4 REVERSIBLE TRANSFORMATIONS OF A CHARGED BLACK HOLE

(r2=2my +e +a®)p,? +sin®6(r 2 +a® cos?6)p.?]

=sin®6(eer +apy)’.
(14)

When the transformation is reversible, the energy-
extraction process has its maximum possible ef-
ficiency. Repetition of an energy-extraction pro-
cess with maximum possible efficiency results

in conversion into energy of 50% of the mass of an
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extreme charged black hole and 29% of that of an
extreme rotating black hole. Thus, black holes
appear to be the “largest storehouse of energy in
the universe.”™*

ACKNOWLEDGMENT

We are indebted to John A. Wheeler for stimula-
ting discussions and also for advice on the wording
of this paper.

*Work supported by the National Science Foundation
under Grant No. GP-30799X.

!R. Penrose, Nuovo Cimento, Rivista, Vol. 1, special
issue, 1969.

’D. Christodoulou, Phys. Rev. Letters 25, 1596 (1970).

3D. Christodoulou and R. Ruffini, Bull. Am. Phys. Soc.
16, 34 (1971).

4S. Hawking, Phys. Rev. Letters 26, 1344 (1971).

SE. T. Newman, E. Couch, R. Chinnapared, A. Exton,
A. Prakash, and R. Torrence, J. Math. Phys. 6, 918
(1965).

6J. Bekenstein, Bull. Am. Phys. Soc. 16, 34 (1971).

"B. Carter, Phys. Rev. Letters 26, 331 (1971).

8J. B. Hartle, Phys. Rev. D1, 394 (1970).

*W. Israel, Phys. Rev. 164, 1776 (1967).

1°C. Teitelboim, Bull. Am. Phys. Soc. 16, 35 (1971).

g, A, Wheeler in a chapter in the Mendeleev anniver-
sary volume (Accademia delle Scienze di Torino, Torino,
1971).

2R. Ruffini and J. A. Wheeler, in The Significance of
Space Research for Fundamental Physics, edited by A. F.
Moore and V. Hardy (European Space Research Organiza-
tion, Paris, 1970).

3p, Carter, Phys. Rev. 174, 1559 (1968).

Up, Chrlstodoulou and R. Ruffini (unpublished).

PHYSICA

In two earlier papers! the author developed an
approximation procedure for finding the Lorentz-
covariant equations of structure? and motion of
interacting particles (represented by singularities)
in Einstein’s theory of the nonsymmetric field and,

because it
Einstein’s
procedure
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In two earlier papers the author developed an approximation procedure for finding the
Lorentz-covariant equations of structure and motion of interacting particles (represented by
singularities) in Einstein’s theory of the nonsymmetric field and in Einstein’s theory of the
gravitational field. In the earlier papers the author worked exclusively in a specific set of
coordinate systems, the harmonic coordinate systems. In this paper the author shows that
the procedure developed in the earlier papers can be used without imposing any conditions
on the coordinates except that the fundamental field be the Minkowski metric in the absence
of particles. The author also shows that up to any finite order of approximation the use of
harmonic coordinates does not reduce the set of invariantly distinct solutions to Einstein’s
field equations,

I. INTRODUCTION particles which could be represented by singu-

larities in a perfectly isolated region of the space-
time continuum. Such particles were called ideal
particles. The terms “ideal particle” and “per-
fectly isolated region of the continuum” were de-
fined in the earlier papers.

The approximation procedure developed by the
author allows one to find the equations of structure
and motion step by step with respect to the powers
of a parameter k which measures the “strength”

is a special case of that theory, in
theory of the gravitational field. The
was developed for the most general
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of the singularities associated with each particle
in the region being investigated. The approxima-
tion procedure for finding these equations is only
valid at points which are relatively far from each
particle, and one finds meaningful equations of
motion only for particles which are not too near
one another.

