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The fundamental parameters & 4, £, and @y can be independently determined by measurement of
the energy correlation function I(E ,,Ep) where £ is the Michel polarization parameter for
T ¢ w, £,=(lg.1>—|gr|?) /(gL +|gr |? is the chiral polarization parameter for 7~ — 4 ~v,
and ay ~—2a,v,/(a2+v?) where a,, v, describe Z°—71 7 at the tree level. In contrast, measure-
ment of I(E ,) by the 7-polarization technique only determines £ ;a. For 10’ Z° events and for
sin?0y, =0.23, the ideal statistical percentage errors in the determination of the Michel parameters
are for §, 2.6%; for 8, 3.5%; and for p, 1.0%; and of the chiral parameters are for §,, 1.4%; for §,,
3.0%; and for £ %> 18%. For ap, the ideal statistical error is o(ay)=0.005 (3.3%). Equivalently,
for sin%@,, it is 0.3%. Explicit formulas for the full sequential decay correlation function
I(E ﬁ,Ee,COSl/lﬁ .) are given for arbitrary Z mass and for I (E z»Ep) for arbitrary Michel parameters.
These results can be used for analyzing the decay of a Z' boson and for ¢ modes.

I. INTRODUCTION AND DEFINITION
OF 7 COUPLING PARAMETERS

The first round of experiments at the SLAC Linear
Collider (SLC) and the CERN e e~ collider LEP will
use unpolarized beams in e Te ™ collisions at the peak of
the Z°. Our primary objectives in this paper! are to pro-
vide (i) explicit formulas and plots of the tree-level energy
correlation functions I(E ,,Ep) for the Z° sequential de-
cay

(1.1)
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for arbitrary Z° mass and arbitrary chiral structure in the
7 couplings, and (ii) associated ‘‘ideal statistical errors”
(for definition of this term, see Sec. VII) for determina-
tion of the 7 coupling parameter oy for describing
Z°—>7r777, the Michel parameters (&,8,p) for
7~ — ¢~ v¥, and the chiral polarization parameters
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for 77— A tv where, respectively, 4=m,p,K*. We
hope that in the context of 7-pair Monte Carlo simula-
tions* this will enable readers to evaluate the merit of us-
ing this technique for the measurement of these 7 cou-
pling parameters by some of the 4 "B~ sequential de-
cays of Eq. (1.1). To do this, this information must be
supplemented with that about (a) the measurement limi-
tations, systematic errors, and background distributions
for specific modes for detectors® at SLC/LEP and about
(b) the important theoretical contributions,” !> omitted
here, from electroweak and QED radiative corrections,
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QCD corrections, and finite-width Z°% A7, and/or B~
resonance corrections.

Before giving the sectional contents of this paper, we
define the necessary quantities to describe the 7’s elec-
troweak coupling. For describing the Z°—717~ cou-
pling, we introduce the usual a, and v, coupling con-
stants so

(P Cl M b
Ay=—""5"—"""75
le_ PPHle,
—2a.v,[1—(2m, /M)*]'?
vi+ai[1—(2m, /M)*]
—2a.v,

=72 2
vi+ta;

~—0.1591, (1.3)

where Iy, are the usual helicity amplitudes describing

the couplings of the Z° to 7+ and 7. The numerical
value in Eq. (1.3) assumes lepton universality so
r=a./v,=(1—4sin’0,,)"". We use sin%0,,=0.23
throughout this paper. At the tree level a definition of a
distribution parameter in terms of helicity amplitudes is
equivalent to a definition based on effective coupling pa-
rameters in the covariant coupling approach. The
Michel parameters are defined as in polarized-muon de-
cay. For 7 decays 7~ — A4 ~v,, suppressing the 4 sub-
scripts we introduce the covariant amplitudes

MrT -7 v)=klu,y (v—aysu, (1.4)
for A =,K and similarly, for 4 =p,K*,a,,
M(™ —>p v)=pu,y (v—aysu, (1.5)

and define g; =v +a, gg =v —a. Equivalent to Eq. (1.2),
2Re(v a})

=— (1.6)
v 1 +la,l?

€4
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where £ , =1 for a pure V' — A effective coupling.'*

By measurement of the energy correlation function
I(E ,,Ep) for a definite 4 *B~ sequential decay mode,
Eq. (1.1), the basic parameters £ 4, &5, and ay can be in-
dependently determined. [This is evident for the ute™
mode from Egs. (3.17) and (3.18) below and can be used
to test pu<>e universality of the Michel parameters & in 7
decay. Similarly, for the lepton-hadron 7 (Eﬁ,E 4) from
Eq. (5.10) below; and for the hadron-hadron I(E ,,Eg)
from Eq. (6.5).]

In contrast, the elegant 7-polarization technique
determines the combination £ ,ay since only the single-
particle energy distribution I(E ,) is measured. If pre-
cision experiments find § ay from I(E_) and, for exam-
ple, §,ay from I(E,) to be equal within errors, then
presumably one would assume &, and £ o are equal; how-
ever, the further assumption that £,=¢, equals 1 would
be required before a value for ay, i.e., sinZBW, would be
available for testing the standard model and alternatives
for “new physics.” On the other hand, given the
significance of a precision measurement of sin%@y, it is
very important to use the energy correlation function
I(E  ,Ep) to test these assumptions about the value of
the &’s.

In Sec. II, we briefly review the relation of 7-coupling-
parameter values to expectations for “new physics.” In
Sec. III, the muon-energy—electron-energy correlation
function I (E_,E,) for massless final leptons 1™ and e ~ is
obtained for arbitrary Z° mass in terms of &,8,p. In Ap-
pendia A, we give explicit formulas for the full sequential
decay correlation function I (Ep, E, cosrpﬁe) where "bﬁ . 1s
the angle between the g and e momentum. In Sec. IV
formulas for the harder lepton’s energy spectrum I(xg)
are obtained. In Sec. V, the lepton energy-hadron energy
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correlation function I(E;,E ;) is obtained, and in Sec. VI
the purely hadronic energy correlation function
I(E 4,Ep).

In Appendix B, formulas for energy-energy correla-
tions I(Eﬁ,Ee) and I(E,,E /) in the nonrelativistic re-
gime are listed which would be needed if there were a
second neutral boson Z' and charged spin-1 fermions
from a fourth family.

In Sec. VII for a 107 event Z° sample we list in Table II
the “ideal statistical errors” for ay and for the Michel
parameters &, §, and p for the various 4 "B~ modes of
Eq. (1.1).

The next three sections compare the I(E ,,Ep) tech-
nique with the 7~ polarization technique. They are com-
pared for determination of ay in Sec. VIII, for deter-
mination of the Michel parameters in Sec. IX, and for
determination of the chiral polarization parameters £,
§p, and gK, in Sec. X.

The principal conclusions are listed in Sec. XI.

II. BRIEF REVIEW OF SIGNATURES
FOR NEW PHYSICS

In Table I are tabulated the shifts in ay expected from
some of the schemes of “new physics.”” We refer the
reader to the Refs. 17-21 and to recent investigations®?
of how results from high-precision measurements might
be combined to identify the origin of any small discrepan-
cy versus the predictions of the standard model.

The significance of the Michel parameters is well
known. It is manifested that £ and £, £,, and &, « of
Egs. (1.4) and (1.5) are all sensitive to right-handed
currents. As with a potential discovery of a reliable small
discrepancy in aj, there are more than a few origins:

TABLE 1. Summary of sensitivities of the Z°—7"7" coupling parameter ay to “new physics.”
P

These estimates follow (Ref. 1) using the approximate relationship ay~— Afz * where A f,: ®

is the

initial-state longitudinal-polarization asymmetry in muon pair production by a longitudinally polarized

e beam in e "e annihilation.

New physics —day 54 ;f; w Reference
my=10*%" Gev +0.009 17
m,=110£20 GeV +0.005 17

Additional Higgs bosons
MO=MS=M,, M">300 GeV >0.02 >0.005 18
Extra Z°
mz < ~700 GeV 0.01-0.04 19
Fourth generation and/or
superparticles
Heavy-quark (or -squark) 0.02 0.01 20
pair (large splitting)
Heavy-lepton (or -slepton) 0.012 0.006 20
pair (large splitting, m,=0)
W-inos (M;,, <<100 GeV) 0.005 0.0025 20
Technicolor
SU(8) X SU(8) 0.04 —0.018 20
0(16) 0.07 —0.032 20
Ideal statistical error From
wt(m,K)~ mode 0.010 Table 11
Sum of modes 0.005 Table II
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There may exist nonconserved currents,?? or other than
combinations of ¥V and A couplings. Both left-right-
symmetric models?* and massive-neutrino models?
(motivated in part by the missing-light, i.e., dark-matter,
puzzle and the solar-neutrino puzzle) frequently contain
right-handed currents. In particular, by modification of a
left-right-symmetric model of Zee,?® recently Fukagita
and Yanagida,27 Babu and Mathur,?® and later Mohapa-
tra?® have considered models with a singlet charged
Higgs field and used the muon’s £ measurements to con-
strain the couplings. Unfortunately, in spite of the large
mass splittings between the families and current notions
about nonzero neutrino masses, without decisive empiri-
cal data about the (lack of?) couplings of right-handed
currents to the particles in the third family, it continues
to be very difficult to assess the importance of competing
ideas about the chiral structure of nature.

