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%E (z) can be related to E;(z) through the recursion re-
lation

(n—1)E(z)=e~* = 2E,_4(2), n=2,3,....

Then, E,(—|z|)=—=Ei(|z|) can be used to define E{(z) for
z=-|z|<0, hence, all E,(~|z|). In turn,

z et
Ei(z):Pf dt—t-

is defined for all —o < z < +0; see V. Kourganoff, Basic
Methods in Transfer Problems (Oxford Univ. Press, Ox-
ford, England, 1952), p. 254.

2"Because of the large-s; saturation assumption in Eq.
(9), this validity to the order of inverse logarithms is
also characteristic of the popular Poisson distribution
for o, generated in multiperipheral models, see e.g.,
Eq. (3.17) of Ref. 7.
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when
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is inconsistent with A=A (p), as in the discussion sur-
rounding Eq. (81).

30(a) S. Drell et al., Phys. Rev. Letters 22, 744 (1969);
(b) H. Abarbanel et al., ibid. 22, 500 (1969). In Ref. 30(b),
a nonscaling form A4 ~ (1/@%)(s/@2)*€® is obtained. This
form for A is that derived with point vertices from AFS
[Ref. 7, p. 912, Eq. (4.12)] by assuming that the @2 de-
pendence is the off-mass-shell hadron, ¢, dependence.

It would follow that
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With the inclusion of photon spin, still only one structure
function scales [and oy /o, ~Q?%f(p)]; see G. Altarelli and
H. Rubinstein, Phys. Rev. 187, 2111 (1969).
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We use quantum-statistical mechanics to calculate the distribution of the spins of the reso-
nances in the dual-resonance model at a fixed high energy squared (s). The resonances are
concentrated in the region of spin SvVs , with the distribution eventually falling off exponential-
ly. The profile function of the Veneziano partial-wave amplitudes is mainly controlled by the
spin distribution of the resonances, and not by their individual couplings. This spin distribu-
tion is largely similar to that in the statistical model of nuclei.

I. INTRODUCTION

One of the most characteristic features of the
dual-resonance model® is the very rapid growth of
the total level density n(s) with increasing energy
squared (s).2 For large s, it has the asymptotic
form3+*

n(s)ds ~ s*2%%ds, (1.1)
where
_ D+3 B <Doz’>”2
b= - 5 s as 2m 6 s

and D = 4 in the usual Veneziano model,' but may be
larger.® Thus,* for

D=4,576’77""
b= _:27_) —41 _%y _5’---:
a'= 180, 174, 159, 147,... MeV.

The statistical bootstrap model for hadrons® also
gives a level density of the form (1.1), with
a™' =160 MeV (Ref. 7) and b < -Z (Ref. 8). The
similarity of these two results may suggest that
the statistical bootstrap and dual-resonance models
are closely related.’*'° It is therefore interesting
to see if the two models agree in other details of
their predictions.

In this paper, we consider the distribution of
angular momentum () among the resonances of
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the dual-resonance model at a definite mass Vs,
as the first step in a comparison with the same
distribution in the statistical bootstrap. Some re-
sults for the dual-resonance model have already
been obtained, but not the complete distribution.
By applying the Darwin-Fowler method of statisti-
cal mechanics to the harmonic oscillators of the
Veneziano model,!! Corgnier and D’Adda'? found
that the mean and standard deviation of the square
of the resonance spins behave like

(I%)=3(2)~3s (1.2)
and
[(T2)7) —(T®)2]'2 ~V3s, (1.3)

respectively.
Fritzsch'® has also considered this problem us-
ing statistical methods, which have also been ap-

plied to the Veneziano amplitude by Chang, Freund,

and Nambu.!* By taking into account the Bose na-
ture of the quanta, we calculate the distribution of
1, and of I for the factorizing resonant states of
the Veneziano model. Our method counts the time-
like (spinless) excitations correctly; it does in-
clude the ghost states, and does not allow for the
linear dependences of some of the states,® but it is
unlikely that these will greatly influence our main
conclusions.'®

II. CALCULATION OF THE ANGULAR
MOMENTUM DISTRIBUTION

A. General Method of the Operator Formalism

The resonances of the Veneziano model are the
eigenstates of an operator H (the “Hamiltonian”),
with eigenvalue a(s), an integer. H is built from
an infinite set of four-vector harmonic oscilla-
tors!!

