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Quasipotential Theory of High-Energy Hadron Scattering
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A quasipotential approach to the high-energy scattering of hadrons is developed. The con-
sideration is based on the quasipotential equation for the scattering amplitude in quantum field
theory, and on the physical assumption of the nonsingular character of hadron interactions at
high energies. The results of the theoretical calculation are compared with experimental data
on elastic nucleon-nucleon and isobar production processes.

I. INTRODUCTION

In this work we shall give the quasipotential des-
cription of high-energy hadron scattering. " This
approach is based on the quasipotential equation
for the scattering amplitude in quantum field
theory. "

To begin with, let us consider the simplest case
of scattering of two spinless particles with equal
masses. In this case the quasipotential equation
reads

r(E;p, k) = V(Z;(p-k)')

dq
2+qaP/2

V(E; (p -q)') T(E;q, k)
q'+ m' —E' —iO

(1.1)
where E is the energy, and p, E, and q are the
(center-of-mass system} relative momenta of
particles in the initial, final, and intermediate
states, respectively. The physical relativistically
invariant scattering amplitude T(s, t ) is defined by
the condition

T(s) t ) = 327( T(E; p, k) ~-4s2 —4( p 2, ~2) 4(), 2, ~2)

(( ) )' (1.2)

SST &1 (1.3)

for the two-particle scattering matrix S.' For a
pure real quasipotential, for example, we have the
relativistic condition of elastic unitarity.

As was shown in Refs. 3 and 4, for the case of

Equation (1.1) presents the generalization of the
Lippmann-Schwinger equation for the case of rela-
tivistic quantum field theory. In contrast to quan-
tum mechanics, however, the quasipotential in
Eq. (1.1) is, in general, a complex function of the
energy E. The imaginary part of the quasipotential
is due to inelastic processes in two-particle scat-
tering and is a positive definite quantity.

It can be rigorously proved that the condition of
positivity of the imaginary part of the quasipoten-
tial ensures the validity of the so-called "under-
unitarity" condition

weak coupling a general method exists for con-
structing the local quasipotential using the pertur-
bation expansion for the scattering amplitude. The
quasipotential constructed in this way gives a solu-
tion which coincides on the mass shell with the
physical scattering amplitude. This method was
used by Faustov' for investigating the spectra of
positronium and hydrogenlike atoms in the frame-
work of quantum electrodynamics.

For strong interactions, there is no general
method of constructing the quasipotential. For this
reason we develop a model of high-energy hadron
scattering which is based on the phenomenological
choice of the quasipotential in Eq. (1.1). In fact,
we will use essentially the following general prin-
ciples:
(a) The existence of the local quasipotential V(s, r)
which gives an adequate description of high-energy
hadron scattering.
(b) The positivity of the imaginary part of the
quasipotential:

Im V(s, r) ~ 0.

(c) Smooth and nonsingular behavior of the quasi-
potential at the origin as a function of the relative
coordinate of two particles.

The last principle, we believe, concerns the dy-
namics of hadron interactions at high energies.
Probably it means that in high-energy collisions
hadrons behave as extended objects with finite
sizes."

The important consequence of the assumption (c)
is that the high-energy hadron scattering has a so-
called semiclassical character when the wave-
lengths of the colliding particles become very small
as compared to the size of an effective range of in-
teraction. As a result we have the eikonal or
Glauber representation for the scattering amplitude
at small angles, "and the exponential decrease of
the scattering amplitude with energy at large an-
gles 8

Next, the assumption (c) allows the solution of
Eq. (1.1) to be found, in the high-energy limit, as
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a convergent series of Born approximations. The
interesting point is that under certain conditions
the first Born term in this series should suffice
at-Small enough momentum transfers.

On the other hand, as is known from experiments,
the elastic hadron scattering at high energies and
small momentum transfers has a diffractive char-
acter, and can be approximately described by a
pure imaginary amplitude of the form

r(s, t) = iso „,(~ )e"" (1 5)

The formula (1.5) ensures the constancy of the to-
tal cross section and the exponential decrease of
the differential cross section with increasing
square of momentum transfer. The quantity a(s}
is related to the diffraction-slope parameter and,
in general, varies slowly with energy.

It is natural to consider the expression (1.5}as
the Born approximation for the scattering ampli-
tude. The corresponding local quasipotential can
be found by the Fourier transformation and has
the Gaussian form

V(s, r) = isgo(n/a)'~'e "'~".

Here

atot( }= 22' go~

(1.6)

(1.7)

o~(t) =1++'t,

P(t) =P(0)e",
(1.9)

and thus go is a constant and positive parameter.
One can easily see that the local quasipotential
(1.6) has a positive imaginary part, and is a smooth
and nonsingular function of ~.

We will consider Eq. (1.6) as a simplest form of
quasipotential which obeys all the principles listed
above and also the requirement of diffraction be-
havior at small momentum transfers. In what fol-
lows, we will show that the quasipotential (1.6)
allows the main features of high-energy hadron
scattering at small and large angles to be repro-
duced. We should like to stress that some results
do not depend on the specific form of the quasipo-
tential (1.6} and have a general character.

Now let us brieQy discuss the connection between
the quasipotential approach and that which is based
on the Regge-pole hypothesis.