The & parameter in polarized-muon decay is known to
a few tenth’s of a percent level.*® We find ideal statistical
errors for the &’s describing 7 decays to be at the few per-
cent level.

The results listed in Table I can be compared with
those expected’! from instrumentation of longitudinally
polarized beams. In particular, the 0.3% ideal-
statistical-error level for sin’y, from I(E ,,Ep) measure-
ment can be compared with the current world average
3% error and also with the 0.13% precision level expect-
ed from A;p measurement at LEP I after instrumenta-
tion of polarized beams.

III. MUON-ENERGY -ELECTRON-ENERGY
CORRELATION FUNCTION I (E arEe)

We consider the sequential decay

0 +, _—
YA D

L" 67721/2
l + -
K1 ViVh

Assuming that the Z°—7"7" decay helicity amplitude
f, Ay defined by

(3.1)

(G,Q,kl,kzlJM>=D,{“(<I>,6,~¢>)thlkz , (3.2)
where A=A;—A, and J =1 are invariant under the CP
operation, we obtain

Ian, =Yept—a, -2, » 3.3)
where ¥ ¢p is the CP quantum number of the Z° system.
By Lorentz invariance, the density matrices describing
75— ¢ V¥ are, respectively, of the form

P1/21/2(9?,E,~T)=R(xiT)igiCOSO?S(x,-T), i=12, (3.4)

for the decay of a fully polarized 7+ (77) at rest with
x™=E7/& where 6=(m2+pu?)/(2m_) is the maximum
% (£7) energy in the 7 rest frame with p the charged-
lepton mass. In Eq. (3.4), £ is the Michel polarization pa-
rameter. The argument x; in R and S here (and in f and
g below) is to be understood to label the quantities for

77 —utv¥ versus those for 7~ —e “wv. It then follows

by Lorentz invariance that the “standard decay correla-
tion function” for this sequential decay, Eq. (3.1), is

I(61,ET;05,E;;¢)=C(6],E];603,E3)
+ Ao(61,E1;63,E7)cosd , (3.5)
where
Ag=—0vcp&S(ET)ELS (ET )sinOsin6] (3.6)
and
C=0S(E{,0};E},05)+7T(ET1,0;E7,67)
+vU(ET,61;E3,07) (3.7
with
S(ET,0;E7,05)=R(ET)R(E])—&,S(ET)E,S(E)
X cos0]cosb’ ,
T(E],0;E],0])=R(ET)R(E])+§,S(E])§,S(E))
XcosG}:coseg, (3.8)
U(ET,0;ES,07)=&S(ET)R (E7)cosO]

+R(E3)§,S(EJ)cos6;

and the o, 7,v coefficients are given below.

In the 7{ rest frame 67 and ¢] are the polar and azi-
muthal angles of the u* in the usual helicity coordinate
system and E7 is the u* energy. Correspondingly 63, ¢3,
and E7J specify the e~ in the 7, rest frame. The impor-
tant azimuthal angle ¢ between the 7+t momenta plane
and 7~ e~ momenta plane in the Z° rest frame is defined
by

$=¢,1¢, . (3.9)

While the dependence of R and S of Egs. (3.6) and (3.8)
on the other Michel parameters is of course implicit, we
are emphasizing explicitly the dependence of the polar-
ization parameter §. Assuming (i) lepton universality so
&,=§,=¢, and (ii) almost a ¥ — A4 charged-current cou-
pling so & almost is + 1, we see that both the 7" and the U
term of the “standard decay correlation function” are
sensitive to £. The U term and T term, as we discuss
below, dominate in the limit of small u, e, and 7 masses
versus the Z mass because of approximate helicity con-
servation in the Z°— 717~ amplitudes.

Because of the kinematics of the sequential decay, the
A, term in Eq. (3.5) which is proportional to cos¢ will
not contribute to the muon-energy—electron-energy corre-
lation function 1 (Eﬁ,Ee ). [This fact is easily seen to fol-
low from the ¢ independence of Eqgs. (A1) and (A2) of
Ref. 2.]

The remaining coefficients o, 7, and v in Egs. (3.7) and
(3.8) are quadratic functions of four o, amplitudes for

Z°%— 7% and are given by
o=t P+ _P)=lt 4 |7,
r=1(lt_ P+t 1P, (3.10)

v=1(lt_ P—le, 1P .
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A. Tree-level evaluation of Eq. (3.5)

At the tree level, these quadratic functions describing
Z% 7777 can be expressed in the standard model in
terms of the ratio of the axial-vector to the vector cou-
pling coefficients

a
r=—=(1—4sin%0,)" !, (3.11)
UT
SO
Uzmi N
T (1+r)M?*—4r’m?], (3.12)

Ve — M 1—2m /M),

where M is the Z mass and m, is the 7 mass. Since
(mT/M)233.8><10_4, the o-dependent terms in Eq.
(3.5) can be neglected and

I(6},E{;05,E5;¢)~7T(E{,0;E3,63)

U(ET,0G,E3,63)
X 1+aH T OT.-L'T AT
T(E1,0GE3,67)
(3.13)
with the important 7 coupling parameter for
sin?0y,=0.23,

N It_‘+‘2—|t+_..|2 —'2(17.1).,

ay= ~ ~—0.1591 (3.14)
B Pl P a2+02

and there is no dependence of the right-hand side of Eq.
(3.13) on the azimuthal angle ¢. However, there is sensi-
tivity to ay and to &, and &,.

B. Muon-energy —electron-energy correlation function

Because of the four missing neutrinos, the 7% rest
frames are not directly accessible, but it is straightfor-
ward and simple to analytically obtain the Eﬁ-Ee energy-
energy correlation function

I(E,E,)=T(E,E,)[1+ 4(E,E,)] (3.15)

in the Z rest frame for massless final u and e leptons
where E,=E,, and E,=E, are their respective energies
in the Z rest frame. It is convenient to introduce the
scaled lepton energies

X=E, /By Y =E,/Eqp, . (3.16)

With ¥ and 3 the relativistic boost variables connecting a
7 rest frame to the Z rest frame (y=M/(2m,),
E ..=m_/[2y(1—B)]) is the maximum available
charged-lepton energy in the Z rest frame.

For E; and E, both greater than E;=m_/[2y(1
+pB)]~0.0173 GeV, equivalently for both x and

18

T(Ep Ee)
45.93

0.00

0.00 Ex [GeV] 45.93

FIG. 1. The contour plot of the T(EL,E,) factor in the
muon-energy—electron-energy correlation function I(E ﬁ,Ee)
=T(E,,E.)[1+ A(E,E,)] in the Z° rest frame, for Z°
—7t7" —>pute X for a Z° mass M =91.9 GeV. For the pre-
cision level of current interest at the SLC and LEP the final u*
and e~ mass corrections can be neglected so I is symmetric in
Eﬁ<—>Ee.

y >v %1+ B) "% we obtain from Egs. (3.8) using the gen-
eral lepton-number-conserving, four-fermion couplings

for 7T — /*v¥ that3?

T(Eg E,)=rr B melf (f () +Eibag (x)g (»)]

T

T 2B 2m S F(x)f(y)+g(x)gy)] (3.17)
and
A(Ep, Eg)

45.93
Ee
[GeV]

\6%

\\
0.00 A

0.00 45.93

Ei [GeV]

FIG. 2. The contour plot of the 4(E,E,) term in the E,
and E, correlation function for sin?6,,=0.23, £=+1. At the
tree level 4 (E,,E,) is proportional to the 7 couplings’ parame-
ter fay where £ is the Michel polarization parameter for
T~ —¢ vV, and ay~ —2a,v,/(a’+v?) where a,,v, describe
Z°—7t71 at the tree level.
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T(Z— 7%t~ fieX), ¥ = 180°

45.93 Ti

EQ
[GeV]

0.00

0.00 45.93

E [GeV]

FIG. 3. For u* and e~ back to back, the contour plot of the
T term in the ‘standard decay correlation function”
I(Eg,E,,cos,, )=T(E,,E,,cosy, )1+ 4 (E;,E,,cosy,)] in
the Z° rest frame where ¥, is the opening angle between the
ut and e~ momenta.

U(E,E,)= 6—’;y‘zﬁ‘2m2[§lg (X)f ) +Ef (x)g)]

S8 2 S e[ (x) f () + f(x)g ()]

64
(3.18)
SO
) U(Eﬁ,Ee)
(Eﬁ,Ee )__aHm
ke, g(x)f(p)+ f(x)g(p) (3.19)

f(x)f(y)+gix)gly)

A(Z %t —TeX), ¥pe = 180°
45.93

45.93

Ep [GeV]

FIG. 4. For u* and e~ back to back, the contour plot of the
A term in the “standard decay correlation function” in the Z°
rest frame. Note 4 is positive for E,; and E, <(~M/4) where

M is the Z° mass
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T(Z—%t—fieX), ¥ge = 176.51°

45.93

Phase Space
Edge

0.00
0.00 Eji [GeV] 45.93
FIG. 5. The T term for ¢, =176.51° (Z =cosyy,,
=—0.998 142).

