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We calculate the distribution of secondary particles C in processes A + B C+ anything
at very high energies when (1) particle C has transverse momentumP& far in excess of 1
GeV/c, (2) the basic reaction mechanism is presumed to be a deep-inelastic electromag-
netic process, and {3)particles A, B, and C are either leptons (l), photons {y), or hadrons
(h). We find that such distribution functions possess a scaling behavior, as governed by
dimensional analysis. Furthermore, the typical behavior even for A, B, and C all hadrons,
is a power-law decrease in yield with increasing pz, implying measurable yields at NAL of
hadrons, leptons, and photons produced in 400- GeVPP collisions even when the observed
secondary-particle p~ exceeds 8 GeV/c. There are similar implications for particle yields
from e~-e colliding-beam experiments and for hadron yields in deep-inelastic electro-
production (or neutrino processes). Among the processes discussed in some detail are
ll —h, yy —h, lh h, yh h, yh —l, as well as hh l, hh y, hh W, and W—h, where
W is the conjectured weak-interaction intermediate boson. The basis of the calculation is
an extension of the parton model. The new ingredient necessary to calculate the processes
of interest is the inclusive probability for finding a hadron emerging from a parton struck
in a deep-inelastic collision. This probability is taken to have a form similar to that gen-
erally presumed for finding a parton in an energetic hadron. We study the dependence of
our conclusions on the validity of the parton model, and conclude that they follow mainly
from kinematics, duality arguments a la Bloom and Gilman, and the crucial assumption that
multiplicities in such reactions grow slowly with energy. The picture we obtain generalizes
the concept of deep-inelastic process, and predicts the existence of "multiple cores" in such
reactions. We speculate on the possibility of strong, nonelectromagnetic deep-inelastic
processes. If such processes exist, our predictions of particle yields for hh —h could be
up to 4 orders of magnitude too low, and for yh —h and hh~ up to 2 orders of magnitude
too low.

I. INTRODUCTION

It is often said that the fundamental reason for
building particle accelerators of increasingly
higher energy is to probe matter at increasingly
smaller distances. ' However, what is said is often
not what is done. The connection between longitu-
dinal momentum and longitudinal distances is, if
anything, the opposite; as the energy increases the
important longitudinal distances inc rease. ' The
connection between transverse momentum and
transverse distances, indeed, is likely to be that
given by the Heisenberg uncertainty relations.
Nevertheless, the extensively studied two-body
and quasi-two-body processes are dominated by
impact parameters of order 1 F, independent of
incident energy. Distributions of secondary par-
ticles in strong interactions are dominated by low

pr & 0.5 GeV/c corresponding again to the same
distances -1 F, of the order of the physical exten-
sion of the particles. Indeed, these distributions
fall so precipitously with increasing P~, with em-
pirical fits typically of the form e '~~ or e +~,
that one is not sure whether there will be measur-
able production of very high Pr (&5 GeV/c} par-

ticles in strong-interaction processes.
On the other hand, high-energy tests of pure

quantum electrodynamics do exhibit a sensitivity
to small distances, and more recently deep-inelas-
tic electroproduction experiments and high-energy
neutrino processes have opened up a new class of
processes which indeed appear to be sensitive to
small transverse distances. It is the purpose of
this paper to explore as systematically as possi-
ble the implications of this class of processes in
hadron-hadron and other kinds of collisions. Spec-
ifically, we examine inclusive processes initiated
by high-energy hadron, photon, or lepton projec-
tiles in which the observed particle has large
transverse momentum, i.e., greater than several
GeV. If the exponential transverse-momentum
dependence associated with pure hadronic inter-
actions remains valid for somewhat larger values
of transverse momentum, then the differential
cross sections will decrease sufficiently so that
electromagnetic interactions could become impor-
tant. In fact, we find that the known deep-inelastic
electromagnetic mechanism is sufficient to pro-
vide a population of the high-P~ region of phase
space which falls off (at sufficiently high energy)
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FIG. 1. Secondary-particle distributions as calculated
in the parton model and compared to diffractive back-
grounds for typical NAL conditions.

roughly as a power, not as an exponential of p„.
In order to estimate the contribution to inclusive

processes from an electromagnetic effect, we use
an extension of the parton model' where the basic
process is the electromagnetic interaction between
the constituent partons. While the parton model is,
to be sure, of dubious quality, we believe that
most of our qualitative conclusions follow (within,

say, a factor 10 accuracy) from two general con-
siderations. These are, first, the over-all kine-
matics, and second, the presumption that the mean
multiplicity for these high-P& processes grows
slowly with increasing incident energy, final P)~ and

PT, more slowly, say, than a power of these vari-
ables. This will be discussed in more detail in
Sec. IV and in the Conclusion of the paper.

To compare with the extrapolations of the had-
ronic reactions, we consider as an example the
inclusive process A+ B- C+ anything where A, B,
and C are hadrons. The graphs in Fig. 1 compare
our parton-model calculation of the differential
cross section to observe particle C at 90' in the
c.m. system with a conservative extrapolation'
(do/dpr'- e '~r) of the purely hadronic background
for an NAL condition of s =800 GeV'. In particular,
the comparison shows that in the neighborhood of
Pr = 5 GeV/c there should be an abrupt flattening
of the slope of the observed cross section. For
smaller angles this could occur at an even smaller
value of P~.

Of course, the extrapolation in P~ of the form
e ' ~ to such large values could be quite erroneous.
On the other hand, the electromagnetic process

must be present and thus our results based on elec-

tromagnetic contributions may be viewed as a
lon~er boupgd on the real cross sections at large P~.

It may even be that the electromagnetic contri-
bution to such a process is never dominant. Such
a case exists in the model of Wu and Yang' which
describes elastic proton-proton scattering data
reasonably wel1. . In the Wu-Yang model, partons
interact strongly with each other via a current-
current coupling, such as would arise from ex-
change of a J= 1 "gluon. '* If such an analogy to the
vector electromagnetic interaction should hold
true for the inelastic case, ' then because of the
slow falloff with respect to q' of the electromag-
netic structure function a similar weak dependence
would be expected for the analogous large-momen-
tum-transfer hadronic reaction. In this case we
would expect similar distributions to the examples
given here, but increased in order of magnitude
by a factor of ~10' since the factor of a-' would be
absent. This emphasizes our point of view that
the purely electromagnetic processes provide only
lower limits to the real differential cross sections.

However, while the interpretation of inelastic
.electron scattering supports the fact that the pho-
ton-parton couplings exist, only vague speculations
can be made regarding the pure strong parton
vertices. We will thus confine ourselves to only
those processes where the scattering vertices
occur through photon emission or absorption and
thus expect only a lower limit on the possible size
of these processes.

In any case, this lower limit shows a reasonable
magnitude for the expected large-transverse-mo-
mentum cross section, indicating that study of
these processes is not only of considerable theo-
retical interest but also definitely within the realm
of experimental feasibility.

The main body of this paper is divided into four
sections. In Sec. II we introduce the parton model
used in the calculations and generalize the notion
of deep-inelastic processes to encompass a wide
class of scattering processes. Our parton model
is specified by two differential probabilities: The
first, called F(x), describes the constitution of an
energetic hadron as an ensemble of partons. The
second, G(x), describes the decay of a parton iso-
lated in phase space into a system of hadrons. The
existence and properties of G are motivated on the
basis of our experience with hadron-hadron pro-
cesses. Two forms for 6 are proposed which
should bracket the true function which will be
measured in colliding-beam experiments.

In Sec. III we sketch the calculations of the in-
clusive differential cross sections of interest. We
find that they can be written in a universal form
consisting of two factors, 4wn'/Pr' characteristic
of single-photon exchange and a form factor
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P(-u/s, —t/s) The numerous calculations are
organized into several subsections according to the
presence of hadrons in the initial or final states.
We make detailed numerical estimates of these
form factors and present the results in numerous
graphs. In a final subsection we consider weak
processes, including the production of the W boson,
which might be observable in hadron-hadron colli-
sions.

In Sec. IV we discuss in more detail the physics
underlying our assumptions concerning the func-
tion G. Invoking two familiar sum rules and a
generalization of an argument due to Bloom and
Gilman, ' we motivate our guesses for the func-
tional form of G which were used in the numerical
estimates. We finally consider the sensitivity of
our predictions to the possible failure of these
various speculative ideas.

In Sec. V we summarize our conclusions and
major experimental predictions.

Details underlying the calculations contained in
Secs. II-IV are contained in four lengthy appen-
dix es.

11. DEFINITION AND PROPERTIES OF
DEEP-INELASTIC PROCESSES FROM

THE PARTON VIEWPOINT

In the parton model an energetic physical parti-
cle is viewed at any instant as composed of a eol-
leetion of pointlike constituents, the partons. They
are the quanta of H„where H, is the kinetic-ener-
gy portion of the Hamiltonian. For our purposes,
a physical photon or physical lepton is predomi-
nantly composed of one parton, the bare photon or
bare lepton, with perturbation theory sufficient to
obtain the corrections. The parton composition of
hadrons is certainly more complex. From the
observed behavior of hadron collisions, i.e., the
approximate dx/x dependence of the inclusive dif-
ferential cross section, the probability of finding
a hadronic parton in some region of momentum
space is presumed to be roughly constant per unit
of lnP)i and rapidly decreasing as P~ increases.

In a collision process, the parton distributions
of target and projectile are modified by their inter-
action. In quantum electrodynamics, the Coulomb
interaction between charged partons predominates
at high energy. Also possible is low-momentum-
transfer exchange of partons in those regions of
phase space where the parton distributions of tar-
get and projectile overlap.

In hadron processes, Feynman' views this latter
mechanism as the predominant interaction in ordi-
nary collisions. On the other hand, we shall define
deep-inelastic processes as those relatively rare
processes where at least one parton is produced in
the final state a large distance in momentum space

from all initial-state target or projectile partons.
In particular, this requires such a final parton to
have high P~, since for small P~ longitudinal phase
space is generally well populated with partons.
Because deep-inelastic processes are rare, it is
reasonable to assume that one elementary process
involving a very small number of initial-state par-
tons is responsible for production of high-P~ par-
tons in the final state. Division of one parton into
two high-P~ partons is not possible if the partons
are light or massless (as we shall assume) except
as a highly virtual intermediate state. Therefore,
the simplest elementary process is high-P~ par-
ton-parton scattering, and the simplest coupling'
the point Yukawa coupling of Fig. 2. This cele-
brated diagram is to be taken here with point ver-
tices, and only when the exchange P~ is large and
the net amplitude small.