It was suggested several years ago' that the dif-
fraction behavior of high-energy hadron scattering
is due to the exchange in the t channel of the Pom-
eranchuk Regge pole with the amplitude

~f 7r Ap(t)

&(e, t) = p(t)e "~'"- (1.8)
sinso, p(t)

In fact, if one assumes the linear rising of the tra-
jectory and the smooth behavior of the residue
function, i.e.,

one gets just the expression (1.5) with

«.,(")=p(o),

a(s) =b+o. 'Ins.
(1.10)

However, as is well known now, the single Pomer-
anchuk pole, if it exists, gives a very crude ap-
proximation for the high-energy scattering ampli-
tude.

There appears in general an infinite sequence of
Regge cuts in the complex angular momentum

plane, which should be taken into account. Unfor-
tunately, in spite of considerable efforts in the in-
vestigation of these Regge cuts, "there is as yet
no method of calculating their contributions in an
unambiguous way. For this reason, the quasipoten-
tial approach has a considerable advantage, be-
cause it allows the corrections to the Born term of
the type (1.5) to be found in a simple way.

It should be noticed that we consider here a rath-
er simplified model of a "pure elastic" scattering.
In the intermediate-energy region, it may become
necessary to take into account secondary effects
such as, for example, nonleading Regge-pole ex-
change or direct-channel resonances. To do so in
a consistent way, the requirements of analyticity
and crossing symmetry in the form of finite-
energy sum rules" may be used.

II. SMALL-ANGLE ELASTIC SCATTERING

Here we will consider the small-angle elastic
scattering at high energies,

)t/s ~«1 and as»1, (2.1)

A. Small Momentum Transfers

Let us consider first the case of small momentum
transfers,

(at)&1 and as» 1. (2 2)

In this case, Eq. (1.1) can be solved by iteration
procedure:

T(~'; Z)=V(t L Z)+5T(Z';E)+ (2.4}

and one can expect that only the first few terms in
the series (2.4) should suffice.

The expression for the first correction to the
Born approximation is of the form

where the parameter a is connected with an effec-
tive range of interaction by

(2.2)

We will assume here that the quasipotential is pure
imaginary and of the simple Gaussian form (1.6),
and put off the discussion of other quasipotentials
to the end.
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dq6T(+ s +) a «2'I/2(m+q j

I ((p -q)'; E) ~((q-I )'; E)
q'+ m' —E' —~0

a„,= 32II 'go(1 —s 'g, /a). (2.15)

If one assumes that the parameter a increases with
energy, say, as a logarithm of s, it can be seen
that the total cross section will tend to its asymp-
totic value

(
'

)o l/Qg(tlo. E) (2.5) a~a~(~) =32~ go (2.16)

dq e-&tt(q- X)
A~~'Z&=( 0 ( a+q«2)I/o qo ~ ma E2 iO

7 =-,'(p+k ).
(2.6)

After integration over the angles, we get

g ~ @de p-2@4f-M
A.&~' S& =

2aX „(m'+q')'/' q'+m' —Z' —io

(2.V)

where A. =-,' ~p+k
~
or, on the mass shell,

A. =(P'+ ,t)' '=P -cos8.

Let us rewrite (2.V) as follows:

A =8+iI,
where

(&-aa(P-Ma &-Oa(I + Ma)
4am(m'+P')'"

(2.9)

F' 1
,/, +O(1/s'). (2.11b)

Thus the first two terms in the series (2.4) give

T(Z'; E) =isg, e" —isgo(s'go/a)(1+in)e"/'+ ~ ~ ~,

(2.12)

where a = I/(2I(as)'/'.
The condltlons'of validity of':the Born appl'ox11lla-

tion read

and 8 is determined by the principal value of the
integral (2.V). In the high-energy small-momentum-
transfer limit (2.3), one can get

7reI=—+0(1/so), (2.11a)08

from below. " %e notice that this behavior of the
total cross section is preserved when the whole
series of Born approximations is taken into ac-
count.

Next, in the approximation (2.12) the ratio of the
real and the imaginary parts of the scattering am-
plitude is determined by

ReT(s, t) II go a(/o-
ImT(s, t) a(2I(as)'/ (2.1V)

B. Large Momentum Transfers

Let us consider now the scattering at charge mo-
mentum transfers outside the diffraction region,
when

and is a. small, positive quantity.
Apparently, both phenomena, the growth of the

total cross section to its asymptotic value and the
positivity of the real part of the scattering ampli-
tude at very high energies, are connected by gen-
eral principles such as analyticity, crossing sym-
metry, etc.

It should be noticed that the observable behavior
of the total cross sections and the real parts of the
scattering amplitudes at accessible energies do
not contradict, generally speaking, the behavior
discussed above, and. can be explained by secondary
effects such as the nonleading Begge-pole ox the
direct-channel resonance contributions. In any
ease, the smallness of the real part of the scat-
tering amplitude at high energies and small trans-
fer momenta is in agreement with experimental
data. For this reason, in what follows we shall
neglect the real part of the scattering amplitude at
high energies and small angles.

s'go/a & 1, ) at ) &21n(a/s'go). (2.13) ((t/s((&(1 and [at[&I. (2.18)

(2.14)

where the correction becomes comparable to the
first Born approximation, a minimum can be ob-
served in the differential cross section.

