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Measurements of shower arrival directions (incident in a range of zenith angles between 40
and 70' and slant depth of rock between 2 x10 and 6.5 x10 g cm 2),- structure, and intensities are
used as the basis to develop a detailed descriptive phenomenology of muon showers under-
ground. Distributions in right ascension and declination corresponding to minimum values of
the median primary energy ranging from 25 TeV for single detected muons to 9000 TeV for
events where six muons were detected revealed no compelling evidence for anisotropy in the
primary radiation. Measurements of counting rates of groups of two and three of the nearly
parallel muons in individual showers as a function of muon separation (structure) were found
to be consistent with a shower radial density distribution having the form p (r) = P(r/a)
xexp( —r/o), where r is the distance of the shower axis in m, P is a polynomial in (r/0), 0 =K
x (sece) '3/E„', 8 is the zenith angle in degrees, E& is the threshold muon energy in units of
TeV, and K =3.6 m. The empirical shower radial density distribution above reduces to one
predicted by Adcock, Wdowczyk, and Wolfendale on the basis of a detailed shower development
calculation with a value of E =4 m at an energy of 1 TeV and a zenith angle of 45 . Assuming
that the distribution of shower sizes is proportional to a power law in shower size, the expo-
nent of the shower-size distribution was measured and found to lie in the range —3.5 to -4.5.
The parameters of an empirical density spectrum were optimized by iterative fits to the
numbers of events where one to three muons were detected with the result that best-fit para-
meters were close to those previously obtained by Porter and Stenerson using a smaller sample
of shower data. The predicted energy and angular dependence is shown to be in reasonable
qualitative agreement with intensities measured in 20-m detectors.

I. INTRODUCTION

In hadron-hadron collisions at energies greater
than 30 GeV, the most probable result is that
three or more pions will be produced. Such events
are a common feature of accelerator scattering ex-
periments at high energies, and violent interac-
tions producing large numbers of secondary parti-
cles dominate cosmic-ray observations. The re-
sult is common, but these processes are not well
understood for the following reason. ' The events
are complex kinematically, and a theoretical base

is needed to proceed efficiently with the analysis.
A complete understanding will undoubtedly involve
the dynamics of strong interactions, which are
themselves poorly understood at present.

Although no detailed description of multiparticle
final states exists, a number of qualitative, em-
pirical aspects of these processes are known.
They deal mainly with the average values of simple
observables, like energy and momenta averaged
over all production channels. The number of
charged secondaries is observed to be a slowly
increasing function of the center-of-momentum
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energy E,.' The mean energy of the secondaries
in the center-of-momentum system is small com-
pared to E, and changes slowly with E, in a way
which is consistent with the energy dependence of
the number of secondaries produced. ' In contrast,
a projectile nucleon emerges from the collision
retaining a large fraction of its initial laboratory
energy. ' The average value of the transverse mo-
menta for all particles is a fraction of a GeV/c
and probably increases slowly with E,."' Angu-
lar distributions of all secondary particles are ob-
served to peak both forward and backward in the
center-of-momentum system. ' At accelerator en-
ergies, the secondaries produced are known to be
predominantly pions, but at cosmic-ray energies,
the ratio of kaons to pions is commonly taken to
be 0.2 or larger. ' '

Cosmic-ray data offer, in principle at least, a
means of learning a great deal about production
processes involving large numbers of secondary
particles. Interactions of energetic primary cos-
mic radiation initiate huge showers of electrons,
photons, and strongly interacting particles which

cascade down through the earth's atmosphere.
Much of the shower is absorbed by subsequent in-
teractions in the atmosphere, and what remains
of the shower reaching the surface of the earth is
quickly absorbed in the earth, with the exception
of neutrinos and the muon core of the air shower.
The muon cores of air showers appear deep under-
ground as nearly parallel bundles of muons passing
simultaneously through charged particle detectors.

The high energies of the primary cosmic radia-
tion, plus the fact that interactions of the primar-
ies and of the secondaries produced by these inter-
actions may be followed through many r'adiation

lengths, make the air-shower phenomena an at-
tractive testing ground for theories of high-energy
interactions. In practice, there are many diffi-
culties, low rates and the fact that the interactions
of the primaries are not observed directly being
chief among them.

In spite of the difficulties, air showers have been
vigorously studied, using a variety of experimental
techniques at sea level and at mountain and balloon
elevations, and useful results have been obtained. "
The emphasis of the present experiment is on the
muon cores of air showers which penetrate to
great depths underground. This aspect of air show-
ers has not been extensively investigated until re-
cently" "because of the unavailability of large
underground detectors having both the necessary
angular and spatial resolution.

The magnetic-tape records generated by the Utah
cosmic-ray detector may be analyzed for many
types of events. The present work represents one
analysis of events selected with a particular goal

in view. . Studies focusing on the zenith-angle de-
pendence of muons and on the isotropy of arrival
directions of muon-producing primaries have been
reported, and an analysis of multiple muons using
a different approach is under way. "

Much of the apparent complexity of muon shower
data is due to the geometry of the interactions in
the atmosphere, the geometry of the underground
muon detectors, and the strong dependence of the
measured rates on the slant depth of rock pene-
trated. The purpose of the present work is to pro-
vide the descriptive phenomenology of muon show-
ers underground in terms of empirically derived
density spectra, shower-size, and radial density
distributions, which are a function only of the zen-
ith angle of shower arrivals and muon threshold
energy. The phenomenology provides a means of
testing theories of high-energy interactions via a
shower development calculation against muon
shower data without invoking the complexity of the
experimental situation. It is hoped that this work
will stimulate further theoretical analysis of the
processes which produce high-energy muons ob-
served underground.

II. SHOWER DEVELOPMENT ANALYSES

A. Qualitative Features

Measurements of the density spectrum of the
electron component of air showers at the surface
of the earth, both accompanied and unaccompanied
by muons observed underground, may be used to
infer a power-law relation between the number of
muons in the shower and the number of electrons.
The number of electrons N is in turn related by a
power-law dependence to the primary energy.
These relations show that the number of muons M
is proportional to a power law in the primary en-
ergy having an exponent greater than —,'. The value
of the exponent makes it clear that the muons ob-
served do not all originate in the initial interac-
tion, because the dependence of the number of
charged secondaries on primary energy is proba-
bly proportional to E~' ' (or 1nE~) over the range of

,primary energies covered by the present experi-
ment. " But the number of interactions must be
small because otherwise the exponent would be
close to unity.

The primary energy corresponding to muon show-
ers observed at a given depth has a minimum value
which is set by the necessity of producing a muon
or muons which can penetrate that depth of earth.
%hen the primary energy is much higher than the
minimum value, not only is the frequency of muon
showers reduced because of the steepness of the
primary energy spectrum, but the probability of
the decay of secondaries into muons diminishes.
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That the muons observed underground result
from interactions occurring near the top of the at-
mosphere follows from the argument that the num-
ber of interactions that the primary makes must
be small and that the atmospheric depth is of the
order of 1000 gem ', while the interaction mean
free path for the primary cosmic rays is of the
order of 80 gem 2. Therefore, we expect that the
muons observed are produced by interactions oc-
curring at altitudes above 10 km in the first sev-
eral hundred gem ' of the atmosphere.

To a first approximation the lateral dimensions
of showers observed underground should be pro-
portional to (sec8)/E„, where 8 is the zenith angle
and E„ is the minimum muon energy required to
penetrate a given depth of earth. This result fol-
lows from the previous arguments and the. fact that
the mean transverse momentum of secondaries
produced is a, fra«ion «a GeVlc and increases
only slowly with primary energy. Actually, the
exponent of sec8 must be somewhat greater than
unity because the vertical depth in the atmosphere
from which muons come decreases as 8 increases,
and the inclined distance to production levels thus
increases faster than sec8. The exponent of the
energy must be somewhat less than unity because
the muon energy spectrum has a slope which in-
creases with energy and the ratio of the mean en-
ergy to the threshold energy, E„, therefore de-
creases with E„,

The radial density distribution is expected to fall
off rapidly with distance B from the shower axis
because the transverse momentum distribution for
secondaries produced in the primary interactions
is a rapidly decreasing function of transverse mo-
mentum. ' Compensating for this, in part, and
slowing the rate of decrease at large B is the in-
crease in the median height of the point of origin
and the decrease in the mean muon energy with in-
creasing A. From the fact that large slumbers of
secondaries are produced and that the leading nu-
cleon keeps a large portion of its energy, it can be
argued that the radial density di, stribution observed
should have radial symmetry. Inasmuch as essen-
tially all muons observed underground are produced
in interactions involving large numbers of second-
aries, it is reasonable to expect that the shape of
the shower radial density distribution will not be a
strong function of the number of muons present.

