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Einstein’s theory of gravity is reformulated so that the cosmological constant becomes an integra-
tion constant of the theory, rather than a “coupling” constant. However, in the Hamiltonian form
of the theory, the Hamiltonian constraint is missing, while the usual momentum constraints are still
present. Replacing the Hamiltonian constraint is a secondary constraint, which introduces the
cosmological constant. The quantum version has a normal “Schrédinger” form of time develop-
ment, and the wave function does not obey the usual “Wheeler-DeWitt” equation, making the inter-
pretation of the theory much simpler. The small value of the cosmological constant in the Universe
at present becomes a genuine question of initial conditions, rather than a question of why one of the
coupling constants has a particular value. The key “weakness” of this formulation is that one must
introduce a nondynamic background spacetime volume element.

INTRODUCTION

It has long been a “folk theorem” that any nonlinear
“second-order” theory which gives a free massless spin-2
field at linearized order must be Einstein’s theory.!™?
Recently it has been shown that there exist more general
theories which obey this requirement.* One of the sim-
plest forms is most succinctly formulated as a metric,
non-coordinate-invariant theory of a symmetric unit-
determinant field g#*. The action is given by

S=[R(g"d* , (1

where the field variables are defined by the requirement
that g"” be symmetric and obey det(g#")=1. This theory
is not coordinate invariant, but does have a gauge free-
dom: namely,

g,uv'—’g,u,-v +Ka/3,{)’gﬂv,a +g,uaKaB,B,v+gvaKaB,f5,u ’ <2)

where K#¥=—K™ is an arbitrary antisymmetric tensor.
Note that this gauge transformation could be interpreted
as a coordinate transformation with the infinitesimal
coordinate change given by

§=K "‘ﬁ’ g - (3)
This infinitesimal coordinate change obeys

£%.=0 @
and thus leaves the determinant of g#¥ invariant. Viewed
in this way it is obvious that the above Lagrangian does
have this gauge transformation as a symmetry. Further-
more, if one assumes that the coupling between any other
matter fields and gravity is via this g,,, used as the metric,
the matter actions also have this gauge freedom.

One might ask what the difference is between this
theory and the usual Einstein theory restricted to a coor-
dinate system in which det(g#")=1. The difference lies in
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what one feels the fundamental variables of the theory
are and the variations of the Lagrangian which are al-
lowed in deriving the field equations. In this theory, un-
like in Einstein’s, the variations in g*” must all obey
8,,08""=0. It is this restriction on the dynamical vari-
ables which leads to the differences in the theories. Re-
strictions such as this are used all the time in formulating
theories. For example, one could extend Einstein’s
theory by imagining that the “metric” is a completely
general nonsymmetric matrix. In doing so one could ob-
tain additional and different field equations for the
“metric” than if one assumed that the field variables were
symmetric from the start.

The action of Eq. (1) is not generally coordinate invari-
ant, but general coordinate invariance could be reinstitut-
ed in the usual way by introducing a background volume
fgrm on the spacetime 7,,,, =7(,,,,), and writing the ac-
tion as

S=[VaR((n/g)*g,,)d*x , (5)

where V'9=1,,;. Under a coordinate transformation,
1/8 is a scalar, while the presence of the matrix 8uv (nOW
regarded as a fully arbitrary symmetry matrix) only in
the combination g,,/g'’* ensures that the variation
g""8g,, is zero. In the following, I will assume that 7 is

The equations of motion for this theory (in the absence
of matter) are

R —1Rg"'=0, (6)

where R*¥ is the usual Ricci tensor for g#” regarded as a
metric. With matter fields, the right-hand side becomes
TH—LTg"", where TH"" is the usual energy-momentum
tensor for the matter fields.