Further, from Eq. (2.12), at t=0 we get for the
total cross section

Under these conditions the first: term in Eq. (2.12)
describes the diffraction scattering at small mo-
mentum transfers with the diffraction-peak slope
A- 2a.

Near the point
2t = ——In(a/II 'g, ),

In this ease the scattering amplitude can be found
as a convergent series of the Born approximations:

~atln 4g 2 n-Z
T(t"; Z) =tsg, g

n=l
(2.19)

It is easy to see that at large momentum transfer
the main contributions to the sum (2.19) are given
by the terms with large numbers n.

Now we study the asymptotic behavior of the ser-
ies (2.19) in the limit

~
at (»1.

Using the Sommerfeld-Watson transform, we re-
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write Eq. (2.19) as follows:

as ds e
8rr' c 2@1'(e + 1)sinn@ '

where

a=In(a/4n'g, ), (u= ~at).

(2.20)

(2.21)

The integration contour C surrounds the-positive
real semiaxis in a clockwise direction and contains
the integers z=1, 2, ....

It can be shown that in the region (2.18) the main
contributions to the integral (2.20) come from the
first terms of the series expansions of the function
1/sin we,

2i ~ e"~t~'+
sin~z

n=0

(2.22)

on the upper and lower branches of the contour C,
respectively.

Using the saddle-point method, we get
-2(2a 1 t )) ~/2sinhy+ y/2

4&' (a~t~cosh )'t'

Here the parameter z is related to the position of
a saddle point z, by

e. =(2altl)"e " (2.24)

and is determined by the following condition:

e'"+2& =2[a —iv +In(2a [ t] )'t'j. (2.25)

Equation (2.23) can be written as

g(s, t) =s(v+ —,'), s an integer. (2.27)

However, as is seen from Eq. (2.25), at sufficiently
large momentum transfers the oscillations, if they
exist, should disappear, and the scattering ampli-
tude should behave as follows:

ESCl e (2tuln2u)1 2

T(Z i E)=
2w a (In2(u)'

(2mln2u)x/2
(2.28)

C. Eikonal Description of Small-Angle Scattering

a~t )'"
where the parameters 0. and P are slowly varying
functions of s and t.

Thus one can see that in the region (2.18) the
scattering amplitude is an exponentially decreasing
function of the momentum transfer

~
t ~'t', with pos-

sible oscillations" near the points where

the size of an effective range of interaction. Fur-
ther, we shall see that the semiclassical character
of high-energy small-angle hadron scattering is
essentially due to the assumption of nonsingular or
smooth behavior of the quasipotential as a function
of the relative coordinate of two particles.

Let us first discuss the properties of the solution
(2.19). There is a useful formula:

ea tin d2pq~l .&j e-~p /'4a

n 4m'a
(2.29)

where the vector Z, =(p —k) varies in a plane which
is perpendicular to the vector —,'(p+k).

Substituting the formula (2.29) into Eq. (2.19), we
get

T(n. '; E)=, d'pe'~'
(2n)' 2i

(2.30)

where

2i X(p) = -(4s'g&&/a)e (2.31)

Equation (2.30) is just the eikonal representation
for the scattering amplitude in the region (2.1), and

the phase function is related to the quasipotential
(1.6) bY

OQ

X(p) =— V(s, (p'+e')' ')dz.
S

(2.32)

Obviously, this representation would hold for R

large class of smooth quasipotentials.
To show this, it is convenient to consider the

quasipotential equation for the wave function of two
particles in configuration space:

(E' —m'+ V')y(r) = ——V(s, r)y(r), (2.33)

where

(m2 ~a) t /2 (2.34)

y(r) = e'"q (r), (2.35)

where y(r) is expected to be a slowly varying func-
tion and E = (p + m )'t .

It can easily be shown that on a space of slowly
varying functions, in the high-energy limit,

Owing to the presence of the operator (2.34),
Eq. (2.33) is nonlocal. However, under the condi-
tion of nonsingular or smooth behavior of the quasi-
potential V(s, r), Eq. (2.33) takes an effectively
local form in the high-energy limit. Actually, let
us look for a solution of Eq. (2.33) in the form

The eikonal approximation of the scattering am-
plitude at high energies and small angles has been
known for a long time and is very popular nowa-

days. ' It is based on the semiclassical picture of
high-energy scattering when the wavelengths of the

colliding particles are very small as compared to

e '"&ue'" =p —is/az O(1+/p),

or

e '"(I/(u)e'" = 1/p+ O(1/p').

Thus the function y(r) obeys the equation

(2.36a)

(2.36b)
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-2iP = —V(s, r)(p(r),
Btpr 1

Bg P
(2.37}

which coincides with the one which follows from
the local Klein-Gordon equation mith effective po-
tential (1/P) V(s, r). As a result we have the eikonal
representation (2.30) with the phase function X(p)
determined by (2.32). So, the eikonal or, as we
now usually call it, the Glauber representation
should not be considered as a primary dynamical
principle (see, for example, Arnold ), but it is a
consequence of the assumption of the nonsingular
character of hadron interactions at high energies.

Recently, many attempts have been made to
formulate the eikonal representation of the scat-
tering amplitude in a way which is not restricted
to small angles, and which is based only on general
principles such as relativistic invariance, unitarity,
and analyticity. "'" One may suspect, however,
that in all these attempts some additional assump-
tions are introduced in a nonevident way.