8. Model Approaches

Essentially all model analyses begin by assuming
a power-law dependence of the primary energy
spectrum and an interaction mean free path of
80 g cm ' for the yx imary particles. The chief dif-
ference is in the next step of the analysis where the
distributions that describe the details of individual

interaction processes are either taken from extrap-
olated accelerator measurements or calculated
from the primary interaction on the basis of the
model. Both approaches must take into account
the development of the shower as it proyagates
through the atmosphere.

The conservative model'~ advanced by the group
at the University of Durham, England, takes ad-
vantage of the economies-in analysis offered by the
first approach and makes use of extrapolated accel-
erator results and distributions obtained from
other cosmic-ray exyeriments. The points of in-
teraction, as well as the energy released in these
interactions, are obtained by a Monte Carlo meth-
od. The lateral extent of each component of the
shower is calculated by tabulating moments of the
radial density distributions of the component parti-
cles. The conservative-model treatment is espe-
cially relevant to the present work because of the
detailed treatment of the muon component in the
range of energies and zenith angles accessible to
the Utah experiment.

Two aspects of the primary interaction that
strongly influence muon-shower predictions made
using any model are the transverse momentum
distribution of secondaries produced and the ener. -
gy dependence of the mean number of charged sec-
ondaries. As a guide to what will be required, we
have the distributions of transverse momentum
measured in accelerator P-p and &-p scattering
experiments (Table I). These results do not re-
solve the question of shape other than to indicate
that the distribution must decrease rapidly with in-
creasing transverse momentum, and that the mean
value of the transverse momentum for all second-
aries must be a fraction of a GeV/c. '" A combin-
ation of accelerator and eosmie-ray results indi-
cates that the best fit to the mean number of
charged secondaries varies logarithmically with
energy uy to 800 GeV."

III. SURVEY OF PREVIOUS EXPERIMENTAL
RESULTS FROM UNDERGROUND

SHOWER STUDIES

A. The Cayuga Salt Mine Experiments

In the early1950's, a remarkable series of ex-
periments were carried out in a salt mine near
Ithaca, New York." The experiments were re-
markable both in conception and in the amount of
information that was extracted from a relatively
small number of shower events. The experimental
ayparatus consisted of an array of air shower de-
tectors at the surface operated in coincidence with
arrays of lead-shielded detectors 593 m (i.e.,
1.574x10' g cm ~) underground. It was concluded
from these nearly vertical measurements that the
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TABLE I. Transverse momentum distributions used in
the conservative-model analysis. N{P~) is the transverse
momentum distribution of secondaries produced in accel-
erator m-p and p-p scattering experiments.

Elbert eI; cE.

Aly et al .

Ratner et al .

N(P&) =
2 exp (-S', /Po)

Pg
P2

3/2

N(P&) = exp (-P, /Po)
0 0

N(P&) = exp (-P& /Po)
2 P~ 2

P02

NP'&) ~exp (-eP& 2)

particles detected underground were muons and
that practically all showers having more than 500
electrons at the surface contained a muon with a
range exceeding the experiment depth. In addition,
it was observed that when there were pairs of
muons they appeared parallel (within the experi-
mental resolution which varied from 30' to 3' for
different cases) and that the air showers associa-
ted with these events were on the average much
larger than those associated with single muons un-
derground. These results argued that muons ob-
served underground are created by decay proces-
ses occurring in the atmosphere. The median pri-
mary energies responsible for producing single
muons and pairs at the experiment depth were es-
timated to be 40 and 1000 TeV, xespectively.

The distributions of muon shower sizes under-
ground were inferred from the surface measure-
ments of the electron component and from more
direct measurements on the muons observed under-
ground. From measurements of electron showers
at the surface with and without the associated de-
tection of muons underground, the distributions of
showers containing M high-energy muons, E(M),
was estimated to be (x: M "'.

The second, more accurate, method made use of
the spatial correlations observed in pairs of paral-
lel muons. These correlations indicated that the
density of muons is large only within 13 m of the
axes of these events. Coulomb scattering, which
would be of the order of '-, at the depth of this ex-
periment, and the angles introduced in the decay of
either pions or kaons into muons, account for only
a small fraction of this width. Assuming that the
extent of the showers was due entirely to the angu-
lar distribution of secondaries from which the
muons underground were produced, it was possible
to correlate the measurements where one, two,
and three muons were detected in terms of a sim-
ply approximated square radial density distribution
and power-Law shower-size distribution. The ratio
of the twofold coincidences to the number of single
muons observed tested the form of E(M) for small
values of M. The ratio of twofold to threefold co-

incidences tested the form of E(M) for larger val-
ues of M. These conclusions follow from estimates
made of the number of muons present when one,
two, and three muons were observed. Single muons
were estimated to come from showers containing
only one to two muons, two-muon events from
showers containing two to thirty muons, while
three detected muons corresponded to showers
containing more than one hundred muons. Assum-
ing that E(M) had a power-law dependence on M as
before, both ratios indicated an exponent of M
cLose to -3.4. These results implied that the ex-
ponent of the shower-size distribution was not a
sensitive function of the number of muons at the
experiment depth.

B. The Kolar Go11 Mine Experiment

A series of similar experiments with. fewer re-
corded shower events in the eaxly 1960's, carried
out in the Kolar Gold Mines in India, '2 also used a
surface array of electron detectors, but extended
the earlier near-vertical measurements (see
Sec. HI A) by locating muon detectors at two depths
(266 and 590 m, respectively). The frequency of
multiple muons was found to be consistent with a
mean production height of l0 km, an average. trans-
verse momentum of 0.4 to 0.6 GeV jc, and the en-
ergy dependence of the integral spectrum of sur-
face muons. Distributions of arrival directions of
the showers with high-energy muons in right as-
cension showed no significant deviation from uni-
formity.

C. The Silver King Mine Experiment in Utah

With the completion of the Utah cosmie-ray de-
tector in the mid-1960's, it became possible to
study muon showers underground incident in a
range of zenith angles between 30' and 70' and
slant depths of rock between 2&10' and 6.5X10'
g cm '. In addition, the aperture of the Utah de-
tector was sufficiently large so that enough data
might be collected in reasonable running times to
study underground muon showers in some detail.
The first brief run with the Utah detector showed
that these events could be characterized by a show-
er radius of 6 to 10 m, a multipbeity spectrum
which is a power Law in multiplicity M having an
exponent between -3.4 and -4.0, and no observable
anisotropy in the arrival directions of primary
cosmic radiation producing the shower events. "
These data, together with measurements of events
containing a single penetrating muon, mere used
to derive an empirical density function that ac-
counted for the energy and angular dependence of
events where one, two, and three muons mere de-
tected, as mell as the absolute numbers of these
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FIG. 1. Front (~ plane) and top (XY plane) views of
the University of Utah detector. In the front view, cyl-
indrical spark counters are seen end-on as circles
stacked in columns 40 high on either side of water-filled
Cerenkov tanks labeled A, B, C, D. The dark cross-
hatched areas between A and B and between C and D are
the solid iron magnets. The light dotted areas between
B and C are concrete blocks. In the top view, columns
of sonic cylindrical spark counters appear as lines
labeled 1 to 15, and the light collecting walls of the
Cerenkov tanks are labeled 1 to 8. The 7 groups of
spark counters are the columns that follow: (1 and 2),
(3 and 4), (5 and 6), (7 and 9), (10 and 11), (12 and 13),
(14 and 15).

events observed.
Tests of spatial correlations of muon pairs from

events where there were only two muons and events
where there were three or more muons present
showed that the observed radial density distribu-
tion was not a sensitive function of the number of
shower muons present. The density spectrum de-
rived empirically was compared with the one pre-
dicted by the conservative-model analysis" of
shower development (Sec. II), with the result that
there was good agreement between the shapes yre-
dicted and derived. The agreement implied that
the essential features of the interaction were a
mean charged secondary multiplicity which varied
with primary energy, E~, as E~'~' (or = InE~) and

a mean transverse momentum for the secondaries
of 0.4 GeV/c. The results were not inconsistent
with a flux of primary cosmic rays consisting of
protons only.

