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The Arnowitt-Friedman-Nath model of PCAC (partially conserved axial-vector current)
breakdown which permits the two-body photon decays of 7t, g, and vector mesons is extended
to the g' meson and to higher order. The model is required to satisfy a set of conditions, the
most important of which is that it be consistent with SUPP&SU(3) hard-meson current algebra.
It is shown that if PCAC is no longer pole-dominated, then the general o commutator, [A„B&A&],
cannot be pole-dominated either. In addition, the variation of the Lagrangian under chiral
transformations will no longer be proportional to the divergence of the current. The model is
used to calculate decay widths for the processes q'-p + y, g' 2y, co 37(., y-3m, and

27( + y with good success.

I. INTRODUCTION

In recent years, hard-meson techniques using
SU(2)xSU(2) current algebra have been success-
fully applied to a number of processes. ' These
techniques have also been extended to the algebra
involving strangeness-changing currents (which
can then be applied to the K» decay), ' SU(3)xSU(3)
three-point functions, ' and SU(3)xSU(3) four-point
functions for the case of channels involving strange
mesons. ' Very recently, the hard-meson method
has been further extended in order to compute an
arbitrary N-point function using chiral SU(3)
xSU(3) current algebra. ' However, it has been
known for some time that the hypothesis of partially
conserved axial-vector currents (PCAC) forbids
photon decays such as m'-2y and ~-7i'+ y in the
soft-pion approximation. ' This result holds true
in the hard-meson method as well. ' ' A variety
of solutions to this problem have been proposed.
Very briefly, they are as follows. Perrin' accom-
modates the photon decays by rejecting the field-
current identities and invoking the space-space
quark current commutation relations, while Brown
and West' and Riazuddin and Sarker' add higher-
order derivative couplings which lead to rapidly
varying off-mass-shell momentum dependence.
Adler" and others"'" include spinor electrody-
namic interactions which lead to anomalous terms
proportional to the electromagnetic tensor in the
neutral PCAC equation. Brown, Munczek, and
Singer-" and Gounaris" add strong-interaction
terms obeying certain symmetry requirements to
the Lagrangian which lead to extra terms in the
PCAC equations. Baracca and Bramon" account
for these decays by use of a vector-meson-domi-
nated model, including e-y mixing. Finally,
Arnowitt, Friedman, and Math" add higher-order

strong-interaction terms directly to the PCAC
equation. In all of these models, the analysis is
limited to a study of three-point functions (i.e.,
two-body photon decays), although several' ""'"
have considered four-point functions such as those
corresponding to ~- 3m and q - 2m+ y, but only
within the approximation that any possible seagull
terms may be neglected.

The approach taken in the analysis presented here
is that of II, i.e., higher-order strong-interaction
terms are added directly to the PCAC equation
with no a pro~i assumption made about the chiral
symmetry of the Lagrangian. The analysis of II
is extended in two ways. First, the three-point
theory is enlarged so that the decays g' -2y and
q' - p'+ y can be included. Second, higher-order
contributions are developed in a manner consistent
with I so that four-point processes such as ~-. 3m,

y - 3m, and q - 2m+ y may be considered, including
any seagull terms which may be required by the
theory.

An outline of the remainder of this paper is as
follows. In Sec. II the hard-meson method as
formulated in I is reviewed and a general form of
PCAC is introduced. In Secs. III and IV the effects
of this general PCAC on the 0 commutator and
chiral transformations of the Lagrangian are
studied. In Secs. V and VI, restrictions on the
PCAC breaking terms are formulated and a spe-
cific model is proposed. The final two sections
of the paper, Secs. VII and VIII, deal with the
application of the theory to the processes men-
tioned above and discussions of this and other mo-
dels.

II. THE HARD-MESON METHOD

Essential to the hard-meson technique are the
assumptions that (l) intermediate sums may be
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saturated by low-lying single-meson states and

(2) the particle vertex functions may be approxi-
mated by a low-order polynomial in momenta.
The results of these assumptions are that

(a) currents are defined by field-current iden-
tities;

(b) an "effective" Lagrangian is defined by

g =gfqO:+gS3+g g4+g g5+ ' ' '2

where g is a coupling constant, g, is cubic in
fields, g4 is quartic in fields, etc.;

(c} the vacuum expectation value of the T prod-
uct of N currents may be calculated from the
field-current identities using 2 to order (N 2) in-
perturbation theory.

The assumption that the currents obey the canon-
ical-commutation relations of the chiral current
algebra (CCR) along with the postulates of con-
served nonstrange vector currents (CVC), par-
tially conserved strange vector currents (PCVC),
and PCAC can now be imposed on the theory (CVC,
PCVC, and PCAC will be noted collectively as
PCC), resulting in a set of constraint equations
on the Lagrangian coupling constants.

At this point one additional assumption is made.
This is that the time components of the currents
are quadratic functions of the canonical fields
(QCF). The physical significance of QCF can be
better understood by considering the 0 commuta-
tor defined by

meant i, j, and k will be barred. All other Latin
subscripts run over the full range, i.e., 1-9 and
1-0. Hence S, refers to the 0' nonet, S;. refers to
the 0 nonet, and S, refers to both nonets. The
four nonets are assumed to be

0' =(5, z, o, qb+},

1+ =(A„K„,D, E), 1 =(P,K*,bd, Q).

The field-current identities take the form

Va =gabvb+Fab~"Sb ~

PCC is given by the equation"

~p ~a Fabg b Sb

The Gell-Mann form of CCR is assumed:

[V,'(x), V( (y)]6(xb —yb)

(3)

(4)

=iC,b, V,"5'(x-y)+c-number S.T.