In these expressions, with f (x)=a(x) +pb(x),
f(x)=1-3x24+2x3+2p(—1+9x?—8x?)
—3—3x242x3 (3.20)

and with g (x)=c(x)+8d(x),

g(x)=%{ —142x —3x 2+ 4 —(1—Bx(1—x
+28[1—12x +27x2—16x>
+(1=B)6x(1—x)(1—2x)]}
1
—»—E[—-é—+%x2—§x3+(1—-[j’)2x2(x -1,
(3.21)
A(Z—Tt—feX), ¥pye = 176.51°
45.93
] Phase Space
Edge
Ee
[GeV]
[ S
45.93

0.00 Erl [GeV]

FIG. 6. The A term for ¢, =176.5°. Note that as the open-
ing angle 4, decreases the 4 term remains positive in the re-
gion approximately bounded by E, =E,~M /4.
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T(Z—T1—TeX), Yo = 175.06°

45.93

Phase Space
Edge

45.93

0.00 Efi [GeV]

FIG. 7. The T term for y,=175.06° (z=cosy,,
=—0.996283).

where p and 8 are the other Michel®® parameters
(p=8=3 for a VF A charged-current coupling). The
(1—B)~0.00075 terms in g (x) could be dropped.

The second (arrowed) lines follow in Egs. (3.17)-(3.21)
assuming lepton universality and a V+ A4 charged-
current coupling. The two functions, T(Eﬁ,E 3) and the
“analyzing power” 4 (E,E, ), are displayed in Figs. 1
and 2 for a V— A coupling (§=+1) [for a ¥+ A4 cou-
pling the sign of A ( Eﬁ,Ee) is opposite]. Note that as the
ut or e~ approaches its maximum energy,
A(E ,E,)—ay.

In the Z° rest frame, the opening angle 1/;ﬁe between
the u* and e~ can be measured so we have also analyti-
cally obtained the full distribution I (Eﬁ,Ee,cosgbﬁe) for
the sequential decay of Eq. (3.1), for massless final leptons
1t and e ~. The explicit formulas are listed in Appendix

A(Z—Tt—TeX), ¥pe = 175.06°

45.93

\ Phase Space

——
B

0.00
45.93

FIG. 8. The A term for ¥y =175.06".

A. For u* and e~ back to back, Fig. 3 shows the con-
tour plot of the T term in the standard decay correlation
function

I(Eﬁ,Ee,cos;bﬁe)

=T(E,,E,,cosp;, )[1+ 4 (EgE,,cosyy,)]  (3.22)
and Fig. 4 shows the 4 term which is proportional to the
7 couplings’ parameter £ay. Figures 5 and 6 show these
distributions for ¢ﬁe=176.51°, and Figs. 7 and 8 show
them for 1,!1ﬁe=175.06°. These figures show that as ¢rﬁe
decreases, A remains positive in the region approximate-
ly bounded by Ep=EegM /4 so usage of the simpler
E -E, energy-energy correlation function I (Eﬁ,Ee) of
Eq. (3.15) instead of the full distribution I (Eﬁ,Ee,coszlzﬁe_)
of Eq. (3.22), has insignificantly reduced the £ay signa-
ture.

The deviation of the magnitude of & from 1 is a signa-
ture for other than a pure V— A lepton-number-
conserving, four-fermion coupling for describing Tt
— %V, i.e., for the presence of right-handed currents.
This is discussed in Sec. II; |£€ |#1 is predicted for an ar-
bitrary mixture of ¥ and 4 components, instead of either
VF+ 4. To determine § from I(Eﬁ,Ee ), we write, from
Egs. (3.17) and (3.18),

T(Eﬁ,Ee)=T0(Eﬁ,Ee)+§2T2(Eﬁ,Ee) (3.23)

SO

I(E,,E,)=Ty(E,,E ) 1+EB(E,,E,)+EC(E,,E,)]

(3.24)
with
- T —2p—2 6
TO(Eﬁ,Ee)— 647/ B “mf(x)f(y), (3.25)
U(Eﬁ,Ee)
§B(Eﬁ,Ee)—aH——-———T0(Eﬁ,Ee)
- gx)f(y)+ fix)gly)
Say F0f(p) , (3.26)
T,(E_,E,)
ClE, B )= E = gXgly) (3.27)
TO(Ep,Ee) fx)f(y)

These three functions Ty(E,,E,), B(Eﬁ,Ee ), and
C (Eﬁ,Ee ) are discussed further and plotted in Sec. VIII.

IV. THE HARDER LEPTON’S ENERGY
SPECTRUM I (xy)

Since I (Eﬁ,Ee) is symmetric in Ep‘—’Ee’ events from
SLC/LEP can be folded about the diagonal E,=E,.
Then to obtain a simple single variable distribution, the
energy of the softer lepton can be integrated out. The re-
sulting harder lepton’s energy spectrum can be compared
with the theoretical prediction obtained! from Egs. (3.15),
(3.17), and (3.18) that

I(xg)=T(xy)[1+ A(xg)], xy=Ey/E 4.1)

max

where, for arbitrary Michel parameters p, 8, &,
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T(x)=TE7 v 8 (1—x){[x3—2x2+2+4p(—2x3+3x>—1)][ —2x2+x + 1+ 2p(8x2—x —1)]

2

+262(1—x)[x —1+28(—4x + ][ —4x?+5x —1+28(16x>—11x + 1)]}

and
A(xH)=aHU(xH)/T(xH)

with

(4.2)

(4.3)

U(x)zg%EZmy‘sx(1—x){2(1—x)2[x—1+§5<—4x+1)][—2x2+x+1+%p(8x2—x -1)]

+x3—2x242+4p(—2x3+3x2— 1) ][ —4x?+5x — 1+ 28(16x*—11x +1)]} .

9

(4.4)

Corrections of order ¥ 2~0.0015 relative to the leading term have not been kept. These expressions are for
Ey >>E;~0.0173 GeV; in the soft limit E;;— E; the neglected ¥ ~* terms are important. These and the following ex-
pressions have factors of (1 —x) explicitly displayed to enable easy assessment of the hard limit E5; —E ..

For p=8=3, as for an arbitrary V and 4 charged-current coupling, the remaining §-dependent distribution I (x) is

in terms of

o
T(x)1p=8=3/4:—£E

and

U(x”p=a:3/4=§%El,axy‘8x( 1—x)

X(—10—10x +62x2+7x>—47x*+16x7) .
(4.6)
Plots of T(xy ) and A(xy) for £=1 are given in Ref. 1.
In Eq. (4.5) the £ term’s coefficient vanishes at x ~0.42
and at 1, and U(x) of Eq. (4.6) vanishes at x ~0.52, 0,
and 1. The relative importance of the terms in I (x) for
determining their respective coefficients is indicated by
the average of their absolute value: for ay,
U /T),,.=0.0546; with T(x)=Ty(x)+E*T,(x), for &,

|U/Tgl,4.=0.0548 and | T, /Ty| =0.0168.
To display the 8 dependence, we set p=2 and £=+1

in Egs. (4.2) and (4.4) which gives

I(xy)=-2El y %D+E8s+F8),

36 4.7)

where
D=x(1—x)[29—7x +53x2—122x3+85x*—20x°
+2ay(1—x)(—10+25x +12x2
—26x3+8x4)],
E =4$x(1—x)[2(1—x ) (—2+19x —32x?)
+ay(10—80x +88x2+83x3
—115x*+32x9)], (4.8)
F=16x(1—x)*1—15x +60x%—64x?) .

The average of their absolute value is %IE /D Iave=0.0506
and % |F/D]|,,.=0.00527.

For determination of both & and & their linear, not
their quadratic term, is more important.

Tax¥ B (1—=x)[25425x —35x2—10x3+ 17x* —4x >+ £X(1—x)*(1 +3x —6x2—16x )]

4.5)

Finally, for completeness we set §=3 and §=+1 to
display the p dependence:

I(xy)=—El. v %J+Lp+Mp?) , 4.9)

36
where
J=x(1—x)[(1—x)(37+74x —45x%—64x3+52x*)
+3ay,(—4—4x +28x24+3x3
—33x*+16x°)],
L=3%x(1—x)[ —3(4+4x —28x>—3x>—33x*—16x°)
+2a,(1—x)(1+3x —6x2—16x°)],
(4.10)
M=18x(1—x)*(1+3x —6x?—16x>) .

Since as x5 —1, J—18ay(1—x) with L —24(1—x)
and M =0, the L term dominates over the J term. There-
fore, I(xy ) is quite sensitive to p. The average of the ab-
solute values 3|L /J|,,.=3.8 and %|M /J|,,,=0.026.