A second experiment, done using three additional
small detectors located in a tunnel adjacent to the
main Utah detector and triggered by it, made it
possible to study pairs of muons in show'er events
separated by distances as great as 50 m." The re-
sults were combined with the counting rates for
pairs in the main detector and presented in terms
of the counting rate for an equivalent yair of 1-m'
detector's beneath 2.5x10' gem ' of rock and ori-
ented at a 45' zenith angle. An approximately ex-
ponential dependence of the counting rate on the
detector separation was observed, which decreased
by a factor of 1/e in 10 m. These results are con-
sistent with a radial density distribution which
falls off somewhat less rapidly than exponentially
with distance from the shower axis. Comparison
with rates predicted by the conservative-model
analysis" indicated that the mean value of trans-
verse momentum for the shower muons was (P,)
=0.6+0.05 GeV/c for the corresponding median
primary energy of approximately 2 x10' QeV. The
form of the transverse momentum distribution
giving the best fit to the experimental data was
that proposed by Elbert (see Table I).

In a third experiment, " intensities of events
having one to three muons in the main detector
were studied. Because the probability for seeing
an event with a given number of muons depends
sensitively on the geometry of the detector, a cor-
rection was made to present the data in terms of
intensities that would be observed in an omni-
directional detector having a constant area of 20 m'.
Comparisons of these results with the conservative
theory again confirmed that the energy dependence
of the mean number of charged secondaries on the
primary energy, E~, was proportional to E~ ~4

(or ~ InE~).

IV. DESCRIPTION OF THE
PRESENT EXPERIMENT

The University of Utah detector is located in an
underground chamber of the Silver King Mine near
Park City, Utah. The chamber lies 1850 ft below
the surface of the mountain and three miles into
the mountain by way of a horizontal railway through
the Spiro Tunnel. The geographic coordinates of
the site are 40.623' north latitude, 111.537 west
longitude at an elevation of 6950 ft above sea level.

The detector shown in Fig. 1 consists of an array
of 600 cylindrical spark counters arranged in 15
vertical planes of 40 counters each, which are
triggered by coincidences between pairs of the four
water Cerenkov counters. Discharges in the cylin-
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drical spark counters are well localized, making it
possible to detect the passage of more than one
muon through an individual counter. The locations
of discharges in the spark counters are recorded
each time the detector is triggered on magnetic
tape, and a pattern-recognition computer program
is used to reconstruct the events from this inform-
ation.

The amount of rock traversed by muons arriving
at the detector from various directions was deter-
mined graphically. Topographic maps from the
U.S. Geological Survey with 40-ft contour intervals
were used to draw profiles of. the mountains as
seen in vertical cross sections taken through the
detector station at various angles. Slant depths ob-
tained from these profiles are estimated to be ac-
curate to +20 ft.

Handbook values for our local formation of rock
based on widely distributed surface samples give
an average for the density of 2.47 gcm ' as com-
pared with the value of 2.61 gcm ' obtained from
measurements of samples taken from underground
tunnel areas. The best value of the mean density
of rock has been taken to be 2.54 gcm '. The
weighted average of Z'/A was found to be 5.65 and
this value was used to correct our depth values to
that of standard rock (Z'/2 = 5.5), a correction of
O. 5% to 2/0 over our range of depths. The differ-
ence between our best mean value of rock density,
the handbook value, and the underground samples
is +2.5%, and it is unlikely that we would have to
contend with greater deviations than this. Varia-
tions of this size would not affect the main con-
clusions of this work.

Shower data displayed at fixed zenith and slant
depth which show that the measured rates are in-
dependent of azimuth within statistical uncertain-
ties argue for the essential uniformity of rock den-
sity at the experimental site. Assuming a uniform
rock density, threshold muon energies were esti-
mated from the slant depth of rock penetrated,
using the range-energy relation of Barrett et al.
with b = 3.5 &10 ' cm'g '. The measured rates
have roughly the same attenuation with slant depth
as do vertical single-muon intensities. This ob-
servation is the basis of the correction for the dis-
tribution of slant depths in a given depth interval
(see Appendix A}.

The angular resolution achieved may be estimated
by measuring the angle between trajectories of
pairs of muons in events where more than two
muons are detected. More than 3 of the pairs were
seen to be parallel within 1' (see Fig. 2), a result
which includes machine resolution, multiple scat-
tering, and angles introduced in the decay proces-
ses. These results have been used to argue that
the muons observed originate in atmospheric inter-

actions of primary cosmic rays. "
Discharges in individual spark counters are loca-

ted by a sonic ranging technique to a precision of
= 3 mm. Additional uncertainty in the position of
the muon trajectory is introduced by the geometri-
cal consideration that the counters are 6 in. in dia-
meter. Taking these factors and others into ac-
count, the separation between parallel muon tra-
jectories may be estimated to better than 3 in.

The description of the detector and its mode of
operation has been deliberately brief. Details of
the design, construction, mode of operation and
the in situ method of determining triggering effi-
ciencies for the cylindrical spark counters and the
Cerenkov counters have been discussed elsewhere. "

V. ISOTROPY OF THE PRIMARY RADIATION

Individual muons detected in the present experi-
ment have energies of 0.75 TeV or greater so that
neither they nor the primary cosmic rays whose in-
teractions produce them are affected by solar or
terrestrial magnetic fields. " Shower arrival di-
rections, then, accurately reflect the arrival di-
rections of the primaries. Because our observa-
tions of muon arrival directions are tied to the
rotation of the earth, causing the detector to scan
the entire range of right ascension each day, we
would expect an isotropic flux of primary cosmic
rays to produce a uniform distribution of observed
showers in right ascension. Additional complica-
tions arise in the case of the present experiment
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FIG. 2. Zenith and azimuth angular deviations
between pairs of muons in individual shower events.



PHENOMENOLOGY OF MUON SHOWERS UNDERGROUND 613

because of the variation of rock depth above the
detector and the variation of triggering efficiencies
with angle. However, each declination band at a
given right ascension can collect data over the en-
tire range of zenith and azimuth (hence, zenith and
slant depth) accessible at that declination. These
measurements, which make use of continuous com-
plete sidereal days of recorded data, are, then,
independent of detector triggering efficiency, top-
ography, and composition of the mountainous over-
burden. Accordingly, the apertures used in this
phase of the measurements were as relaxed as
possible. Individual muons were required only to
pass through three cylindrical spark-counter groups
and one forward (as seen by the incoming muon)
Cerenkov wall. The triggering system demands a
coincidence between a pair of the four Cerenkov
counters, but in the case where more than one
muon is present, the requirement may be satisfied
by one muon passing through one tank and a second
muon passing through another.

For this particular study, a program was devel-
oped to take the time of day and the arrival zenith
and azimuth angles and convert them to declination
and right ascension. Events were sorted into ar-
rays of 360 bins, 10' in declination by 10' in right
ascension, extending from declinations 20' below
the celestial equator to 80' above it. Constraints
imposed by detector triggering requirements pre-
vented collection of data nearer to the celestial
poles. Data distributions were compiled for events
where one to six muons were detected. Care was
taken to use only data from continuous runs of
complete sidereal days. All data in a given run
were rejected if there was evidence of an electronic
system failure in any part of the run.