(8)

The Schwinger terms (S.T.) are restricted to c-
numbers only. The result of this restriction is a
generalized first Weinberg sum rule relating vari-
ous components of g„and F„.

The assumption of QCF is satisfied if

2=- b&."W, 'V +2'(y" a"' S)
where

2~ab gat gbtf ~ t + Fat Fbt 2

Y (8 b F W d Fdb)S Sb
o„=[ AS,"( ),xA' (yb)]5( , xy, ), —

where A," is the axial-vector current of the ath

type. If pole dominance of PCAC is assumed
(8~A," -pseudoscalar field), then QCF requires
the 0 commutator to be pole-dominated. "

For the SU(3)xsU(3) algebra, the Lagrangian is
assumed in I to have the form

(2)

—F«S"«gdb Vb —Z«b lV«Sb Vc

In order that CCR have no q-number Schwinger
terms, 8', b must have the form

W, b=(gz/m&) 6db for a, b=1-8, and 1-8,

c0 for a= 5 =9 and a= b =9

(9)

(10)

where S, is the pseudoscalar-scalar field and v~

is the axial-vector- vector field. Second-order
Lagrangian formalism is used and g has been re-
stricted to a single derivative per field. The index
a runs over the values 1-9 and 1-9. (The bar in-
dicates a pseudoscalar or axial-vector field. Ab-
sence of a bar indicates a scalar or vector field. )
The subscripts i, j, and k will be restricted to the
values 1-9 only. If unnatural-parity states are

=0 for all other components.

C,~ is the SU(3)xSU(3) antisymmetric structure
constant,

C,jb =C-,fb =C,7; =C-;y b = fOb. (12)

The second term of Eq. (7), 2', can be any arbi-
trary function of the indicated variables.

PCC will be satisfied if g satisfies the equation

5g 5g 6g ~ 5g „ 5g
ab ~ abc gS c g /ye abc gVp c gdb gce ggpv e abI b b'

b d

The theory has been formulated in terms of the variables V", y&, II"', and S in order that the integrabil-
ity of Eqs. (7} and (13) may be more easily proven. The details of the proof are given in I.

The time components of the currents are given by
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Va (g ab/~b ) &CO&b FabSOb gacbSbSOc+ gabc+tbCbf c+ g abcS b lCOlc++abc i b~a&c &

%here 80 and G, are the canonical momenta for the pseudoscalar-scalar and axial-vector-vector fields,
respectively. The three constants Z,'~, S,'~, and g,'„are completely determined by CCR,

2 1
+abc C ade g db g ce i

8 1
~abc Cade+dbg ce t

+abc +aebg cd +de '

(15)

(16)

(17)

Z,'~ is partially determined by CCR and PCC as given in I.
In order to overcome the difficulties discussed in the Introduction, the PCC conditions will now be taken

to have the more general form

~p Va" =I".bob'~b+ &a y
(18)

where P, is as yet completely arbitrary. In order to satisfy QCF it is only necessary to assume that F, is
a function of y~, H"", and S. The reason for this is that the Lagrangian terms corresponding to 5 will

then be functions of y", II"", and S also. Hence this part of the Lagrangian will come from the second term
of Eq. (7) and thus QCF will be maintained. This form will not change any of the results of CCR or the
form of the time components of the currents. The PCC equation will have one additional term:

5Z, I M „M „, Ml
Fab ~ = +abc I Sc+ p Yc —C'abc y Vc+geb g ce gH

'pv Hc Eabi b Sb - P (a&, H, S).

Now consider the integrability of Eqs. (7) and (19). Since the new form of PCC does not change Eq. (7) or
the form of the currents, it is only necessary to consider the effects of 5, on the integrability of PCC.
Assume that the Lagrangian may be written as the sum of two' terms,

(2o)

SNb is the Lagrangian required by the theory when PCC is not broken (F, = 0) and gb represents the extra
terms needed in the Lagrangian when the PCC-breaking terms are present. Then from Eq. (19)

~~NB 1 ~~NB ~~NB p M'NB p - g L NB pvFab ~ gabe gS
Sc+

g e yc Cabc
yves

Vc +gab gce gHgv
Hc Fabl"b Sb

b b ~b „b
5gB ~ 5gq MlB p fags p ~ 5g~E„=-Z,'b, S S, + „y," -C,b, „V,"+gab 'g„„„H,"' -F,(y, H, S).

b b ~b b d
(22)

Equation (21) is identical to Eq. (13) and so S„b is guaranteed to be integrable by the proof given in I. Thus
it is only necessary to consider the integrability of the "breaking Lagrangian, "gs. Since a specific form
for 5', has not yet been chosen, it is not possible to establish a general proof of the integrability of gs at
this point. Once a form is chosen, Eq. (22) can then be used to determine the required ZB. However, it
should be noted that because of symmetry requirements on the coefficients of Z~, there does not exist com-
plete freedom in picking the form of the PCC-breaking terms. The inclusion of certain terms in 5, re-
quires the inclusion of other higher-order terms in order to satisfy PCC [Eq. (22)]. This problem will be
discussed further in Sec. VI, when a specific model of PCC breaking is proposed.

III. THE a COMMUTATOR

As has already been pointed out, the c commutator takes on a particularly simple form when QCF is
assumed and PCC is pole-dominated. Since PCC enters directly into this commutator, it is of interest to
consider it for a general PCC.

When the Schwinger terms are explicitly calculated, CCR takes the form

[V'. (x), V((y)]V(x, —y, ) = fc.„V&(x)d(x—y) —blv. ,g~e'(x)S'(x- y).