V. LEPTON-ENERGY -HADRON-ENERGY
CORRELATION FUNCTION I(EE ;)

In this and the following section we incorporate mea-
sured two-body 7 decays 7t —h }%, 17 —hjy v, into our
energy-energy correlation analysis of Z°— 717~ sequen-
tial decays. In the Z° rest frame, the angle between such
a charged hadron’s momentum and its associated 7’s
momentum is determined by measurement of the charged
hadron’s energy E ,. Consequently,’ E, and cos@”; are
equivalent sequential decay variables where 67,
0=67, =, is the helicity polar angle of the charged had-
ron in its 7’s rest frame. This linear relationship is
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4E m2—M(m?—u%)
(M2—p% (M>—4m2)'/?’

cost’y = 00, <=

| ]
We find it simpler to use cosf”, instead of E, in our

analysis and in the accompanying figures.
For the sequential decay

r

=[2E,/E}*™)—1]|1+0 (5.1

ZO——>T1+7'2_
L’ hg vy,

+. =
H1 Vi1

>

the standard decay correlation function is

I(61,ET;05;¢)=C(0],E1;65)+ A4(6],ET;0F )cosd ,
(5.3)
where 67, E7 are as in Eq. (3.5) and ¢ is the azimuthal an-

gle between the 7¥ ™ momenta plane and the 7~ A mo-

menta plane in the Z° rest frame. In Eq. (5.3),
AO=0’}/CP§1S(ET)§BQS°BSII‘197{Sin9}; (5.4)

where £, was defined in the Introduction in Egs. (1.2)
and (1.6), and

C=0S(E1,07;03)+7T(E],071;03)+vU(ET,07;0%)
(5.5)
with
S(ET,07;0%3)=R (ET7)+ & S(E])EpSpcosdicosb ,
T(E1,01;03)=R(E7)—&,S(E7)EzSzcosOicosOy ,
(5.6)
U(E],07;,65)=&,S(ET)cosO]—R (ET),pSpcosly ,

where, as in Sec. III, R and S describe ¢t~ —>,u+vV and the
o, 7,V coefficients are quadratic functions of the four heli-
city amplitudes for Z°—7777. The normalized parame-
ter &5 partially characterizes the decay density matrix
for 7~ —hgy v with?*

1 for B=mK, 57
Sy=1{mi—2mj S
T2 A2 for B=p,K*,a1.
mi+2mg
The A, term will not contribute to the muon-

energy—hadron-energy correlation function / (Eﬁ,cosﬁg ).
Proceeding as in Sec. III, at the tree level,

I(0,ET7;0%;6)~7T(ET,07;0%)

U(E1,07;0%)

T(ET,61;63)

&

T (Ef, cos 0.")
1.0

cos 6

0.0

-1.0

0.00 ' ' ) 45.93
Eq[GeV)

FIG. 9. The contour plot of the T(E,cos07) factor in the
muon-energy—pion-energy correlation function I(E,cos67)
=T(Eg,cos07)[1+ A (E,cos07)] in the Z° rest frame for
Z° 77 with the 77 —>ptv, ¥, 77 —7 v, The pion energy
E, in the Z° rest frame by Eq. (5.1) is linearly related to cos6
where 07 is the polar angle of the 7~ momentum in the 7~ rest
frame in the usual helicity coordinate system. In general, E 4
and cos@”, are equivalent sequential decay variables for two-
body 7 decays. Note that cos8” =1 (—1) correspond, respec-
tively, to E , maximum (minimum).

and again there is no dependence of the right-hand side
on the azimuthal angle ¢. The associated E_-Ep correla-

tion function is
I(Eﬁ,coseﬁ)=T(Eﬁ,c056§)[1+A(Eﬁ,COSGIg)] , (5.9
where, for E, greater than E;=m /[2y(1+)]=0.0173
GeV,

A(Ep, cos6,. ")

0.0

-1.0

0.00 45.93

Eq[GeV]
FIG. 10. The contour plot of the A4 (Ep,cose,’,) term in the
E a and E  correlation function. In the following figures for the

A term at the tree level the analyzing power A is proportional
to the ay parameter describing Z°—777".



13

1.0 T
7 6/ 5| 4| 3| 2| 1ls
T
C:()SeP
0.0
-1.0 - -
0.00 Eq [GeV] 45.93

FIG. 11. The T(Eﬁ,cosog) term in the E a and E, correlation
function.

T(Eﬁ,coseg)=%y_lﬁ_lm3[f(x)—§g(x)§BeS°Bcos6§] ,
_ (5.10)
U(Eﬁ,cosefg)=E}/—IB_1Ei[§g(x)—f(x)§3é°3coseg] ,

with
U(E ﬁ,coszg})

A(E_,co803)=ay——— ,
R T T (B cos])
"
where f(x) and g (x) are given in Egs. (3.20) and (3.21).
For the ut7~ mode the two functions, T(Eﬁ,coseg)
and the “analyzing power” A4 (Eﬁ,cosefr), are displayed
in Figs. 9 and 10 for a ¥— A4 coupling (§=+1) for
7t —pTvv. Note that as the u* approaches its max-
imum energy or as the #~ approaches its minimum ener-
gy (so cosfl— —1), A(Eﬁ,cosej,)—»a,,, and that as the

1.0

-1.0 T T -
0.00 Ep [GeV] 45.93

FIG. 12. The analyzing power A (E;,cos6)) in the E,; and
E, correlation function.
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7~ approaches its maximum energy, A4 (Eﬁ,cose,f,)
— —Qg.

Figures 11 and 12 show these distributions for the
utp~ mode for a ¥ — 4 coupling for 7t —putvv. As the
ut approaches its maximum energy, 4 (Eﬂcos6;)—->aH.
Since the K * and p masses are almost degenerate, the dis-
tributions for the u*K*~ mode are similar to those for
the p"p”. For the p*ay mode, &, ~0.0 so
A(E;,c080,)~Eayg(x)/f(x) is approximately in-
dependent of the a; energy.

VI. HADRONIC-ENERGY CORRELATION
FUNCTION I (E 4,Ep)

For the decay sequence

A 6.1
h v

the standard decay correlation function assuming CP in-
variance is

1(67;0%;4)=C(07;05)+ A,(07;0])cos , (6.2)

where in the Z° rest frame ¢ is the azimuthal angle be-
tween the 77 A ] momenta plane and the 75 h; momenta
plane.

The hadronic helicity polar angles 67 and 67 in the 7
rest frames are, respectively, related to the hadronic ener-
gies E 4 and E 4 as in Eq. (5.1). In Eq. (6.2),

Ay=—0Ycp& 48 4§58 5sinO{sinO] (6.3
and

C=08(07,07)+71T(67;607)+vU(67;07) , (6.4)
‘where

T(cos6,47,cos6,57)

1.0
> 18
6
14
cos 6,07
10
6
14
18 2
0 1.0
-1.0 |
cos 8,47

FIG. 13. The T(cosf},,cos6],) term in the E,, and E,,
correlation function. By CP invariance I is symmetric in
ErrlHE‘n'Z'
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A(cos 8,47, cos 6,5 T)

1.0 g

cos 6,07

-1.0 . :
-1.0
cos 6,47

FIG. 14. The analyzing power A (cosf%;,cosf.,) in the E
and E , correlation function.

S(07;07)=1—£ 4,& 4EgSpcosficosh ,

T(971-§9§):1+§A&A§B&BCOSO‘{COSBE N
U(07;05)=—E 48 4co80]—EgSpcosb]

(6.5)

in the same notation as previously. As before, at the tree
level neglecting the o terms,

1(07;6%;¢) ~7T(67;65)[ 1+ 4(67;67)]

with

(6.6)

U(61;03)

e— (6.7)
T(61;63)

A(0T;05)=ay

and Eq. (6.6) is the desired hadronic-energy correlation
function I(E4Ep). Note that A4 of Eq. (6.3) depends
only on sinf7 ,, whereas C of Eq. (6.4) and the following
defined functions depend only on cosf],. In discussing

T (cos 8,47, cos 852 )

1.0
B 14
8 12
cos 9p21
10
12 8
14 6
-1.0 : -
-1.
0 6059"11" 1.0

FIG. 15. The T term in the E, and E,, correlation function.

I&

A (cos 8,47, cos ep2 )

-1.0

T
-1.0 cos 0,47 1.0

FIG. 16. The analyzing power 4 in the E, and E, correla-
tion function.

specific hadronic sequential decay modes we often will ex-
plicitly write T (cos67, cosf3), etc.

For the 7'7~ mode, Figs. 13 and 14 show
T(cosO.,, cosfl,) and the  analyzing  power
A (cosO7,, cosfl,). As either pion approaches its max-
imum (minimum) energy in the Z° rest frame,

A(cosbr,, cosOl,)— Fay. Figures 15 and 16 show the
distributions for the 7'r+p_ mode. When the pion energy
is maximum (minimum), A4(cos;, cos@Z)—» F*ay. Fig-
ures 17 and 18 for the p*p~ mode show the effects of the
§, factors in T and 4. The distributions involving K *’s
are similar to those for the p’s. For A}, the a;” meson,

since §,;~0.0,
1(01;05) ~1(1—ay&pSpcosh) . (6.8)

Obviously, these hadronic-energy correlation functions
are extremely simple.

T (cos ep1t, cos 9p2 )

1.0
£s 1.5
95 105
cos 6,57
P 10
9.5
105
115 8.5
-1.0 .
1.0 cos 047 1.0

FIG. 17. The T term in the E,; and E, correlation function.
By CP invariance, I is symmetric in E;<E ;.



40
A (cos 9p1T, cos 692 T)
1.0
N\ \. . N
N \\\ N 9%
AN N . h
. N N .
. N o A
AN AN 6% AN
N AN AN AN
N\,
0% 3% N AN
N ~ . \,
\. . N, \
N . N,
N AN .
N N .
N . .
N AN AN
N . N
\ N\,
] 3% “ . N
cos 6_,T AN N \\
2 \ \
P 8% \ \\\
AN .
N AN
9% AN AN
\ .
N \
AN
AN
\,
\\
AN
-1.0 ; -
- T
1.0 c0s 0,5 1.0

FIG. 18. The analyzing power 4 in the E,; and E,, correla-
tion function.