A. Analysis of Distributions in Right Ascension

The basic analysis consists of displaying the num-
bers of events at fixed declination as a function of
right ascension and comparing these with the aver-
age number in each declination band and the 1-
standard-deviation limits from the averages (see
Fig. 3). Lists of random digits were used to gen-
erate distributions in right ascension that had the
same number of total counts at each declination as
did the recorded data. This was done for several
independent sets of,random digits with the result
that a number of rather intriguing dips and bumps
in the real data could be seen to be no greater than
would be expected from a random source. The
data were also Fourier-analyzed in right ascension
and the first ten Fourier sine and cosine coeffi-
cients were found to be the same within statistical
uncertainties as those generated by the list of ran-
dom digits. A linear regression was performed on
the distributions summed over all declinations for
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showers having one to six muons. The results are
shown in Table II. Figure 3 gives estimates of the
minimum value of the median primary energy which
range from 25 TeV for singles to = S000 TeV for
six-muon events. The linear regression coeffi-
cients calculated are not strikingly different from
those for random distributions.

The data were divided roughly according to
whether they were recorded during the first or
second half of the running period and compared

TABLE II. Linear correlation coefficient, R, and the
probability that a random distribution would have a linear
correlation coefficient as large or larger than B,P(&R),
for the right-ascension distributions of events where one
to six muons are detected.

Number of detected
muons P (&R)

1
2
3

5
6

1.08& 10-'
1.32x10 '
3.7 x10 2

2.6 x10-'
]

-8

5.3 x10-'
4.41x10 '
8.3 x10-
1.3 x10
6 x10
8 x10 ~

RIGHT ASCENSION

FIG. 3. Distributions of muon-shower arrivals in
right ascension for events where one to six muons were
detected. Estimates of median energy are from the con-
servative-model analysis.
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again to distributions generated by random num-
bers. None of these tests showed any compelling
evidence for the existence of an anisotropy.

B. Analysis of Distributions on the
Celestial Sphere

We now make use of the results of Sec. VA that
the data are nearly uniform in right ascension at
all declinations. Binomial statistics were used to
compute the fractional standard deviations from
the average at each declination (referred to herein
as scores) for one- and two-muon events. Although
there are different total numbers of events in the
ten declination bands, this procedure reduces the
360 elements of each array to a common standard
of comparison.

The motivation for displaying the data in this way
is to look for broad features whose shape and posi-
tion might persist in independent blocks of the data.
No narrow anisotropies would be expected unless
there was a significant flux of energetic neutral
primary particles which would be undeflected by
galactic magnetic fields. Evidence. for neutral pri-
maries at sea level was advanced by Cowan, Ryan,
and Buckwalter, "but these results were not con-
firmed in a shallow underground study by Barton,
Betts, and Pourgides. " Even if energetic primary
cosmic rays were trapped by the magnetic fields
of the galactic spiral arms, "the anisotropy would

be a broad one because of the energy distribution
of probable cosmic-ray sources (i.e., supernova
explosions and pulsars), possible motion of the
source relative to the field lines, etc. If the cos-
mic rays produced in the Galaxy act as an extreme-
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ly hot and tenuous gas which is only partially con-
strained by the galactic magnetic field" and if cos-
mic rays are capable of locally inflating this field
structure to escape into the galactic halo, then the
degree of isotropy is related to the average dis-
tance that the cosmic rays travel along the spiral
arms before they escape. In this picture, cosmic
rays spend most of their time in the weaker mag-
netic field of the halo. Cosmic rays produced at
any point in the Galaxy may return to the spiral
arms at any other point. The cosmic-ray flux
would then appear even more diffuse. The problem
of doing muon astronomy is analogous to the pro-
blem of doing optical astronomy through a piece of
frosted glass. If one made very sensitive light-
detecting instruments, he might arrive at the con-
clusion that there was a Milky Way.

With these thoughts in mind, isoscore contour
maps were made on the celestial sphere. Random
number distributions were generated with the same
total number of events at each declination and simi-
lar maps were made for comparison. Inasmuch as
no compelling evidence for broad anisotropies was
seen, we simply show equal-area projections of
the celestial sphere, showing regions of positive
and negative scores (see Fig. 4).

In the distributions of scores for one- and two-
muon events, 3-standard-deviation effects are not
uncommon, but these results are not evidence of
anisotropy. Similar results are obtained for the
distributions generated by random numbers. Dis-
tributions of scores for one- and two-muon events
are shown in Fig. 5.

VI. SPATIAL CORRELATIONS FOR GROUPS OF
TWO AND THREE PARALLEL

SHOWER MUONS

A. Probabilities for Groups of Two and
Three Muons

Muon showers for the conditions of the present
experiment are typically spread over an area of
100 to 300 m'. Sensitive areas of the Utah detector

so ~~
~&V&ll 'i&X'i

coo ~M+~fw
1//i II I,&+~

4oo I ~&' III '

k~ xi'.
/' / %E+

2OoIK/J&l F4 ~ ~/ g F )~l/)F ~ ' I . 1 l % 'jl . X~L
II' JI~ I ' ) &''~ ~ 'I

I r Il
o ~ ) I t /i%I iF/

EN7S

EVENTS

40-

U
'

20-
0
I-
D
IH

I-(7 IP-
M
Ci

ONE- MUON EVENTS

I

TWO- MUON EVENTS

FIG. 4. Equal-area projections of the celestial sphere
with positive (indicated in black) and negative (indicated
in white) scores for events having one and two detected
muon s.
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FIG. 5. Distribution of scores for one-
and two-muon events.
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are less than 80 m' and therefore only a fraction of
the particles present in a given event are detected.
Because the measurements do not fix the position
of the shower axis, we cannot directly measure the
density distribution of muons in the shower. For
this reason, we approach the problem of determin-
ing the density distribution in a different manner.
Arguments are given in Sec. II that the observed
shower-density distribution should have radial sym-
metry about the shower axis. We assume this to
be true and attempt to find a radial density distribu-
tion p(R) for muon showers which simultaneously
predicts the measured rates for pairs, triples,
etc., at given separations.

The probabilities for detecting groups of two and
three muons can be written down in the limiting
case of small detector areas in a straightforward
manner as products of independent probabilities.
The probability of detecting a single muon in a de-
tector of area A, at distance R, from the shower

axis is ~A,p(R, ): Hence, the probability of detect-
ing two muons, . one in A, and another in a detector
or area A, is ~A,A,p(R, )p(R, ), and in a similar way
the probability of detecting three muons, one in
each of the three detectors, is

~A,A, A,p(R, )p(R, )p(R, ).

Results discussed in Sec. III and the physical
arguments in Sec. II indicate that the shape of
the radial density distribution is insensitive to the
number of muons in the shower. Assuming this to
be true, , the predicted rates of two's and three's
will simply be proportional to the distribution of
shower sizes, E(M). Specifically, we define F(M)
to be the number of showers containing M muons
incident in an angular range 0 and a running time
T whose axes strike a small area da. Relating the
predictions to an actual detector requires an addi-
tional multiplicative factor which is the average
triggering efficiency, (e) .

TABLE III. Triples separation bin analysis.

Combinations

11
2c
3
4
5
6
7

8
9

10
11
12
13
14

15
16
17
18
19
20
21

22
23
24
25
26
27
28

Sinned ordered
separations

111
211
221
222
311
321
322

331
332
333
411
421
422
431

432
433
441
442
443
444
511

521
522
531
532
533
541
542

Categories Combinations

29
30
31
32
33
34
35

36
37
38
39
40
41
42

43
44
45
46
47
48
49

50
51
52
53
54
55
56

Binned ordered
separations

543
544
551
552
553
554
555

611
621
622
631
632
633
641

642
643
644
651
652
653
654

655
661
662
663
664
665
666

Categories

Categories: (1) Cannot satis fy triangle constraint. (2) Linear triangle only. (3) Cerenkov wall requirement impos-
sible. (4) 3'group: CSC requirement impossible.