It will prove convenient to catalog these possible
elementary processes on the basis of the types of
partons (bare leptons, bare photons, hadronic
partons} present in a particular diagram. The
possible diagrams are shown in Fig. 3. In each
case the vertices and propagators are taken as
pointlike. Processes (a) and (b) are pure quantum
electrodynamics (@ED) of leptons and photons in
lowest order. Process (c) exists to the extent that
the parton model is a correct (or at least kinema-
tically adequate) description of deep-inelastic elec-
troproduction. Existence of (d) is assured from
the existence of (c). Process (e), parton Compton
scattering, requires the concept of a highly virtual
hadronic parton, but otherwise no unknown cou-
plings. Thus, while less compelling than (a)-(d),
its existence is at least plausible. Processes (f)
and (g) require strong pointlike trilinear couplings
of partons to each other. These are presumably
the unrenormalized vertices and may possibly be
~ '=0. These elementary processes have no or
one power of e rather than two for the others.
They would, if present, be expected to dominate
various high-P~ processes.

We have little evidence on which hadronie partons
exist (indeed, whether the concept is correct). We
feel it is relatively futile at this stage to speculate
wildly about the nature of strong parton-parton
interactions. Therefore, we consider mainly the
elementary electromagnetic processes (a)-(e).
The results we obtain, as mentioned earlier,
should be regarded only as rough lower bounds,
especially for those processes for which one can

FIG. 2. Pointlike Yukawa
coupling between partons.
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(2) The differential probability, dP;„offinding
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FIG. 3. A catalog of pointlike couplings among partons.

gF;(x}= vWi~i(x), (2.1)

where x= Q'/2mv.
The second element is the determination of the

probability of finding a hadron of a certain four-
momentum in the final state, given the configura-
tion of partons produced by the deep-inelastic pro-
cess. Here we make the following guesses, moti-
vated by the reciprocal analogy to the nature of the
first element:

(I} If a deep-inelastic parton of high pr has four-

identify possible mechanisms of the type (f) and (g).
After defining the fundamental scattering event

in the infinite-momentum frame as the interaction
between the constituent partons, the calculation
requires two additional elements. These are the
connections between the initial physical state and

the parton system, and, after the interaction, the
return of the parton system to the observed final
physical state.

The first is the probability that a hadron of type
a is a collection of partons, one of which, with

fraction x of the total momentum, interacts with a
photon. This probability is given by [F„(x)/e,'x]
for the ith parton of charge e;. The function F„(x)
depends in general on both the type of parton and
hadron. For inelastic electron scattering where
the hadron is a proton, it was shown by Feynman'
that summing over all partons gives

J dh
G;,(x)—= n;, ,

c/Eo
(2.3)

where 8;, is the mean multiplicity of the particle
of type c of mass I, emerging from the parent par-
ton of type i and energy E,.

(2) Conservation of energy in the parton decay
into hadrons requires

(2 4)

independent of i (the type of parton).
The latter sum rule suggests the approximation

that G;, is independent of i, the type of parton.
Further, since in our calculations we allow any
hadron to be observed, we define

g G;,(x) = G; (x) = G(x) . (2.5)

Intuitively we expect G(x) to be similar to the lon-
gitudinal momentum distributions in purely had-
ronic inclusive reactions in which a leading par-
ticle is observed. For example, the longitudinal
momentum distribution G(x)/x of the observed pro-
ton in P+P-P+anything is essentially flat for a
large range in x. Further, we show in Sec. IV that
a power-law behavior in 1 —x is expected for G(x)
when x is in the vicinity of unity. This is qualita-
tively the same kind of functional dependence as
vS', and so, in the absence of any more precise
knowledge, we will take G(x) proportional to vS',
with the constant of proportionality chosen to sat-

This probability is independent of the rest of the

environment; e.g. , the incident energy, incident
particles, or other partons. "

These guesses, which we expect the reader to
find somewhat arbitrary, are motivated in Sec. IV,
where, in addition, many properties of the function
G are derived.

Two of these properties which are useful in sug-
gesting a definite functional form for G are the
following sum rules:

(1) Integrating G;,(x)/x over all x counts the con-
tribution of the hadrons of type c repeatedly H;,
times over and thus,
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isfy (2.4). This approximation should be sufficient
for the kind of order-of-magnitude estimations of
interest here.

We test the sensitivity of our calculations to the
explicit choice of the function G(x) by considering
a second possibility of the form G(x) = 2(1 —x) which

is also commensurate with our intuition, the sum
rules and the power-law nature of G(x) near the
endpoint x=1. In the numerical estimates here
this choice can yield values nearly an order of
magnitude larger for our expected cross sections
and thus gives an estimation of the sensitivity of
our results to G(x).

We will see in Secs. III and IV that if one accepts
our parton model, the function G(x) can be directly
related to the colliding-beam experiments and to
electroproduction of hadrons. The data which will
soon be available will eliminate our uncertainty
concerning the chars. cter of G(x).

To give experimental support for the existence
of the function G(x) as well as to test for the pres-
ence of strong parton-parton interactions, it is
important to search for other experimental con-
sequences of deep-inelastic processes. We briefly
digress to discuss what general characteristics
they would probably have. Consider proton-pro-
ton scattering in the center-of-mass frame under
CERN intersecting storage ring (ISR} conditions.
In phase space a typical initial-state parton dis-
tribution is shown in Fig. 4(a). Suppose the par-
tons with longitudinal momenta -9 and +16 GeV/c
suffer a deep-inelastic scatter through 90' in their
center-of-mass frame, producing intermediate
state (b) in Fig. 4. This state may further evolve
through final-state interactions which predomi-
nantly would not be expected to also be deep-inelas-
tic. At the very minimum, the isolated high-P~
partons will communicate with the "wee" partons
by cascade emission of partons. If only low-P~
mechanisms are involved in the cascade, the re-
sultant parton four-momenta (approximately null)
will be proportional to the parent-parton four-
momentum. The result is Fig. 4(c). The hadron
distribution would also be similar to Fig. 4(c), and
the loci of all phase points in momentum space of
secondary hadrons in such an event would lie along
three straight lines with perhaps a dispersion ~P~
of order 0.3 GeV/c. This is, in cosmic-ray par-
lance, the phenomenon of "multiple cores. " Mea-
surements of the total energy of the cores and their
angles determine the center-of-mass energy of
the parton-parton system and also the center-of-
mass scattering angle. Such information would
shed much light on the nature of the most basic
elements of strong-interaction dynamics, despite
the fact that the parton charge, spin, etc. , are
not directly observed.

III. CROSS SECTIONS FOR THE UARIOUS

PROCESSES

A. Kinematics

In the limit of high energy and high transverse
momentum, we assume that we may neglect all
hadron masses, parton masses, and parton or
hadron transverse-momentum exchange in the
structure factors F and G, as discussed in Sec. II.
Thus no intrinsic dimensions remain and all cross
sections we discuss will exhibit a scaling behavior.
It behooves us to introduce scaling variables in
terms of which the cross-section formulas are
concisely written. With the notation of Fig. 5, we
choose

(3.1)
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FIG. 4. A momentum-space visualization of hadron-
hadron deep-inelastic scattering occurring in three steps.
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Pb

X)+ X2 ~+ 1.

In the laboratory frame (b at rest)

-E/F

(3.2)

(3 3)

and thus x, is the customary longitudinal fraction.
In any collinear frame

x,x, = P,'/s, (3 4}

where Pz is the transverse momentum of the pro-
duced particle c. Also (for any collinear frame)

E, +Ipslcose
E. —Ip, Icosa

) cot'(-,'8) (center-of-mass frame)

I (MI /2E, ) csc'(-,'&) (laboratory frame),
(3.5)

where 0 is the angle between p, and p, .
From dimensional analysis, and in accord with

our specific calculations, we write for the labora-
tory differential cross section for the inclusive
process a+ b- c+ anything

via one-photon exchange. (ii) yy-h via parton-
antiparton pair production; remotely possible to
measure in e —e' storage rings. (iii) ey- e
+ anything; this is deep-inelastic electroproduction
from a photon target"; again it is possibly mea-
surable in e —e' storage rings.

Section IIID: One and only' one hadron in the ini-
tial state. (I) Hadron distributions in deep-inelas-
tic electroproduction. (ii) Hadron distributions
in deep-inelastic Compton scattering. (iii) yh —g
+ anything; the virtual-muon flux in the incident-
photon state Coulomb scatters deep-inelastically
from the target.

Section III E: Theo hadrons zn the initial state.
(i) hh- l (+anything); this is the experiment of
Christensen et al. ,

"as interpreted by Drell and

Yan. " (ii) hh- y,
' this is similar to (i) but with

the parton-antiparton pair annihilating into two
photons. (iii) hh —h via deep-inelastic photon ex-
change.

Secti on III F: TVeak Processes a~zd 8' producti on.
(i) Total cross section for hh —W + anything via
Drell- Yan" parton-antiparton annihilation mech-
anism. (ii) Decay of W into hadrons and leptons.

B. No Hadrons in the Initial or Final State

This class includes well-known tests of pure
quantum electrodynamics; the dominant reactions
are

or

der da 4 we'
wE, d3 Eg.

d 2d 4 (Xiy x2)
Pt: PT PIIf: PT

do 4vn'
dx, dx, sx, 'x,'

{3.6a)

(3.6b)

y+y-l+l,
y+l- y+l,
l+l- l+l,
y+y- y+anything.

(3.7)

(3.8}

{3 9)

(3.10)

Tabulation of $(x„x,) then determines the value
of the cross sections at all incident energies, sec-
ondary energies, and angles. We consider these
processes a+ b- c+ anything in turn for the generic
cases of a, 6, and c either y, lepton (e or p, ), or
hadron. The 18 such cases are classified accord-
ing to four categories discussed in Secs. III B—III E.
A few comments regarding weak-interaction pro-
cesses are reserved for Sec. III F. To guide the
reader through the maze of processes, cross-sec-
tion formulas, and curves to come, the following
table of contents outlines which high-p~ processes
are discussed in detail:

Section IIIB: No hadrons in initial or final states.
(i} We write down F(x„x,} for the processes
yy-ll, yl- yl, ll-ll. (ii) We show that Compton
scattering of an electron at high p~ is feasible and
interesting in high-energy e- —e' storage-ring
experiments.

Section III C: No hadrons in the initzal state;
hadron in the final state. (i) e'e -h(+anything)

Reaction (3.10) is not very interesting, being
dominated by routine radiative corrections to (3.7).
For future convenience we record P,b, for reac-
tions (3.7), (3.8), and (3.9) in our scaling variables
X)~ X2'.

+ i r ~y y y~ l zX&X2(1 —2X~X2) 5(X1+Xz —1),
(3.11)
(3.12)7„,~=-,'x,x, '(1+x,')b(x, +x, —1),

F, , = —,'x, 'x, (1 + x, ') b(x, + x, —1),

,———,'x, '(1 + x,') b(x, + x, —1)

(3.13)

(Coulomb diagram), (3.14)

&„-„=-,'x, 'x, '(1 —2x,x,)b(x, +x, —1)

(annihilation diagram) . (3.15)

Reactions (3.7) and (3.9) are prominent channels
in e e colliding-beam experiments and need no
discussion here. Reaction (3.8) is of interest in
high-energy e e or e e colliding-beam experi-
ments as a test of the electron propagator in the
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timelike region (e.g. , production of e~ resonances).
The quantum-electrodynamic cross section for ye
elastic scattering through angles greater than 45
in the center-of-mass frame is

)O

I
)

I
)

I
)

I
)

I

2p(y ~2+ 1 Q.5 x 10
s v 2 —1 s (GeV)'

(3.16)

Upon taking s = (10 GeV)' and a probability of 4/o

that an electron contain a sufficiently energetic
WeizsKcker-Williams virtual photon to initiate the
process, this still gives a cross section of order
10 "cm', perhaps within the limits of feasibility.