Taking the total divergence with respect to y of Eq. (23), changing the arguments of the derivatives of the
5 functions from y to x, and using the antisymmetry of C,b, and the symmetry of 8'„yields

[Vb(x), S„V",(y)]5(xa —y, ) —f Vbb(y), 8„V,"(x)]5(y,—x,) = bC,~ S„V,"5a(x—y).
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From this equation it can be seen that if PCC is not pole-dominated, then the a' commutator can no longer
be pole-dominated either. Hence the assumption of QCF loses some of the motivation that it originally
had. However, the commutator [V,', S,] will remain pole-dominated as a result of QCF, and therefore,
QCF is still attractive. In addition, QCF simplifies the form of the currents and leads to results that
agree well with experiment.

One final comment about the o commutator can be made. In the case when PCC is yole-dominated, Eq.
(24) (i.e., CCR) forces the antisymmetric part [in both SU(3) and spatial arguments] of the o commutator
to be pole-dominated. Therefore QCF limits only the symmetric part.

IV. CHIRAL ROTATION OF THE LAGRANGIAN

Consider the effect on the Lagrangian of the transformations generated by the time components of the
currents:

(25)

where

U(t) = exp[i X, E,(t)] .

A,, are constants and

(28)

(2V)

If the transformation is infinitesimal, then the variation of the Lagrangian under this transformation is
given by

6Z . M . 6Z ~ .M=i [E„S]+i „[E„B"S]+i „[E,v"]+i „„[E„B['g]. (28)

Bringing the derivatives outside the commutators and using the equations of motion results in

(29)

The last term is due to the fact that F, is a function of time. The derivatives of g in this term are just the
canonical momenta. Furthermore,

(30)

Substitution of Eqs. (18) and (30) into Eq. (29) yields

=iB"~ „[E„S~]+ „„[E„s]]—i d y(SO](x, ]))[8',(y, t), S[(x, f))+Goy])(x, t)[8',(y, f), V](x, f)]). (31)
BZ . „['M W.

(32)

From the field-current identities, the definition of V, , the solutions for Z', „,, Z', ~, and Z,~, the antisym-
metry of (W/BB[' v,"), and the general form of PCC,

is" „[z., s,]+ „„[z., v]) = i„v." —iii, 'i" ,s'(x)f d'i G„,.(x, t.)[ii (yi)s[x, i)] . , ,

Hence the variation of the Lagrangian under. infintesimal transformations is given by

=B V,"-zg 'E„B'(x) d'y G„,(x, t)[F,(y, f),S,(x, t)]

-iJtd'y{S, (x, t)[3[,(y, t), Sb(x, ]))]+G„(x, t)[F,(y, f), v,'(x, ]))]]. (33)

From this result several things are apparent. First, the variation of the Lagrangian is no longer neces-
sarily equal to the divergence of the current. However, if PCC is not broken (i.e., F,=O), then the usual
equality does hold. Second, the variation and hence the transformed Lagrangian may not be a Lorentz
scalar as a result of the last three terms on the right-hand side of Eq. (33).
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V. RESTRICTIONS ON MODEL

Having considered the effects of a general PCC
on CCR, the v commutator, and chiral transforma-
tions of the Lagrangian, it is now possible to place
some restrictions on the PCC-breaking term F, .
It has been shown that changing PCC has no effect
on CCR and only requires a minor modification of
the general PCC equation, provided 5, is a func-
tion of y~, H]", and S only. All that the inclusion
of 5, in the theory demands is that additional
pieces be added to the Lagrangian to account for
the breaking terms in Eq. (19). The important
thing to recognize is that CCR in no way limits the
form or coupling constants of F, . As was men-
tioned in Sec. II, the form of F, is restricted by
PCC but these restrictions are easily satisfied.

If PCC is no longer pole-dominated, the 0 com-
mutator cannot be either. Hence this property of
the previous model' shall have to be abandoned.

The existence of 5, leads to a complicated varia-
tion of the Lagrangian under chiral transforma-
tions. If the rotation of the Lagrangian under these
transformations is to contain any physics, the ro-
tated Lagrangian must be a Lorentz scalar. In the
pole-dominated PCC model, the variation is pro-
portional to E„p,,'S„where S, are renormalized
fields (since the Lagrangian is phenomenological}.
Thus the conservation breaking is related to a set
of pseudoscalar, scalar particles. When a general
PCC is assumed, it is possible to have contribu-
tions to the variation which are not related to this
set of fields. Thus if the Lagrangian variation is
required to be related to the above set of fields
for a general PCC, restrictions on $, and hence
on the theory will result.

The three-point theory was successful in ex-
plaining a number of decays. Therefore it will be
included in the general theory. In addition this
model had a large amount of SU(3) symmetry.
This characteristic will be maintained for the gen-
eral theory.

A characteristic of all current-algebra theory
is that CCR and PCC only determine a portion of
the possible Lagrangian couplings. It is reason-
able to try to limit the undetermined part as much
as possible. Hence a minimal Lagrangian which

includes only those terms necessary to satisfy
PCC will be chosen.

Finally, since the breakdown in the original
theory appears to occur only for interactions in-
volving an odd number of unnatural-parity fields,
it is reasonable to try to limit the theory to inter-
actions of this type. Unfortunately it is not possi-
ble to satisfy this restriction and maintain the con-
dition that the transformed Lagrangian under chi-
ral rotation be a Lorentz scalar simultaneously.
Since the addition of terms to the breaking that
involve an even number of unnatural-parity fields
leads to a great many interactions which do not
seem to be necessary to fit the experimental sit-
uation, it will be assumed that such terms will be
added only to the extent necessary to satisfy the
conditions on the Lagrangian under chiral rota-
tions.

These restrictions can be summarized as fol-
lows:

(1} The breaking will be restricted to functions
of y", H"', and S only. This will ensure the re-
ciuirements of CCR and QCF, and the proof of in-
te grability.