VII. IDEAL STATISTICAL ERRORS
FOR A 10’-Z°-EVENT SAMPLE

We consider a 107-Z%event sample and assure a
Z°— 717 branching ratio of 3.31%. For other choices
any of the ideal statistical errors listed here can be re-
scaled by the relation
172

S
3.31X10 O pore - (7.1)

NB(Z°—>+t77)

Oother —

We take all 7 into one-charged particle branching ratios
from the tabulation of Hayes and Perl,* except for the
branching ratio for 7~ — a${" v with a$"~ 7 xt 7~
which is the “formal average” listed by Gan and Perl in

Ref. 36. For other choices of branching ratios, a simple

rescaling of the o’s in the tables can be easily performed. -

For clarity, we explained how the o’s given in the
tables were determined: Given N 45 events, we want to
know the “ideal statistical error” o, for a least-squares-
fit measurement of the parameter a from the energy-
energy correlation function for the sequential decay

ZO—->7'1+7'2_ .
l—~A *tX,

We distribute the N 45 events for this mode ideally over a
two-dimensional ij grid according to the corresponding
theoretical tree-level formula from earlier in this paper,
for example, using

I(x,y)=Zy(x,y)+taZ,(x,y)

(7.2)

(7.3)

with the standard model’s value for the parameter a.
Then, the “ideal error” in bin ij is

,~j=1/1(x,-,yj)

and the “ideal statistical error” in the measurement of a
is 0, where®’
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1 1 172
—= |3 S Zi )P | (7.4)
o, [,2] afj et

In the case of a parameter which appears quadratically,
)

I(x,y)=Zy(x,y)+aZ,(x,y)+a’Z,(x,y) , (7.5)
the ideal statistical error is instead given by
Lo s Lz 40z, (3,09 25 (x3))
Ta ij 9ij
172
+4a’Z,(x;,9;)*] (7.6)

For the case of the single variable distribution I (xj) the
summation in Egs. (7.4) and (7.6) is only over i. Since the
distribution giving o; is assumed ideal, we take an arbi-
trarily large number of bins in the summation in Eq. (7.4)
and (7.6).

To sum over modes, where o , is the error for the Ath
mode, we use 0 =[3 , (1/0%)] /2

These procedures, though simple and clear, are ideal.®
In assuming an ideal distribution of the N ,; events ac-
cording to Eq. (7.3) or (7.5) instead of, for example, that
generated by a Monte Carlo program, we do not incorpo-
rate the statistical error from a presumably Poisson dis-
tribution of data in each ij bin. Second, to reduce the er-
rors on the parameter of interest, for instance, ay, we
must sum over several modes. Before doing such a for-
mal average, the Particle Data Group’s method® is to
first combine the systematic and statistical errors in quad-
rature. Such improvements are indeed desirable to make
and, of course, will have to be incorporated once actual
data is available.

In Table II are tabulated the ideal statistical errors for
measurements of the fundamental parameters ay, and §&,
8, and p by the energy-energy correlation functions for
the decay sequence Z°—7%7~ with 77— A4 X and
7~ —B ™ X. These were computed using the tree-level
formulas of the preceding sections. Because of the
sequential factorization property’»! of such sequential
decay distributions, we expect corrections only of 0.1%
in size due to electroweak radiative corrections! in
SU@2) XU().

These radiative corrections must be included to pre-
cisely measure these fundamental parameters. The mag-
nitudes of the ideal statistical errors should only be
changed in the third significant figure, and so Table II
can be used to assess the importance of measurements of
ay and of &, §, and p by the different sequential decay
modes, whether separately, or in combination.

In the table, a$"~ denotes the expectation for
77— 7~ w7 v assuming that it is dominated by the a;,
resonance, as expected. There are significant differences
between 7 decay experiments which measure this mode
and in the branching ratio they obtain. We refer the
reader to Refs. 36 and 40. The a, is a very broad reso-
nance. The tree-level energy-energy correlation functions
in this paper do not include the effects due to a finite res-
onance width which must be included for both the p reso-
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TABLE II. Ideal statistical errors for measurements of the fundamental parameters ay, &, §, and p
by the energy-energy correlation functions for the sequential decay Z°—+"7~ with 7+ — 4 "X and
7 —B~X. Double underlined entries denote the smallest ideal statistical error for a single decay
mode. Square brackets denote percentage errors.

Sequential Number Ideal statistical error

decay mode of events olay) a(§) o(8) o(p)
ute” 41246 0.0155 0.0428 0.0486 0.0116
pt(mK)~ 26874 0.0101 0.0391 0.0374 0.0186
utp~ 52579 0.0128 0.0593 0.0585 0.0141
putK*- 3272 0.0595 0.2969 0.2937 0.0568
prash 15657 0.0348 0.2188 0.2182 0.0261
(m,K)* (m,K)~ 4377 0.0205
(m,K)tp~ 17129 0.0124
(m,K) K*~ 1066 0.0511
(mK)tash~ 5101 0.0241
ppm 16757 0.0213
pTK*~ 2085 0.0684
ptash~ 9980 0.0379
K**K*~ 65 0.4634
K**af~ 621 0.2083
Sum of
above modes 196 808 0.00532 0.0257 0.0262 0.00764
[3.34%)] [2.57%] [3.49%] [1.029%]
Sum of modes
without a$t 165450 0.00558 0.0259 0.0263 0.00799
nance and the a,, as has been done, e.g., in analysis of po-  combinations pte™, e*p”, T, and eTe”. The

larization effects in top quark decays into a real W boson.
Since the parameter &,;=—0.0105 almost vanishes, the

t — Wb analysis indicates that the finite-width effect here )

is at the few percent level.

We emphasize that the present a$"™ results using an
energy-energy correlation function, assume a two-body 7
decay, and therefore are not directly applicable for that
part of the 7 777 v channel due to an n-body, n >2,
decay. Conversely, as we have emphasized before,
sequential decay correlation functions can be powerfully
used to test resonance dominance hypotheses (cf. issues
raised in Ref. 41), and to eliminate possible background
effects.

All sequential decay modes with one-charged-particle 7
decays have been tabulated in Table II except for
a$"Ta$"~ which for 1486 events has olay)=3.01. A
listing labeled w*e ™ has, of course, summed over*? the

separate contributions for the pseudoscalar modes can be
separately obtained by the reader since the branching ra-
tio for 77 —7"v is (10.840.6)% and for 7~ —>K ~v is
(0.74+0.2)%.

In Table III the ideal statistical errors for measure-
ments by the harder lepton’s energy spectrum are com-
pared with those for measurements from energy-energy
correlation functions for the decay sequence Z%—717~
with 75— 4 *X and 7~—B ~X. For the determination
of ay and p there is, respectively, only a 4% and 3% im-
provement. However, for both £ and 8 the percentage of
improvement is over 30%, in which case it should be
worthwhile to either directly analyze the energy-energy
correlation function 7 (Eﬁ,Ee ), or else some other one-
dimensional distribution which contains the same degree
of sensitivity to £ and 8 as does the energy-energy corre-
lation I (Eﬁ,Ee ). The necessary starting formulas for

TABLE III. Comparison of standard-model values (Ref. 43) for the Z°— 77~ coupling parameter ay and for the Michel parame-
ters describing 7" —putvv with “ideal statistical errors” for measurements (Ref, 44) by the harder lepton’s energy spectrum I(xy)
and by the energy-energy correlation functions for the sequential decay Z°—+"r~ with 7+ — 4*Xand 7~ —B~X.

Standard- Ideal statistical error Percent From “Sum of Factor
Quantity model value From I, (x) From I(E,E,) better Modes” of Table II better Measurement
ay —0.1591 0.0161 0.0155 4% 0.0053 3.0
& 1.0 0.0632 0.0428 32% 0.026 2.4
8 0.75 0.0734 0.0486 34% 0.026 2.8
P 0.75 0.0119 0.0116 3% 0.0076 1.6 0.73+0.07*

*DELCO Collaboration, W. Bacin et al., Phys. Rev. Lett. 42, 749 (1979); CLEO Collaboration, S. Behrends et al., Phys. Rev. D 32,
2468 (1985); MAC Collaboration, W. T. Ford et al., ibid. 36, 1971 (1987).
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studying possible projections and/or projections of mo-
ments of I (Eﬁ,Ee) and of other energy-energy correla-
tions have been explicitly listed in the preceding sections
of this paper.

Along with the ideal statistical error for the case that
there is a sum over modes as in Table II, we have listed
the “factor of improvement” versus usage of I(xpy).
From increased statistics alone, an improvement factor of
2 would be expected so the larger factor indicates that for
ay the ‘“analyzing power” is greater for modes other
than u*e”. This more than statistics improvement is
also clear by the entries for o(ay) in Table II for the
,u+(1rK)', u+p_, (1r,K)+p‘, and (7, K) (7K )~ modes.
[For determination of £ and & it is more appropriate to
compare the result of using a sum over modes with the
ideal statistical error for a measurement by I(E,E,) in-
stead of by I(xy). Then the respective improvement fac-
tor is 1.65 for & and 1.87 for 8.]

From the entries in Table II, the “relative sequential
decay analyzing power” of the various modes for ay, &,
8, and p can be easily worked out. These strengths would
be useful in consideration of other applications of sequen-
tial decay methods, but in the present context since the
relative total number of events in the 4ABth mode cannot
be adjusted, the entries listed in Table II for the ‘“ideal
statistical errors” is what is relevant.