For later convenience we also record the result
of folding (3.12) over the equivalent-photon spec-
trum" e(dk/k)[1 —k/E+ —,'(k/E)'] carried by an elec-
tron. The single-photon spectrum for process
(3.12) then has the form

ee~ (e) y~y + ~ ~ ~

'du u'
= e 1 —Ec+ [P(x)/Rl, x2) ye ye+ {xy x2)]

0 0.2 0.4 0.6 0.8 ).0
2

= fx (1 —+2+ 2go2) 1 — + 2
1 —x, 1 —X2

+ (X,—X2), (3.17)

Xp

I gG. 6. Q(I(, &, x&) for the process e+e —y+e+e.

where c = (2o/v) ln(E,«/m, } is the probability of
finding a virtual photon in the electron, typically
-0.04. Equation (3.1'7) is plotted in Fig. 6 for
e = 0.04.

C. No Hadrons in the 1nitial State; Hadron in the

Final State

This class of reactions includes

l + l —h+ anything (via single-photon exchange),

(3.18)

p+ y- h+ anything,

1+ p —h + anything .

(3.19)

(3.20)

They are all of interest, and we discuss them
in turn. Process (3.18), illustrated in Fig. '?, is
of great importance in the current e —e colliding-
beam experiments. We may compute the cross
section in our simple model" by convoluting the
point cross section for production of a parton-
antiparton pair (qq) with the probability dP;, for
production of a hadron of type a possessing four-
momentum xP„in Ch from a parton i of four-mo-
mentum P„.As discussed in Sec. II, this differ-
ential probability is assumed to be given by

cfG gQ (1+cos'8) .
dQ s (3.22)

Therefore, the cross section for process (3.18)
for production of a hadron of type a and momentum
P is

1

Q I dxG;. (x) =1.
a

{3.24)

p ' = (1+cos'8) g e, 'G.. . (3.23)
40~ RQ 2P

flQdp s "vs
S

where ef is the charge of the ith parton (or anti-
parton) type, assumed here to be spin —,'. In gen-
eral, for the purposes of estimating yields, we
shall in this paper (a) sum over hadron channels a,
(b) assume that only charged partons have quark
quantum numbers, (c}assume ~ G;,(x) is indepen-
dent of the parent parton of type i.

As discussed in Secs. II and IV, this third as-
sumption is made more plausible by the observa-
tion that, independent of i,

dP;, =—G;, (4)
8x

(3.21)
pl

independent of the rest of the environment in the
reaction. In the center-of- mass frame, the point
cross section is

FIG. 7. Mechanism for the process
e++e hadrons + anything.
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Thus we hereafter put

QG„(x)=-G(x) . {3.25}

Equation (3.23) can easily be cast in the standard
form (3.6), with the form factor & given by

2 2

IO

(Q&e =-'„the sum is over q end q) .
In order to continue, a form is needed for G(x).

As mentioned in Sec. II, and as will be further
discussed in Sec. IV, we have the conditions

—G(x) = n= me-n multiplicity of jet,
~ m(B

IO 3

I04 =
0.2';

dx G(x) = 1, (3.27} lo' =

G(x) (1 —x)~, x= 1

where P is related to the form factors I; for ex-
clusive processes in such a way that P probably
lies in the range 1 to 3. We therefore choose as
extreme cases

0.8

IO-' I I I I I I

0 O. I O.Z 0.3 0.4 0.5 0.6 0.7

Xp

G(x) = 2(1 —x},
G(x}= 6.84F(x),

(3.28)

{3.29)

FIG. 9. $(x&, x2) for the process
l+l A+anything; G(x) =6.84&W2(x).

with

E(x) =0.56(1 —x)'+2.2(1 —x)' —2.6(1 —x)' (3.30}

an empirical fit to the electroproduction data. "
With these choices 6'(x„x,), -, ~ is plotted in Figs.

Ioo

IO '

8 and 9. In addition, we plot, in Figs. 10 and 11,
P(da/dOdP), at 8, = 90' for center-of-mass
energies of 5 and 8 GeV, along with the background
of low P& secondaries computed in Appendix D.
This background is estimated according to p dom-
inance; the hadron production expected from p —p'
collisions is multiplied by (250} ' and folded into
the WeizsKcker-Williams virtual-photon spectrum
as in (3.35).

The process y+ y-h+ anything, (3.19), is mea-
surable in principle in colliding-beam experiments

10 2

IO 3

0.8

0
O
g)
n

C

C1

b»

»

cm2 h

ip-33

lp-34

ip-»—

e+e Colliding Beams: Js = 5GeV

+ y ~ hadrons

om e+e
n via one y

e from y+e —y+e

~ ~ ~ ~ ~

y from y+e y+e

~
I

IO-4 I I I I I I

0 O. I 0.2 0.3 0.4 0.5 0.6 0.7
X2

IO 36—

0 05 l,p I.5 2.0 2.5 3.0
pT (GeV/c)

FIG. 8. F(x&,x2) for the process
l+l /&+anything; G(x) =2(1-x).

FIG. 10. p der/dQdp)g —
9Q for the process

l+l-6+anything; vs =5 GeV.
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cm2

Ip 32

e+e- Colliding Beams: ~s =8 GeV

Ioo

o~ Ip 3
ll

E

Ip 34

y hadrons

s from e+e-
tion via one y

m y+e y+e

from y+e —y+e

io-I =

IO

Ip-35

Ip 36

I I

2

pT (GeV/c)

10

I04

0.8 0.7 0.6 0.5

I I I I I I

0 O. I 0.2 0.3 0.4 0.5 0.6 0.7
FIG. 11. p d(r/dQdp~ g-go for the process

l+l -h+anything; vs =8 GeV.

at high energies via the collision of the virtual
photons carried by the leptons. As shown in Fig.
12, parton-antiparton pair production, y+ y- q+ q,

provides a mechanism for producing hadrons of
high P~. To compute the production cross section
consequent from the mechanism of Fig. 12, we
observe that for the lepton processes

~

~

do' dv 4

(3.31)
Therefore, from (3.23) and (3.25)

Xp

FIG. 13. $(x'f xg) for the process
y+y —h+anything; G(x) =2(1 —x).

ified form in Figs. 15 and 16 suitable for colliding-
beam experiments, obtained by folding (3.33) over
the spectrum of equivalent photons, as described
in Appendix A,

Io

cmdP && & g Oem . VS
10

or in terms of the form factor,

Q e, ' =
g
~(3.32)

IO

(3.33)
is plotted in Figs. 13 and 14, along with a mod- IO 4

IO

I I I

0 O. I 0.2 0, 3 0.4 0.5 0.6 0.7
X2

FIG. 12. Mechanism for the process
y + y hadrons + anything.

FIG. 14. $(x&,xz) for the process
y+y —8+anything; G(x) = 6.84vR'&(x).
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'du, du, ~u

0 ~0 u1 Q2

1 —u, +—'
(3.34)

is again the probability of finding photons in the
leptons and is set equal to 1.6X10 ' in Figs. 15
and 16. The cross section for the high-P& pro-
cess (e'e - e'e h+ ) typically is -10 ' to 10 '
as large as the corresponding lepton annihilation
process. Therefore it appears that the prospects
for measuring this channel, e.g. , in high-energy
e e collisions, are rather remote but not unthink-
able.

The third process (3.20) is deep-inelastic scat-
tering of a lepton from the vector-hadron states
coupled to a real photon. " It can be estimated in
terms of the process l+ p'-&+anything, as dis-
cussed below in Sec. III D. One must remember
that the meson electromagnetic vertices may not
fall as rapidly with increasing Q' as nucleon elec-
tromagnetic vertices. Then by the Drell- Yan" or
Bloom-Gilman' argument (Sec. IV), the structure
function F(x} may not fall as rapidly near x = 1 as
vW, does for the nucleons. In other words, for

l+h-h+ anything,

1 +h —y+ anything,

y+ h —y+ anything,

y+h -h+ anything,

y+ h - l + anything .

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

Process (3.35) is the original deep-inelastic chan-
nel of electroproduction and needs no elaboration
here. ' We only record P(x„x,} in order to pro-
vide a simple basis for comparison with other
secondary distributions,

2

1 1

meson targets F(x) may look more like 2(l —x}
and less like vR', . But in any case this mechanism
is O(o.') and thus the net yield for this process is
not much better than for the deep-inelastic yy
proc e s s (3.19).

D. One and only One Hadron in the Initial State

The initial states of interest here include yp, gp,
ep, and vp, although the latter is outside the scope
of these considerations. Our results, however,
are readily adaptable to that case as well. The
generic inclusive processes are

I + h —l+ anything, (3.35)

IO 4 IO-4

IO '
IO

CUx

IO 6

CUx

IO 7
Io

IO IO 8

IO
—9

0 0. I 0.2 0.3 0.4 0.5 0.6 0.7
Xp

IO 9

0 0. I 0.2 0.3 0.4 0.5 0.6 0.7
Xp

FIG. 15. F(x&,x2) for the process
l + l h, +anything via 2y process; G(x) =2(l -x).

FIG. 16. $(xg, x2) for the process
l + l -h+anything via 2y process; G(x) =6.84~$'2(x).
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It is plotted in Fig. 1 I, using Eq. (3.30) for
F (F = vW, ).

The distribution of secondary hadrons in elec-
troproduction, channel (3.36), is of considerable
current interest. The model we use here asserts
that the hadron distribution in this reaction will
be closely related to that found in the very high-
energy colliding-beam processes. The mechanism
is illustrated in Fig. 18. In terms of the G(x) de-
fined in Sec. III C, the distribution of longitudinal
momentum P of produced energetic hadrons of
type a in the laboratory frame is given by

p/
/

p
/

FIG. 18. Mechanism for the process l +h —@+anything.

dQ'dvdP Q v F. 2E' ' 2M v P
" v

(3.42)

where the sum is over produced-parton types i,
and I'; is the contribution to VR', from partons of
type i. The rest of the variables are defined as in
Ref. 9. Upon summing over a and assuming as
before that Q, G;, = G independent of i, we find
simply that the distribution of energetic hadrons
has the same functional dependence as in colliding-
beam experiments":

dN 1 P—= —G — electrop roduction,
dp p v

assumed; this is discussed more in Sec. IV. We
record 8'(x„x,),„„belowand plot it in Figs. 19
and 20:

8' (xi x )&h2a= 2g-1 sxi (1+1 )
dy y
i-y

xp 2 y Q 1

5'=QS . (3.44)
a

Turning now to process (3.37), Lh-y, it appears
to be useful, at best, as a way of testing quantum
electrodynamics by wide-angle bremsstrahlung",

dN 2 2P—= —G colliding beams .
dp p vs

(3.43)

Again, small P~ relative to the direction of the
virtual photon for the merging hadrons has been

IO I

IO

0.7

I
I

I T ~
I

IO

IO- I IO

x

CUx
IO 2 IO

—4

IO

IO
—4 I I I I I I I I I I I I

0 0.08 O. I 6 O.24 0.32 0.40 0.48 0,56
X2

0 O. I

I I I I I

0.2 0.3 0 4 0.5 0.6 0.7
X2

FIG. 17. 5(xg, x2) for deep-inelastic electroproduction
l + h —l +anything.