(2) The only Lagrangian couplings included will
be those necessary to satisfy PCC. This will re-
sult in a minimal-interaction Lagrangian.

(3) (a) The transformed Lagrangian under the
chiral rotation

U(t) = exp[i X,F,(t)], F,(t) = d'x V,'(x, t)

will be required to be a Lorentz scalar.
(b) The variation of the Lagrangian under

this rotation will be required to have the form

M
cb bs

a

where K„may be a q number and is nonzero for
a=unconserved index, i.e., 4, 5, 6, 7, 1-9.

(4) The three-point theory of II will be included
in the general theory.

(5) The breaking terms will be chosen to have
as much SU(3)xSU(3) chiral symmetry as possi-
ble, consistent with experimental data.

(6) The only PCC breaking terms involving an
even number of unnatural-parity fields allowed
will be those necessary to satisfy condition (3a).

VI. SPECIFIC MODEL OF PCC BREAKDOWN

Now that a set of conditions on the PCC-breaking theory have been formulated, it is possible to develop
a specific model consistent with these restrictions. First, the exact form chosen for PCC and the break-
ing Lagrangian will be given, followed by a discussion of the various terms appearing in the model.

PCC is given by

8~ V =FabjdbSb+ ~~nQ(Xdbb+'KddbdSd}~bHc + e 8(cT bdd+LadbadS )yby Hd

—[2(~add&a b+&dbb&a d}+@d.b.dSd]Sb&„~&d",
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where e&„~8 is the Levi-Civita symbol with e ' =1=-e0123 The first term on the right-hand side of Eq.
(35) is the usual PCC pole term .All other terms correspond to the PCC-breaking term, 8:„ofEq. (18).

The minimal-breaking Lagrangian is given by

PCC [Eq. (22)] requires h, b, and A, ~d to have the following form:

(38)

o for a=1-9
-E„1A, , for a= 1-9 (37)

0 for a =1-9
-F~g J gb g for a = 1-9. (38)

The constants X,~, K,~d, Z„,d, L„„„andQ, b,„have the following values:

~.b. = ~.cb

x,.„=x,—,,=~„-,. =0,

(39a)

(39b)

for i,j,k=1 —8
for i=1-8 and k=9
for i=9,

(39c)

r 1(
Karst ~abr "bst Cabcgdb (Scthrds gcs rdt)! (40)

0 for a =1-9
ah[(X,dtCtbc k,atCt -b) (XMt C„+X,dt Ctb ) —(X,stC, d, +X„tCtbd)] for a=1-9, (41)

1 1 1 1
arstu abr+bstu ( absArbtu Zabt rbsu) abcgdb gcu+rstd t

Qarstu= Zabs(hbq-uhrtq+ hbqt hr~) —Z b, (hab u hstq+ hbqt h )s

tgdab c[gcu(hrqd hstq+ hrqt hsdq) +Act(hrqd suq+ hrquhsda}l '

(42)

(43)

dt» is the SU(3)-symmetric structure constant.
A, , A. ', A, ", and k are constants to be determined
from experimental data. Since A.,~ and J,~„have
been set to zero for a=1-9, this model does not
break PCVC (or CVC} through the second, fourth,
or sixth terms on the right-hand side of Eq. (35).
However, as a result of Eqs. (40), (42), and (43},
PCVC (but not CVC) is broken at third and fourth
order. If upon study of the data it appears neces-
sary to break PCVC through the A.,b, and J,b,„ terms
as well, this model can be extended to the strange
vector currents in a straightforward manner.

The origin of the various terms appearing in Eq.
(35) is as follows. The first term of Eq. (35) is
just the usual PCC result. The second term is
necessary to account for the two-body photon de-
cays. The three-point theory is included in the
definition of X,b, [Eq. (39)]. The two constants, A.

and A. ', have been determined in II. The constant
A,
" is included to extend the theory to the photon

decays of the g' meson.
The K,~d term of Eq. (35) is necessary to satisfy

the general PCC equation [Eq. (22)]. This equation

cannot be satisfied by merely retaining the h,~
term of Eq. (36) and compensating for it by adding
to the Lagrangian a term of the type G,~„c&„8S,
xSbII,I H, . Symmetry forces G,~„to be symme-
tric on a and b, and hence this term is of no help
in satisfying Eq. (22). Thus the K,~d must be in-
troduced. Under these circumstances, the G,~,
term is discarded in the interest of obtaining a
minimal Lagrangian.

The form of Z,b,d [Eq. (41)] was chosen for sev-
eral reasons. First, when the h, ~ term of the La-
grangian is expanded in particle fields, it contrib-
utes fourth-order couplings identical in form to
those generated by the A,~~ term. The coupling
constants of these terms are of the form of a prod-
uct of X,~ and C.„.Thus it is reasonable to make

A, b,„have the same form. Second, since A.,b, is
proportional to the SU(3)-symmetric structure con-
stant, this form of J,~„displays a large amount of
SU(3}xSU(3) chiral symmetry. Finally, there is
a posteriori justification for this form since it
gives agreement with experimental data.

The L,~d, term of Eq. (35}is necessary for rea-
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sons identical to those requiring the introduction of
the K,~~ term. Just as the K,~„ term was needed
to cancel out higher-order contributions of the h„,
terms in Eq. (22), the L„,~, term is necessary to
cancel out higher-order contributions of the g,~~
term in Eq. (22).

The second-to-last term of Eq. (35) is necessary
in order to satisfy the condition that the Lagran-
gian variation under chiral rotation be a Lorentz
scalar. This term [as well as the last term of Eq.
(35}]involves an even number of unnatural-parity
fields. The variation of the Lagrangian under chi-
ral rotation is given by

a
(44)

Note that the additional piece due to the breaking
is only a function of breaking constants. The re-
sult given by this equation [Eq. (44}] is good only
to third order in particle fields. The reason for
this is that at present, only four-point functions
are of interest and hence it is only required that
the total Lagrangian be known to fourth order.