D. The Unitarity-Equation Approach

s =4(m'+p') =4(m'+q') =4(m'+k'), (2.39)

There is a very attractive approach to the des-
cription of high-energy hadron scattering, based on
the unitarity equation in quantum field theory. ""
Here we discuss it briefly and compare it with the
quasipotential approach.

The unitarity equation for the scattering ampli-
tude of two spinless particles of equal mass has the
form

Itpl'(st) = f ast I (., t ,)Tt(st)sF(s', t)(,2".33),
where in the center-of-mass system

t =-(p -k)', t'= (p-q)', -t"=-(q-k)',

2, 5(P+P'-e-4')1 dqdq'
Bll 2$02go

(2.40)

is related to the two-particle phase volume. The
quantity E(s, t}, which is known as the overlap
function of Van Hove, represents the contributions
of the inelastic states in Eq. (2.38).

It is convenient to choose the folloming directions
of particle momenta:

p+k =(2P, , 0, 0},
(2.41a.)k-p=(0, A, ),

ol

(2.41b)

From Eqs. (2.41) it follows that

s = 4(m'+P, ') +3,',
2 (2.42)

d(d p

4qg —s
(2.45)

Thus, in this approximation the unitarity equation
(2.38) takes the following form:

At high energies and small scattering angles, when
~t/s(«1, we have

s=4P,' and t= —Z,'= —(k, -p,)'. (2.43)

If one assumes that the main contributions to the
integral in Eq. (2.38) are given by a region of small
scattering angles, one can put in Eq. (2.38)

t' =-(p. -q.)', t"=-(q. -k.)'. (2.44)

For the same reason we have

ItsT(s, -(3 —k ) =F(s, -(P —k ) ) s f tt's, T(s-(p, -k.)')Tt(s, -, (k, -k,)')
4qj ~s

(2.46)

If we assume that the integration region in
Eq. (2.46) can be expanded out of the circle 4qa & s
on the whole plane. of transverse momenta, we get
the well-knomn convolution formula

ImT = 2 T*T +I".1
8m 2s (2.47}

%e would like to note, however, that such an ex-
tension is, generally speaking, a nontrivial thing
and needs continuation off the mass shell. Anyhow,
it is connected with the assumption about the non-
singular character of high-energy hadron scat-
tering.

Let us consider now the approximation of the

I

pure imaginary amplitude

T(s, t) =i sA(s, t) (2.48)

and assume, as was suggested in Ref. 18, that the
overlap function is of the Gaussian form

E(s, t}= sc,„,)e". (2.49)

Equation (2.47) can easily be solved using the Fou-
rier transformation

( t pfsp'p)s's' s(s, p), (2.50)

where t = -A~'. In doing so we obtain the equation

a(s, p) = —,'a'(s, p)+ 4'"'-' e- '"' (2.51)
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with the fpllpwjng splutipn

s(s, io)=l-ll-i7(s, p)j'",
where

~(s p) inel e- p2/4a
27''0

(2.52)

(2.53)

Assuming that

q(s, p)&1, (2.54)

we can expand the solution (2.52) in a power series
of q(s, p),

quasipotential Eq. (1.1) with the experimental data
on high-energy elastic pp scattering at small an-
gles.

In describing the real physical processes it is
necessary, generally speaking, to take into ac-
count the spin structure of the scattering amplitude.
In the case of elastic proton-proton scattering, for
instance, there are five independent invariant am-
plitudes, which can be chosen in the helicity basis
as follows:

-npp j4u

n=l

Substituting the expression (2.55) in the formula
(2.50), we get the solution for the scattering ampli-
tude:

T, =(~a, zI &
I -2, -2&,

T, =(2, -2I TI x, -2&,

T.=(r, -2
I
T

I -2, r&,

T5 (2y 2ITI29 2)'

(2.58)

T(s, t)=iso. ~ (2n)! e ""
oinel

(n! )' 2n(2n —1) 8iia
n=l

(2.56)
Thus we obtain for the scattering amplitude at high
energies and small angles a series of the type
(2.19), but with coefficients which do not alternate
in sign and which decrease much more slowly with

increasing n.
The constancy of signs of the terms in such a

series has already been mentioned in some works
as a difficulty of this approach, because it prevents
dips and oscillations of the differential cross sec-
tion from being explained.

Another difficulty consists in the following. It
can be shown that the series (2.56) decreases with

increasing momentum transfers as an exponent of
—It I' ', whereas the overlap function (2.49) de-
creases as an exponent of —

I t I . It is known, how-
ever, that the behavior of elastic processes and
that of inelastic processes do not differ consider-
ably at large momentum transf er.

Contrary to this, the quasipotential equation (1.1)
with the quasipotential (1.6) corresponds to the
unitarity equation with an overlap function of a
rather complicated form,

gf/g 4g 2 Tl 1

E(s, t) =spe" +spg, ,
(2" —3)

tl= 2

(2.57)

where P =32ii'g, . The expression (2.57) can be
obtained by straightforward calculations using
Eq. (2.19) and the unitarity condition.

One can see that the series (2.57) has the same
properties as the elastic scattering amplitude.