FIG. 19. 5(x&,x2) for the process
l + h h+anything; G(x') =2(1-x).
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CUx
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0.3

lpe I I I I I I

0 O. l 0.2 0.3 0.4 0.5 0.6 0.7
Xp

FIG. 20. 5(x&,x2) for the process
l + h- A+anything; G(1(,

.
) = 6.84vtV2(g).

lp4 I I I I I I

0 O. l 0.2 0.3 0.4 0.5 0.6 0,7
Xp

FIG. 21. $g&,x&) for the process
y+h- y+ anything.

i.e., Compton scattering of the Coulomb field of
the hadron by the incoming lepton. We shall not
discuss this rather familiar process further.

Process (3.38) has been already discussed in
the literature from the parton point of view. ' It is
related, for the quark distribution functions as-
sumed in this paper, to electroproduction by the
simple formula (laboratory variables)

da' da (E, —E,)' (Qe )
dP'dp ) -y dP'dp

i - E.E. (Q& ')

=0.3 E E' . (3.45)
(E E)

0 C

In terms of &~„z,we have

CJx

IP-P

IP 5

$(x„x,)„„„=—,'x, (1 —x,)(1+x,')Q e F;
Xg

(3.46)
The sum over the I

&
weighted in a different way

from the sum for vS', requires a model for the
parton distributions which is elaborated in Appen-
dix B. We plot W» &

in Fig. 21 using the form
factors I'; described in Appendix A. We empha-
size that the elementary process for deep-inelas-
tic Compton scattering involves exchange of a
very virtual parton [Fig. 3(e)]. We must there-

IP
—6

lp-7 I

0 0 I 02
I I I I

O. 2

0.3 0.4 0.5 0.6 0.7
Xp

FIG. 22. Sg&,x2) for the process
y+A-h+anything; Gg) =2(1-x).
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fore consider this calculation less reliable than
the corresponding calculation for electroproduc-
tion."

The discussion of the hadron channel (3.3S) in

deep-inelastic Compton scattering directly paral-
lels that for electroproduction; Eq. (3.43) remains
true and (3.42), appropriately modified using (3.45),
survives as well. As usual we record F for this
case and plot it in Figs. 22 and 23 for the two as-
sumed forms for G(x).

P(x„x,)r~ „=z J[ x,'(I+X')

{0) k

(3.47)
One may question whether, in addition to the

O(o'} process we have considered [shown in Fig.
24(a)] there exists an O(o) process [shown in Fig.
24(b)] which is associated with an elementary deep-
inelastic process involving a strong parton vertex
[as in Fig. 3(f}]. If the lower strong parton vertex
exists, then copious numbers of high-P~ secon-
daries might result. If the final unobserved par-
ton at the lower vertex [Fig. 24(b)] is a J'= I' gluon,
then the distribution function (3.47) multiplied by
a factor &100 may roughly represent the expected
distribution.

FIG. 24. {a) Mechanism for deep inelastic Compton scat-
tering. (b) Possible O(o.) mechanism for y+h h+ anything.

We now consider process (3.40), electromag-
netic pair production, which is a well-known test
of quantum electrodynamics. But another aspect
of this process, perhaps useful at electron accel-
erators, emerges at very high energies. This is
to consider the virtual muons in the y rays as an
effective muon beam. One percent of the time
there is a virtual muon in a high-energy y ray,
while typically only &10 ' real muons per y can be
obtained by converting photons in a target. By
looking at secondary muons at very high P~, one
might observe deep-inelastic muon-nucleon scat-
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I
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)
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FIG. 23. 5{x&,x&) for the process
y+h- 8+anything; 6(x) = 6.84&W&g).

FIG. 25. F(x'&, x&) for the Bethe-Heitler process
y+ h p +anything.
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I'a

Pb Pb

FIG. 26. Drell- Yan mechanism for the
process h + h l + anything.

FIG. 28. Mechanism for the process h+ h-y+anything.

tering with a flux -100 times greater than other-
wise obtainable. The flux of virtual muons of
given charge per incident photon is approximately
represented by the formula

—ln —1 [x'+(1 —x)'],dN n E
dx 2m m

(3.48)

where x =E„jE&.When this distribution is folded
against the deep-inelastic formula (3.41), we find

for the secondary distribution of muons of given
charge:

F(x„x,)„„„—=
4

ln ——,[y +(1 —y) ]
Ey dp 2

x,'(y'+ x,') x,y
3'

(3.49)
This is plotted in Fig. 25.

h +h —l + anything,

h + h —y + anything,

h + h —h + anything.

(3.50)

(3.51)

(3.52)

Process (3.50) has been mea, sured by Christen-
sen et al."and calculated in the parton model by
Drell and Yan" and many others. " We here con-
sider the Drell-Yan model, where the process
goes only via parton-antiparton annihilation, as
shown in Fig. 26. The function F is in our notation
given by

E. Two Hadrons in the Initial State

The final three processes are all relevant to ex-
periments at the CERN intersecting storage rings
as well as to measurements of single-particle
distributions at NAL. They are

Io

CUx

I 0 4 IO4

I
O-'

IO'

IO 7

0 0.08 O. I 6 0.24 0.32 0.40 0.48 0.56
Xp

IO
0 0.08 O. I 6 0.24 0.32 0.40 048 0.56

X2

FIG. 27. 5{x&,x'&) for the process h+ h l +anything. FIG. 29. F{x&,x2) for the process h+ h-y+anything.
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Pa

Pb

Pa

FIG. 30. Possible 0(n) mechanism for the process
h + h —y+ anything.

Pb

5'(x» x,)„„,= 2
' dyy(1 —y}[1—2y(1 —y}]

(b)

(3.53)

where the sum over i goes over all parton (and
antipa, rton) types. For protons incident and for
the quark distributions we have been using (de-
scribed in Appendix B), 5'„„,is plotted in Fig. 27.

Process (3.51) describes production of yy pairs
via parton-antiparton annihilation, as in Fig. 28.
The elementary deep-inelastic process [Fig. 3(d)]
involves strong-parton exchange and is therefore
on less firm ground than the previous process,
being in the same category as inelastic Compton
scattering and deep-inelastic hadron production in

yy collisions. " Given this caveat, the computation
follows that of (3.53}, and the answer is

5'(x» x,)„„„=—,
'

dy[1 —2y(1 —y}]

Pa

Pb

FIG. 31. (a) Photon-exchange mechanism for the pro-
cess h+ h h + anything. (b) Annihilation mechanism for
the process h+ h h+anything.

a factor &100. This mechanism is, of course,
even more speculative than that of Fig. 28.

The final reaction (3.52) of hadron production is
of special interest. Photon exchange [Fig. 31(a)]
between the incident hadrons (or partons therein)
is a sure mechanism for populating the high-P~
region, and the contribution is readily calculated
from our assumptions. The result is

(3.54)

Equation (3.54) is plotted in Fig. 29 for the quark-
model choices of structure functions described in
Appendix B.

In this reaction, one may again question whether
a process of lower order in a might play the dom-
inant role. The elementary deep-inelastic parton
process is the same [Fig. 3(f)] as in the yh-h pro-
cess discussed in Sec. IIID; we illustrate the mech-
anism in Fig. 30. Again, if the unobserved high-
P~ parton is a gluon, the photon yield may be es-
timated by multiplying 5„„»as given in (3.54) by

iy( )
coulomb 1 dyidy2xl (yi y2 + xi )

yi'(y y. —x.}y.'

F„y,G;, y2Fb

(3.55)
This contribution is plotted in Figs. 32 and 33 for
the quark-model choices of form factors F and G
discussed in Appendix B. The Drell-Yan parton-
antiparton annihilation mechanism [Fig. 31(b}]pro-
vides an additional contribution

(3.56)

It is plotted in Figs. 34 and 35. One sees that it is
generally small enough compared to the Coulomb
contribution that it may be ignored.

In addition to these O(a') mechanisms there are
elementary deep-inelastic parton processes in-
volving possible strong parton vertices which may
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conceivably be present and give contributions of
O(n) or O(1). The O(1) contribution associated
with J=1 gluon exchange is the most serious pos-
sibility and was discussed previously in the Intro-
duction. Should the mechanism exist, one multi-
plies F» „asdefined in (3.55) by a factor F10'.
If the mechanism exists, one should observe at the
CERN ISR secondary hadrons with P~ in excess of
8 GeV/c.

F. Weak-Interaction Processes

10

10

I
I

I
I

I
I

I
I

I
I

'
I

Before leaving this section, it is appropriate to
mention the role of weak interactions in these con-
siderations. Given the conventional local or inter-
mediate-vector-boson current-current couplings,
it follows" that particle production via virtual- W—

exchange processes (or even the direct Fermi
couplings) will be much smaller than electromag-
netic processes because (Gu 2)'«4na'pr ' for
pr«100 GeV/c. However, this is not the case for
processes involving production of the 8'." In the
process h+0 —8" +anything, calculated via the
Drell-Yan parton-antiparton annihilation mecha-
nism, one finds

dx 1o'= vGv 2 —Q ,E„(x)F—~. , (3.57)
m /s; a

where Q; is a sum over parton-antiparton pairs
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FIG. 33. Coulomb contribution to $(x&,x2) for the
process h+ h h+anything; G(x) = 6.84~8'&(~).

I I I I I I I I I I I I

IO IO-4

CUx
10

x
Nx

10

10 '
10

10
IO '

05 04

10
0.08 0.16 0.24 0,32 0,40 0.48 0.56

X~

IO-B I I I

0 0.08 0.16 0.24 0.32 0.40 0.48 0.56
Xp

FIG. 32. Coulomb contribution to $(x&,x2) for the
process h+ h-h+anything; G(x) =2(1-x).

FIG. 34. Annihilation contribution to P(x &,x2) for
process h+ h-h+anything; G(x) =2(1-x).
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10
—3 dh 3 (2 -4P, '/m '}

der' m~' (1 —4fpr'/mv')'" ' (3.58)

CU
X

X

10 4

10 '

0—6

Single-8' production in other processes we have
discussed requires knowledge of the electromag-
netic vertex of the W and will not be considered
here.

Neutrino-induced processes, as is well known,
share such similar features with electroproduction
[because of conservation of vector current (CVC)]
that we need not dwell on them here.