Finally, the last terms of Eqs. (35) and (36) are
needed to satisfy PCC [Eq. (22)]. The h,„,h~„
term of Eq. (36} is needed to cancel out the A,,«h~,
term of Eq. (35). The Q,~~, term of Eq. (35) is
needed to cancel out higher-order contributions of
the last term of Eq. (36}, just as the K,~, term is
needed to cancel out higher-order contributions of
the h, ~ term.

With the PCC-breaking structures of Eq. (35) and
the breaking Lagrangian of Eq. (36), the PCC con-
ditions on the breaking part of the theory [Eq. (22)]
have been explicitly satisfied. Thus the general
PCC equation [Eq. (19}]has been reduced to the
PCC equation for the nonbreaking part of the the-
ory [Eq. (21)]. As was pointed out in Sec. II, Eq.
(21}is identical to the PCC equation of the original
theory [Eq. (13)] and hence the theory presented
here is guaranteed to be integrable by the proof
given in I.

Integrability of the theory provides an additional
reason for choosing the minimal-breaking Lagran-
gian given by Eq. (36). For example, if the term
G,~„~» BS,S,K»K, discussed in conjunction with
the K,~~ term were introduced, then additional
fourth-order contributions would be generated in
the PCC equation due to the first through fourth
terms on the right-hand side of Eq (2.2). In order
to satisfy PCC it would then be necessary to add a
fifth-order term of the form G,'~„,~„, eS,S,S, K~&'

xH,"a to g B [which would contribute a fourth-order
term to the left-hand side of Eq. (22)] and/or an-
other fourth-order term of the form H, ~«r»~8S~
&&S,H„""H,"8 to 5,. In the case of the addition of the
6,'„„term, Eq. (22) would then require a sixth-
order Lagrangian term and/or a fifth-order 6',
term. If this procedure mere continued, it can be
seen that terms of all orders would be needed in
the Lagrangian and 5, . General integrability of
the theory would then be very difficult to establish.
In addition, a number of constants would be added
with no new physical guidance for limiting their
form or value. Hence it is desirable to truncate
the breaking Lagrangian at fourth order, resulting
in a theory that is definitely integrable. This is
also a reasonable procedure since at present, only
four-point functions are to be calculated and so the
Lagrangian need only be known through fourth or-
der. However, it should be stressed that the mod-
el given in Eqs. (35}and (36) is integrable to all
orders, and thus could be used to calculate an
arbitary N-point function is a manner consistent
with all restrictions on the theory.

At this point, one additional result should be
mentioned. When this model of PCC breakdown is
used, the o commutator is not only nonpole-dom-
inated, but is no longer a Lorentz scalar as well.
The only may this property of the v commutator
can be maintained is to make A,,~ identically zero.
Thus if the tmo-body decays are to be included in
the theory, this commutator cannot be a Lorentz
scalar.

VII. APPLICATIONS

As a first application of this model, consider the decays g'- p'+y and p '- 2y. When the Lagrangian of
Eq. (36) is specialized to the interactions of an q with two neutral nonstrange vector mesons, the result
is

8=4'&„„&q'[h,a"p,"a "ps+h a"&u"a &u +h,a~qr'a "q'+2h4a"(o"a y8],

where g' is the q' field, p" is the p field, co"is the co field, and y" is the y field;

(F98 A./W3) —F88 A.
"

I
88 99 89 98

(45)

(46)

-(Fg~ A/v 3 + F~~ A. ")
y' y y' y'—

88 99 89 98
(47)
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pit88
3

88 99 89 98
(48)

h4= F98
4 2(E F———E E —)'—

88 99 89 98
(49)

g'- p +y depends only on the first term, while q'-2y depends on all four terms. The matrix elements
for these decays are given by"

(yqc; p~hh. i7i'p)= -8t(2w) 5'(p-h-q)(eg /m~')hiNwi(p)Np(h)Ny(q)e'" p„h e„"(q)es *(h), (50)

(51)

where q, and q, are the momenta and 0 and A. are the polarizations of the photons. P is the momentum of
the q' meson. Forming the decay widths and performing the necessary sums and integrations yields

where q, k, and p are the momenta of the y, p, and q', respectively, and 0 and A. are the polarizations of
the y and p;

(yq, a;yq, Aiq'p)=-te'(2w)'5'(p —q, —q, )N„i(p)N&(q, )N&(q, )e(„' *(q,)ea *(q,)e"I'"8p„q,„
x [(8h,g 2/m ~) + (8h,g88'/3 m ) + (8h~»2/3m~ )+ (16h~«g»/3m m~')],

and

I'(q'- po+y) =8n m„',h(g~/m~ )(21 —m~ /m„l')3

I'(g'-2y) =16wa'm„i'h, '(gp/mp')'

(52)

x [1+(g«'m 4h, /3g 'm 'h, )+ (g»'m&'h, /3g~'m~'h, ) + (2g,~»m 4h~/3g~'m~'m 'h, )]'.
Experimentally' the branching ratio for these decays is

r(R'-2y)/I (9'- p'+y) =0 16~0 11.

(53)

(54)

A. "/A. =(E;;/v 3 E;;)(1+5), 5=0.14 or -0.06.

Due to the large uncertainties in the experimental data, no attempt has been made to establish an error
range for these values of 5. At the present time such a range would be large and of questionable signifi-
cance.