All three separations fall in the range 0 to 2 m.
Two separations in the range 0 to 2 m, one in the range 2 to 4 m, etc.
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Combining these arguments gives predicted num-
bers of pairs at a separation X and predicted num-
bers of triples at separations of X„X„andX, in
a solid angle Q and a running time T of

C~(X) = (p,)AA, C XN f p(R)p(R, )dp,

C (X„X„X)=( )ApA A CXN f p(R )p(R )p(R )dp

respectively. .
N~ and N, are functions of M, E„,

and 8. The integrals are taken over the areas
where the shower axes fall and the sums (N~ and N, )
over shower sizes. Specifically,

Nq = QddM(M- 1)F(M)
and

N, = QddM(M- 1)(M- 2)F(M),

where the factors of M multiplying F(M) inside
the sum take into account the number of ways that
M muons can be chosen to fall one eich into sets
of two and three counters. %e insure the validity
of our small-detector approximation by imposing
the experimental requirement that the initial
subdivision of detector sensitive areas be fine
enough (see Sec. VIC) so that two muons are never
observed to fall within the same segment of detec-
tor sensitive area.

B. Compilation of the Data

In order for a muon to be counted as in aperture,
it had to pass through at least one Cerenkov tank
and three groups of spark counters. A muon

counted as having passed through a Cerenkov de-
tector only if it passed inside a 1-ft border around
the forward (as seen by the incoming muon) wall of
the tank and passed through the backward wall as
well. Every particle present in the event was used
to calculate the triggering efficiency of the event;
however, only those satisfying the above criteria
were counted as being in the allowable aperture.

The basic technique of the study consists of mea-
suring separations in individual shower events be-
tween all groups of two and three muons which
could, independently of all other particles present,
satisfy the triggering and aperture conditions of
the detector. In the case of muon pairs, distribu-
tions of events in 1-m separation bins are compiled.
as a function of 2.5' zenith and 5x10 -gcm ' slant-
depth bins ranging from 40' to VO' and 2&& 10' to
6.5&&10' gem ', respectively. The fact that each
group of three muons is associated with three sep-
arations was an additional complication, and a
special binning procedure was adopted. The tech-
nique used is as follows: Separations between the
muons are calculated and binned according to 2-m

separation intervals. The binned separations are
then ordered, the largest one first, the next larg-
est second, the smallest third, and the combina-
tions that result are assigned a number ranging
from 1 to 56 (see Table III). Distributions of the
numbers of events at each combination are com-
piled then as a function of 5' zenith and 1x10'-g
cm ' slant-depth bins covering the same range as
the pair data.

C. Displaying the Data in a Manner Independent
of Detector Geometry

We must now take into account the fact that our
detector is a large detector while the equations
that we have developed in Sec. VIA are for small
detectors. What we do in effect is to reduce our
large detector to the small-detector approximation
by subdividing the detector sensitive area. We

compile the sums of products of all small areas,
A, and A„as a function of 1-m separation bins,
zenith and azimuth, such that two muons passing
one through each of these areas could, independent-

ly of all others, satisfy the imposed aperture re-
quirements of the detector. In a similar way, we

compile the distributions of the sums of the pro-
ducts of three small areas, A„A„and A„which
if three muons passed one through each of these
areas, would satisfy the triggering and aperture
requirements of the detector.

To make the distribution of these geometrical
factors correspond to the binning of the data and

the efficiency arrays, we need to convert them
from arrays which are functions of zenith and azi-
muth to ones which are functions of zenith and
slant depth. This is done by combining all the
distributions at fixed zenith which correspond to
the same depth bin. The dependence of the mea-
sured rates on depth is strong and we must take .

into account the distribution of depths contributing
to each depth bin. The correction used (see Ap-
pendix A) depends on the observations (see Sec. IV)
that the measured rates are insensitive to varia-
tion in azimuth at fixed zenith and slant depth and
that the rates at fixed zenith, but varying slant
depth, are attenuated with depth in roughly the
same way as are vertical single-muon intensities.

The data could then be cast in the form of rates,
which are independent of detector geometry and

triggering efficiency, by dividing the numbers of
events by the products of areas, average efficiency,
solid angle, and time. Hence, in terms of the pre-
vious notation, the rates for pairs, R~, and triples,
R„are Ran=Cd/(eR)A, A,QT and R, =C, (/e) A, AA,
xQT. The dimensions of RR and R, are (number of
pairs/mA sr sec) and (number of triples/m'sr sec),
respectively.

The counting rate for a pair of detectors as a
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function of separation decreases smoothly with sep-
aration (Fig. 6). The rates for triples, however,
have a much more complicated appearance (Fig. 7).
Most of the apparent structure in the rates of tri-
ples is a direct result of the binning procedure.
The rates are not continuous because they are com-
binations of binned, ordered separations, and some
of the combinations are not able to satisfy the tri-
angle requirement (see Table III). The justification
for introducing this complexity is that it enables us
to represent the measurement of a quantity which
has magnitude and three separations in a two-
dimensional display and, at the same time, not
give up any information inherent in the data.

D. Correlation Integrals

The shapes of the predicted distributions of pairs
and triples as a function of separation were deter-
mined by calculating the following integrals numeri-
cally for pairs and triples, respectively:

Ip= pRx pR2da and I, = pR, pR pR da.

The assumption that these integrals give the
shape independent of shower size is consistent with
the physical arguments of Sec. II, and the experi-
mental evidence presented in Sec. III to the effect
that p will not be a sensitive function of M. The
factors multiplying these integrals which are func-
tions of (), E„(or, equivalently, slant depth of rock,
h), and M control only the magnitude of the rates
R, and R, .

In evaluating these integrals, it was assumed
that the shower axes are uniformly distributed.
This task was made much easier by the fact that
we had reduced the data taken in our large detector
to those equivalent to data taken with small detec-
tors. Hence, we concern ourselves with the re-
sponse of a group of two and a group of three small
detectors in a plane. These integrals of products
of normalized distributions (i.e., fpda = I) were
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predictions of the optimized radial density distribution (Sec. VI) with E = 3.6 m.
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evaluated numerically as a function of the para-
meter o of the radial density distribution.

The data of the present experiment provide in-
formation on the distributions of pairs of muons

having separations as great as 11 m. The charac-
teristic shower radius o for the range of zenith ang-
les and slant depths accessible to the present ex-
periment is of the order of 5 m. The value may be
somewhat larger or smaller depending on the shape
of the particular radial density distribution chosen
to fit the data and on the particular zenith angle and
slant depth. The important point is, however, that

. o is comparable to the range of separations acces-
sibl, so that the present experiment will not serve
to provide a sensitive measurement of the shape of
the radial density distribution. In addition, the
range of the slant depths accessible at particular
zenith angles is small, limiting the precision to
which the energy and angular dependence of the
characteristic shower radius can be determined.
For these reasons and others, a less direct analy-
sis of the data was made by testing the measure-
ments for consistency with reasonable theoretical
predictions.

The physical arguments given in Sec. II lead us
to expect that the radial density distribution is a
steeply falling function of separation from the show-

er axis, but that the rate of decrease slows at
large distances. In addition, these arguments in-
dicate that 0 is proportional to a power of sec8
greater than unity and inversely proportional to a
power of threshold muon energy which is somewhat
less than unity.

The shape of radial density distribution inferred
from muon pairs at large separations" was found

to be consistent with the shape of the radial density
distribution predicted by the conservative model,
having the character required by our arguments
above. The conservative model" further predicts
that o ~ (sec8)"/E„e e.

We assume that the characteristic shower radius
can be expressed as follows: o =K (sece)"/E„' ',
and parametrize the shape of the radial density
distribution predicted by the conservative model as

p(R) = P(R/o)exp(-R/o),
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DEPTH (IO g cm ) DEPTH ( IO g cm )

-7
I)0 42.5'Zenith t 10 &4?.5'Zenith

iloo4) +) ~, 1 I (77s)

I 0 52.5'Zenith

E )O~

52.5' Zenith

io I)) p I+

o. IO

47.5'Zenith2.5

io'

(58)
5.5

)

'(208)
, 35

IO
57. 5 Zenith

s ~ II)p I . —'p'. s'

The parametrization might have equally well been
achieved in other ways. The one used is adequate
for the purposes of the present analysis, being a
smoothly varying, well=behaved (positive) function
of zenith angle and energy for zeniths ranging from
0 to 85' and energies ranging from 1 GeV to 1000
TeV. The above expression reduces to the predic-
tion of the conservative model for a zenith of 45'
and an energy of 1 TeV if K is taken to be equal to
4 m.