IV. THE RELATION BETWEEN THE
INTERMEDIATE PARTON STATE

AND THE FINAL HADRON STATE:
PROPERTIES OF 6(x)

10 0.1

10 I I I I I I

0 0.08 0.16 0.24 0.32 0.40 0.48 0.56
X2

FIG. 35. Annihilation contribution to $(x &,x2) for
the process h+ h h+anything; Gg) = 6.84vW&(x).
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x 10 33
+

+
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s/rn~

FIG. 36. Total cross section for W production in
Drell- Yan parton-antiparton annihilation model.

i, i' with the quantum numbers of the W. This
cross section is -4x]0 "cm' for s»m~' and is
plotted for the wave functions we use in Fig. 36.
The decay branching ratios are, in the parton mod-
el, & for ev, p. v, and hadrons. The hadron distri-
bution in the rest frame of the 8' should be very
similar to that for e e annihilation, Eq. (3.23) or
(3.24), with appropriate isotopic-spin modifica-
tions. The transverse-momentum distribution of
the decay leptons is spectacular; it is the same as
for a W at rest:

A basic ingredient in our calculations is the par-
ton model as practiced in the interpretation of deep-
inelastic electroproduction. This approach gives a
description of the initial hadronic system of collid-
ing particles in terms of constituent partons sum-
marized by the structure function F(x) = vtV, (x). We
have attempted in a similar fashion to relate the
intermediate parton system existing after the deep-
inelastic interaction to the final system of produced
particles as summarized by our use of the function
G (x}.

In this section we critically discuss this latter
step; in particular, we discuss the degree of plau-
sibility of the assumptions, the conditions neces-
sary for their validity, and the consequences to our
predictions if the assumptions fail.

Given the assumptions leading to G(x) as approxi-
mately correct, a great deal may be inferred about
its properties using the sum rules (2.3) and (2.4).
Furthermore, a generalization of the connection be-
tween inclusive and exclusive processes as dis-
cussed by Drell and Yan, "Feynman, ' Bloom and
Gilman, ' and others may be derived.

To begin let us look again at the configuration of
partons in phase space immediately after the deep-
inelastic interaction for the generic processes of
(a) e'e -hadrons, (b) ep —e+hadrons, and (c)
pP -hadrons, as shown in Fig. 37. The collision is
depicted in the over-all center-of-mass system
with the beam axis along the z direction and the
deep-inelastic parton-parton collision defining the
xz plane.

Our problem is to guess which final-state hadron
configurations have the largest overlap with the
post-reaction parton configurations. The most sig-
nificant consideration in this regard is that a par-
ton which has been given a large p~ by the interac-
tion ("active parton") has a large subenergy when
combined with any other parton in the configuration.
It is generally assumed in the parton model that
the condition of large subenergy of two partons im-
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plies little or no correlation or interaction between
them, i.e-, the evolution of a parton which is dis-
tantly removed in phase space from the rest of the
partons should be independent of them. Supposing
that this is indeed the case, the problem is reduced
to following the evolution of each active parton.

To this end we recognize that deep-inelastic re-
actions are relatively rare in hadron physics, and

thus, the subsequent evolution of a parton should
be dominated by a succession of the usual small-P~
"ordinary" reactions. This condition means no
large subenergies will be created in the cascading
division of the active parton into other partons.
The resulting parton configurations in Fig. 37 then
have evolved into those shown in Fig. 38, consist-
ing of several jets of partons with tails pointing
back to the origin in momentum spa, ce. The parton
configuration resulting from an ordinary hadron-
hadron collision (Fig. 39) is also a pair of such
jets. Feynman conjectures' that for such a con-
figuration, the resulting hadron distribution will be
similar to the parton distribution. Applied to our
case, this conjecture implies that the distributions
of final hadrons will also be as shown in Fig. 38.

The eventual disposition of the possible fractional

PT

'dx—G;, (x) = n;, = G,, (0) lnE, +const
r min

(4.1)

charge carried by the active parton is related to the
manner in which the tail connects up with the other
partons at the origin. " At this point the relative
subenergy between the relevant partons will be
small and there will be considerable interaction
with the tails of the other jets present in the final
state. Thus, it is not inconsistent that the parton
jet have fractional charge and the associated had-
ron jet have integral charge.

These qualitative considerations lead us to three
essential assumptions which motivate the existence
of the function G(x).

(1) The dynamics of the high-pr component of the
state factors out from that of the rest of the envi-
ronment.

(2) The (pr) in the parton cascade (e.g., the width
of the band of phase points in Fig. 38) is the usual
300 MeV/c characteristic of the dominant hadron
reactions.

(3) The parton multiplicity and momentum distri-
bution in each jet are, respectively, 1np and dp/p.
These assumptions allow us to infer further prop-
erties of G(x) which we now elucidate.

We first consider the sum rules (2.3) and (2.4),

(a}

PII

(b)

PII

(b}
PT

(c) PT

(c) PT

PII

FIG. 37. Configuration of partons in phase space im-
mediately after deep-inelastic interaction for (a) e e

hadrons, (b) ep e+hadrons, (c) pp hadrons.

FIG. 38. Configuration of partons in phase space long
after deep-inelastic interaction for (a) e'e hadrons,
(b) ep e+hadrons, (c) pp hadrons.
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and

I
dx G,, (x) = e„Z,c, = 1,

0
(4.2)

where e, is the fraction of the total energy E, of
the jet carried by hadrons of type c. We derive
these relations in Appendix C. However, to make
them more familiar, we may take the basic defini-
tion of G(x) = Q, G, , (x), as used in Secs. II and III,
to be the longitudinal momentum distribution, in
the laboratory frame, for hadrons produced in pro-
cess (b), the deep-inelastic electroproduction pro-
cess. Because, as viewed in the laboratory frame,
the active parton i has absorbed all the energy v of
the virtual photon, the function G(y) is just propor-
tional to the inclusive distribution function as cus-
tomarily defined for projectile fragments. In that
case the two sum rules (4.1) and (4.2) are the well-
known ones expressing probability conservation"
and energy conservation, "respectively.

The factorization property (the first of the three
essential assumptions) tells us that the laboratory
distribution of hadrons in deep-inelastic electro-
production is essentially the same as the colliding-
beam process (a). Provided p~~»pr for the fast
hadrons in the deep-inelastic electroproduction
process (b), then the colliding-beam distribution
function for fast secondary hadrons is easily re-
lated to that of deep-inelastic electroproduction by

(p 2 Pll
dN dE

(4.2)

FIG. 39. Configuration of partons in phase space
after an ordinary hadron-hadron collision.

where dN/dp is the mean number of hadrons pro-
duced in momentum interval dp per collision, and
v for process (b) is set equal to —,

' us for process
(a)

The sum rules (4.1) and (4.2) are extremely use-
ful in both normalizing the function G(x) as well as
for inferring the behavior of G(x) near the origin.
Assuming no more than a logarithmic rise of mul-
tiplicity with increasing v in deep-inelastic electro-
production implies that G(x,.„)is bounded as x-x,

„—const/v (a result familiar" from hadronic proces-
ses). The finiteness of G(x) near x=0, used with
the energy-conservation sum rule (4.2), then pro-
vides a reliable normalization for G(x).

Finally, we note that it is possible to relate the
inclusive distribution functions near x=1 to the
elastic electromagnetic form factors in a manner
similar to the connections between inelastic and
elastic form factors discussed by Drell and Yan"
and by Bloom and Gilman, ' and many others. This
argument is most easily carried out for the collid-
ing-beam process e'e —m+ "x". As the q energy
approaches its maximum energy E„the missing
mass I of the unobserved system decreases until
at E„it is just the mass of a single z, In terms of
the energy E of the observed pion, we have tQat

yyz' E
4E ' E, '—1 —x=1-— (4.4)

When n~ = 2 GeV we may expect to see resonant be-
havior in the pion distribution function G(x) corre-
sponding to the two-body channels such as wA, mes,

7)p, and at x 1, p7T. We assume that whatever the
dynamics responsible for the inclusive distribution,
it extrapolates smoothly into this "resonance" re-
gion. Then, provided the interaction radius is
~ 1 F, the number of angular momentum channels
available to the recoiling system when m & 2 GeV
is bounded. We now decompose the multiparticle
amplitudes which build G(x) into this finite number
of angular momentum channels, a finite fraction of
which are resonant. The amplitudes in the reso-
nant channels should be enhanced by a finite factor
given roughly by the Breit-Wigner resonance for-
mula. Consequently, the contribution of the reso-
nances should be a finite fraction of the total con-
tribution to G(x) in the resonance region, i.e.,

J
1

dx G(x) —sum of resonances & F,'(4E,'),
m2/gE

(4.5)
where-means "of the same order of magnitude, in-
dependent of E,." If F,(q')-(q') ~, then as found by
Drell and Yan, and developed by Bloom and Gilman,
(4.5) implies that G(x) (1 —x)'~ '. It is almost un-
thinkable that F„besmaller than the nucleon form
factor. Thus, P ~ 2. It is even more unthinkable
that F„&0 as q

' —~. Therefore, P & 0 and more
probably P & 1. For P = 2, G(x) has all the qualita-
tive features of the famous electroproduction struc-
ture function vR'„and this motivates our choice of
the "minimum" G(x) =6.84vW2(x) in Sec. III. The
"maximum" G(x) we take to be 2(1 —x), correspond-
ing to F„(q')-q ' as q'-~, and consider it unlikely
that G(x) is larger than this for large y. Thus these
two choices for G(x) could provide reasonable up-
per and lower bounds to the true situation.

We are now in a position to return to the three
assumptions we posed earlier in this section and
ask what consequences follow if they were not true.

(1) If "factorization" were false, there would be
considerable interaction between partons of large
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subenergy and Feynman's picture of the dynamics
would have to be abandoned. The most incisive ex-
perimental test of "factorization" is the comparison
of secondary hadron distributions in e'e colliding-
beam processes (at very high energies} with the

hadron distributions in deep-inelastic eleetropro-
duction as given by (4.3). They should be very
similar.

(2) If the longitudinal momentum distribution is
held fixed and (p ) is allowed to grow, the Pr dis-
tributions calculated in Sec. III would broaden even
further. Thus our choice of low (pr) is the most
conservative we could make. The cleanest experi-
mental test of this assumption is to measure (pr)
as a function of p~~ and v in electroproduction pro-
cesses, especially for energetic secondaries.

(3) The assumption of low multiplicity is crucial
for the calculations of Sec. III. We believe it un-
likely that the hadron multiplicity n at photon ener-
gy v in deep-inelastic electroproduction is smaller
than that for photoproduction at the same v. But n

might be larger, and the sum rules make it clear
that in such a case G(x) increases for small y, and

decreases for large y, possibly becoming, for in-
finite energy, zero except at y = 0. Such a situa-
tion, "of course, would drastically reduce the yield
of high-p~ particles from what we have estimated.
While we cannot rule this out, we find such a possi-
bility somewhat unattractive, because this would

mean a very small yield of high-momentum parti-
cles in the colliding-beam process. However, the
power-law falloff of electromagnetic form factors
and their successful integration into the electropro-
duction scaling function by Bloom and Gilman
strongly suggest a large yield of high-momentum
particles in the colliding-beam process. Again, the
measurement of hadron distributions in electropro-
duction, v processes, and colliding-beam experi-
ments will provide clear answers as well as well-
defined input functions for the' calculations of had-
ron-hadron processes.