The (8, 9) components of F„are given in I in terms of m„, m„i, m„m», m„E„E», E„, and an un-
determined angle. Using the first-order symmetry-breaking result 3E„=4F»—F, (E„=E;;), and the
numerical values" E,/E„=0.885 and F„/F, =0.379, yields numerical values for these components of E„.
These values and the value of A.

" given by Eq. (55), when substituted into Eqs. (52) and (53), give

(55)

Since q'- p'+y depends only on h, while q'- 2y depends on h„h„h„and h„ it is possible to determine
a numerical value of A. ". In terms of the ~-q mixing model of Augustin et al. ,

"g«= m'/f and -g»
=- m~'/f, where f '/4w = 14.8+ 2.8 and f~'/4w =11.0+ 1.6. (The &u-y mixing angle found in this model is
8 =40.8'+3.5'.) X and A,

' have the values A. =0.348+0.024 and X'=0.026+0.005.22 The KSRF relation is
used to evaluate g . The masses of the p and g' are taken as 765 MeV and 958 MeV, respectively. These
numerical values yield

114+ 36 keV for 5 = 0.14
16+5 keV for 5=-0.06, (56)

18+3 keV for 6=0.14
2 6+0 5 keV for 6=-0 06 (57)

Experimentally"

I"(q'- p'+ y) & 1.3 MeV,

I"(q '- 2 y) & 0.3 MeV.

(58)

(59)

Gonaider the decay (d-Sw. The Feynman diagrams for this process are given in Fig. 1. The intermedi-
ate state of the tree diagram is restricted by G parity and isospin conservation to be only a p meson.
Specializing the Lagrangian of Eq. (36) to this process results in

Z =Z(p-2w) —(2X/ 3 F )e» 8[4w, tt" p,"8 (us+ e,~(gq '+-,'h)w, s"w, s"w, 8 (u»]. (60)
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k is defined in Eq. (41) and Z(p-2w) is given by"

&(p 2w)= &ascA'p (mp wa S wappc+ 2~&epwa Sv ws S pc) .
m, is the pion field and X„ is the anomalous magnetic moment of the A., meson.

The matrix ele.ment is given by

(wak„' wbk, ; wck, ~u&a q) = ( 2w)4 6'( q-k, -k,- k) N( k) N( k) N( k) N~( q)(16k/v 3 F,)e,~e"'"Bk»k„k,„dg ~(q)

x[mp'gp '(1-—,'X„)[((k,+k,)'+ m') '+((k, +k,)'+ m') '

+((k, + k,)'+ m,')-']+ —,'[(a„—1)/g, ——,'k]), (62)

where k„k„and k, are the momenta and a, b, and c are the isotopic spins of the three pions. q is the
momentum and 0 is the polarization of the u.

Forming the decay width and performing the necessary sums and integrations results in

1'((u- 3w) = (16K/v 3 F,)'m. 'm '[3w'(2)'g '] '{1--,'A.„)'(I,+ 2CI, +C'I ).
I„r„and I, are phase-space factors and C is a constant:

C =-', (m /mp)'(1--, 'X„) '(X„-1--,'kgp).

I, = 3.227 &10, I2 = 6.076 X10, I~ = 1.145 x 10

(63)

(64)

(65)

Rath.er than calculating the decay width it is more convenient to evaluate the branching ratio I'(u&-3w)/
I'(&u- w y) since this quantity is indeyendent of A.. Using just the second term of Zq. (60) results in

r(u)- w'y) = {16x/v 3 F„)'agp'[3(2)'mp'm '] '(m '-m„')'.
Thus the branching ratio is given by

r(~- 3w)/r(~ - w'y) = (8wsu)-'(m, /F, )'(1-.'~„)(1-m.'/m. *)-'(I,+ 2CI, + C'I )

Assuming the values 1„=0.4+0.3 (see Ref. 25) and kgp=-4 (see Ref. 26) yields

I'{(o-3w)/I {(u-w'y) ( T„=9.3+2.8.

Experimentally'

I'((u 3w)/1'((o w y) ~ ~H= 9.3+ 2.1.

(66)

(68)

(69)

Consider the decay g- 2w+y. The Feynman diagrams for this process are given in Fig. 2. The inter-
mediate states are restricted to p mesons by 6 parity and isospin conservation. The strong-interaction
Lagrangian is given hy

(a) (0)

(b)

FIG. 1. Feynman diagrams for the decay cu 3x.
(a) Tree contribution. (b) Seagull contribution.

(b)

FIG. 2. Feynman diagrams for the decay q 2x+y.
(a) Tree contribution. (b) Seagull contribution.
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2 =g(p- 2w) —4heq, „8@8"p,'8 "ps+ a,~ew„„8(B,q8&w, 8"w, +B2W, 8 "w, 8"q)8"p8.

The matrix element is given by

(7o)

(wak, ; whk, ; yoq~qp)= 16eh(l ,'A-„-)N. „(k,)N, (k, )N„(p)N~(q)(2w)'5'(p q -k,-k,-)e,»e"""ac'„'*(q)p„k,+,8

x ([(k, + k, )'+m~'] '+ [4m p'(1 ——,'X„)] '[A.„+(B,+B,)g~/2h]), (71)

where k, and k, are the momenta and a and 5 are the isotopic spins of the pions. q is the momentum and
0 is the polarization of the photon. p is the momentum of the g. The decay rate resulting from this matrix
element is

1 (q - 2w +y) = 4e'h (1 ,' A—„—)'m. „'w '(J, + 2DJ, + D'J,},
where J;, J„and J, are phase-space factors and D is a constant,

J~ 3 994~ 10
y J2 5 479&& 10

~ J3 7 685&10

D=(m„/2m~)'(I-4X„) 'fA, „+(2E„/F,)[1—(F„/v 2 F„)'—(E; /W)(1+F„i/F„)]"I,

(g98 /mD) (g99 /~E) E98 E99

Fn F88 y
and Fn' F99.

