [fi(1285)~(()y]. Our radiative widths

off i (1285)~fy in the cases of tlie mixing angle p~ =21
and 10 in combination with f, (1530) and f, (1420) are,
respectively, 17 and 4.1 keV. The former case seems to
be consistent, while the latter case is not consistent with
the present experiment. Conversely the experimental
width (23+11 keV) gives the mixing angle between
P~ =16 —29'. Here we note that about 90%%uo of this
theoretical width is due to contributions from the convec-
tion current [the first term in Eq. (2.6b)] which rejects
essentially the current conservation in our scheme.

'&
i ~ '&o +y [b i+ ( 1235 )~m

+
y ]. Our predicted width

(66 keV) for this process is much smaller than the experi-
mental one (230+60 keV). We consider that this
discrepancy is quite serious for our scheme, since to this
process contributes only the convection current, whose
form is almost uniquely determined from the conserva-
tion of EM current. Remembering that our prediction
for the process f, (1285)~(t y, where the contribution of
the same convection current is dominant, reproduces well
the experiment, we might suspect the experiment. There
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TABLE VIII. Experimental candidates, established and/or typically proposed, to be examined are listed. Some comments based
on the results of our analysis of the radiative decays are also given.

Candidates
Isospin

2S+ 1LJ

3p

3p

3p

1p

JPC

0++

a2(1320)

a I (1260)

a
& ( 1075)

ao {980
a (1300)'
b) (1235)

K2 (1430)

E,~ (1340)

Ko (1430)

K )~ (1340)

ON

f2 (1270)

f, (1285)

Not seen

fo(1400)

h, (1170)

Os

f2(1525)

f ) (1530)'

f, (1420)

f1(1285)b

fo(975)
fo(1525)'
h, (1380)'

A
&
(1420)

Our comments

Consistent with the assign-
ments of a2(1320) and
I( 2 (1430)
Consistent with the assignment
of a&(1260)

f, (1285): mainly the nn

member with mixing angle
$„=16'—29; its p y
branching fraction large
enough to be observed

f, (1530): favored over

f, (1420) as mainly the ss
member; experimental research
of their decays into Py expect-
ed
K& (1400)~K+y: This width
may be most feasibly obtained
in the Primakoff production

b] (1235) 7Ty: r /F 3—4
reexamination of I'""' required

'References 22 and 23.
"Reference 25.
'Reference 27.
Reference 22.

seems to be the possibility" that the resonance
"b,(1235)" observed through the Primakoff process
might be contaminated with any other state than the
relevant qq state which is located in the similar mass re-
gion. Here we note that a theory in Ref. 41 gives good

agreement with the experiment for this process. Howev-

er, we think that its theoretical scheme is rather special
as will be discussed in Sec. VD. It is also to be noted
that the same theory gives a much larger value than the
experimental one for the width I'(a

&
~my). .

TABLE IX. Radiative decay widths of the P-wave mesons in comparison with experiment. Theoret-
ical values without the form-factor effects (F=F= 1) are also, for reference, given in parentheses.

Process Experiment

Radiative decay width I (keV}
Theory

(without F)

a 2+ (1320)—+ m y
E2 +(1430)~E y
K2 (1430)~K y
a ( (1260)~~+y
f, (1285)~Py

b,+ (1235)~~+y

P2 'So

P) ~'So
Pi~ S

'P) —+'So

235(508)
183(347)

2.3{6.6)
311(672)
20(32)'

5.6(9.3 }
66( 144)

295+60'
240+45(84'
640+246
23+ 11g

230+60"

'Reference 30.
Reference 31.

'Reference 32.
Reference 33.

'f~(1285)=(nn)c s(t„o+( —ss)sing„: P~ =21.
'Same as the above equation: P„=10'.
gReference 35.
"Reference 36.
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The above comments on the results of our analysis are
summarized in Table VIII.

C. Prediction of decay widths
for all possible radiative processes

Our predicted values of the P-wave meson decay width
and their branching fractions ( = I r/I „„the total width
taken from the experimental value' ) for all the possible
radiative channels are given systematically in Tables
X—XIV; Table X for the decay of the P2 nonet, Table
XI for the decay of the P, nonet, Table XII for the de-
cay of the Po nonet [including the process
P~fo(975)y] (see Ref. 53), Table XIII for the decay of
the 'P& nonet, and Table XIV for the decay of the
K&(1270) and the K, (1400). .