We hope that this discussion makes our use of the
functions G(x) more plausible. We have also at-
tempted to- demonstrate that our estimates actually
depend rather weakly on the details of the parton
model, but rely mostly upon kinematics and the
crucial assumption that multiplicities in the deep-
inelastic processes grow slowly with increasing en-
ergy and pr (more slowly than a power). This lat-
ter assumption, while perhaps the most popular
option around at present, is anything but compell-
ing. However, it is susceptible to test, and if
wrong, opens up a very new and most interesting
kind of dynamics itself.

V. CONCLUSION

We list here some of the more salient features

and results as obtained from our analysis.

1. Particle Production Rates

For inclusive processes initiated by hadrons,
photons, or leptons and where a final hadron is ob-
served with large transverse momentum we expect
several orders of magnitude increase in cross sec-
tion over what might be expected from an extrapo-
lation of existing data with the extrapolating form
e '~r. This means that for both the ISR and NAL

machines there will be high-transverse momentum-
particles sufficiently copious to warrant a system-
atic study of high-transverse-momentum processes.

Typical cross sections deduced here vary roughly
as a power law in p~ rather than as an exponential
in p~. In particular, Fig. 1 shows the expected
cross sections for NAL with a beam energy of 400
GeV.

These cross sections, which are of order n', are
based on the assumption that the scattering at high

p~ is the result of an electromagnetic interaction.
Based on our experience with the deep-inelastic
electron scattering we expect these results to yield
the correct order of magnitude in a model-indepen-
dent manner, and thereby to provide a reliable low-
er bound to the expected cross sections.

The explicit numerical results given here in the
various graphs are obtained using a parton-consti-
tuent model of hadrons which also yields relations
among the many different processes listed in See.
III. Within this model our main quantitative un-
certainty is in the relation between the intermedi-
ate-constituent-parton system and the final-ob-
served-hadron system. This uncertainty can be
eliminated when data become available on the spec-
trum of final hadrons in either deep-inelastic elec-
tron scattering or colliding-beam experiments.

2. Scaling Behavior

Since all masses are neglected in our calculations
it is natural that the cross sections at large energy
and high p~ have a sealing property which is given
explicitly by (3.6a) and (3.6b). This property is in-
dependent of details of our constituent model. Ex-
cept for the factor p~ 4, characteristic of single-
photon exchange, we expect that the cross sections
will depend on two scaling variables x, and x, as
defined by (3.1) and (3.2}. This is in contrast to
the observed behavior at smaller values of pr (& 1
GeV/c) where the pr distribution is roughly inde-
pendent of p~~ and

The parton-constituent model further predicts
that. the charge ratios for final hadrons in Sec. III E
should be similar to the charge ratios for final
hadrons in processes initiated by leptons or pho-
tons as in Secs. III C and III D.
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3. Cores and MultiPle Cores

In Sec. IV we have described the decay evolution
of an active parton and motivated the existence of
a function t"(x) which gives the probability of decay
of the intermediate parton into the final observed
hadron. This function is proposed to depend only
on the ratio x of hadron to parent-parton energies
and further assumes that the emerging hadron is
confined to have only small p~ with respect to the
active-parton direction. Thus in electroproduction
of hadrons, the longitudinal momentum distribution
should depend only on v independent of Q' (to the
extent that the parent-parton distribution has only
a weak dependence on u). The final hadrons are
therefore expected to emerge in a corelike distri-
bution along the virtual-photon direction.

This kind of behavior is expected also in collid-
ing-beam processes as well as in hadron-hadron
collisions where the subsequent hadron distribu-
tions should collect into multiple corelike distribu-
tions as discussed in more detail in Sec. IV. This
kind of distribution is in sharp contrast to a statis-
tical model in which the distributions are essenti-
ally uniform.

4. Similarity of Hadron Distributions in
ep and e'e Processes

The existence of the function G(x) suggests an
equality between the number distribution of the fi-
nal observed hadrons in the processes e+p-h+
anything and e'+e -h+ anything. Corroboration of
this result is fundamental to the arguments given
here and behooves prompt experimental verifica-
tion or rejection.
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APPENDIX A: DERIVATIONS OF
CROSS-SECTION FORMULAS

We will derive here the differential cross sec-
tions for the processes discussed in the text. This
material is obtained most efficiently by consider-
ing the simple quantum electrodynamic processes
first and building the hadronic cross sections from
these parts. Furthermore, after starting the cal-
culations by quoting certain familiar formulas for
quantum-electrodynamic processes written in
terms of conventional variables such as scattering
angle, we will convert to the scaling variables x,

, (1+cos'8)5 (E E,);- (Al)

where E, is the energy of one of the incident lep-
tons. In order to identify S(x„x,}„;,for this
process, we should write (Al) in the form of Eq.
(2.6a). Changing variables,

where

Pll T
(A2)

P~ = E sin 0, P)( =E cos 0.

Recalling that the center-of-mass expressions for
x, and x, read

1 E 1 Ex = ——(1+cos8) x = ——(1 —cos8), (A3)2E y 2

we can easily rewrite (A2) in the form

d(7 47T Q (snfl)
2 4 +( 1& 2)t+1

R~) p'z Pg

and identify

(A4)

F(x„x,)I,"-",
, = x,'x, '(1 —2x,x,}5(x,+ x, —1).

(A5)

The corresponding formula for the processes

y+y - l+ "X", l+ l - y + "X"

is simply obtained from this result by recalling
their differential cross section

do a2 1 + cos20
dEdD 4E' sin'8

So, if we multiply (A5) by

4 1
slxl 8 x~x2

(AS)

we obtain the S(x„x,}for these processes,

F(x,x,), , = —,'x, x,(1 —2x, x,}5(x,+ x, —1). (A i)

The differential cross section for the scattering

l+ l —I+ "X" (scattering channel}

reads
do o. I + cos'(28)
dQ 8E' sin'(-,'8} (AS)

which can be rewritten by the same manipulations
as above as

and x, and use these almost exclusively from then
on.

Consider

I+ l —I + "X'" (annihilation),

for which the differential cross section in the cen-
ter-of-mass system reads
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do 4n (y (,~a)
2 4 ~( lo 2)ll l&

~Pi( Pr Pr

S(x„x,)&,",-'&, = x, '(1+x,')5(x, + x, —1).
(A9)

Finally, the differential cross section for Comp-
ton scattering

y+ l - y+ "X77

is given by the familiar Klein-Nishina formula

with a function of x, and x. However, to arrive at
our conventional form for the differential cross
section we really want to treat x, and x, as inde-
pendent variables. This change of variables is
easily done by recalling the definitions (2.1):

(A16)

CfV 2Tf Q Q S
(A10) Treating all the four-vectors as lightlike, we

easily read off from these relations that

Since the scaling variables are

Q f,
x x

S
(Al 1)

it is particularly simple to rewrite (A10) in our
standard form,

do 4mz~
2 2 +( ll 2)l'l T1

X1 XP SXy X

(A12)
S(x„x,).. .= —,'x, x,'(1+x,')5(x, + x, —1).

The differential cross section for observing the
recoil lepton in Compton scattering,

y+ l- l+ "X",
is obtained from (A12) by interchanging the labels
1 and 2. So,

b(x„x2), , = x,x, '(1+x2')6(x, + x2 —1). (A13)

With these results we can go on to progressively
more complicated processes involving hadrons.
We begin with the colliding-beam reaction,

l+ l -h +"X",
which is visualized in Fig. V. The differential
cross section is given by the product of the dif-
ferential cross section for the parton event (l+ l
-y —qq) with the probability that a hadron of type"c"emerges from a parton of type "i." As dis-
cussed in the text, this probability is assumed to
have the form

xg 7 XQ 7

X1+X~ X~+X~
X —X1 + X~. (A17)

Finally, substituting this change of variables into
(A15), we find after some algebra,

dg 4n (y~

2 2 8 (xlt x2)l l 2i
Xi Xg SX]. X

(A18)

2 . (x~+ x~)

From (A5) and (A7) we see that the form factor
for the process

y+y -h + "X77

is obtained from (A18) by multiplication with1,(x, +x, )
e,. „=e,

1 2 1 2

So,

1& 2 )7~h 2 s
~& +x ~~2

(A19)

Now we turn to deep-inelastic electron scattering,

L+h —L+ "X",
shown in Fig. 40. The cross section for this reac-
tion is obtained in the parton model by multiplying
the cross section for scattering of a lepton off a
pointlike parton times the probability that parton
i of longitudinal fraction x appears in hadron a,

dP,,= G,,(x)—,dx
(A14)

1 dx
df. , = ,F., (x)—. — (A20)

where x is the ratio between the four-momentum
of hadron c, p„and the four-momentum of parton
i, P;. The cross section for l+ l -h is then

4m

sx~ x~ 2

And if we observe only the outgoing lepton we must
sum over the constituents i and integrate over x,

4n

st x~ 2
l

dxx 5(x, + x2 —1)G;,(x)—, (A15)
x 5(x, + x, —1)dx,dx, " dx. (A21)

where the careted variables refer to the parton
event. Since the x, integral is trivial, we are left

Of course g, F„(x)is just the structure function
vW, for hadron of type a. We will, for the sake of
consistent notation, denote it
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/

P ~P

Pa

FIG. 40. Mechanism for the process l + h l +anything.

F,(x) =QF„(x). (A22)

(»- P')' (P —P')'
(»+p)' ' ' (»+p)''
(p- p')', (p- p')'
(P"P)' ' ' (P"P)'

We read off from these relations that

(A23)

To convert (A21) to our conventional form we must
find the relation between x x1 and x1 x2 Using
(2.1), We are faced now with the usual exercise of

changing from the variables x and x to the more
meaningful pair x, and x,. Writing the definitions,

(P -P')'
(P;+P)' '

(P.-I.)'
(P. +P)' '

(p- p')'
(P;+P)' '

(P- f.)'
(I'.+P}' '

(A30)

The process is visualized and its kinematics de-
fined in Fig. 18. We use three ingredients in order
to obtain the differential cross section: the cross
section for lepton-parton scattering, the probabil-
ity that a parton of longitudinal fraction x exists in
the incident hadron, and the probability that hadron
c emerges from the final-state interaction with
longitudinal fraction x (measured relative to par-
ton p,'). So,

do =Q „,„,—x, '(1+x,')5(x, +x, —1)dx,dx,
4@~2 1„,

SX1 X2
$

x " dx " dx . A29

X1 X1 ) = — -X2x=
1 —x,

(A24) Furthermore,

P; = xP, , P~=xp,'. (A31)
Furthermore, the square of the center-of-mass
energy for the parton event, s, is related to the
over-all s by

s = (» + p}' = xs = ' s.
1 —x1

(A25)

Inserting (A24) and (A25) into our expression for
der, we have

dv 4mn2
( i, .)r~-~,

So, (A30) can be simplified,

Pa 'P
p

1PP
X2= xP P'

p p -pj pj)

-XP. P'
x -x P'P'

1 P q P ) 2 P ~

Momentum conservation reads

(A32)

2

3:(x„x,),„,= — ' (1+x, ')F,21 —x1
' 1 —x1

(A26) which will allow us to identify relations among
several of the scaling variables. In particular,

x,', (1 —x,}'
3 e, .