In the above-mentioned papers?® the author
worked almost exclusively in a specific set of
coordinate systems —the harmonic coordinate sys-
tems. In this paper the author will show that the
procedure developed in the previous papers can
be used to find the equations of structure and
motion for particles in any coordinate system
where the fundamental field g, —this is the field
which describes the structure of the space-time
continuum in Einstein’s theory — can be expanded
in a power series in « and where this field ap-
proaches the Minkowski metric n,, as « goes to
zero. The author will also show in this paper
that the use of harmonic coordinates over a re-
gion of the continuum does not reduce the set of
invariantly distinct solutions to Einstein’s field
equations — at least up to any finite order of ap-
proximation.

Unless otherwise stated the notation used in
this paper will be identical to that used in the two
earlier papers, Papers I and II.! It will be as-
sumed that the reader is familiar with these pa-
pers.

II. COORDINATES AND THE METHOD
OF APPROXIMATION

If no coordinate conditions are imposed on the
four-dimensional region of the continuum we are
investigating except for the condition that 8uv be
expandable in a power series in k of the form?

gl-W :Zk) Kk (k)g;.ur ’ (o)gm/ =nu7/ ’ (1)

then the field equations of Einstein’s theory of the
nonsymmetric field can be put into the form*

o
‘)/Tuyr]m:jy ) y’ﬁw,p]:O’ (2)

E“z')/(uu) = Yp) © 3 =Y. 5 N (o)’ o= [m/ ’

= T
p=Sus Iy 0,

where
Y =MppMoo 8 =My 5
Vo) =Moo 8 7 =1y s 3)
Y1 =2 €po 8 feol,

and
S“ :-%nupEPOK)\R?K')\,o] ’
t

wv = —2(R7;: 17 %nu unpaR?l;; q))'

The field g *” is the conventional contravariant ten-
sor density® associated with the fundamental field
&, and Rﬁ'v is that part of the contracted curva-
ture tensor R, which is nonlinear iny,,. Equa-
tions (2) replace Egs. (4.26) of Paper I where we
had assumed harmonic coordinates in the region
under investigation.

It should be noted that the expansion (1) can only
be valid at points which are sufficiently ‘“distant”
from the world lines of particles. The order of
magnitude of such “distances” is discussed in the
earlier papers.! When investigating the physical
consequences of Eqs. (2) it is to be understood
that we are investigating fields only at points suf-
ficiently far from the world lines of particles so
that (1) can be considered valid.

Equations (2) can be solved at each order only
if the conditions

s,'*=0, (5a)
l(u,}) V=0 (5b)

are satisfied at each order. It is immediately
obvious from its definition in (4) that Sy satisfies
Eq. (5a). If we use the same arguments involving
the Bianchi identities as were used in Paper I, we
find that if the field equations (2) have been satis-
fied in all lower orders, then Egs. (5b) are satis-
fied at any given order. Using Eqgs. (2) and pro-
ceeding step by step, assuming such a procedure
converges, we can determine the field y,, — and
through the use of (3) and the definition of g ", the
field g,, - to any order of approximation desired.

We now want to discuss a specific method for
solving Eqgs. (2). First let us define a field €}
through the equations

DZGZ =‘)/(up) P (6)

These equations always have a solution over a
finite region of the continuum - remember we are
only interested in solutions to (6) at “distances”
from the world lines associated with particles so
that (1) is valid. We can also assume without any
loss in generality - at least as long as we are only
interested in solutions to (2) up to an arbitrary
but finite order of approximation - that €} can be
expanded in a power series in x such that €0
as k-0. This follows from the fact that the right-
hand side of (6) can be expanded in such a power
series in «.