E. Application to Elastic pp Scattering

Here me mould like to give a comparison of the
results obtained previously on the basis of the

However, only two of them, T, and T„which cor-
respond to the spin-nonQip processes, give non-
vanishing contributions to the forward scattering.

The relative magnitudes of the spin-flip ampli-
tudes T„T4, and T, at nonzero scattering angles
can be determined from the knowledge of the po-
larization parameter, which does not exceed 10%
at high energies and decreases with increasing
energy. " The remaining spin-nonflip amplitudes
Ty and T, are approximately equal to each other.

= l2. 4 GeV/c
Ref. 24

0

~ io'

E

I i I i I Ii I

03 Of 07 0$' 11 f3 15

GeV/c

FIG. 1. PP scattering at PL,
——12.4 GeV/c (data from

Ref. 24). The solid curve is the result of our theoretical
calculation.
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This is a consequence of a "pure elastic" char-
acter of high-energy hadron scattering, which is
due to the exchange of zero quantum numbers in
crossed channels.

Thus, in the description of an unpolarized proton-
proton scattering at high energies, one can confine
oneself to consider one amplitude T =T, =T, in the
framework of the quasipotential equation (1.1) for
spinless particles. "

The total and the differential cross sections of
unpolarized proton-proton scattering are related
to the scattering amplitude T(E, Z'), which satis-
fies the quasipotential equation (1.1), by

(2.59a)

OJ

~O

1Oo

C9

J3
E

'b~
M "U

10—

&P„= 8.5 GeV/c Ref, 24
f P„= 8.0 GeV/c Ref. 25

(2.59b)

The solution of Eq. (1.1) with the quasipotential
(1.6), in the region of small scattering angles
(2.19), depends on the two real parameters a and

g, entering the definition of the quasipotential (1.6).
The numerical values of these parameters can be

found from the experimental data at small and van-
ishing momentum transfers, i.e., from the total
cross section o „, and the diffraction-peak slope A,
in the following manner:

c„,=8val(x),

I

QZ S Qb' Qd 1.0 1.2 &y g6'

~t~ GeV/c

FIG. 2. pp scattering at pz =8.0 GeV/c (data from
Ref. 25), pL, =8.5 GeV/c (data from Ref. 24), and p
=18.4 GeV/c (data from Ref. 24). The solid curves are
the results of our theoretical calculation.

A = —ln — =2a —I($),
d do 1 "d(
dt dt , 0 I(x) 0

1(x)=-Q, = —(1 —e '),
" (-x)" "dt., nn~ 0

x = 4v'g, /a.

(2.60a)

(2.60b)

(2.61)

We have made a comparison of the results obtained
above with experimental data on elastic PP scatter-
ing in the region (2.1) at p1,

-—8.5, 12.4, and 18.4
GeV/c. "" The theoretical curves on Figs. 1 and
2 correspond to the following values of the para-
meters go and a.'

p~ =8.5 GeV/c, g, =0.13 (GeV/c) ', a=2.6 (GeV/c) ',

p~ =12.4 GeV/c, g, =0.12 (GeV/c) ', a=2.8 (GeV/c) ',

p~ =18.4 GeV/c, g, =0.14 (GeV/c) ', a=3.8 (GeV/c) ',

which were calculated using formulas (2.60) and
(2.61) from the experimental values of the total
cross section" and the diffraction-peak slope" at
corresponding energies. " As is seen from Figs. 1
and 2, the theoretical. curves reproduce rather well
the behavior of the differential cross section of
elastic pp scattering in the region (2.1), as well as
the positions of the diffraction minima and their
energy dependence.

It is interesting to mention that the numerical
value of the parameter a for the energy region con-
sidered here corresponds to the effective radius of
interaction

R=l/2y, =0.71 F or a=3.3 GeV ',

which is just defined by the position of the nearby
singularity in the t channel for the case of elastic
scattering. Moreover, the total cross section is
very close at these energies to its geometrical
value,

c,0,=2' =1T/2g =32 111b.

Notice that the qualitative analysis of elastic PP
scattering at high energies has been made from
various points of view in Refs. 13, 19, and 20, and
also by Chiu and Finkelstein, ' Finkelstein and
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Jacob, "Frautsehi and Margolis, "and Frautschi,
Kofoed-Hansen, and Margolis. " Near the points
where the sum (2.19) vanishes, it is necessary to
take into account the following terms of the expan-
sion of the scattering amplitude in inverse powers
of momentum P. This leads to the so-called "fill-
ing of minima. " Furthermore, in Fig. 6 below the
behavior of the differential cross section of elastic
pp scattering at p~ = 8.5 GeV/c in the region
0 ltl&0. 6 (GeV/c)' is,shown. One can see from
Fig. 6 that the existence of a small "shoulder" at

l
i

i
=0.3 (GeV/c)' is in agreement with the results

of the theoretical calculations. A similar behavior
is observed at other energies as mell.

III. LARGE-ANGLE SCATTERING

Qpg 3

T(@.~2) P 0 ei pro
y 12m 2 t (3.9)

where

The positions of the poles of the integrand are
defined by the equation

ordinates, we get

2ge2 e-r 2/'Ca

T(E; 6 ) =isgO —. 2 3&2 e&r&
3(4v )5/2 ig " lii -" /4

(3.8)

The integral in Eq. (3.8) is convergent and can
easily be calculated by means of the residue the-
orem:

Let us consider now two-particle scattering at
high energies and fixed scattering angles: 1+iye "0'~ '=0 (3.10)

as»1, lt/s i=sin' —,'8 is fixed. (3.1)

where

0&("='- 2t--;8.