X1 X]

We have

(A27)

We obtain the form factor for deep-inelastic
Compton scattering,

y+h —y+ "X",
by the now familiar trick of noticing that this reac-
tion is related to deep-inelastic lepton scattering
via the multiplicative factor, X1 X1x=

X2 1 Xl
(A33)

If we now use momentum conservation to eliminate
p,'. from the equation x„wehave

(P -P )' (». P')' &. P-*'

(P;+P)' (».+P)'

Inserting this into the invariant expression for x„
and recalling the 5 function in (A29), we can solve
for x,

*(*„*.).. .=-.'*,n-*,e *,*i& s.,(,**„).
(A23}

Now consider the cross section for observing the
recoil hadron in deep-inelastic electron scattering,

l+h -h + "X".

x, =x ' =x(x-xx,)= ' x,x.p (xp. —p') „x,
P, .P ' 1-x,

So, we can obtain x,

x, (1 —x, )x=
X1X1

(A34)

(A35)
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Eliminating x and x in (A29) in favor of the pair
x, and x„wehave now

do 4sn
)SXbX2 ( 1r 2 )b br

1 2 1 2

(a*„*.), , = f-g
( &,

y",'(I ~ y*)
S

(A36)

where we have renamed x, = y to conform with the
notation in the text.

The form factor for the hadron distribution in
deep-inelastic Compton scattering,

y+h -h+ "X",
is obtained from (A36) by multiplication with the
factor

these relations

X1 X2
~ = yly2~.x1 1 —X1

(A40}

xF„—F~-; dy,

where we have renamed the dummy variable x, to
conform with the notation of the text.

The cross section

h+h —y+ "X"

Now (A38) can be written in terms of the experi-
mentally meaningful variables x, and x„

do 4m'~

~X 2X 2 & lP 2/Pgt~l 0Sx x
(A41}

1 15'(x„x,)bb ) = —g y(1 —y)[1 —2y(1 —y)]—be

So,

x,', (1 —y)'—„'e, '= e,.'.
X1

is obtained from (A41) by multiplying with

1 2 1
x,x, ' y(1 —y)

'

IF(*„*,)„„,=
F fQ I *,*(I ~ y*)e;*

1 y
1

t

x2 1 —y x1

So,

S(x„x,)„„=—Q [1 —2y(1 —y)]
1

(A37)

Ne now turn to processes involving two hadrons
in the initial state. First, there is lepton produc-
tion,

h +h - /+ "X",
whose kinematics are defined in Fig. 26. By our
usual reasoning, the cross section is the probabili-
ty that parton i with longitudinal fraction y,. exists
in hadron a, times the probability that an antipar-
ton F with longitudinal fraction y-, exists in hadron
b, times the cross section for the parton event.
Finally, a sum over the types of partons i must be
done giving

dy, -- b b 2x, 'xb'(1 —2x, x,)
Fia(yb) 4so. ' 1„,„,

sx

x5(x, +x, —1)dx,dxb
" '

dya.

XF. ' F-. 2
dy

(A42)

Parton annihilation processes also provide a
potentially important mechanism for the produc-
tion of the W boson,

h +h —W + "X".
Using a slight modification of the argument pre-

ceding (A38), we have the production cross sec-
tion,

P (y)d [ ()]P (y}
2 2 y1 &siW S dy2,

i 2

(A43)

where o';—; (s} is the production cross section for
8"s in the annihilation of two partons having ap-
propriate quantum numbers. An elementary cal-
culation gives

(A38)
Using the invariant expressions for the scaling
variables,

(x,.—,. (s) =2sg~'6(s —m~'},
(A44)

(y, Pb —p}'
(y P +ay 1Pb)a
A- p}'
(P.+P,}' '

(y, P. -P)'
(y, Pb+ y, P,)' '

), (A39)

where mw is the mass of the W, gw is the bare
coupling of the W to the weak parton current. %'e
have made the natural assumptions here that the
hadronic partons couple to the W just as the lep-
tons do,

and the fact that x, +x, =1, we easily read off from g~'/m~' = G/)( 2,
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and, for the simplicity of our numerical estimates,
the Cabibbo angle can be set equal to zero. Then,
(A43} can be simplified to

Pa

Pc

o = W2 )l Gg ——
2 2 E„(y)E„

(A45}

Next there is the production of hadrons of large
transverse momentum in hadron-hadron collisions,

Pb

FIG. 41. Mechanism for the process e+e y+(e+e).

Il +Il -h + "A" (scattering channel),

which is drawn in Fig. 31(a). By the now familiar
reasoning we can write the differential cross sec-
tion

x 5(x, +x, —1)dx,dx, dx,
O;,(x)

(A46)

(p, p,)'-
l (p +p)2

(p, -p,}'
(p+p)' '

we can identify the relations

1 „1
l~ 2 2XX; xxd

and solve for x, ,

X2XiX. =
J xx —x1

(A48)

(A49)

(A50)

where the scaling variables are defined by

P, =x, P~, P; =x;P, , P, =xP,'. (A47)

The variables x, and x may be replaced in favor of
x, and x, without difficulty. If we write out the def-
initions

Finally, the s for the parton event is related to the
over-all hadron-hadron s by

X2xis=(p, +p, )'=(x, p, +x, p)'=xx, s= ' ' s.
1

(A51)

It is now straightforward to write (A46) in terms of x„x„x,and x, We obtain

dv 47T ~
2 2 (+( l~ 2)hh h+ +( 2~ l)hh h l

1 2 1 2

(A52)X2 1 1

where we have renamed the dummy integration variables in the usual way and included the exchange term
coming from u-channel photon exchange. Interference between t- and u-channel exchange amplitudes are
neglected. At most they increase the cross section by less than a factor of 2 at 90' in the center-of-mass
system.

Hadrons at large transverse momentum can also be produced through the annihilation channel shown in
Fig. 31(b). The derivation of the cross section for this process is similar to the one just done, but since
it is numerically much smaller we just quote the result,

X1 X12(*, )'i fg 2.
'.""&-'.,(-(- ~.)((-2&.((- ~.)),.+.; —+,—;„„,(:;.—u~, &~..

2/1
2 2

Another class of processes considered in the text is the colliding-electron-electron-beam reactions.
Simplest of all is

(A53)

e+e- y+ "X",
which will provide a test of pure @ED. The kinematics for the reaction are defined in Fig. 41. We will
evaluate the high-energy limit of this cross section using the Weizsacker-Williams technique which states
that the probability for the initial electron of energy E to have a photon of energy cu around it is

(A54)

So, the differential cross section of interest is the product of this probability times the cross section for
Compton scattering off the electron of momentum P„
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where

d(d (d 1 (d 41TQ

(d E~ 2 E~ st x2
(A55)

6= —ln

and the careted quantities and the form factor W refer to the Compton process. The differential cross sec-
tion also receives a contribution from the possibility that the photon of momentum p, emerged from the
other electron. This contribution differs from (A55) only by the interchange x, =x, and will be added into
the final expression. Now we must rewrite (A55) in terms of variables which refer to the external parti-
cles. Since the Weizsacker-Williams photon is approximately parallel to the incident electron,

k=up, (0~ u~ 1),

and so,

s = (k+ p, )' = (up, + p„)'= us,

(p -p.)' 1„,(k-p. )'
(k+ p, )' u " ' (k+ p, )'

(A56)

So, the differential cross section for the process of interest can be written

e —(1 —u+ —,'u')[y(x, /u, x,), + 6'(x„x,/u), ]
der 4n ~' ' du

x~ x2 sx~ x2 (} u

Inserting the explicit form factor for Compton scattering, we have the form factor for e+ e- y,

(A57)

2 x x 2

6:(x„x,)„„=ex,' 1 — ' + — ' (1 —x, + —,'x, ')+ex, ' 1- ' + — (1 —x, + —,'x, '). (A58}y ' 1-x 2 -x2 2 1 —x 2 1 —x1 j.

Hadrons at large transverse momentum can also be produced in e-e colliding beams via the reaction
diagramed in Fig. 42. In this case, the Weizsacker-Williams photon converts into a vector meson which
then acts as the target for deep-inelastic electron scattering by the electron of momentum p, . The deriva-
tion of the form factor for this process parallels the derivation of (A34) and we obtain

'du
3 (x„x,}„„=e—(1 —u+ u')[6(x, /u, x,), „+6(x„x,/u), „],u (A59)

where the form factors on the right-hand side are given by (A36), multiplied by the probability that the
Weizsacker-Williams photon is a vector meson (-», ).

There is also the possibility that hadrons are produced in a process involving two Weizsacker-Williams
photons shown in Fig. 43. In fact, this reaction proves to be somewhat more probable than (A59). The
reasoning which resulted in (A57) may be applied here, and it is a simple exercise to find the differential
cross section,

dO' 4'
2 26'( i .).e-„-a,

X~ X2 SX~ X2

6:(x„x,)„„=e'——(1 —u+ —,'u')(1 —v+ v')9:(x, /u, x,/v),u v

where 6:
„„

is given in (A19).

(A60)

APPENDIX B: PARTON DISTRIBUTION

FUNCTIONS

The processes considered in the text which in-
volve parton-antiparton annihilation cannot be cal-
culated explicitly until some assumptions are made
concerning the distribution of types of partons in
the hadron. We will assume here that a hadron in
the infinite-momentum frame can be viewed as

consisting of valence quarks plus a neutral sea of
q-q pairs plus, possibly, additional neutral
gluons. ' This means that we can write

uW, (x) = C(x)+ V(x), (Bl)
where C(x) describes the distribution of the quarks
in the sea and V(x} describes the valence quarks.
Furthermore, it will prove convenient to separate
vW2 into two other terms, one due to partons and
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p

FIG. 42. Virtual photon acting as a target for deep-
inelastic scattering in colliding-beam process.

the other due to antipartons,

v W, (x) =P(x)+P(x).

If we also assume that the sea of q-q pairs consists
of an equal mixture of bare quarks of all types, we

have for the proton

P(x) =,'-C(x)+ V(x),

P(x) = —,'C(x).