-
He g kel

H=0R=1
.

=3 Tkl 2.1)
H=0R=1

We label the states a(’*|0) to be diagonal in L,
the z component of the angular momentum:

b=+, = 2, orO’
where

&)y ; ()
gt G tidy
V2 :
The operator L, is then'?
°0

; R)t (R R)* (R
Lo=i 3 @ af'- a"al)
k=1

= f}(m‘f’— aw), (2.2)
k=1

The 3{* are the occupation-number operators for
the oscillators.

More completely, H [Eq. (2.1)] should be replaced
bylﬁ

H=H+ a@%q® (2.3)

including an extra scalar (spin-zero) oscillator
mode, except when a(0)=1. The scalar mode
does not change the main features of the ! distribu-
tion, and so we shall use (2.1) instead.

B. The Statistical Method

The oscillator excitations that label the reso-
nances can be regarded as forming a statistical
ensemble, whose Hamiltonian is the operator H.
Then a(s) is like the energy, and the statistical
average of a quantity at energy a(s)= Ncan be
evaluated by replacing the sum over states at a
fixed energy N by a sum over states of all ener-
gies, provided that we include a weight of e™#/7/
tr(e~#’T) in performing the average. This is the
normal device of statistical mechanics, in pass-

ing from the microcanonical to the canonical
(Gibbs) ensemble.

The temperature T is defined by the requirement
that the average of H coincides with N:

tr(He"H/T)

(2.4)

where the trace is over all of the oscillator states.
This gives

N=- 3(1/T) {ﬁ > exp[-%(ngmng)

RSl [ (R)
{"” '0}
+n®y né“)]}

= a(la/T){“{l 'e’“’(‘fkm

~272T% as T -0, (2.5)
So
T~(3/2n)2 YN . (2.6)

If the scalar mode [Eq. (2.3)] is included, the
product in Eq. (2.5) is multiplied by
[1-exp(-1/T)]™, and then

3 1/2 173 3/2 1
d (w) VN + 8<'2?T) N
so the effect on 7' is negligible asymptotically.
Once the correspondence between the microca-
nonical and canonical ensembles is established,
the average of any operator A over the states with

a definite energy N, (A),, can be calculated ac-
cording to the formula
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-H/T
<A>N = t—i‘l%e_eTH/IT), (2-7)

where the trace is taken over all the states of the
system. The validity of Eq. (2.7) depends upon the
system possessing a large number of degrees of
freedom and so having a high degeneracy, condi-
tions that are clearly satisfied by the Veneziano
spectrum.

C. The Angular Momentum Distribution

We find the distribution in I/ by first obtaining
that in [,. Let the proportion of oscillator states
with eigenvalue [/, of the z component of angular
momentum be oy(l,) at a(s)= N, with normalization

N
> ox(l)=1. (2.8)
N

1,=-

We first evaluate the average of the operator

e'*Lz which is equivalent to finding all moments
of the distribution. By definition,
N
@Iy =3 ayll,)et Lz, (2.9)
lz= -

By our previous considerations [Egs. (2.1), (2.2),
and (2.7)],

tr(eiOtLge‘Ill .’l‘)
(et E ey = Ty

tr(e-7/T)
. SN SN @M =R/ THi cpn_ (=R/T=i )
-II r:L:/o n.2=o
r=1 (1-e*T)2
(1 _e-k/T)Z
= ’g (1 = 7/TH%)(] — g R/T-1ay > (2.10)
so
(eiaLz>”= G(a, T)e-(ﬂz/s)TY (211)

where!”

< 1
G(ay T)= H 1
k=1

-2e *Tcosa + e 2T

The distribution function in /, is then found by
inverting the Fourier series, Eq. (2.9). With Eq.
(2.11),

e~ (3T m
cN(l,)z————f dae *:G(a,T), (2.12)
2m -
which can be evaluated numerically, or analyti-
cally in approximate form. In the latter case, we

replace G(a,T) by'®

) . 1
Gle, )= CD L T (o7 /RF

maT

- C(T)sinh(naT) ’

where C(T) is a function of T only.'® Then Eq.
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(2.9) becomes a Fourier integral and the integral
equation (2.12) is replaced by