(3.2)

(3.3)

The function y(8) is rather small in the region
(3.1) and in what follows we will neglect it.

It is easy to see that when l atl »1 the main con-.
tributions to the sum (3.2) are given by the terms
with n»1 and we can use the Stirling formula
n! =(2mn)' '(n/e)". As a result, we obtain

e2 ect/1t
T(E;Z )=zsg —g, (-iy)" ',

n=l

where

(3 4)

y
gO

(7f/p )3 /2 gO
(7//Q )3 /2

p sin-2'8
I
t

I p
(3.5)

Let us use the representation
attn ] 2e — d5 ir 6( r/nn)n- (3.6)
5/2 (42. )5/2

where t=-4', and r is a vector in some subsidiary
five-dimensional space.

Using the formula (3.6), we can rewrite the ser-
ies (3.4) in the integral form

2 e-r 2/ea

T(Z;Z )=isgo' 2m(4na) 1+iye "

(3.7}

After integrating over the angles in spherical co-

In this case the series of the Born approximation
for the scattering amplitude has the following form'.

2n n g/n i&g S 3/2e9&(6) n-1
T(E& '}=isg,Q ", '„,

or
2ir, '=-2mia 1+—lny . (3.11)

We find from Eq. (3.11) that the leading pole which
lies in the upper half plane is

2zA ' - X/2

ro = i 2@a 1+—lny (3.12)

=('va}—'t 'e -'~'"" '
dQ

(3.13)

An interesting feature of the result (3.13) is the
fact that at momentum transfers corresponding to
large angles, the dc/dQ depends weakly on energy.
The only energy dependence of da/dQ enters
through the parameter a which is related to the
forward diffraction-peak width.

At sufficiently high energies, when the second
term in Eq. (3.11) gives the main contribution, we

get for the differential cross section the following
asymptotic behavior:

—= 8(-'a sin —'8 lns)'e ' 5 '"'"'
dQ

(3.14)

where c(8)=2 sin28.
The interesting point is that for the logarithmic

growth of the parameter a with increasing energy,
me obtain just the Cerulus-Martin lower bound for
the differential cross section at high energies and
fixed scattering angles.

Let us briefly discuss the application of these
results to the description of large-angle elastic pp
scattering. As we have seen previously, in the
energy region p~ =10-20 GeV/c the parameters a

At intermediate energies, when the second term in
Eq. (3.11) can be neglected, i.e. 2=52-2 i', we ob-
tain the following expression for the differential
cross section at large angles:
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IO

to4

EIO 6

b 3

s. 53,54
. 55

section for backward scattering at high energies,
which in a number of cases contradicts the experi-
mental data. As was pointed out in Ref. 2, this
fact is due to the neglect of exchange forces in the
two-particle system.

In what follows w'e shall show how the exchange
forces can be included in the quasipotential equa-
tion, and shall use the results obtained for the an-
alysis of experimental data on nP backward scat-
tering.

In the presence of exchange forces, the scattering
amplitude T(p, k;E) can be represented as a sum of
two quantities,

T(p, k; E) = Gg, k; E) + H(p, k; E), (4 1)

which obey the following system of quasipotential
equations":

tp
Q =g+g Q+hH,

H=h+h t" +g II.

(4.2a)

(4.2b)

ghee

ZQ

tp-IO
1.0 ZO gO

Ge V/c

FIG. 3. PP scattering at large angles (data from Refs.
33—35). The solid curve is the result of our theoretical
calculations. The dashed lines are hand-drawn to guide
the eye. The numbers on the figure indicate the momen-
tum of the incident particle in the laboratory frame.

and g, are given approximately by

a=3.0 (GeV/c) ', g, =0.13 (GeV/c) '. (3.15)

The condition of convergence of the series (3.4),
~ y~ & I, for these numerical values of the parameter
a and go reads

( f ( & s' '(0.3 GeV). (3.16)

The theoretical curve on Fig. 3, which is calcu-
lated using (3.13) and (3.15), reproduces the abso-
lute value and character of the decrease of the dif-
ferential cross section" "ia the region of large
scattering angles, restricted by the condition
(3.16). We stress that, in accordance with the re
mark made earlier, "these results cannot be ap-
plied, generally speaking, to scattering angles
near 8=90 .

h(s, 0)
&& 1 at s ~ Ooy

sgo
(4.4)

p n

n p

The symbol (3( in formulas (4.2) implies an inte-
gration in the sense of Eq. (1.1). The quantities g
and h are the Fourier transforms of the "direct"
and "exchange" parts of the quasipotential, re-
spectively:

g(s, f) = (2s) ' )t d r e'(' ' V(s, r}e ' " ' ',
t = -(p —k)', (4.3a)

(, ((}=s(s) fSsdss's''Ss. (s, r)S's '"

u = -(p+k)2, (4.3b)

where P is the coordinate-exchange operator.
As a quasipotential of "direct" interaction we use

the expression (1.6), or g(s, t) = isg, e" .
The "exchange" part of the quasipotential is due

to the crossed u-channel contributions.
Taking into account the condition

IV. BACKWARD SCATTERING

One can see from the foregoing considerations
that the scattering amplitude at large angles
[Eq. (3.9)] exponentially decreases with increasing
energy. Thus, the solution of Eq. (1.1}with quasi-
potential (1.6) leads to an exponentially small cross

s ~ s

FIG. '4. Schematic presentation of the amplitudes
G andH.
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one can neglect the last term in Eq. (4.2a). Iter-
ating the obtained system of equations, we get

K=h+he 6+Go h+Ge he G, (4.5)

where G is determined by the solution of Eq. (1.1)
with quasipotential (1.6). The expression (4.5) for
the amplitude H is pictured symbolically in Fig. 4.