Defining

RIP=RHM —LRgH, TW'=TH—L1Tgn (7)
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we have by the Bianchi identity for R and from the equa-
tions of motion for 7T that

Rp,v=3R , (8)
and

Trw="3T 9)
giving

(R+T),=0 (10)

by the equations of motion, or
R4+T=—A {11

for some constant A. Thus the field equations can be
written as

GH=TH+ Agh”, (12)

where A is now an arbitrary integration constant, rather
than a coupling constant as in Einstein’s theory with
cosmological constant.

Since any solution of Einstein’s equations with cosmo-
logical constant can always be written (at least over any
topologically R * open subset of the spacetime) in a coor-
dinate system with det(g,,)=1, we find that if we identi-
fy the matrix g,, of this theory with the metric com-
ponents of Einstein’s theory in that special coordinate
system, then any solution of this theory is a solution of
Einstein’s theory with some cosmological constant, and
any solution of Einstein’s equations with any cosmologi-
cal constant, in an appropriate coordinate system gives a
matrix which is a solution of this theory. The physical
predictions of this classical theory are thus identical to
those of Einstein’s theory with some cosmological con-
stant.

Because of the introduction in this theory of a cosmo-
logical constant as an integration constant rather than as
an explicit coupling constant, theories such as this have
been examined by others as a possible way of attacking
the cosmological-constant problem.> This is not my pur-
pose here. Rather my purpose will be to examine the
quantization of this theory. In particular, the ultimate
hope is that this theory, or one like it, could help to
resolve some of the interpretive problems®’ of canonical
quantum gravity, especially with respect to the role of
time in such an interpretation.

CANONICAL QUANTIZATION

Let us now look at the Hamiltonian form of this
theory. We will follow the usual procedure used in the
case of Einstein’s thoery.® Define variables such that

Vi =8;j> N; :NjVij =8oi -
I will also introduce the variable N defined by
N?=—ggp+N'N; .

Unlike the case in general relativity, N is not an indepen-
dent variable, but is just given by

N2=1/det(y,;) .
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This relation arises from the definition of g,,: namely,
that det(g,,)=1. In the usual way, we define conjugate
momenta 7" to the dynamic variables Vi by

T/=58S/87, .
In the above the indices i, j, k, etc., run from 1 to 3, while
0 refers to the “timelike” direction. The overdot denotes
a time derivative. Now, going through the usual pro-
cedure we finally end up with the super-Hamiltonian den-
sity

H=NH,+N'H,=H,Vy+N'H,
and super Hamiltonian

ﬁ:fﬁa”x,

where H, and H; are the usual Hamiltonian and momen-
tum “‘constraint” functions given by

Hy=(yxvj _%?’iﬂ/k/ )Vij”kl/‘/;‘*"/; GR,
Hi:?’ijﬂikik .

Here the vertical bar denotes a covariant three-derivative
with respect to the metric y,;, remembering that 7V is a
three-tensor density. Note that the fact that in this
theory N =1/V'y does not alter the formal manipula-
tions which lead to this Hamiltonian since N does not de-
pend on y,;. However, since N is no longer a free vari-
able in this theory, only the momentum constraints

H,=0

survive as constraints. The super Hamiltonian # is thus
not zero.

If we evaluate the Poisson brackets of the constraints,
or rather of fg‘iH,»d3x with & arbitrary, with % we find

that we need
[EH V) d%x =0

as a secondary constraint.® This implies that
H,= ‘/;A )

where A is a spatial constant. Furthermore, the equa-
tions of motion imply that A is also a constant of the
motion. It thus enters into the equations in just the way
a cosmological constant does.

We can formally quantize this theory. The wave func-
tion W(y ) would obey the momentum constraint

[ €7 (8% /8y )d’x =0,
the secondary constraint
[EH V) d*xv=0,

and the Schrodinger equation
oY

L =
ot
Since the wave function now contains an explicit time
dependence, the interpretation of this wave function be-
comes much easier than it is in the usual quantum theory

() V2Hydx ¥ .
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where the Hamiltonian constraint explicitly sets the
super-Hamiltonian to zero, and thus makes the wave
function time independent. It is important to point out
here that the time ¢ is a time just like that in ordinary
quantum mechanics. It is not, as in the usual Wheeler-
DeWitt approach to canonical quantum gravity, one of
the dynamical (unconstrained) phase-space variables. It
is external—an extra variable over and above the phase-
space variables—rather than internal—one of the phase-
space variables.