5N(l,)=f da Gla, T)ei Mg~ ("/3T (2.13)
This integral can be evaluated by contour integra-
tion, distorting the contour to encircle the lower
half a plane, and explicitly performing the sum
over the pole residues. This gives

ay(Z,) zésecﬁ(%),

(2.14)
where the coefficient has been fixed by normaliz-
ing oy(l,) to be in accord with Eq. (2.8). In Fig. 1,
we compare the spin distribution obtained using
the analytic expression Eq. (2.14) with that found
by a numerical evaluation of Eq. (2.12). It is seen
that Eq. (2.14) provides an excellent asymptotic
approximation, so that in the following we shall
use analytic expressions obtained from Eq. (2.14).
Now let p(l) be the fraction of oscillator states
at a(s)= N with spin I, and py(l) that fraction with
some definite z component of this spin, so that
N
> ex=1. (2.15)
1=0
Then oy(l,) has contributions from all resonances
of spinl=>1,.

N
GN(ls) = Z; ﬁN(l) ’

1=1,

giving

1.0 T T T T T T
0.9+ —
0.8 \ s
0.7+ A\ B
0.6 \ B

0.5+ \ B

4T o (4,)
Z

0.4 \
0.3+ N —

0.2F N |

0 20 40 60 80

FIG. 1. Graph of the quantity 4Toy(l,) as a function of
1. at a fixed high energy, giving the fraction [oy(l,)] of
states with a given spin component, I,. The solid curve
is the analytical approximation, sech?(l,/2T); the dashed
curve is the numerical evaluation. Here N =2125,
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pyl)=oy@) —oy(l+1).

With Eq. (2.14), the spin distribution of the res-
onances at a(s)= N is given by

(2.16)

~ aoy(l
pn(l) . -‘oéﬂl'("l)'

z 12=1
1 sinh(1/2T)
4T? cosh®(1/2T)°

- (2.17)

It is convenient to make use of the impact param-
eter b= 21/VN, and then 47%p(l) is a universal
function of b:

1 sinhecdh _ 1

" 4T? cosh3ch 4T 1), (2.18)

where ¢=7/2V6 , and N is measured in units of
(a’)"'~1 GeV?2, Although we use an impact param-
eter, we remind the reader that py(d) is the frac-
tion of resonance which can be found at b and not
the profile function of the partial-wave amplitudes,
the latter being related to p,(b) in a nontrivial way.
The direct dependence of p on b given by Eq. (2.18)
enables it to be related to this profile in the same
way at all energies, and will be discussed in Sec.
III. In Fig. 2 we show the b dependence of p (at a
fixed value of N), and also of p = (21 + 1)p, which

is the total fraction of states with spin I = 3bVN.

D. Details of the Distribution

For small values of I, p,(l) increases linearly
with :

Pul)¥ghs for I<T (but 1+0), 2.19)

and then rises to a maximum at

0.7 VN
for p.

I, = 0.51~/Nz
or Sfor p and

b=0.20 F 0.30 F

For larger values of [, the distribution falls ex-
ponentially,

Pe(l) ~ s

4T2e'”'” for 1>T,

(2.20)
and not as a Gaussian.'®

With our normalization, Eq. (2.15), the total num-
ber of spin-I resonances at a(s)= N is determined
by the total level density [Eq. (1.1)], and so in-
creases very rapidly with N. There is a strong
clustering of resonances below a parabola dis-
placed by Al ~VN away from the peak at I,~VN.

In particular, there is a relative linear depletion
of low-spin resonances.

In Fig. 3 we show the behavior of the cumulative
distribution function I(b), which gives the proportion
of the states whose spins lie below I = 36VN , from
Eq. (2.18),

AND SCHWIMMER
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0 0.2 0.4 0.6 0.8 I.0 1.2
b (fermi)

FIG. 2. Curves I are 8Tc% plotted against the impact
parameter b, giving the fraction of resonances at b. The
solid curve is the analytical approximation, (r/V8)f(b);
the dashed curve is the numerical calculation, with N
=2125. Curve II is 8cTp, giving the total fraction of
states at b, showing only the approximate form, -1-151r2bf ).

2 b
1(b) = l ’dl'pN(l’)N;r—z L ab'b’ f(b')

_ sinh(2cb) - 2¢b

cosh(2¢h) + 1 (2.21)

The leading trajectory (I = N) has b= 2VN, so we
see that I(b) approaches unity rather rapidly when
N is large. For example, 90% of all the states
have a spin below

l1=1.8VN,
which corresponds to an impact parameter of

b=0.T3 F.