If we make use of Egs. (6), we see that the field
equations (2) take the form

szuzsu! jp‘u=0’
yfuv]' ! =ju ’ ‘yfuu.p] =0 ’ (7)
Dz‘)’(‘;w) = luv ’ 7()7111) V=0 ’
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where®

Y (v =‘)’(’tu/) + E:. vt 6:. T T’uveg' P (8)

Equations (7)-(8) are identical in form to the
field equations of Paper I, Egs. (4.26), and can be
analyzed in the same way. From (8), however,
we see that at each order in « the field to that
order” .1y, is not completely restricted by the
field equations in that an additional term & (v,
of the form

0 = 1Y w =k* ((k)eﬁ, » @€, = M (k)f?f‘ ), (9)

where (,e* is arbitrary, can always be added to
the field. If, as in Paper I, one imposes the con-
dition

Y " =0 (10)

on the field equations - that is, one insists on us-
ing harmonic coordinates in the region under in-
vestigation - then ()€ is not arbitrary but must
satisfy the equations

[P ex=0. (11)

We shall now discuss the source of the arbi-
trariness we have just found in the solution to
Egs. (2). Because of conditions (1) which were
imposed on the field g, before arriving at the
field equations (2), the field equations (2) are not
covariant under the group of general coordinate
transformations. They are however still covari-
ant under the group of Lorentz transformations
and under gauge transformations. By a gauge
transformation we mean a transformation of the
form

xM=xt+ et (12)

where €* is arbitrary except that it has a power-
series expansion in x such that ¢ -0 as ¢ - 0.2
Lorentz transformations are well known and will
not be discussed further here. Let us, however,
investigate some of the consequences of Eqs. (2)
being covariant under gauge transformations. Let
us assume we have a solution up to kth order”
@ 1Y to the field equations (2). Let us then make
a coordinate transformation to a new set of co-
ordinates x’H,

XM= x4+ kR €t (13)
where (,)€" is arbitrary. From (13) we find

ox'*
axV

=nh+ K e, (14)

and thus

1Y = 1Y v + K ((k)eu, vt €y, u = Myv (Iz)ep'p)

+0(k**1). (15)

From the above and the fact that

pz]')’;,.,(x')= [k]')’,'m(x)*'o(/(k”)’ (16)

we see that if we have solved the field equations
(2) up to kth order, choosing a new solution up to
kth order by adding a term 6 (,yy,, of the form

6 1Y = Kt ((k)Eu. vt @€y, p~ Mo (k)ep'p) (17)

to the original solution can be regarded as equiva-
lent to keeping the original solution but investi-
gating it in a new coordinate system related to
the old system through a transformation of the
form (13). We thus see — comparing (17) with (9)
- that the arbitrariness in the solutions at each
order found earlier associated with Egs. (2) can
be attributed to the freedom beyond a Lorentz
transformation one has at each order, except the
zeroth order, in the choice of a coordinate sys-
tem.

Next we show that if one solves Egs. (2) step by
step with respect to powers of « in any coordinate
system in which (1) is valid, one can always in-
troduce a coordinate system (primed) at each
order so that

k1Y U =O(K* ). (18)

All one need do is, at each order after solving
Egs. (2), make a coordinate transformation of the
form (13) choosing (v €, to satisfy the equations

O ) €4 = =) Yo"+ (19)

This can always be done as Egs. (19) always have

a solution over a finite region of space-time.® In
this manner one can step by step introduce a co-
ordinate system so that the field y(,, satisfies
Eqgs. (18) —at least to any finite order of approxi-
mation. The restriction of finite orders of approxi-
mation is made necessary because we have not
proved the convergence of the infinite series of
transformations involved if the procedure is car-
ried to infinite order. To sum up, we have found
that if one restricts oneself to solutions of Egs. (2)
satisfying (1), then the use of harmonic coordinates
up to any finite order of approximation does not
restrict the set of invariantly distinct solutions to
the field equations (2). This of course justifies the
use of harmonic coordinates in all practical ap-
plications of Egs. (2).