From Table II we see that the [.L+(1T,K )~ mode has the
smallest ideal statistical errors for ay, and £ and 5. The
pte ™ mode has the smallest o'(p).

VIII. DETERMINATION OF ay:
COMPARISON OF I(E 4,Ep)
WITH 7-POLARIZATION TECHNIQUE

The 7-polarization technique for determination of ay
uses a single 7 decay’s energy distribution I (E ,) in the
Z° rest frame in order to measure & 4ay. For instance,
for r* —u v, using Eq. (5.9),

1
I(Eﬁ)=f_ld(cos(9§ (E,cos63) , 8.1)

or Eq. (3.15),

EF
IE)= [ 5, 4B (ELE,) (8.2)
we obtain
I(E,)=f(x)+Eayg(x),x =E,/E o - (8.3)
Similarly, for 7~ — B " v, from Eq. (5.9),
Ey
1(Ep)= [ ¢, A1 (Ep,c0565) (8.4)
or, from Eq. (6.6),
I(Egp)=[ _lld(cosB; ) (cos67,,c0s0% ) (8.5)
the energy distribution of particle B is
I(EB):l_é‘BaHQSDBCOS0§ (8.6)

TABLE IV. Comparison of ideal statistical errors for ay from measurements by the energy-energy
correlation functions I(E,,Ep) with measurements by the single-particle energy distribution
I(E;)=1I(cos0]), that is by the 7-polarization method.

Ideal statistical error o(ay)

Sequential

decay mode From I(E 4,Ep)

From I(E;)=1I(cos6])
i =better, o(ay) Jj=worse, o(ay)

ute” 0.0155
pH(m K" 0.0101
utp” 0.0128
utK*- 0.0595
urah~ 0.0348
(m,K) (m,K)~ 0.0205
(mK)tp~ 0.0124
(mK)TK*™ 0.0511
(m,K)Tash™ 0.024 1
ptp~ 0.0213
pTK*~ 0.068 4
prash~ 0.0379
K* K*~ 0.463 4
K**ta$h~ 0.208 3
Sum of
above modes 0.005 32

Sum of only
(mK) modes

0.0215 Same
(wK)~  0.0105 ut 0.0266
p~ 00165 ut  0.0190
ut 00762 K*~  0.0908
ut 00348 a$h™ 13122
0.0260 Same
(m,K)* 00131 p~ 0.0289
(m,K)t  0.0527 K*~ 0.159
(m,K)*  0.0241 a$™  2.2990
0.0292 Same
pt  0.0828 K*™  0.1137
pt  0.0379 ast™  1.6436
0.644 6 Same
K** 02084 a"  6.5891

0.006 05

Factor worse
=14
0.007 36

Factor worse
=1.38
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[Eg and cosf% are equivalent, see Eq. (5.1)].

Without real data one does not know whether or not it
is realistic to assume that the Michel parameter £=1 for
75— ¢*v¥ and/or that the chiral polarization parame-
ters §,,&x,6,, 6« are all equal to one. However, our ob-
jective in this section is to compare the determination of
ay from the energy correlation function I(E 4, Ep) with
its determination from the 7-polarization technique
which uses (E;) or I(Ep), so we will assume all the £’s

are one.

In Table IV the ideal statistical errors for ay from
measurements by I(E 4,Ey) and by I(E;) are compared
for the Z°—>7tr7—(A47X’') sequential decay modes
considered in this paper. This table shows that there is
14% to 38% decrease for the ideal statistical error o(ay)
in not using the energy correlation function I(E 4,Ep).
Discussions in the literature of the t-polarization tech-
nique have emphasized the 7 energy distribution. From
comparison with Table I, we conclude that is is very im-
portant to analyze how much direct application of the

I(E 4,Ep) technique in 7 pair Monte Carlo simulations
will reduce systematic errors such as due to the
pT—7E7° background to 7 —xTv. Can background
from Bhabha scattering and e e " —utu~ with large
initial- and final-state QED radiation be controlled so
‘that the Z° 571t (e v e TvW) or (uvi)(u T vw)
modes be used to measure ay? Some combination of

both techniques will probably give the largest statistics
and most reliable measurements.*’

IX. DETERMINATION OF &, §, AND p:
COMPARISON OF I(E;,Ep)
WITH 7-POLARIZATION TECHNIQUE

The Michel parameters &, 8, and p can be measured by
both techniques from the sequential decay modes
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FIG. 20. Contour plot of the B(E wEe) term, the coefficient
of £, in the E; and E, correlation function I (E wEe)-

Z° (777 ) (£ VPN B v) and (4 T X)(/7vw). This
occurs for in Eq. (3.20), f(x) depends on p and in Eq.
(3.21), g(x) depends on 8. The polarization parameter £
appears in I(EE,EB) in Egs. (3.17), (3.18), and (5.10), and
in I(Eﬁ) in Eq. (8.3).

Table V compares their ideal statistical errors. For
o(£)and o(8) the 7~ polarization technique is a factor of
about 2.8 worse.

For the ,u+e_ mode, for instance, the origin of this

large effect is apparent from Figs. 19-21. The analytic
origin is transparent since

I(E;,E,)=Ty(1+§B +£2C)

=f(x)f W) +ELf (x)g(y)+g(x)f(y)]

+E&2[g(x)g(p) 9.1)
To (EIL Ee) Elg(x)g()],
45.93 where, from Egs. (3.20) and (3.21),
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FIG. 19. Contour plot of the To(E,,E,) factor in the muon- 0.00 o0 —— T T w503
energy—electron-energy correlation function in the Z° rest ’ Eﬁ (GeV] )
frame, I(E ,E,)=(1+£B +&2C), where £ is the Michel polar-

£=1.

ization parameter for 7~ 8¢ ~vv. For a pure V — A4 coupling,

FIG. 21. Contour plot of the C(E ﬁ,Ee) term, the coefficient
of £, in the E,, and E, correlation function I (E,E, ).
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TABLE V. Comparison of ideal statistical errors for the Michel parameters £, 8, and p from mea-
surements by I (E, Ep) with measurements by I(E )

Sequential I(E,,Ep) I(Ep) I(E,,Ep) I(E;) I(E,,Ep) I(E;)
decay mode o(§) o(§) o(8) o(d) olp) alp)
ute” 0.0428 0.1349 0.0486 0.1345 0.0116 0.0161
ut(mK)~ 0.0391 0.1671 0.0374 0.1667 0.0186 0.0199
wrp” 0.0593 0.1195 0.0585 0.1192 0.014 1 0.0143
utK*~ 0.2969 0.4790 0.2937 0.4777 0.056 8 0.0572
utash— 0.2188 0.2190 0.2182 0.2184 0.026 1 0.026 1
Sum of above 0.0257 0.0733 0.0262 0.0731 0.007 64 0.008 75

modes
Factor worse
=2.86

Factor worse
=1.15

Factor worse
=2.80

SP)=2(1—y)(1—0.525p)(1+1.52y) ,

9.2)
gy)=—1(1—y)1—2.37y)(1+3.37y),

and the quadratic term £2C dominates the ideal statistical
error for o(£) in I(EE,EE). The zeros at
Xo=Yyo=(1/2.37) in T,C =g(x)g(y) are responsible for
the sign behavior shown in Fig. 18 for C(x,y). After in-
tegrating out the E, energy (i.e., the y dependence), this
term does not contribute to I(E;) since Jdy g(y)=o0.
[In fact, only the a(y) term in f(y)=a(y)+pb(y),
g(y)=d(y)+d&c(y), of Egs. (3.20) and (3.21) contributes
upon integration of E, from E; to Eg. The c(y) term

upon integration contributes (1 —f3) corrections; b (y) and
d (y) both vanish.]

X. DETERMINATION OF CHIRAL POLARIZATION
PARAMETERS £, £, AND £, ,: COMPARISON

OF I(E 4,Ez) WITH 7-POLARIZATION TECHNIQUE

The r-polarization technique for the mode 7+ — 4 "X
uses the energy distribution I(E ) to determine the

TABLE VI. Comparison of ideal statistical errors for the
chiral polarization parameter §, from measurements by
I(E,,Ep) with measurements of £,ay by I(E;). From I(E,),
,; must be given to obtain §,, whereas I(E,,Ep) can be used
to independently determine £,£p, £,05, and §pay (see text).
For the standard V — A coupling, &,=1. Square brackets
denote the percentage error.

product £ yay of T coupling parameters. To determine
&4, the value for ay must be assumed. For Tables
VI-VIII we have used sin’0y, =0.23 so ay=—0.1591.
Instead, as discussed in the Introduction I(E 4,Ep) can
be used to independently determine & 4&p5, § 4y, and
Epay; therefore, £ 4, £, and ay can be independently
determined from I(E,,Eg). [The o(§,) values for
I(E ,Ep) in these tables, of course, do depend on the
values sin’6y,, = —0.23.]

In Table VI as throughout this paper, we have com-
bined the 7—mv and 7—Kwv modes. Here if only the
r—smv mode is used the numbers for o(&,) should be
multiplied by 1.03. [For (m,K)"(m,K)™ to get w 7, it
should be multiplied by 1.06.]

Tables VI and VII show that £, and §, can be deter-
mined from the energy-energy correlation functions
I(E,,Ep) to the few percent level. Even if ay were
known, I (E ,,Ep) provides a factor of about 3 improve-
ment over the 7-polarization technique.