The decay width for the process g- 2y is given by"

I'(q -2 y) = 16 w'om„'h'(g~/ m')4[1 —(g»'m~~/3gp'm ~) + (A. 'gsegaam~'/W3Ag~'m 'm„'}] .
Thus the branching ratio I'(g- 2w+y)/I'(q- 2y) has the value

I'(q —2w+y)/I'(g- 2 y) = (4w u) '(mz/F„) (1-—'A.„)(J, + 2DJ2+ D J~)

x [1—(g»'m~'/3g~'m ) + (X'g89g»mp'/W3Xgp'm„'mv')] '.
If either of the values D=1.4 or 0.006 is used, the theory matches the experimental result"

I'(0- 2w+r)/I (q- 2r) I,„=0.14+0.03.

(72)

(V3)

(74)

(V5)

(76)

(78)

The value D=-1.4 can be eliminated since it would require W to be negative. From Eq. (75) it can be
seen that this is not physically acceptable since the components of g„and F., must be real. Thus by re-
quiring the branching ratio of Eq. (78} to match the experimental value, it is possible to select a unique
value for 5'.

As a final application consider the decay y- 3w. Since both the ~ and the y are neutral nonstrange vec-
tor mesons, this process is identical to the decay &u-3w. Thus the matrix element is given by Eq. (62}
with all ~-dependent parameters replaced by y-dependent ones. Since the mass of the y is 1020 MeV, the
major contribution to this decay will arise when the intermediate p meson of the tree diagram is on its
mass shell. Considering only this contribution and the seagull term results in

I'(cp-3w) =4w '(X'/F )'(a' —m ')'h(1+ [3m„'I(1+3. )'/128w m'E '(a'-m ~)' ']] (80)

where a=(m~'+m„'-m~')/2m„and I=2.22X10-' is a phase-space factor. Using the corrected value of A.
'

yields

I'(y - 3w)
~ r„=(0.064 +0.25) MeV.

This value compares favorably with the experimental value"

I'(cp- 3w) ~ w„= (0.71 +0.26) MeV.

(81)

(82)

VIII. DISCUSSION

In the preceding sections, a hard-meson cur-
rent-algebra model has been developed which al-
lows processes involving an odd number of un-
natural-parity particles. These processes, ex-
amples of which are the photon decays of m' and

g and the four-point decays ~- 3m and g- 2m+y,
were totally prohibited in the previous theory. '

I

The difficulties are traceable to the hypothesis of
PCAC and hence the starting point of this analy-
sis was the modification of PCAC to a more gen-
eral form (Eq. 18}. This modification was made
in such a way as not to disturb the previous suc-
cesses of PCAC. This analysis was actually car-
ried out for three-point functions in II. The anal-
ysis presented here includes the three-point model
and in addition extends the theory to the g' meson
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and four-point functions.
Due to this modification of PCAC, several in-

teresting results have occurred. First it is found
(Eq. 24) that if PCAC is not pole-dominated, then
the o commutator cannot be either. It should be
emphasized that this result is due to the assump-
tion that the currents obey the SU(3)&&SU(3) cur-
rent algebra and is thus model-independent [with
the exception that the Schwinger terms are re-
quired to be c numbers and symmetric in
SU(3)&&SU(3) indices]. Hence if pole dominance of
PCAC is to be abandoned, pole dominance of the
0 commutator must be also.

Second it is found that nonpole dominance of
PCAC leads to a Lagrangian variation under chi-
ral transformation which is not proportional to
the divergence of the current (Eq. 33). The extra
terms appearing in the variation are functions of
the nonpole parts of PCAC and may lead to contri-
butions which are not Lorentz scalars. If it is
demanded that the variation be a Lorentz scalar
(as is done in this work), then definite restrictions
on the nonpole parts of PCAC result. It is inter-
esting to note that the equality between the Lagran-
gian variation and the divergence of the current
can be reestablished by demanding that the PCAC-
breaking terms (6:,) commute with the canononical
variables s and v'. However, it is not possible to
do this and maintain the three-point model of II
simultaneously.

Now consider the numerical predictions of the
theory. With the inclusion of the q' meson, the
three-point theory has now been applied to a num-
ber of decays involving the three neutral pseudo-
scalar mesons (w', q, and q') and the three neu-
tral vector mesons (p', v, and y). All of these
predictions are in good agreement with experi-
ment, where such data exist. The models dis-
cussed in the Introduction also predict some of
these same decay widths with varying success.
In particular, Adler" fits F(w'- 2y) but has dif-
ficulty predicting the experimental value for
F(g-2y). This model, as extended by Glashow,
Jackiw, and Shei" uses the experimental values
F(w'-2y) and F(q- 2y) as input and predicts val-
ues for F(q'-2y). The numerical results of
Gounaris" are considerably different from those
presented here and in II. With respect to the q'
decays, all models that consider these decays
predict numerical values that are less than the
experimental upper limits of 300 keV for
F(q'-2y) and 1.32 MeV for F(q'- p'+y). How-
ever, all of these predictions are substantially
different as can be seen from Table I. Thus an
experimental determination of these widths, par-
ticularly F(q'-2y), would be of great interest.