The first part of the consistency test involves
fitting data in each individual zenith and. slant-depth
bin to determine the optimum choice of.o (referred
to herein as unconstrained fits). Fits were made to
pairs only for those zenith and slant-depth bins
where there were data in.nine consecutive separa-
tion bins between 1-2 m and 10-11 m. The cri-
teria for triples were greatly relaxed and fits were
made to any bi.n where data were available at four
or more points. From these fits, we see that the
values of o obtained (see Tables IV and V) behave
qualitatively in the way that we would expect. At

fixed depth as a function of increasing 8, we ob-
serve that 0 tends to increase. This is simply a
reQection of the fact that as the zenith angles in-
crease, the point of origin of the shower particles
becomes further away, allowing the showers to
spread out over a larger area. For a fixed value
of zenith angle as slant depth increases, we see
that o tends to decrease, reQecting the fact that
more energetic muons produce an increasingly

where
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FIG. 7. Counting rates for triples as a function of
binned, ordered combinations of separations, zenith, and

slant depth. Solid lines are the predictions of the opti-
mized radial density distribution (Sec. VI) with K = 3.6 m.



TABI E IV. Distributions in zenith and slant depth of the characteristic shower radius, o, X ~, and the normalization
constant for (a) the unconstrained and (b) the optimized {with K = 3.6 m) fits of Sec. VI to the pair data. When three val-
ues of 0 and the normalization constant appear in the table, the upper and lower entries were obtained in the fitting pro-
cess where y2„=1.

Xy
(sum 15.7)

(a} Pairs: unconstrained fit

(m)
Np

(10 4 m 2 sr ' sec ~)

Slant depth
105g cm-2) 2.25 2.75 3.25 3.75 4,25 2.25 2.75 3.25 3.75 4.25 2.25 2.75 3 25 3.75 4,25

41.25

46.25

48.75

51.25

56.25

58.75

3.52 0.76

).86 0,54

L.16 0,56

I. .50 1.33

0.42 0.27

0.20 0.40 0.37

0.47 0.54 0.80

6.8 4,8
5.6
4.8
6.0 5.8
5.4 4.6
4.8 4.0

5.8 5 4
4.6
4.0

6.0 5.8

7.4 8.2
5.8 5.0
4.8 3.6

6.8 5.8
5.4 4.8
4.4 4.2

8.8 7.6 4.6
5.6 5.2
4.0 4.0

6.0 5.2 7.2
4.0 5.4
3.4 4.4

8.08 2.6
6.0
4.85

6.44 2.92
5,6 2.2
4.76 1.75

6.6 2.7Q

2.2
1.80

S.Q 2.9

4.20 2.39
2.9 1.1
2.21 0.75

3.42 1.44
2.4 1.1
1.82 0.92

5.00 1.93 0.5
2.5 1.1
1.56 0.77

2,8 1.02 0.89
0.7 0.6
0.61 0.44

61.25

63.75

66.25

68.75

0.63

0.19

4;6

6,8

2.0

0.7

Xp
(sum 18.1)

(b) Pairs; optimized fit with K =3.6 m
0'

(m)
Np

(10 4 m ' sr ' sec-')
Zenith

(deg)
Slant depth
10~ g cm 2) 2.25 2.75 3.25 3.75 4.25 2.25 2.75 3.25 3.75 4.25 2.25 2.75 3.25 3.75 4.25

41.25

43.75

46.25

48.75

51.25

56.25

58.75

61.25

63.75

66.25

68.75

0.52 0.82

1,03 0.55

1,22 Q.62

1.62 1.48

0.48 0.34

0.68 0.80

0,33 0.40 0.3S

0.52 1.26 0.88

0.68

0.31

5.8 4.4
6,1 4.6

6.4 4.9
6.8 5.2

5.5 4.4

6.0 4.8
6.5 5.2 4.2
V.1 5.6 4,6

6.9
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6.59 2 ~ 11

7;67 2.33

9.76 2.42

2.69 0.95

2.78 1.0S

3,04 1.07 041
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1.22
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0.25
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tightly collimated shower.
Assuming the energy and angular dependence of

a predicted by the conservative model, the data
were next iteratively fit with a series of values of
K to determine the value of K, giving the over-all
minimum g'. The results from the fits to the pairs
were that K = 3.6+0.4 m, consistent with the pre-
dictions of the conservative model. Optimizing the
fits to the triples results in a minimum g' that oc-
curs at roughly the same value of K. The distribu-
tion of g' vs K is, however, much broader, and the
triples may be considered to yield only supporting
evidence. The values of K which optimize the fit
over-all to the data yield a X' in each case which
is not significantly larger than the X' obtained from
the unconstrained fits to the data (see Tables IV
and V). The rates predicted by the optimized ra-
dial density distribution with K =3.6 m are shown

superimposed on the data in Figs. 6 and 7. Divid-
ing the pairs data into events where only two muons
were observed and events where more than two

muons were observed yields similar results, but
the statistical uncertainties are larger. All of
these results argue that a radial density distribu-
tion having the shape and energy dependence pre-
dicted by the conservative model is consistent with
the measurements of the spatial correlations of
pairs and triples of the present experiment.

E. Distribution of Shower Sizes

To obtain the distribution of muon shower sizes
underground, we make use of the measured norma-
lization constant, N~, for pairs and the single muon
intensities, I, , measured for the same zenith and
depth bins" (see Fig. 8). By definition, the ratio
of N~ to I, is given by E~jI, = Q„M(M 1)E(-M)/
Q„ME(M). Assuming that E(M) ~ M ~, the ratio
above may be used to estimate 5 as a function of 8
and h. The motivation for choosing a power-law
dependence for the shower-size distribution is
given in Sec. II.

, Values of 5 estimated using unconstrained fits to

TABLE V. Distributions in zenith and slant depth of the characteristic shower radius, 0, X „, and the normalization
constant for (a) the unconstrained and (b) the optimized (withe =3.6 m) fits of Sec.VI to the triples data. When three
values of a and the normalization constant appear in the table, the upper and lower entries were obtained in the fitting
process where X v=1.

2
Xv

(sum 11.7)

(a) Triples: unconstrained fit

(m) (10 3 m sr ~ sec )
Zenith

(deg)
Slant depth
].05 gem 2) 4.5 2.5 3.5 4.5 2.4 3.5 4.5

42.5

47.5

0.73

3.25 0.31

16.8
7.0
4.26

14.0 0.81

52.5

57.5

62.5

0.75

1.01

1.99

0.72

2.90

24.6
7.0
4.24

4.0

10.0

4.12
1.0
6.54

5.5

(b) Triples: optimized fit with & = 3.6 m

Xv
2 0'

(sum 12.7) (m) (10 m sr ~sec )
Zenith

(deg)
Slant depth
10~ g cm-2) 2.5 4.5 2.5 3.5 4.5 2.5 4.5

42.5

47.5

52.5

57.5

62.5

0.98

3.07

0.76

1.07

0.35

2.76

0.72

3.00

5.1

5.8

6.6

7.8

4.2'

4.9

6.0

4.5

7.6

9.2

14.3

0.35

0.99

0.96
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pair data in individual slant-depth and zenith bins
and those obtained using the optimized fit to the
total pair data (see Sec. VI D) with K= 3.6 m are
given in Table VI. The results are similar, but 5's
estimated using the optimized fit to the pairs are
more regular functions of 8 and h. Both estimates
range from = 3.5 to 4.5, in agreement with the
qualitative arguments of Sec. II and the previous
experimental results discussed in Sec. III. The
uncertainties in the values of 5 from the uncon-
strained fits may be estimated by using the mea-
sured values of N, at the 33% confidence level. Ac-
cordingly, these were assigned only in cases where
the minimum reduced y' was less than unity and
the distribution of g' vs o. has a well-defined mini-
mum.