Here we note that decays of nonstrange neutral mesons
through the processes P2 & o~ So+y and 'P, ~ S, +y
are forbidden due to the change-conjugation symmetry,
and are omitted from these tables. In Table XII the pro-
cesses fo(975) and fo(1525)~p y vanish because of our
choice of the mixing angle for the scalar nonet Ps =O'. In
Table XIV we have typically given the results for the fol-

TABLE XI. Predicted radiative decay widths and branching
fractions of the P, nonet. The decay modes which have any ex-
perimental information are underlined.

Process
Mass

Radiative decay width I (keV)

Width
(MeV) Width Fraction (%)

lowing three values of the mixing angle ' between the
states P, and 'P, defined in Eq. (3.8): (i) /=56 deter-
mined from the decay rates of the processes K&(1400)
and K, (1270)—&K*m. or Kp; (ii) /=45', where the
K|(1270) decouples completely from K *n and the
K&(1400) from Kp; (iii) /=0', where no mixing occurs
and K

&
(1270)=K,~ and K

&
(1400)=K

& „.
As may be seen in Table IX, the experimental informa-

tion is presently very poor and much experimental work
is needed to clarify the assignment of the P-wave meson
nonets. In this content the present analysis provides a
guide to detectable processes. Here we wish to take up
particularly the following two examples of interesting
processes: f, (1285)~p y and K —,+(1400)~K*y. The
former has a most prominent predicted branching frac-

TABLE X. Predicted radiative decay widths and branching
fractions of the P2 nonet. The decay modes which have any ex-
perimental information are underlined.

a l {1260) ~m+y

1260+30
300—600

311 0.05—0. 10

Process
Mass

(MeV)
Width

Width Fraction (%)

Radiative decay width I (keV)

„=21
f, (1285)b ~p y

62
537

0.9

509

0.01—0.02
0.09—0. 18

(2—3) X 10

2.0
a, (1320) ~~—

y

1318+5
110+5

—+py~coy

Z,*(1430) Z+-y

1426+2
99+3

~K'y

~QQ

f2(1270)b ~poy

1274+5
185+20

~67y

f2(1525) ~poy

1525+5
76+10

235

28
247

0.8
183

2.3
38

109
254

27
1.3
4.8

0.21

0.03
0.22

7X10
0.18

2X 10
0.04
0.11
0.14

0.01
7X10-4
6X10—'

1283+5
25+3

~coy

f1(1530) ~p y

1527+5
106+14

f, (1285)' -+poy

1283+5
25+3

~6)y

f, (1420)' ~poy

1422+10
55+3

48
20

116

24
198

565

57
5.6

23

8.1

180

0. 19
0.08
0. 11

0.02
0. 19

2.3

0.23
0.02
0.04

0.01
0.33

-0
104

'Reference 17.
bfz(1270) =(nn )cos( —8')+( —ss)sin( —8'),
=( —ss )cos( —8 )—(nn )sin( —8').

-0
0.14

f2(1525)

'Reference 17.
f|(1285)= (nn )cos21'+ (

—ss )sin21',
—{nn )sin21'.
'f

i (1285)= (nn )cos10'+ (
—ss )sin10',

—( nn )sin10'.

f, ( 1530)= (
—ss )cos21'

f i ( 1420)= (
—ss )cos10'
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tion of -2% out of all possible radiative decay channels
of the P-wave mesons and therefore we expect that this
process may be observed- in the reaction
n. p —+(m ny )n if the contributions from fz(1270),
fz(1400), and q(1280)~p y are properly separated. The
latter is one of the processes which are possible but have
not yet been investigated through the Primakoff effect.
Since it has the largest partial radiative width ( —300
keV} among these uninvestigated processes according to
our analysis, it may be most feasible to detect this process
in the Primakoff production.

Mass
Process Radiative decay width I (keV)

Width
(MeV) Width Fraction (/o)

ao(980) —+py

983+3
57+11

ao(1300)
b—1300

-250

331
93

0.07

0.58
0.04

Ko (1430)

1429+7
287+23

f0 (1400)'

—1400
150—400

~cor

EC*+y

E y
p'r

800
1.3

154

358
1032

0.32
5x 10-4

0.05

0.12
.26—0.69

TABLE XII. Predicted radiative decay widths and branching
fractions of the 'Po nonet. The prediction for tI)~f0(975)+y is
also given.