When the theory is extended to four-point func-

tions, it has been found necessary to add three
third-order and two fourth-order terms to the PCC
equation (Eq. 35) in order to satisfy the restric-
tions formulated in Sec. V. However only one new
free parameter (k) has been added [Eq. (41)].
Although these higher-order terms will contri-
bute to a variety of processes, experimental data
exist for only a few, notably cu- 3w, y -3w, and

g —2m+ y. Thus numerical results have been cal-
culated for these processes. The value of the
constant k has been determined by using the ex-
perimental value' 9.3 + 2.1 for the branching ratio
F(&u —3w)/F(&o -w'y). Based on this determination,
the theory predicts the value (0.64+0.25) MeV for
F(qr- 3w}, in good agreement with the experimen-
tal value" of (0.71 +0.26) MeV. Owing to the de-
pendence of F(q -2w+y} on the field-current cou-
pling strengths of the D and E meson [Eqs. (72)-
(76)], a unique prediction for this width is not pos-
sible until these coupling strengths are known.
Several other models also consider these four-
point decays. Brown, Munczek, and Singer" con-
sider all three, using F(y-3w) as input, predict-
ing a value for F(&u - 3w), and determining
F(q- 2w+y) to within two free parameters which

TABLE I. Decay rates for g' 2y and g'~p +y as
predicted by various models.

Model
27) I (8 P +7)

(keV) (keV)

Experiment
This analysis b

This analysis b

Baracca.
,
and Bramon

Riazuddin and Sarker
Riazuddin and Sarker ~

Glashow, Jackiw, and Sheif
Glashow, Jackiw, and Shei g

Glashow, Jackiw, and Shei"
Gounaris '

&300
18 +3
2.6 +0.5
50 +30

15.1 + 3.3
31,4
«80

350 +80
120 +30

6+1

&1320
114+36

16 +5
810 +500

130
300

'Reference 20.
bDue to the quadratic dependence of I (g' 2y)/r(q'
p +y) on the constant A,", two solutions exist. See

Eqs. (52)-(57).
cReference 16.
Based on the assumption that g-g' mixing is predicted

by vector dominance without symmetry breaking and
U(12) or quark model. See Ref. 9.

Inputs are used to fix q-g' mixing and predict the sym-
metry breaking inP V+y. See Ref. 9.

~Based on a consistency requirement for a sum rule
involving 1(7t 2y), F(g 2y), and F(g' 2y). See
Ref. 13.

~Based on the assumption of a quark model. See
Ref. 13.

"Based on the assumption of an integrally charged
triplet model. See Ref. k3,

' Reference 15.
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can be determined by a fit to experimental data.
Perrin' and Brown and West' predict values for
F(&u- 3w), while Baracca and Bramon" predict a
value for I'(g-2w+y). However all of these mod-
els ignore any seagull terms that may exist. As
can be seen from Eqs. (60) and (70), the model
presented here predicts definite nonzero seagull
contributions to these decays.

There are a number of other interesting pro-
cesses that will be effected by the PCAC breaking
terms. The three-point interactions will contrib-
ute to the decays q- m+ 2y, (o- 2m+y, and

y- 2m+y through tree diagrams. The first of
these decays is known experimentally and upper

limits have been established for the other two. '0

This model will also contribute to y+w- m+m

through both tree and seagull diagrams. This
process is of interest since it is known to contrib-
ute to m+N- m+N+y. The application of the the-
ory to some of these processes is now in prog-
ress.
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The y+7t m +x interaction is considered within the context of hard-meson current algebra
and a model of PCAC (partially conserved axial-vector current) breakdown previously pro-
posed. The form factor for this process is calculated and the y-3x coupling constant eval-
uated. The results are in agreement with experimental data.

In the past several years a number of authors' have used various techniques to evaluate the coupling
constant for the process y+ ~- w+ ~. This interaction is of interest since it is known to contribute to the
process m+N- n+N+y. Arnowitt, Friedman, and Math' have proposed a hard-meson model of the break-
down' of partial conservation of axial-vector current (PCAC) which allows the two-body photon decays of
m', g, and vector mesons. Very recently' this model has been extended to higher order and successfully
applied to the four-point processes &u-Sw, Q- Sw, and g-2w+y. These same interactions will also con-
tribute to y+m- m+m.

Assuming that the isoscalar part of the electromagnetic current is dominated by the &o and P mesons, the
amplitude for y+ m- m+ m is related to the following matrix element:

kg k2 and k3 and a, b, and c are the momenta and isotopic spins of the pions. cJ~ 0 is the isoscalar part of
the electromagnetic current. u& and P are the &u and P fields, respectively. g„and g„are the field-cur-
rent coupling strengths of the a& and Q mesons to the eighth vector current. Hence the matrix element for
y+w- w+ w is related to the matrix elements for ~- Sw and Q- Sw.

The interaction I agrangian for ~-3w is given in I as

g((d Sw).= Egy~ gp
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wg8 wgp~~+ 2 xgspw~spwys p~ ]
—(2X/v 3 E,)e„,„s[4w,s"p,"8"&os + g,~, (g '+ r'k)w, bww~s" w, s (u ], (2)

@&here m, is the pion field, p, is the p-meson field, and ~ is the ~ field. e„, 8 is the Levi-Cevita symbol
with eo»3= 1= -e,», . g~ and E, ire the field-current coupling strengths for the p and w mesons. '

A.„is the
anomalous magnetic moment of the A, meson. The w-p-&u coupling constant is given by g„z = SA/WS Jl, .
The first three terms of Eq. (2) lead to the Gell-Mann-Sharp-Wagner' p-dominated tree diagram. The last
term leads to a direct seagull contribution. The value of kg& was determined in I to be -4 by a fit to the ex-
perimental value of 9.3+2.1 for the branching ratio F(a&- Sw)/I'(u- way). '0

A straightforward calculation using the Lagrangian of Eq. (2) gives"

(y +A, )2 t (y y )w and s= (Q Q )2. since Eq. (1) requires this matrix element to be eval-
uated on the photon mass shell, s+f+s=3m„'. The p matrix element wiQ be identical to Eq. (3) except