Table VIII shows that £, « can be determined to about
the 20% level.

XI. CONCLUSIONS

(1) The explicit formulas for the energy correlation
functions I(E 4,Eg) at the tree level are extremely simple

TABLE VII. Comparison of ideal statistical errors for the
chiral polarization parameter &, from measurements by
I(E,,Ep) with measurements of §,ay by I(E,). From I(E)),
ay must be given to obtain £,. For the standard V' — 4 cou-
pling, £,=1.

Sequential Sequential
(m,K)*B~ I(E,,Ep) I(E,) p"B” I(E,,Ep) I(E,)
mode o(&,) o(&,) mode o(&,) o(§,)
B particle B particle
uo 0.0363 0.0660 I 0.0596 0.1037
(m,K)™ 0.0157 0.1634 (m,K)~ 0.0472 0.1816
I’ 0.0410 0.0823 P 0.0517 0.1835
K*~ 0.2086 0.3312 K*~ 0.3344 0.5204
ash” 0.1512 0.1515 ah 0.2378 0.2382
Sum of above Sum of above
modes 0.0135 0.0463 modes 0.0297 0.0757
[1.35%] Factor worse [2.97%] Factor worse
=3.43 =2.55
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TABLE VIII. Comparison of ideal statistical errors for the
chiral polarization parameter {;’K* from measurements by

From
For the standard

I(E, «,B) with measurements of § xay by I(E 4).
I(EK*), ay must be given to obtain §1<*'

V — A coupling, §K*=l.

Sequential
K**B~ I(E_«Ep) I(Eg)
mode (€, x) (£, %)
B particle:
no ‘ 0.3293 0.5707
(m,K)~ 0.2646 0.9994
p- 0.3734 0.7146
K*~ 1.474 4.052
ash— 1.309 1.310
Sum of above
modes 0.178 0.387
: [17.8%] Factor worse
=2.18

and easily derived. Since I(E 4,Ep) depends indepen-
dently on & 4 &g, £ 4ay, and §pay, the fundamental pa-
rameters £ 4, &g, and ay can be independently deter-
mined by measurement of I(E 4,Ep). In contrast, mea-
surement of I (E ,) by the r-polarization technique only
determines & 4ay. Because of a factorization property,
radiative corrections to I (E 4,Ey) are as tractable as for
A;g; however, I(E ,,Ep) does not require longitudinal
beam polarization.

(2) Using I(E 4,Ep) for 107 Z° events the ideal statisti-
cal percentage errors in the determination of the Michel
parameters for 7t %9 are for &, 2.57%; for 8, 3.49%;
and for p, 1.02%. The present world average for p only
excludes more than 47% of a V + 4 coupling at the 95%
confidence level.**

In the determination of the chiral polarization parame-
ters in 7¥ —7} v, they are for £,, 1.35%; for £y 2.97%;
and for £, «, 17.8%. These chiral parameters equal the
value “one” in the standard model. Right-handed
currents, only approximate conservation of the leptonic
axial-vector current, etc., could produce deviations from
one.

(3) The Z'—7tr~ coupling  parameter
ay=~—2a,v,./(a2+v2) can also be determined from
I(E 4,Eg). From Table II, the ideal statistical error for
107 Z° events is o(ay)=0.0053, or a percentage error
3.34% for sin’0,,=0.23. Usage of the r-polarization
technique for the (#,K) modes, gives instead
o(ay)=0.0074 which is almost 40% worse. It is very
important for specific SLC, or LEP, detectors to study
how much direct application of the I (E 4,Ey) technique
in 7 pair Monte Carlo simulations can reduce systematic
errors. Some combination of both techniques will prob-
ably yield the largest statistics and most reliable measure-
ment of ay.

(4) Explicit formulas for the full sequential decay corre-
lation function

I(E Ee,cosxl)

(X}

E Ee,cosdr_
X[1+ A( Eﬁ,Ee,coswﬁe)]

are given for arbitrary Z mass, and for I (Eﬁ,E 1, ) for arbi-
trary Michel parameters. These results can therefore be
used for analyzing the decay of a Z' boson and for ¢ggq
modes*® such as 7.

(5) Measurement of the £ and the other chiral polariza-
tion parameters £ , will enable precision measurement of
sin’0y, to a 0.3% ideal-statistical-error level from unpo-
larized e te ™ collisions at the Z°. This can be compared
with the 0.13% precision level expected from a later mea-
surement of 4;p at LEP I after instrumentation of polar-
ized beams.! Measurement of charged-particle energy
correlation functions I(E 4,Ep) for various one-prong 7
modes in Z°— 77~ might also be a helpful constraint in
solving the 7 missing one-prong modes puzzle.
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APPENDIX A: EXPLICIT EXPRESSIONS
FORT(E,,E,,z) AND U(E,,E,,z)
FOR u"e¢e™ MODE

The integral expressions for I(E,E,,cosy) for
ZO% 1777 —(utvv)(e “Wv) are the same as those listed
in Appendix A in Ref. 2. They enable analytic evaluation
in the Z° rest frame of the standard decay correlation
function I(E,,E,,cosy) under the assumption that the
final muon and electron masses are set equal to zero. The
allowed phase space is divided into the four regions 4, B,
C, and D shown in Fig. 22. These regions are separated
by E;=m_/[2y(1+)] and the maximum lepton energy
is Ep=m_/[2y(1—pB)] where y=M/(2m ) and B are
the relativistic boost variables connecting a 7 rest frame
to the Z° rest frame. For a Z mass M =91.9 GeV,

z=cos ¥
= Ep
O— - > Eo
A B
El
c D
Phase
Space Edge
EF
v AFixedz=cos ¥ Slice
Eq

FIG. 22. An illustration showing a fixed z =cos, slice of
the available E|E, phase space. For analytic evaluation of the
full sequential decay correlation function I (E,,E,z), the phase
space is divided into four regions: 4, B, C, and D.
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E;=0.0173 GeV and E;=45.9 GeV so the 4, B,and C  E,=E,, the e, energy; and z —COS¢ where =1, is the
regions are important here for checking the longer and opening angle between the ,u and e momenta. Often,
more complicated expressions for the D region. If m_./M we use in place of these charged-lepton energies the re-
were significantly larger, these other regions could be of  scaled inverses

physical intergst. o . . Yi2=m,/2vE,, . (A1)
The following explicit expressions are in terms of the ’ _ ’
Z° rest frame observables E, =E,, the u; energy; For the A4 region, we find -
S J
T;‘(El,Ez,z) 2 3E /32 8( 832 128(}71+y2)+40y1y2+2[_1§—8+6—34(y1—yz)—470y1y2]+22%

+7"2{ 608 + 56()’1"’)’2) 4)’1}’2"‘2[%“‘5—;()’1 +Y2)+12J’1J’2]_223—52}
—4
+y (}—§~‘—3ﬁ-z+%zz)) (A2)

and

(E,,E,z)="

U ) E3E%B?’8( %*‘%—“(yx +J’2)+24}’1)’2+z[_‘-23‘8+%(Y1 +J’2)—8)’1}”2]+22%

A
+7’42[ 1024+136(Y1+Y2) 24y,y,+z[64— .V1+J’2)+SJ’1J’2] 22128}
+'VA {%‘“%U’l*’)ﬁ +Z[_64+8(y1+y2)]+2264}) , (A3)

where the power of B is one less in (A3) vs (A2).
For the B region, for the Ty term

T3(Ey,E,y,2)= —%EiEgﬁy%(l-B,yz) , (A4)
where the polynomial
S(g.p)=alq—p)+ §<q2—p2)+%(q3—p3>+{41(q4—p4)+%(qS—pS) (AS)
with the coefficients
a=2B"%"%p,[2—y,+z(4—yp,)+222+y A —3+y,—2z+z%)],
b=2B"%{—8y,+10y,y,+2zy,(—8+5y,)—8z%,
+y T —4+2y, +14y,—10y,p, +2z(—8+2y, + 10y, —8y,y,)—4zX(1+y,)]
+y 762y, =3y, +2z(2+y,)—z2(2—3p,)]} ,
c=2B72{8—8(y, +y,)+2z(8—4y,+8y,—5y,y,)+8z%1+3p,)
+y T —16+8y, +5y, +z(—4+4y, — 14y, +9y,p,)+322(4—5y,) ]+y *2—4z —22z%)} , (A6)
d=2B"2{8+4y,+8z(—2+yp,)— 122X 2+y,)+y —2—3p,+62(2—y,)+32X2+3p,)]} ,
e=4B7[—2+622+y X(1—3z7)].
For the Uy term, we obtain

Uz(E\|,E,,z)=——EiE3By’S(1—B,y,) , (A7)

m
2
where the coefficients of the polynomial S(1—3,y,) are
a=2B"'y"%y,[2—-3y,+z(4—3y ) +222+y A —1+22)],
b=2B"1{—8y,+6pyy,+22y,(—8+3y,)—8z%,
+y T —4+6y,+12y, —3p,y, +z(—8+6y, +2y,+3p,y,) 22 2+6p,)]+y 42227},
c=2B"'{8—8(y,+y,)+2z(4—4y, +8y,—3y,y,)+8z%1+3y,)
+y T — 1242y, =y, +22(2—3y, —3p,)+zX16+3y,)]} , (A8)
d=4B"'[4+2y,—4z(2—y,)— 622 2+y,)+y A(1+2z —3z%)],
e=8B"Y(—1+322).
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The D region is divided into four subregions as explained in Appendix A in Ref. 2: For the W subregion,

