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This is true for those soft terms corresponding to

linkages between different proton legs; the self-linkage
terms are related to (but differ from) the wave-function
renormalization constants of the model, and require a
separate discussion.
'lDirect summation of the SVM diagrams by neglecting

all k 2 dependence in nucleon propagators makes explicit

the relation between the exact energy-momentum-con-
serving 5 function and the coordinate dependence in

(ig& ff, 6(+)f~)". Explicitly summing over all emitted
SVM's gives
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where M, i is the amplitude for+++ Ps+P4, including
all soft exchanges, and the 5 function comes from the
phase-space factors for the emitted SVM's. Writing an
exponential representation for the 6 function puts the
expression in a factorized form in which an e~~g ~" is
associated with each k& factor. The replacement e@~' "
—1 required to decouple the SVM emission thus ruins the
ene re-momentum conservation. The subsequent
(molecular-field type of) approximation may be simply
defined starting from this explicit form for P„.

Let i represent the six independent variables in

p&p2 p3p4X. P„~&) is the probability of producing n vector
mesons when p3 and p4 go into the ith phase-space bin.

P(;& = g„"0P„(;) is the total(inclusive) probability for p3 and

p4 to go into the ith phase-space bin. Thus the average
differential multiplicity has the experimental meaning
(v;) = (n&)/P~&~, where (n;) is the observed average
vector-meson multiplicity in the ith phase-space bin and
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The Z term in the ~N scattering amplitude is commonly evaluated at squared nucleon mo-
mentum transfer t =2p, where p is the pion mass. Because of the nonanalytic nature of per-
turbations about the chiral SU(2) ~ SU(2) limit, Z(2p, ) differs from Z(0) by a term linear in p.
We calculate the difference term exactly to O(p) and find

Z(2 p2) Z(0) + 0(+2 In~2)
87r 2F ~

5'

This represents a 14-MeV correction to the value of p, P„Z(2p ).

It was recently observed by Li and Pagels' that,
as a consequence of long-range forces introduced
as the pion mass p, vanishes in the chiral limit,
many amplitudes are not analytic about zero in

g' and naive expansion in the symmetry-breaking
parameter fails. We find this occurs for the nu-
cleon matrix element of the current-algebra Z
term, which we define (crossing one nucleon) by
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U(-p', -s) tt'F, z(t)u(p, s)

= -,'g &0 lix. , [x., H (0)11 IN(-t, )N—(t, .-}}.

The axial charge X, has the current-algebra iso-
spin normalization, t = (P' —P)', and H'(x) is the
SU(2}&& SU(2) -breaking Hamiltonian density.

It is possible to show that Z(2p, ') is equal to a
particular combination of on- shell pion-nucleon
amplitudes at an unphysical point (which can be
obtained from phase shifts) plus terms which are
O(p, ').' However, Z(0) is of perhaps greater theo-
retical interest, since it is what enters discussions
on the dimensions of field operators and the ma-
trix element of the energy-momentum tensor be-
tween states of a single nucleon at rest. It will be
shown that the two-pion intermediate state gives
a contribution

2

&(2ll'i —KID)= (2p g,p ~ 0(0'1 4'). (2)

v(-p') ImZ(t)u(p)

(0)/[X„[X„H'(0)]]TI
( N(-p')N(P)) .

6Ij Ez a= 1

(3)

The leading term in the matrix element of the
double commutator between the vacuum and

~

w' I/ )
i.s p. O'". The only important contribution to T,„
is the nucleon pseudovector Born term, which is
exact in the chiral SU(2}xSU(2} limit. All other
terms yield less singular contributions. This
gives, for t near the unphysical threshold at
4tt'(-0),

ImZ(t) =(»„(t-2tI')4'' —t)' '
8&~ ~t 2E,

(4M2 t)1/2(t 4/2)1/2
tan '

(4)

From a once-subtracted dispersion relation we
then obtain

The pion decay constant E„=93MeV and g„=1.25.
No other state contributes a term larger than

O(p. 'Inp, '). Note that the difference is O(p. ), not

O(y, '), and that, in this case, the scale for tt is
F, The-exp. ression (2) is the leading term in an

asymptotic series obtained from the dispersion
relation for Z (t ).