III. INERTIAL SYSTEMS

It should be noted that the general solution to
the homogeneous equations associated with Egs.
(2) - that is, to Egs. (2) where we set s, ju and
¢, equal to zero— will only differ from the gener-
al solution to the corresponding homogeneous equa-
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tions in Paper I by a term éyﬁu of the form

oyl =€, +e3h —nexr, (20)
where e;” is arbitrary except that it can be ex-
panded in a power series in « such that e;’;”-.O as
k—0.1° The form of the solutions to the homo-
geneous equations associated with (2) is impor-
tant since one finds using the approximation pro-
cedure described in Paper I that the character of
the entire solution to the field equations depends
on the choice of functions one takes as solutions
to the associated homogeneous equations.!!

One result of the analysis of this paper is that
one can always choose a coordinate system at
each order so that the coordinate-dependent term
(20) is absent from any chosen solution to the
homogeneous equations associated with (2). This
suggests that we define an inertial system within

our approximation procedure as a coordinate sys-
tem in which (1) is valid and in which the solu-
tions to the homogeneous equations associated with
(2) take the form given in Paper I through (5.16)—
(5.26). Note that this is not the definition of an
inertial system presented in Sec. V C of Paper I,
but a generalization of that definition to include
coordinate systems which are not necessarily
harmonic.

Using this new definition of an inertial system
one finds that the equations of structure and mo-
tion for particles in an inertial system will still
take the general form given in (6.4)-(6.9) of Paper
I. Also, the explicit low-order equations of struc-
ture and motion found in Paper II to hold in an
inertial system, that is, Eqgs. (1.51)-(1.58) and
Eqgs. (1.68)—(1.73), retain the same form under
the new definition of an inertial system.

Ic. R. Johnson, Phys. Rev. D 4, 295 (1971); 4, 318
(1971). The first paper will be referred to as Paper I;
the second, as Paper II.

2various quantities which characterize the structure of
a particle, such as mass, charge, spin, etc., will vary
in time. The equations satisfied by these quantities will
be known as equations of structure.

3A subscript (k) to the left of a field indicates order.

4Unless otherwise indicated all raising and lowering
of indices will be performed with the Minkowski metric
Tluy .

The field g * is defined through the equation g " =
(-g)1/2g", where g is defined through ZupE" = &y 8™
= 6";’ , and g denotes the determinant of g, .

We assume that the quantities €} can always be
chosen so that the magnitudes of the components of
€}, are all much less than 1 over those portions of the
continuum-—sufficiently far from the world lines of
particles—where we seek solutions to Einstein’s field
equations. That this assumption is reasonable follows
from the smallness with respect to 1 of the magnitudes
of the components of v, over such portions of the con-
tinuum, Note that from (6), D%} , = 5 -

A subscript [£] to the left of a field will mean that the
field with this subscript is identical up to terms of order
k to the field without the subscript.

8This implies e” is “small.” We shall restrict e* to
functions such that the magnitudes of the components of
€,,y are all much less than 1. With this restriction
transformations (12) are one-to-one and have a nonvan-

ishing Jacobian,

%We assume that transformations (13) for which (19) is
valid can always be chosen so that they are one-to-one
and have a nonvanishing Jacobian over those portions of
the continuum-—sufficiently far from the world lines of
particles—where we seek solutions to Einstein’s field
equations, That this is a reasonable assumption follows
from the smallness with respect to 1 of the magnitudes
of the components of k¥, v, Over such portions of the
continuum,

10We assume that the quantities e*7 can always be
chosen so that the magnitudes of the components of
f;f,”u are all much less than 1 over those portions of the
continuum—sufficiently far from the world lines of
particles—where we seek solutions to Einstein’s field
equations., Arguments for the reasonableness of this
assumption are entirely analogous to those given in Ref,
6 and involving €f.

10f course the equations of structure and motion
associated with the solutions to the homogeneous equa-
tions are not identical to the equations of structure and
motion which are associated with the solutions to the
full field equations. In using the approximation procedure
developed by the author, the functional forms of the
solutions to the homogeneous equations are retained in
the approximation procedure but the equations of struc-
ture and motion associated with these solutions are not
retained and are not imposed upon the particles., See
Sec. VB of Paper I.