The pair data used in the present analysis are
. drawn from events where two or more muons are
detected so that our results do not refer exclusive-
ly to events where one and two muons are observed.
On the basis of the arguments in Sec. II, we would

not expect 5 to depend sensitively on M.
To test the dependence of 5 on larger mean values

of M, we use the ratio

N, /N~ = Q M(M —1)(M—2)F(M)/g M(M- 1)E(M),

assuming as before that E(M) ~ M . Data consist-
ing of 13 511 pairs and 3230 triples were scaled
using the measured attenuation of single muons
with depth and the behavior of the correlation in-
tegrals (Sec. VID) as a function of zenith angle and

energy in the manner of Appendix A to obtain rates
at 2.5@10' g cm ' and a zenith of 45'. These rate
curves yielded N, /N~ = 19.2 corresponding to
5= 3.7, which was in agreement with the estimates
based on the ratio N~/I, and, thus, confirmed the
expected insensitivity of 5 to M.

VII. DENSITY SPECTRUM PREDICTIONS

Although the function we are deriving is empiri-
cal, we construct it in a manner which is strongly

TABLE VI. Distributions in zenith and slant depth of the exponent of the shower-size distribution, Q, for the uncon-
strained and optimized (with E =3.6 m) fits of Sec. VI to the pair data.

Zenit
(deg

Slant depth
10~gem 2) 2.25 2.75 3.75 4.25

Unconstrained fits

2.25 2.75 3.25 3.75 4.25

Optimized fits
g =3.6 m)

41.25

43.75

3.61
3.78
3.89

3.74
3.82
3,92

3.76
3.92
4.07

3.74

3.94

46.25 3.81
3.94
4.07

3.69 3.89

48.75

51.25 3.64 3.53
3.82 3.94
4.01 4.21

3.60 3.90

3.89 4.04

53.75

56.25

3.77
3.98
4.16

3.61
4.01
4.34

3.79
3.95
4.08

3.68
3.98
4.24

3.89

3.87

3.97

3.95 4.22

58.75.

61.25

63.75

66.25

68.75

4.09
4.36
4.50

3.70
3.97
4.15

3.76 4,02

4.00

3.95

4.13

3.97

4.2
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FIG. 8. Intensities for one-, two-, and three-muon
events adjusted to standard conditions of a 20-m2 detector
compared to the predictions of the optimized density spec-
trum (Sec. VIIB) for the same conditions.

guided by physical considerations. The density
spectrum developed is required to express the en-
ergy and zenith-angle dependence of muon showers
as well as the distribution of densities of these
showers. In particular, it is constrained when
used to predict the number of single-muon events
to reduce to the same dependence on depth as the
measured single-muon vertical intensities at 0'
zenith '3

Measured integral electron-density spectra in
extensive air showers have the following qualita-
tive character: At low densities, the shape of the
density spectrum approaches a power law in den-
sity 4. As the density increases, the density spec-
trum gradually steepens and again approaches a
power law in 6 at the highest densities. It may be
argued on general grounds (see Sec. Il) that the in-
tegral density spectrum of muon showers should
have a similar form, and, in fact, detailed develop-
ment calculations with the conservative model dis-
cussed in Sec. GI have shown this to be the case.

As regards observations in detectors of moderate
size, for E„&1TeV, further qualitative observa-

tioions may be made. The region of shower densities
which produce single detected muons is very broad,
extending downward from densities of 10 ~ m ' to
densities less than 10 ' m ' with median densities
Qf =10 to 1 -s -2f - 4 o 0 m . Events where more than one
muon is detected come from regions of increasing-
ly higher density; the median shower densities pr-s pro-

ucing two and three detected muons are = 10 2 m '
and 4x10-' m while four- and five-muon events
correspond to shower densities which are &10 '
m 2. Moreover, the region of densities contribu-
ting to observed events of a given multiplicity (i.e.,
numbers of detected muons) becomes narrower
and overlaps the regions contributing to adjacent
multiplicities more as the multiplicity increases.

The major shortcoming of the density-spectrum
approach is that the shower density must be con-
stant across the detector sensitive area in order
that the probabilities have a Poisson distribution.
This requirement limits the use of the density-
spectrum technique to areas which are small com-
pared to the radial extent of muon showers. The
detector sensitive areas in the present analysis
(see Sec. VIIA) range in size from a fraction of a
square meter at the smallest zenith angles to al-
most 56 m' at the largest. Muon showers for the
conditions of the present experiment (see Sec. VI D)
have an extent of = 100 to 300 m' so that the de-
tector sensitive areas are in no case large com-
pared to the shower size. A further approximation
made is that the exponent of the power-law depen-
dence on 4 is independent of slant depth. It is
more likely that the exponent of the density spec-
trum should have a mild (i.e., logarithmic) depen-
dence on slant depth, but this may not be an im-
portant consideration over the range of depths
spanned by the present measurements.

A. Apertures for the Empirical Fits

4

In determining empirical representations b fit-
ing the data, it is absolutely imperative that no

systematic errors be introduced by the aperture
chosen. Accordingly, the same aperture require-
ments are imposed on events of all multiplicities.
Th'his is a very severe requirement and one which

greatly reduces the number of higher-multiplicity
events. %e require, then, that every muon trajec-
tory included be able to satisfy the triggering and
aperture requirements that a single detected muon
must satisfy, which are that each muon pass
through two forward Cerenkov walls and their pre-
ceding backward wills, as well as three groups of
cylindrical spark counters (see I'ig. I). The data
were binned in arrays of 2.5' zenith angle, ran n

0 0rom 40 to 70, and 5 x10' g cm ~ slant depth,
, ranging

ranging from 2X10' to 6.5X10' g cm '



PHENOMENOLOGY OF MUON SHOWERS UNDERGROUND 623

B. Optimizing Density Spectrum Parameters

The present work is an extension of that done
earlier by Porter and Stenerson, "who approxi-
mated the general character of the differential den-
sity spectrum by two intersecting power laws in
density. Their density spectrum was of the form

z(h, 8, b, )dh = G(h)II(6, 8)dh,

where

G(h) = [exp(bh) —I]
with

5 =3.5X10 cm g ', y=2.4+0.25ln(h/10'gcm 2)

and

H(6, 8)=K~A 8 when b, &A, ,

H(6, 8) =K„b. when

G is a function having the same dependence on

depth as do the measured vertical-muon-depth in-
tensities. " II approximates the power-law depen-
dence on b of the shower-density spectrum. In
these functions, h is the slant depth of rock in g
cm ', 0 is the zenith angle in degrees, and 4 is
the shower density in m '2. The point of intersec-
tion 40 was determined by the relation

EO=D+Ecos8 m '.
The starting point of the present analysis is the

density spectrum above. Numbers of events having
n muons, E„, detected in running time 7.', a detec-
tor sensitive area S, and a solid angle dQ were
calculated numerically in each azimuth and zenith
bin using the expression below:

E„= I'„ES z h, o, h dhdQT,

where I'„ is the Poisson probability distribution;
l.e.~

The arrays of predicted numbers of events as a
function of azimuth and zenith were rebinned in
terms of zenith and slant depth, and these results
compared with the measured numbers of events
corrected by detector triggering efficiency. This
process was iterated in the manner described by
Porter and Stenerson" to obtain parameters for
the density spectrum which minimize the X' between
the predicted and observed numbers. The set of
parameters giving the best fit is the following. '

e =1.74, P =3.01, D=2.33x10 ',
E=6.58x10 ', K8=2.68x10 '.

These parameters are close to the ones previously
obtained by Porter and Stenerson, "and the differ-
ences may be attributed to the larger sample of
data in the present experiment. Comparison be-

TABLE VII. Prediction of the numbers of events where
one to five muons are detected for the optimized two---
power-law density spectrum (Sec. VII B). Comparison is
made to observed numbers of events corrected for detec-
tor triggering efficiency.