In order to establish Eq. (2), we insert and sum
over two-pion intermediate states in the expres-
sion

2'
z(2t1') —z(0) -=dt', ™

4~'g„2Q, p 2M

The dimensionless integral Z(z) can be approxi-
mated by the first term of its asymptotic expan-
sion for small z,

(5)

tan '[(1 —z'x)'"(x - 4)'/2/(z(x —2))] v
11111J 2 = 11111 dx 2 1 2 ~

g~0 z~0 xv x(1 —s x) ' 2' (8)

It is not hard to obtain J(z) = ~ m —z inc'+ ~ ~ ~, but
we do not retain the nonleading terms, for there
are other contributions of the same order. This
establishes Eq. (2). Numerically, we have

tt'F, [z(2tt') —Z(0)] =—14 MeV .

This should be compared with the value for
tt'F, z(2p. '). Cheng and Dashen' obtain

p, 'F Z(2tI') —= 105+10 MeV.

From the estimate of Hohler, Jakob, and Strauss'
with a,'+ =0, one finds

t'IF, Z(2p. ') =58+13 MeV,

although they point out that t1'F,z(2tI') can, in
fact, be much smaller than (9) if a,'+ is negative.
Our correction (t) represents a 13% effect for the
estimate (8) and a 25 effect for the estimate (9).

The correction obtained by including the Z-term
contribution to T,„in the absorptive part, although
possessing similar formal problems, is numeri-
cally small and contributes O(p, ') to Z(0). This
seems to be "accidental" in the sense that the
scale for p. is again F„and (tI/F, )' =—2.

The Cheng and Dashen evaluation of Z(2}1') de-
pends upon the assumption that their limit of the
I/N amplitude gives tt'F „'Z(=O(tt'}) plus a re-
mainder which is O(p. '). More precisely, ' for
t&4p, ', t1'F, 'Z(t) can be obtained from the ex-
perimental wN data with an error that is given by
q„', q„A" "(q, q', P), where q, q' are initial and final
pion momenta. The tensor A" " is largely un-
known, but has no pion or nucleon poles. One
might worry that a phenomenon analogous to that
demonstrated above could lead to a remainder of
order p, ', perhaps spoiling Cheng and Dashen's
evaluation. However, study of the dispersion re-
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lation for the remainder shows that the two-pion
intermediate state can produce such behavior only
in the coefficient of g""; but q~. q„g" "= 2(2p,

' —i)

vanishes identically at t=2p. '. Indeed, the fact
that this point is special was emphasized in Ref. 2.
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Consequences of C invariance, isospin invariance, and unitary symmetry for limiting dis-
tributions are derived. The same symmetries are used to isolate the nonscaling contributions.
Many of the predictions are susceptible to direct experimental test. The relations based on
unitary symmetry are expected to be violated and thus furnish extensive challenges to symme-
try-breaking models. The relations based on isospin and C invariance are expected to be
exact (asymptotically) at high energies.

I. INTRODUCTION

The optical theorem for two-body scattering [Fig.
l(a)] enables one to understand many features of to-
tal cross sections, even without a detailed knowl-

edge of how they are built up by multiparticle states.
A corresponding optical theorem for three-body
scattering is related to the cross section for the
production of a single particle of definite momen-
tum, along with anything else -what has been called
inclusive production [see Fig. 1(b)]. This applica-
tion of the three-body optical' theorem is not
straightforward, involving both crossing symmetry
and careful analytic continuation. Still, the result
is a conceptual and theoretical simplification simi-
lar to the one achieved through the two-body optical
theorem.

Many general features of single-partj. cle inclu-
sive-production experiments can be understood in
terms of the three-body forward scattering ampli-
tude. From this point of view, Mueller' was able
to show that the existence of limiting distributions

in those parts of phase space referred to as the
fragmentation and pionization regions is a general
consequence of the dominance of Pomeranchukon
exchange. These results, which will be described
in Sec. II, had been established much earlier in the
context of the multiperipheral model. ' These would
also appear to be satisfied in dual-resonance mod-
els, 4 although the representation of the Pomeran-
chukon in such models is unsettled.

Charge conjugation and isospin invariance pro-
vide useful relations among two-body total cross
sections. Furthermore, these invariances allow
one to eliminate or isolate crossed-channel ampli-
tudes with certain quantum numbers, by selecting
appropriate linear combinations of reactions. This
is particularly useful when a Regge description is
being employed. It is the purpose of this paper to
extend such considerations to single-particle inclu-
sive-production cross sections. ' We shall also
consider some consequences of SU, symmetry.

The outline of the paper is as follows: In Sec. II,
we briefly review previous results for inclusive re-