Let us assume now that the "exchange" quasipo-
tential can be represented as a sum:

A(s, u) =Q h, (s)e'&", (4.6)

where ~h(s, u)/sg,
~
«1 at high energies. For this

case the amplitude H in the region
~
u/s

~
«1 can be

found in the following form:

H(Z'', E) =g H~(4'', E), Z' = —M (4.7)

where
[aha/(a+ nb() ]s 4smg

H, (Z";E) =h, (s)Q, — ~

(4.8)

These results were used for the analysis of the
elastic nP backward scattering at P~ = 8.0 GeV/c
and ~u~ &0.6 (GeV/c)'. "Only two terms in expres-
sion (4.6) for the exchange quasipotential were
taken into account. For the sake of simplicity the
parameters h, and h, are assumed to be real; the
cases of equal and opposite signs of h; were con-
sidered.

The parameters a and g, entering the definition
of the "direct" part of the quasipotential were de-
termined from the experimental data on elastic
proton-proton scattering at pz = 8.5 GeV/c:

g, =0.1 (GeV/c) ', a=2.6 (GeV/c) '.
The theoretical curves 1 and 2 on Fig. 5, which
correspond to equal and opposite signs of the quan-
tities b, and h, are calculated for the following

10o

V. CHARGE EXCHANGE AND INELASTIC SCATTERING

The process of charge exchange and inelastic
scattering can be described in the framework of a
multichannel quasipotential equation of the form

T = V+ V(3T, (5.1)

happ-pp,

p, = 8.5 GeV/c Ref. 24

$ pn- np p, = 8.0 Ge V/c Ref. 57

values of the parameters h; and b;:
'Equal signs (I)

~h, ~=0.07, b, =110.0 (GeV/c) ',

~b, ~=0.30, b, =1.8 (GeV/c)-'.

Opposite signs (2)

~h, ~=0.29, b, =34.0 (GeV/c) ',

~ b, ~

= 0.30, b, = 1.8 (GeV/c) '.
On Fig. 6 the same theoretical curves are plotted
for comparison together with the curve of the dif-
ferential cross section of elastic pp scattering at
P~ =8.5 GeV/c, which is normalized to
1mb/(GeV/c)' at / =0. One can see from Figs. 5

and 6 that the case of equal signs is, apparently,
preferable.

O

(9

10

b ~ f Ref. 57

T j

10-' i

0
I

0J

IuI (GeV/c)

FIG. 5. Np charge exchange at pL, =8.0 GeV/c (data
from Ref. 37). The solid curves are the results of our
theoretical calculation.

Q1

Itl (GeV/c)z

FIG. 6. np charge exchange at pz =8.0 GeV/c (data
from Ref. 37), and elasticpp scattering at pz, =8.5
GeV/c (data from Ref. 24). The solid(np charge ex-
change) and dashed (pp elastic scattering) curves are
the results of our theoretical calculations. I The cross
section for pp scattering is normalized to 1 mb/(GeV/c) 2

at I'=0.]
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where T and V are some matrices and the symbol
S denotes an integration as in Eq. (1.1).

The problem is simplified when inelastic effects
are small as compared with elastic scattering. ln
this case we can write

tic scattering of an isobar with isotopic spin I=y
is approximately equal, at high energies, to the
proton-proton scattering amplitude T, and the am-
plitude of isobar production T* is small as com-
pared with T. Thus we have the equation"

T = To+ 5T,

V= Vo+5V,
(5.2)

T=V+V T,

T*=V*+V T*+V*II T.

(5;6a)

(5.6b)

and Eq. (5.1) takes the form

5T = 5V+ 5VTo+ Vo5T. (5.3)

Here V= ~sgoe" and V* is an effective quasipotential
of isobar production, which we will represent in the
form

The quantities V, and T, are diagonal matrices and
are related by the equation

V* = h(s)e" . (5 7)

To = Vo + Vo To. (5.4)

IO

IO—I pp- pN (I.69)
~ P, = 20 GeV/c Ref. 39
f P, = I9.2 GeV/c Ref. 40

C9

IE
b ~a m

Iterating Eq. (5.3}and using Eq. (5.4), we get the
formal solution of the problem:

5T= 5V+ToS 6V+5VS T +oTOS 5VS To. (5.5)

Let us now consider the process of isobar pro-
duction in high-energy proton-proton scattering.
We will assume here that the amplitude of the elas-

The solution of Eq. (5.6b) can be found easily by
iteration procedure and has, as in the backward
scattering case considered above, the following
fol m:

+eI ab/(a+nb)]t 4& 2 n

T*=h(s)Q
( ~) I

(5.8)

10
\
\

10-il

'\

\
IO

Ii
II

IO '-I
O

IO
C9

E

l3
IO

pp- pN"(1.4)
' Pi=20 GeV/c Ref. 59

We have applied this result to describe the pro-
duction of the N*(1688) and N*(1450) isobars.