D. Supplementary discussions on our analysis

TABLE XIII. Predicted radiative decay widths and branch-
ing fractions of the 'P, nonet. The decay mode which has any
experimental information is underlined.

Process
Mass

Radiative decay width I (keV)

(MeV) Width Fraction (%)

In this subsection we add some remarks on our
theoretical scheme and give some comments on related
works.

(i) We have examined the effect of the form factors F
(j=N, S,K} (appearing in Tables III—V) due to the
space-time overlap integral of the internal HO wave func-
tions. In Table IX the theoretical values of decay width
without these form factors are also given in the corre-
sponding parentheses. From this we see that the HO
wave function satisfying the definite-metric-type subsidi-
ary condition gives desirable moderate damping effects to
the radiative decays of P-wave mesons similarly as in the
case of the EM form factors of hadrons. As is well
known, in most cases of the NR treatment the corre-
sponding form factor gives the strong exponential damp-
ing.

(ii) In this paper we have taken the BW scheme for the
co variant spin wave function out of two interesting
schemes. The reason for this is that in the BW scheme it
is easy to introduce covariantly the effects of perturbative
@CD, while in the other scheme, the minimally boosted
Pauli (MP) scheme, it seems difficult. Actually we have
also made our analysis based on the MP scheme. Both
the BW and the MP schemes give the same results for the
radiative decays of the S-wave mesons, while for the de-
cays of the P-wave mesons the latter gives slightly worse
agreement with experiment than the former.

(iii) By using the values of parameters in Eq. (4.2)

f()(975)'

97.6+3
34+6

f0(1525)'

—1525
-90

$(1020)

1019.41+0.01
4.41+0.05

110
0.2
0

0.6
0

~cor 2.4
~Py 302~fo(975)y"' 11

0.03-0.07
(5-13)x 10-'

0

2x 10-'
0

3x10
0.34
0.25

Width

b, (1235) ~y
1233+10
150+10

~'gy
~n'r
~p

h, (1170) m y
1170+40
335+26

~'gy~f1'y
h )(1380) ~m. r
1380220

80+30

66

327
79
50

543

86
0.5

75

40
115

0.04

0.22
0.05
0.03
0.16

0.03
1 x 10-'

0.09

0.05
0.14

'From Ref. 17, unless otherwise noted.
Reference 28.

'fo(1400) =nn, fo(975), and f'0(1525) = —ss.
Reference 27.

'See Ref. 53.

'From Ref. 17, unless otherwise noted.
h &(1170)=(nn )cos( —22 )+(—ss)sin( —22 ),= ( —ss )cos( —22') —

( nn )sin( —22').
'Reference 22.

h i(1380)
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TABLE XIV. Predicted radiative decay widths and branching fractions of the E&(1270) and the E
&
(1400)~

Process
Mass

56'

Radiative decay width I (keV)
Mixing angle

45 0'

Width
(MeV) Width Fraction (%)

(%)

Width Fraction

(%)

Width Fraction

(%)

Ki(1270), ~K y
1270+10

90+20
K y

~QO

E i (1400) —+K —
y

1401+10
184+9

K y

I(*y
'Reference 17.
bSee Eq. (3.8).

21

60
61

135
286

190
87
78

0.02

0.07
0.07
0.15
0.16

0.10
0.05
0.04

2.9

106
51
98

332

148
92

125

3 X10-'

0.12
0.06
0.11
0.18

0.08
0.05
0.07

91

252
22
0.3.

273

3.4
102
251

0.10

0.28
0.02

3X10 4

0.15

2X10
0.06
0.14

3

I (b, ~my)= I (bi ~rrcoi),
g g /4m

(5.1)

determined in this paper we have recalculated the baryon
magnetic moments. The results have become not so
much different from the previous ones' with the difterent
values of parameters.