Ty(Ey,Ey2)=—2EIE3BY S(1—B, Y pin(2.1)
UylE|,Eyz)= ——Z—E%E%BySS‘(l—B, Yomin(2:01))
where the coefficients of the polynomials S are, respectively, given in Egs. (A6) and (A8), and where
Youx(2,y1)=1+Bcos(y—0,), Y i.(z,y;)=1+Bcos(yp+6,)
with the angles 6, , defined by
cyp=c0s0; ,=1/B(1=y,,), s;,=sinb; ,=(1—cos’0,,)'"?.
For the X subregion, for the T term

¢y +zc - -
"2 \T(c,))+T+K

Ty(E,E,,z2)=E}E}B*y® |m0(—z —c | )I[ —cos(¢p+6;)] —cos ™'

>

5,siny
where the three functions I, J, and K are given in Appendix B in Ref. 2. They depend on the coefficients

f=12—8y1—12y2+10y1y2+4z2(—1+y2>+yf2[—8+2y1+6y2—y,y2+422(1—y2)] ,
gZB{—24+16y1+12y2—10y1y2+z(16—8y1—16y2+10y1y2)+422(2—y2)
+y710—2p, =3y, +2z(—2+y,)+3zH(—2+y,)]} ,
h=8—8y,+4y,+z(—32+16y,+16y,—10y,y,)+4z%(2—3y,)
+y T —10+8y, —4y, +2z (32— 14y, — 14y, +9py,)+ 62X — 1+2p,)]+y *2—4z —227),
i =B{8—4y,+82(2—y,)+ 1222 —2+y,)+y [ —6+3y,+6z(—2+y,)+9z%(2—y,)]} ,
j=2[—2+4+6z24+y A3—9z22)+y H—1+3z9)],

and

k:ZB[_6+2,V1+6y2_3)’1J’2+?’72(2_)’2)] ,
1=24—8p, —12p,+6y,p,+12z(—1+y,)+y [ —26+8y, + 11y, —6y,y, +12z(1—y ) ]+y %4,
m¥ﬁ{—12+4y1+12z(2—y2)+y"2[10—4y1+9z(—2+y2)]} ,
n=—12z+y 218z —y ‘6z .
Similarly, the Uy term is given by

Uy (E|,E,,z)=[right-hand side (RHS) of Eq. (A13)]

except the coefficients needed for T, J, and K are
F=B"412—8p, —12p,+6y,y, +4z2(—1+yp,)
+y 2 —14+8y, + 13y, —6y,y, +22(6— 5y, [+y 2y, +2H(—2+y))])
g=—24+16y1+12y2—-6y1y2+z(16—8y1-—16y2+6y1y2)+422(2-—y2)
+7 7Y 22—10y, — 10y, +3y,y, +2(— 12+ 6y, + 10y, =3y, +223(—5+2p,) 1 +y " —2+22%) ,

h=B{8—8y,+4y,+z(—32+ 16y, +16y, —6y,y,)+z*(8—12p,)

+y =642y, —y,+2z(16—6py, —6y,)+zX(—2+3p,)]1} ,
i=8—4y,+8z(2—y,)+12z22(—2+y,)+y [ —10+4p, +4z(—5+2p,)+622(5—2p,) ] +y " *(2+4z —627) ,
j=B[—4+12z2+y " X4—1227)],

I8

(A11)

(A12)

(A13)

(A14)

(A15)

(A16)

(A17)
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and

k=—12+4y,+12y,—2y,y, +7 210—4y, =9, +2y,,) ,
I=B{24—8y,— 12y, +2y1y2+122(—-1+y2)+7/—2[—14+4y, +6y,+3z(2—y,)1} ,
m=—12+4y,+12z(2—y,)+y [ 16—4y, +6z(—5+2p,)]+y 4 —4+62),

n=p(—12z +y%12z) .

For the Y subregion, the T'; term is

(A18)

- T T i T o—13
T4(E\,E,,2)=EiE;B® |m0(—z —cI[—cos(¢p+6,)]—m0(z —c;)(cy)+J +K —*2‘3 'S Ymax(zy) |

where the new functions J' and K’ are also given in Ap-
pendix B in Ref. 2, and where the necessary coefficients
are given above in Egs. (A14) and (A15). For the Uj

term,
Uy(E,E,,z)=[RHS of Eq. (A19)] (A20)

except the coefficients are those of Egs. (A17) and (A18).
Finally, for the Z subregion of D,

TZ(E,,EZ,z)=%EiEgﬁyBE(yz,Ymi,,(z,y, ) (A21)
with the coefficients of Eq. (A6), and
U,(E,,E,,z)=[RHS of Eq. (A21)] (A22)

except the coefficients are those of Eq. (A8).

These expressions, which are somewhat lengthy, were
evaluated numerically in order to obtain Figs. 3-8. In
some of the expressions for the D region, in particular
near the “phase-space edge” we found significant cancel-
lations among the terms which required usage of ‘“‘quad-
precision” variables in the numerical computation,
While this could be avoided by appropriately rewriting
the expressions, in the present form we found that pro-
gramming errors were relatively easy to ferret out by sim-
ple tests. Tests included varying the m_/M ratio while
checking that 7>0, that |U/T| <1, and for continuity
between the A4, B, D regions and between the various D
subregions. For some E,E, points in the D region,
T(E,E,,z) and A(E,E,,z) were also numerically in-
tegrated and found to agree, respectively, with T(E,E,)
and A(E,,E,) for Figs. 1 and 2. If requested for a
reader’s research, a down-loaded copy of the numerical
program will be supplied by the author.

From the above expressions, simpler expressions for T
and U can be easily worked out in the extreme relativistic
limit where y=M/(2m ) is large as was done for
1,=180° in Ref. 3.

APPENDIX B: FORMULAS
FOR ENERGY-ENERGY CORRELATION I(E arEe)
AND I(E,,E ;) IN NONRELATIVISTIC REGIME

Sin~ce the Z mass M is much greater than 2m , the A
and B regions of Fig. 9 are not relevant to Figs. 1 and 2,

(A19)

for instance, here E;=0.0173 GeV. However, these re-
gions might be of interest, e.g., if there were a second
neutral boson Z’' and charged spin- fermions from a
fourth family.** Note that for E; > LE, the ¥ boost pa-
rameter between the M rest frame and a spin-1 fermion
frame satisfies 1 <y <2 so this is a nonrelativistic regime
[y=M/2m)]. B
In place of Eqgs. (3.17) and (3.18), for the 4 region,

T4(E E,)= {Zy“zﬁ‘zmﬁtfsmfs(y)
+8,6.8,(x)g; ()], (B1)
U (Eg E)=—77 "B molEg,(x)f, ()

+&/5(x)g(»)] . (B2)

Since helicity conservation would not be expected to be
a good approximation in the ¢ A, amplitudes, the o

terms in Eq. (3.7) cannot be dropped so one also needs

=T —2p-2,6
Sa(EpE)=—ry B milf(x)f(y)

—£16,8,(x)g;(»)] (B3)

and in place of Eq. (3.15), the final-lepton energy correla-
tion function is

I(Eﬁ,Ee3)=aS(Eﬁ,Ee )+TT(Eﬁ,Ee )+vU(Eﬁ,Ee) .
(B4)
mﬁ“—‘(l—B)/x,7

/@
/ o, (BS)

g(x)=4f[{ —0+28(—16+9w)] /0>
—2B%w—%)/0*, (B6)

In Egs. (B1)-(B3), letting
=m./(2yE;) and similarly for o,,

—8+60+ =+
v

fs(x)=28 5

64—360— 2
¥

8 2 1
2B | —— ey
—>B[ 3+3w+372

where the arrowed lines follow for a ¥F 4 coupling.
Note that the w’s are rescaled inverses of the charged-
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lepton energies.

For the B region, since E,=E,>E; whereas
E, =E;<E; (or o, <m_/2yE;) and wz>m./2vE; the
analogous expressions are

Sp(EE)=2rr B meLf(x)f (1) —Eidag (X8 0],

(B7)

TE(E,—“EE)=%y‘zﬁ_zmﬁ[fs(x)f(y)+§,§2g:(x)g(y)] ,

(B8)
Up(Eg, E)= 2oy B mSLEg(0f () +Ef(x)g )] -
(B9)

For the D region since Eq. (B4) involves the S term, be-
sides the expressions in the text one needs

m

S(Eg E)=—ory

BTEENSf(f () —E168 (x)g ()] .

(B10)

As noted in the text, the 4, term in Eq. (3.5) does not
contribute to the energy correlation function I (Eﬁ,Ee ).

Likewise for the lepton-energy—hadron-energy correla-
tion function when E_ <E,;, in Egs. (5.10) one must re-
place f(x) by f,(x) and g(x) by g,(x), where f; and g,
are given in Eq. (B5) and (B6). In place of Eq. (5.9), since
the o terms cannot be dropped

I(E;,cos0p)= 0S(E,,co860p)+ 7T (E,cos6p)
+vU(E,,cos6p) , (B11)

where besides the just obtained analogues of Egs. (5.10),

S(Eﬁ,cos%)=%y”lﬂ_lm3[fs(x)+§gs(x)§3e§°36089§] :
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