The theoretical results, as well as the experi-
mental data" "for these processes, are presented

IO IO
4»

IO'
0

I I

& Jt! (GeVic}'
IO

FIG. 7. Production of theN*(1. 69) isobar inpp colli-
sions at p& =20 GeV/c (data from Ref. 39), and pz ——19.2
GeV/c (data from Ref. 40). The solid curve is the re-
sult of our theoretical calculation. The dashed-dotted
curve is the result of the calculation of Frautschi,
Kofoed-Hansen, and Margolis (Ref. 31). The dashed
line is the result of our theoretical calculation on elas-
tic pp scattering at pL, =20 GeV/c and is shown for com-
parison.

IO
0

)t! (GeV/c) ~

FIG. 8. Production of theN*(1.4) isobar inpp colli-
sions at pI ——20 GeV/c (data from Ref. 39). The solid
curve is the result of our theoretical calculation. The
dashed-dotted curve is the result of the calculation of
Frautschi, Kofoed-Hansen, and Margolis (Ref. 31).
The dashed line has the same meaning as in Fig. 7.
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in Figs. 7 and 8. One can see that the agreement is
good enough.

VI. CONCLUSION

We have tried to outline the methods and some
applications of the quasipotential approach for high-
energy hadron scattering. For simplicity we have
ignored here spin complications, mass differences,
etc. Moreover, we have considered here the sim
plest nonsingular quasipotential of Gaussian form,
which is pure imaginary.

It is interesting, however, to investigate spin
effects in high-energy hadron scattering and to try
more refined quasipotentials. We shall consider
these problems elsewhere. The comparison with
experiment which we have made here is, in gen-

eral, good enough. However, the main point we
would like to state here is not the good agreement
with experiment, but the fact that the quasipoten-
tial equation can serve as an effective tool in
studying high-energy hadron scattering.
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Parity Rule and Helicity Conservation in p Photoproduction
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The parity rule for natural- and unnatural-parity exchange is proved on the basis of the
L-S scheme. The parity rule is shown to be a general feature of t-channel exchange proces-
ses. Experimental consequences of the parity rule are discussed. The s-channel helicity
conservation in p photoproduction is considered on the basis of the Regge-pole model with
L -S coupling and general arguments from the complex-angular-momentum theory. It is
found that the s-channel helicity conservation in p photoproduction can be described by the
coupling I =n-2, S =2 with a multiplicative fixed pole at the nonsense wrong-signature
point n =1.

I. INTRODUCTION

One of the difficulties encountered by the Regge-
pole theory' ' is the description of the coupling
between the exchanged Regge pole and the external
particles with spin. Considerable progress has
been made, among other things, by the introduc-
tion of the concept of parity-conserving amplitude'
and the investigation of its kinematical singulari-
ties. '

From a phenomenological analysis of resonance-
production data, ' the author has earlier proposed
a model' to describe the Regge-pole couplings,
which is based on the L-S scheme. This model
has been applied to simple processes. ' One cannot
hope to be able to explain detailed aspects, such
as polarization, from such a simple model. For
the explanation of polarization, additional correc-
tion terms to the Regge-pole contribution will be
required. " As a first approximation, neverthe-
less, this model is still of interest, since the
residues are characterized by the total spins of
the external particles as a manifestation of the
residueAependence on the external spins and
quantum numbers. This might be useful, since
one of the sources of ambiguities in Regge-pole
models is the parametrization of the residues.

The L-S scheme itself has been shown to be use-
ful in the study of the kinematical factors and the
threshold condition by Jackson and Hite."

Recently, more data suitable for the study of
these couplings became available. These data are

the data summarized in the Morrison empirical
rule" and the data on the spin-density matrices
for p' photoproduction, "which indicate s-channe1.
helicity conservation. ""

The Morrison rule" gives the condition for the
appearance of the diffraction scattering stated in
terms of spins and parities of the external parti-
cles involved in the vertices of the corresponding
t-channel exchange process. The rule is stated in
Sec. III. This rule is an attempt to classify the
dynamics of the diffraction phenomena. The rule
as it is stated suggests its intimate relationship
with the nature of the coupling at the t-channel
vertices. Leader"" has shown that the rule for a
spin-0-induced reaction is implied by the kinemat-
ics of the reaction. Considering that this rule has
so far not been established for diffraction processes
induced by particles with nonzero spin, it is pos-
sible that this rule has its origin in the kinematics
alone. On the other hand, the s-channel helicity
conservation might be related to the dynamics of
the diffraction phenomenon, e.g., due to the nature
of the above-mentioned coupling. In this case the
Morrison rule would be valid only for a spin-0-
induced reaction and the approximate s-channel
helicity conservation is a characteristic of the
diffraction phenomenon. These considerations are
the motivation for the present investigation. ""

Note that the evidence for s-channel helicity con-
servation in p photoproduction comes from the
measurement of the spin-density matrix of the pro-
duced p'.