(iv) Recently the authors of Ref. 48 have proposed a
different viewpoint from the ordinary one concerning the
identification of two isoscalar J =1++ mesons. They
assign the f&(1285) and the f, (1530) to the P, state with
mainly ss content and the radially excited P, state with

mainly nn content, respectively, contrary to the more
standard assignment in Table VIII as the P, states with
the mainly nn and ss contents, respectively. If we take
their assignment, our model gives I [f,(1285)~gy]
= 123—135 keV for 93—100% ss, the very large value, be-
ing contrary to their prediction (=16+4+4 keV), as
compared to the observed one. On the other hand, our
model with the standard assignment predicts
I [f&(1285)—+p y]=509 (565) keV for the case of the
mixing angle $„=21' (10'), which is much smaller than
their estimate (-2 MeV) and not contradictory with the
fact that this channel has not been observed yet. These
differences rellect the difference of q dependence (q be-
ing the photon momentum) of the radiative decay width
in the two schemes. They used the NR method in which
the radiative width was proportional to q . Thus our
analysis seems to be out of favor with their proposal.

(v) As was noted in Sec. VB, the authors of Ref. 41,
which has been frequently referred to, reproduce quite
well the experimental width of b] —+~y, being contrary to
our result. Using vector-meson dominance (VMD) and
assuming some q„dependence on the relevant strong ver-
tex they derived the formula

where coi denotes the transversely polarized cu meson, g„
is the co-y coupling constant, and qr [q ] is the magni-
tude of photon [pion (supposed m =0)] three-
momentum in the rest frame of the b, meson. The for-
mula, inputting the experimental values of g„/4~=23
determined from I (co—+e e ) =0.60 keV and of
I (b, ~creel )=131 MeV from the ratio of the partial-
wave amplitudes D/5 =0.26 and I (b, ~neo) = 150 MeV
for the decay process b, —+m.co, gives I (b, ~my)=219
keV in good agreement with the experiment. The essen-
tial point giving this seemingly good result is the momen-
tum dependence (qr /q„) in Eq. (5.1). However, it seems
to us that their argument leading to this dependence is
rather special. As a matter of fact we can derive, assum-
ing similarly VMD and using a usual technique of the
local field theory in treating the strong decay part
b] —+~co, another formula

(5.2)

This gives I (b, ~~y) =72 keV which is quite close to
our theoretical value given in Table IX.

VI. CONCLUDING REMARKS

In this paper we have applied the COQM for analyzing
the radiative decays of the ground S-wave and the first
excited P-wave mesons in light-quark qq systems. An im-
portant feature of our theoretical framework is that all
the respective radiative decay processes are, in a unified
and systematic way, described by the covariant effective
EM currents whose conservation are guaranteed by the
internal structure of meson mass spectra in the COQM.

The predicted decay widths of the S-wave rnesons seem
to be in very good agreement with the present compara-
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tively rich experiments (see Table VII).
Concerning the P-wave meson system experimental in-

formation is very poor. Even the assignment of the parti-
cles is still not established except for the P2 nonet, and
the radiative decay width is reported only for a few re-
stricted processes. Our results of analysis are generally in
good agreement with the experiments for the established
candidates except for the process b&+ —+m+y and con-
sistent with the experiments for the usually supposed can-
didates (see Table IX). Thus, insofar as the present poor
experimental information is concerned, regrettably we
cannot extract any new de6nite comment from our
analysis on the controversial points of the P-wave meson
classification. (However, see some comments in Sec. V.)

We have given our predicted width for all possible ra-
diative decay channels in Tables X—XIV. Correspond-
ingly more experimental eC'orts are expected.

It is generally believed that around the mass region of
the P-wave mesons there may exist many other kinds of
particles such as glueballs, hybrid mesons, and four-

quark mesons. Recently we have carefully studied the
isoscalar J =1++ mesons thus far observed and argued
that the f, (1285) and the f, (1530) are more likely isosca-
lar members of the P, qq-nonet and the f&(1420) is
presumably a hybrid meson. (The results will be pub-
lished elsewhere. )

Finally we point out some defects in our treatment.
(We do not repeat here the defects concerning the general
structure of our theoretical scheme, which were already
mentioned in our previous work. ) One serious defect is
that, in contrast with most other cases of models, our
scheme is not directly applicable to heavy-quark systems
where we have now fairly rich experimental knowledge,
because the symmetric HO description of the system
seems to be far from the actual system.
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