The model used in the text and described in Ref.
29 predicts

p
b

FIG. 43. Two-photon mechanism which can produce
hadrons at high pz in colliding-beam processes.

equation reflects our assumption that the sea is an

equal mixture of quarks of all types. The constants
c and d are determined from the requirement

P =P, +P„+P=-,'C(x)+ V(x)

and we find

In summary,

C(x) = 0.30(l —x)'i'

V (x) = i.1&x (i —x)',
(B4)

Pp= —3P++ V9 )

P„=—,P+ —,V,
I 1

which roughly fits the electroproduction data.
Now let us ask for the distribution functions for

partons of various types within a proton. We de-
note P,„P,, and P), as the distribution functions
for 6' quarks, gt quarks, and A quarks, respec-
tively. Then, recalling that each quark contri-
butes to the distribution functions through the
square of its charge, we can write

P,, (x) = c(-', )'C(x) + 2d( —,)' V(x),

P„(x)= ~(-')'C(x)+ d(-,')' V(x),

P (x) = c(-,')'C(x).

The fact that the same constant c appears in each

P = —P

A similar exercise gives the antiparton distribu-
tion functions,

P-„=—,P=2

1P-= —P6

P- = —P.1
6

With these preliminaries complete it is a simple
exercise to write the form factors for processes
involving parton-antiparton annihilation in terms
of C(x) and V(x). Let us choose the reaction k+8
-I+"X"as an example,

1 1—,E„(z)E„-.( z) =, , P, (z,)P , (z,)+, , P„(z,)P„(-z,)+, , P (z, )P--(z )
1 1

+ (same terms with arguments interchanged)

= (
—) [—,P(z, )+ —'V(z, ))—P(z )+ 3 [—P(z, )+ —'V(z, )l-,'P(z, )+3'(—') P(z, )P(z )+ ~ ~

=[ ', P(z, )+ ,'V(z, )lT(z,-)+—
= —:[P(z, )P(,) +P(z, ) P(z.)J. (Bio)

Other processes involving similar sums are computed in the same way. We simply collect the results here
and leave the verifications to the reader:
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(1) y+h - y+ "x",
ge,.'F., (z,) = ', P(-z, )+ —,",V(z, ),

(2) h+h —y+ "x",
QF„(z, ) F-;( z, ) =P(z, )[-'P(z,)+ —, V(z, )J +P(z, )[-,' P(z, )+ —'„'V(z, )J, (B11)

(3) h+h -l+ "x",

2 ai 1 hi 2 2 1 2 1 2e2 at 1 ht 2

(4) h+h —W+ "x",

2Fai ~1 Fbtg ~2 2 P ~1 P Z2 +P Z1 P &2
1 1

e2 e 2 at 1 btg 2 2

For those processes involving a hadron in the final state the form factors involve the additional structure
function G;,(x). As remarked in the text our cross sections include the summation over the types of ob-
served hadrons and so involve only the sum Q,G;,(x). We also argued on the basis of sum rules and our
ignorance of the precise mechanism governing final-state interactions, that it is not unreasonable to let
this sum be independent of parton type i,

gG;.(x) = G(x).
C

Accepting this, we can calculate the form factor for h +h -h (annihilation channel),
2

P ~~..(,)~;, ( .)~,.I .I =(P —,
'.~..t, )~;, ( .))(P;*)~( .)

igC

= -'[P(z, )P(z, )+ P(z, )P(.,)J2[(-:)'+(3)'+ (-,')'JG(z, )

= 2[P(z, )P(z,)+P(z,)P(z, )JG(z, ),

(B12)

(B13)
where we used Eq. (C10). The remaining sums involving final-state interactions are computed similarly.
We list the results for the reader's convenience:

(6) l+ l -h + "x",

Qe G;,(z,) = —,'G(, ),

(6) y+y-h+ "x",

ge, 'G, ,(z, ) = —', G(z, ),

(1) y+h -h+ "x",

ge, 'F„(z,)G, ,(z,) = [—', P.(,) + —,",V (z, )JG(z, ),

(B14)

(8) h+h -h+ "x",

g —.F.;(z,)F.—,(z.)G, .( .) = 2[P (z, )P(z.)+P(z, )P(,)J G(z, )e 2 at 1 bt 2 zc 3
t JC

In all these applications the incident and target hadrons have been chosen to be protons simply because
this is the experimentally simplest possibility. The results of this Appendix, of course, depend upon this
choice. The reader may, for instance, consider n'+ p -h and calculate the cross section for this process
along the same lines as discussed here. A more detailed study of this type may very well be worthwhile
since the results are sensitive to the charges of the valence partons making up the various hadrons.

APPENDIX C: SUM RULES

Here we derive the sum rules (2.3) and (2.4)
discussed in the text. Consider first the case
e'+e -hadrons or y+y-hadrons. We write the
fully differential cross section for producing n,
hadrons of type 1, n, hadrons of type 2, etc.

«=F(P,.)(dP„"dP...)(dP„"dP, ~)
x (dP, ~

~ ~ dP,„),
do =F (P)[dPJ,

(Cl)

where F(P„,) is symmetric in s for fixed hadron
type r. The phase-space element dp may stand
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for d'p or some larger element (such as d~p ~).
The partial cross section o(n( n, ) is obtained
by integration over all of phase space after divi-
sion by the combinatorial factor n, !n,t ~ ~ n, !

(," ) f.=(el.F(P)
n] n2 na.

The partial single-particle distribution function

(c3)

(n, n, ) -=(n, n, )
d(7 dG

dp„' '
dprl

So,

is obtained by summing over all the available phase
space when prl is held fixed. The combinatorial
factor (n„—1)!is evidently required instead of n„!
Thus,

do
)

n„F(p) rdp]

n,0nl - na
~ ~ e @ dO

a (n, . n, ) v„( dp,
~ ~ ~ ffa1

(C 5)

which is the first sum rule.
The second sum rule is obtained by starting with

ftr

Edo = Q QE,.F(P,.)[dPl
r=l s=l

(C5)

for fixed n, ~ n„and fixed (total) energy E re-
leased to the hadrons. Integrating to obtain the
total cross section gives, using the symmetry
possessed by F(p„,),

Hence, upon summation over nl n. to obtain the
total cross section and the single-particle distribu-
tion function, it follows that the mean multiplicity
for hadrons of type 1 is

dp„=n„o(n, n.).r do

dp„
(c4)

E do = n,E»+ n,E»+ ~ + n,E„, , dp
F,)

do' do' dG
11 d pll 21 d p21+ + al d pal

Pl 1 P21 al

E, (n, ~ n, )dp, ."dp, (C&)

Summation over final channels n, n, yields the
energy conservation sum rule (3.4). The same
argument evidently can be made with a component
of p replacing E.

Application to electroproduction and deep-inelas-
tic Compton scattering is straightforward. For
electroproduction the same argument holds for the
laboratory hadron distributions, where E is re-
placed by v+ m~, in the standard notation.

To apply the sum rules to the function G(x) in-
volving an initial parton, we need only invoke long-
itudinal momentum conservation in the interaction
coupling the virtual parton to the final physical
hadrons. The argument then follows as in the
other cases provided the momentum of the parton
is sufficiently high.

APPENDIX D: ESTIMATION OF BACKGROUND

In this Appendix we estimate hadron backgrounds
coming from ordinary hadron reactions. There
exists a wide variety of fits to hadronic diffraction
peaks for pr sl GeV/c. These include exponentials,
e '~~, Gaussians, e '~~, and combinations,

—&P -4P For typical values of the parameters
a-d the simple exponential is many orders of mag-

although all of the present fits may fail miserably
when extrapolated to large values of p~.

In order to determine the constant appearing in
(Dl) we recall the expression for the mean mul-
tiplicity in inclusive hadronic reactions obtained
in Appendix C:

s-(*(;.„.,( ( -f a = "'"f .
c= —lns.18

However, in proton-proton collisions

(T„„„„(s)=30 mb,

n(s) =1.11ns+ const,

so the constant of interest is, crudely,

c =1.6 x 103.

(D3)

(D4)

This result then gives the background curve noted

nitude larger than the Gaussian fits for Pr ~3 GeV/c.
We will be conservative and estimate our back-
ground in h +h -h + "anything" reactions with

do
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in Fig. 1.
We can also write the background in terms of a

structure function

y(& & S)background p 4e dd-rC

4n(y'

3 x y06X 2+ 2S2+ -6(x&x2~) 1/2
1 2

dg 4m~ 2
background

4 0 (+1t +2& )dh h

PT PH PT

We identify from (Dl) and (D4)

(D6) (D6)

The diffractive background present in colliding-beam processes can be estimated by imagining the two
virtual photons of Fig. 43 converting to two p mesons which scatter strongly from each other. According
to (A60) the structure function for this process is, simply,

2

F(x» x» s)„""„'""= ——(1 —u+ u')(1 —v+ —,
' v')6:(x, /u, x,/v, uvs)„„""&'„'""

Q V

2 Q 1

-m /@ + -m /@ v
P P

where e= 0.04 and we have estimated the probability that a photon is a p meson to be», and have approxi-
mated the secondary distribution for pp scattering by the secondary distribution of proton-proton scatter-
ing. (DV) then leads to the background curve plotted in Figs. 10 and 11.
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We discuss the interaction of hadrons with leptons in the limit of large momentum transfer.
A special parton model will be used for the hadrons in which the partons are identified with
quarks. The relativistic quark model with which we interpret recent observations is form-
ulated as follows: (1) The baryons are composed of three valence quarks and a core of an
indefinite number of quark-antiquark pairs. (2) The lepton "sees" the nucleon in the limit
of large momenta in the c.m. frame as an assembly of freely moving constituents with point
charges. (3) The scattering of the valence quarks is interpreted as the nondiffractive com-
ponent, the scattering of the core is interpreted as the diffractive component of the cross
section. (4) The nondiffractive scattering is assumed to be mediated by suitable meson ex-
changes, and this assumption determines the momentum distribution of the valence quarks.
The (qq) pairs in the core are assumed to be distributed statistically in the available phase
space. (5) It will be necessary to include "gluons" among the constituents of the nucleon.
They are supposed to be the uncharged quanta of the force field between quarks and are
assumed to be distributed statistically over the momentum space. There is only one con-
stant adjustable in this model, which is the ratio of gluons to core pairs. All other constants
are fixed by simple considerations. This model is used to calculate the deep-inelastic scat-
tering of electrons by protons and neutrons and its dependence on the relative spin orien-
tations, the inelastic scattering of neutrinos by nucleons, and the creation of massive muon
pairs by proton-proton collisions. After adjusting the open constant to the data of electron-
proton scattering, the theory predicts unambiguously the other results. They are in reason-
ably good agreement with the observations as far as they are known.

I. INTRODUCTION

The ideas presented here are inspired by efforts
of many authors who have faced the challenge:
What is the nucleon made of? Much in this paper
has a considerable overlap with the work of others
in the field, and we have included some well-known

ideas in the interest of clarity and completeness.
In studying the substructure of a hadron, one

must keep in mind an essential difference between
hadrons and systems such as the nuclei or atoms.
In the latter cases the relevant energies —binding
energies, excitation energies, etc. —are much
smaller than the rest masses of the system as a