Number of
detected muons

Number of events ob-
served corrected for Number pre-
detector triggering dieted by density

efficiency spectrum

3.27x 10~

3.15x 1pe

2.60x 102

3.40x 10~

6.00x 100

3.27x 105
3.15x 103
2.60x 102

6.4 x10'
2.8 xlpi

tween prediction and data in individual zenith and
depth bins reveals enough irregularity in the data
to force the conclusion that systematic errors of
unknown origins are sometimes large compared to
statistical uncertainties. Accordingly, a numerical
estimate of the goodness of fit would have little
meaning.

While the total predicted numbers of one-, two-,
and three-muon events are in close agreement with
the numbers observed, too many four- and five-
muon events are predicted (see Table VII). Inas-
much as these are preferentially produced from
regions of high shower density, there is the possi-
bility that better agreement might be achieved by
altering the shape of the density spectrum in the
high-density region. No detailed information about
the shape of the density spectrum in this high-
density region can be obtained because of the small
numbers of four- and five-muon events observed.
We can, however, get a rough idea of what will be
required by a straightforward extension of the
techniques we have developed. Assume for these
purposes that the differential density spectrum
may be represented by three power laws in 4—
hence,

H(8, 6) =K„b, when 6 &6„

H(8, 6) =Kzh when 6, & b, & 6„
and

H(4, 8) =K~K " when b. &4,.
If we arbitrarily require that the total predicted
numbers of events of each multiplicity differ by no
more than 30%%u~ from the numbers observed, then it
is possible to show that the parameters of the
three-power density spectrum have the following
bounds:

a -1.74, 2.9 (P (3.0, 5.5 (y&7.5,

b, , -(2.23+6.58cos8)x10 ' m ',

0.02 m «, &0.03 m '.
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All combinations of these parameters within the
ranges given above were considered and the ex-
tremes of the corresponding integral density spec-
tra are compared with the integral density spec-
trum obtained from the two-power-law representa-
tion in Fig. 9 for zenith angles of 0' and 60' and a
rock depth of 2.5x 10' gcm '(E„-1TeV).

C. Predictions for a 20-m2 Detector

The optimized two-power-law differential density
spectrum discussed in Sec. VIIB may now be used
to predict the intensities of events where one, two,
and three muons are detected in a hypothetical de-

tector that presents a constant sensitive area of
20 m' at all zenith angles and slant depths. The
advantage of doing this is that the angular and

depth dependences are clearly displayed. The pre-
dictions are shown superimposed on the data of
Cannon and Stenerson" in Fig. 8 which were cor-
rected to these conditions by a technique developed
by the Durham group. " The technique uses the
shower radial density distribution predicted by the
conservative model (Sec. II) to estimate the proba-
bility that a given number of muons will be detected
in a detector of a particular sensitive area and
correct the observed rates to the standard condi-
tions of a 20-m' detector. The predictions of the
density spectrum of the magnitude as well as the
dependt;nce of the intensities on zenith angle and
rock depth are in reasonable qualitative agreement
with the measurements over the range of zenith
angles and depths accessible to the present experi-
ment.

VIII. DATA SUMMARY

u lO

EL
LIJ
CQ

lO

a
h

Z,'

lo

The data of the present experiment are more ex-
tensive than in any previous study of muon showers
underground. The isotropy of muon shower arrival
directions over a range of median primary energies
form 25 to 9000 TeV is tested by a run of 97 days
of continuous sidereal time and a sample of 112929
events. The shape of the radial density distribution
and the consistency of the energy and angular de-
pendence of the shape with the predictions of the
conservative model are tested by a sample of
12 378 muon pairs and 3228 triples. The empirical
fits to the density spectrum are based on a sample
of 179 820 events through the highly restricted
single-muon aperture. The over-all running time
of the experiment was 18509 814 sec.

l

l O 8 APPROXIMATE MEDIAN DENSITIES
NUMBER OF DETECTED MUONS

I 2v v
I I

lOlo
a(ln )

FIG. 9. The integral density spectrum (from the two-
power differential density spectrum, optimized for pre-
diction of one-, two-, and three-muon events, Sec. VII 8)
at 0' and 60' zenith and a slant depth of 2.5 x 1,0 g cm

(E&-1 TeV). Indicated by dashed lines and Ishading is
the approximate range of an integral spectrum corre-
sponding to a three-slope density spectrum which is con-
strained to predict total numbers of one-, two-, three-,
four-, and five-muon events which are no more than 30%
different than the observed numbers. The low-density
region which introduces the zenith angular dependence
into the single-muon data is virtually the same in either
integral spectrum.

IX. CONCLUSIONS

The problem of deriving a descriptive phenomen-
ology of muon showers from measurements on
muon showers un'derground is that no facet of the
phenomenology is truly uncoupled from any other.
Our approach to the problem has been the following:

The isotropy of the primary cosmic-ray flux pro-
ducing showers over the range of zenith angles and
slant depths accessible to the present experiment
was studied by displaying shower arrival directions
in celestial coordinates. Measurements on the
counting rate of muon pairs extending to separa-
tions as great as 50 m provided a test of the shape
of the shower radial density distribution. The en-
ergy and angular dependence of the mean shower
radius which were estimated from physical argu-
ments and from detailed shower development cal-
culations, were tested for consistency against the
counting rates for groups of two and three muons
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as a function of separation. From the ratio of the
normalization constants for the counting rate of
pairs to the single-muon intensities measured in
the same depth-angle bins, we estimate the ex-
ponent 5 of the power-law dependence of the
shower-size distribution. We test the dependence
of 5 on shower size M by comparing these esti-
mates of 5 with that obtained from the ratio of the
total triple-muon rates to the total muon-pair rate.
We test the dependence of the shape of radial den-
sity distribution on shower size by measuring
counting rates for pairs of muons in events where
only two muons are observed and events where
more than two muons are observed. Parameters
of the density spectrum were optimized by fitting
the measured numbers of events where 1 to 5

muons were detected. The radial density distribu-
tion, the exponent of the shower-size distribution,
and the density spectrum so derived are functions
of zenith and slant depth only.

The empirical representations developed were
strongly motivated by the physical arguments and

by the results of detailed shower development an-
alysis based on the conservative model. Predic-
tions made using these representations are in
reasonable qualitative agreement with these and
other available data. All of these results argue
that the derived shower-size distribution, radial
density distribution, and density spectrum provide
a consistent phenomenological representation of
muon showers underground over the range of zen-
ith angles and slant depths currently accessible to
experiment.

APPENDIX A

Consider the distributions of the geometrical fac-
tors A, A, and A, A, A, for particular separations in
the zenith bin J and the azimuth bin L. We factor

the strongest part of the depth dependence from E
(i.e., N~ or N, ) letting

N(J, h- L) = I„(h L)n(J, h- L),

where I„ is a smooth fit to the vertical depth inten-
sity for single muons, "and n is found empirically
to be a weak function of slant depth. Here, the no-
tation h- L is to be read "at the slant depth h cor-
responding to the azimuth bin L." Then

N(J, h L) = [I„(h L)/l„(K)] I„(K)n(J, h L)

I„(K) refers to the intensity evaluated at the cen-
ter of the depth bin K. Then, over the small range
of depths in a single-depth bin,

N(J, h- L) =[I„(h-I)/I„(K)]I„(K)n(J;K)

= [I„(h-L)/I„(K)] N(J, K).

Using these results and the expression giving the
predicted number of pairs in Sec. VI yields

C,(J, K) =(e,(J,K))+[I„(h-L)/I„(K)]

XA, A, (J, QN|J, K)fppda.

The sum over L includes all azimuth bins that cor-
respond to depths included in the depth bin K.

The effective geometrical factor for pairs ad-
justed for the range of depths in the depth bin K is
then

A, A, (J,K) = +[I„(h L)/I„(K)]A, A, (J, L)

In a similar way, the effective geometrical factor
for triples is given by

A, A2AS(J, K) = +[I„(h-L)/I„(K)]A, A2A~(J, L).
L
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