The eigenstates of ‘“‘cosmological constant” will be
given by wave functions which obey the Wheeler-
DeWitt-type equation

() V2H W, =AY, .

Thus the general solution to the
Schrodinger equation is

time-dependent

V()= [a(Aexp |—i [ Ad’x dt |W,dx

for some function a and for some choice of the ¥,. Note
that since g=1, and since the volume element of the
spacetime is not a quantum variable but is a given classi-
cal volume element, the phase factor in the exponential is
just the cosmological constant times the four-volume of
the spacetime between the initial time slice and the time
slice of interest.

INTERPRETATION

Although the interpretation has been made somewhat
simpler because of the explicit dependence of the wave
function on time, there are certainly still problems that
remain. Because of the existence of the constraints, one
would like one’s observables to be defined only on the
Hilbert subspace which obeys the constraint equations.
Thus, because of the presence of the momentum con-
straints, we can demand that the observables of the
theory commute with these constraints. Thus the only
quantities which are to be regarded as measurable are
those which are invariant under any spatial coordinate
transformations. For example, y,;(x) would not be a
measurable quantity, but [Vyd(x)8("YR (x)—r)d3x
might be. [This is just the operator ¢ restricted to those
points in space where ®'R (x)=r].

In addition to these momentum constraints, we must
also demand that one’s observables also commute with
the secondary constraint of Eq. (7). This just leads to the
conclusion that if the observable is O, we must have not
only that O commutes with H, but that O does as well.
The observables are then those quantities which are coor-
dinate invariant, and whose time derivative is also coordi-
nate invariant. Constants of the motion will, of course,
satisfy this requirement, but the allowed set of observ-
ables is larger than just constants of the motion. For ex-
ample, in the usual homogeneous and isotropic mini-
superspace models, all of the operators are observable
since homogeneity and isotropy imply that the con-
straints are trivially satisfied. This contrasts with the
usual case in which both the “momentum” constraints as
well as the Hamiltonian constraints are imposed on the
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theory. In that case, following the above philosophy, the
observables must commute with the constraints, which
leads to the conclusion that the only observables are con-
stants of the motion.

How does one go about interpreting measurements in
this theory?® Measurements are assumed to be made at
some time z. The time ¢ is, of course, not directly observ-
able or measurable. So, although the wave function de-
scribes the development in ¢ time of the probabilities of
various outcomes, how can one use these predictions
since ¢ cannot be directly determined? The answer is, as
usual, by the use of ““clocks.” For certain wave functions
¥, some dynamic variable may correlate well with the
value of t—i.e., over some limited range of values of ¢, the
measured value of that observable may allow one to infer
(in a statistical sense) what the value of # is. Having made
the measurement of that observable, one can then use the
information one has about ¢ to make predictions about
the values of other observables.

How does this differ from the usual approach to the
“wave function of the Universe?”” There one has a wave
function ¥ which is independent of time. One argues
that there one must use some of one’s variables as
“clocks” and that the wave function predicts correlations
between the clock and the other observables of the
theory, which seems similar to the procedure I have
sketched in the time-dependent theory. The difference is
that there the observables are only the sets of constants of
the motion, constants not for some limited “time” but
forever. Furthermore, one does not have there the con-
cept of an approximate clock, good for only a limited
time, and of limited accuracy.

There is one rather novel feature in the theory present-
ed here. In the course of a measurement on any physical
quantity, the outcome of the measurement would, in gen-
eral, not leave the system with its “energy,” or rather, its
cosmological constant unchanged.

Let us look at a minisuperspace theory as an example.
Let us take the metric to be

ds*=dt*/a (t)®—a ()dx>+dy?+dz?)

which has unit determinant as required. I will take the
closed model by identifying the x, y, and z coordinates
with period 1. Let us minimally couple the metric to a
homogeneous scalar field ¢ with potential V' (¢). The re-
sulting Hamiltonian is given by

H=—m/a+m5/a’+V(e) .

Since the model is homogeneous, the constraints are au-
tomatically satisfied. The Schrodinger equation then be-
comes

[ OW(a,4,1) _ W 1 W

3t 3a’?  a® ag? ViV

or

AW _ 3 9 3% 1 v

! at 8z azz oz

+V(eWV,

where I have chosen the “Laplacian” ordering for the

momentum terms. Here z =a>. I will take the simplest
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model with V' (¢)=0.
The general solution for the equation is given by

W(z,,1)= f A(p,A)e ~i(At=pd)

XJ:,((8A/3)!z)dp dA |

where 7= (%)!"?p.

Note that at any time ¢, we have

[1¥Pdga’da= [|al*dpdn

and we can thus find square integrable solutions to the
wave equation. However, if 4 (p, A) «<8(A), the solutions
are not square integrable. Since the equation for ¥ with
some definite value A is just the Wheeler-DeWitt equa-
tion with that definite cosmological constant A, we see
how this approach avoids the persistant problem beset-
ting the usual approach, namely, that the wave function
there is usually not square integrable, making any pro-
bablistic interpretation of the wave function difficult.

For large a, the wave function behaves like a free parti-
cle with coordinate z =a?3, mass= %, and energy=A.
We have (a?) « ¢, which would imply an exponential ex-
pansion of the space with proper time. [Remember that
we have chosen N=1/a> in order to impose the
det(g,,)=1 condition.]

The above solution has assumed that A>0. For A <0,
we must replace J;, in the above solution by H, ,»1,7, in order
that the solutions fall off at large a. In this case, the
Universe will always “bounce” at some large value of a,
with an exponentially decaying probability of finding
larger values for a.

Since 4 is not equal to 0, the Hamiltonian and a do not
commute. A measurement of a will, therefore, not
preserve the “energy” or value of the cosmological con-
stant.

This nonconstancy of the cosmological constant under
quantum measurement of nonconstant variable leads to a
puzzle for nonhomogeneous situations. How can my
measurement here and now of some quantity change the
cosmological constant for the whole Universe every-
where? One answer is in the speculation that the uncer-
tainty in the cosmological constant induced by my mea-
surement would be of the order of AA~AE /V, where
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AE is the uncertainty in the energy induced by the mea-
surement, and V is the spatial volume of the Universe, a
change which would be totally undetectable.

The other is that all observables in the theory must
commute with the momentum-constraint functions: i.e.,
the generators of spatial coordinate transformations. All
observables are thus in a sense homogeneous, and thus in
some sense exist everywhere at once as far as the coordi-
nates x are concerned. The change in the cosmological
constant ‘“‘everywhere at once” is thus not surprising
since the measurement of the observable takes place
“everywhere at once.” This, however, evades the physi-
cal question, since we have a strong feeling that as far as
we are concerned, causality is a law of nature, and our
measurements made here on Earth should not affect the
behavior of the cosmological constant at distant galaxies,
at least not noncausally.

The question this raises is how does this theory look
from the inside. In our description of the theory, I have
employed concepts such as the coordinates x. These are,
however, inaccessible to observers in the theory. Since
we, as physical beings, are presumably objects describable
within the theory, and since all of the aspects of our
physical being correspond to observables in the theory,
how do we describe our notions of causality, etc., and test
to see whether or not the theory predicts that observers
within the theory will experience a causal universe? How
do observers within the theory experience the change in
the cosmological constant caused by measurements made
by those observers?
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