1.0

0.8 .
I(b)
0.6 _
0.4} .

0.2+ -

1 1 | | 1 1 1 L l ! 1 1
0] 0.2 0.4 0.6 0.8 1.0 1.2 .4

b (fermi)

FIG. 3. Graph of the cumulative fraction of states,
I(b), that occur below impact parameter b, as a function
of b. The 90% level is indicated.
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FIG. 4. Parabolic contours enclosing 50% and 90% of
the states on the Chew-Frautschi plot of the Veneziano
amplitude. The asymptotic contours have been continued
as dashed lines down to low energy. Every tenth Regge
trajectory, and their resonances at one energy, are
shown.

Half of all the resonances occur in a ring between

1=0.69YN and 1.42VN
or
b=0.27 to 0.56 F,

centered around
b=042F,

In Fig. 4 we present the Chew-Frautschi plot with
the parabolic contours which enclose 50% and 90%
of the resonances. The concentration of resonances
at low spin is evident.

The average spin of the resonances given by Eq.
(2.18) is

o= " alp(Q)
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(b)~0.43 F

for the average radius.

Finally, we can use our approximation to evalu-
ate the moments of the distribution. For example,
Eq. (2.14) gives

L= f Yoy 2dl,
“N

1 ¥ l
~ 2 2 ‘&
SaT [Ndl,l, sech <2 >

~3N as N-wo,
as previously found by Corgnier and D’Adda.
E. Average Number of Excited Quanta

For later use, we give the average number of
oscillator quanta excited at a(s)=N. It was ob-
tained by Fritzsch,'® from the Bose distribution,
and this eventually also follows from our Eq. (2.7),
with the operator A equal to

M= (AP + NP+ AP+ W),
k=1
the total-number operator. The average is
<m>1v =4 i MTI
R=1 e - 1

~4TInT as T -, (2.22)

III. DISCUSSION
A. Partial - Wave Couplings

The form of the spectrum p,(!) has implications
for the couplings of the external particles to the
individual internal resonances in the I/th partial
wave of a two-body scattering amplitude. For sim-

giving'® plicity, we take the 2 -2 scattering amplitude
O~1.1VF - B(-a(s), -a(t)), for which the residue of the
: resonance poles in the lth partial wave at a(s)=N
or is
1
Ball)= 5 f 1lg(t)+ 1][a(z);!zL L@ Nl (5.1)

The behavior of By(l) is rather complicated, and
has been investigated (as N -~ =) by Nambu and
Frampton?® for the Lovelace amplitude?®' for

T - a(s)) I - a(2)
(1 - a(s) - a(t)

Tt -t

and

We adapt their results to our amplitude for scalar
bosons. For small I, (I <N), By(l) is independent
of [, and varies mainly as a power of N:

By(l) ~const ——(lnl;\]l:‘ ,
(3.2)
d=max{of0)-1, -3-2a(0)},

and € = 1 or 2.2° At fixed N, this form remains ap-
proximately, up to I~VN1nN, and then B,(l) de-
creases exponentially.?® This cutoff in / is similar
to what we find for p,(l), within a logarithmic fac-
tor” [see Fig. 2 and Eq. (2.18)], and is a conse-
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quence of the fact that the strong interactions have
a finite range.

If we define g(l) to be the average coupling of a
spin-/ resonance to the external particles, then
By(1) is related to py(l) by

n(NPy(Dg* (1) = Bu(l). (3.3)

Comparing Eq. (3.2) with Eq. (2.18), we see that
py(l) and By(l) behave rather similarly, except for
two effects which are relatively small: (a) the lin-
ear suppression of low-angular-momentun states
and (b) the lack of a logarithmic dependence in the
“radius” of py(l).?

From this comparison, it follows that the cou-
pling g, (1) varies only rather slowly with I. It
seems that the Veneziano model chooses to imple-
ment the characteristic form for its profile func-
tion almost entirely through structure in the spec-
trum rather than in the couplings.

It is interesting to speculate on the possibility
that the unitarity corrections would act in a simi-
lar way, e.g., absorption effects would be enforced
through the disappearance of the low-lying states
from the spectrum.

B. The Statistical Model

In the Introduction we remarked on the similarity
between the statistical bootstrap model® and the
dual-resonance model, in their predictions for the
total level density, and possibly also for the pre-
dominant decay mode of high-spin massive res-
onances.'® The angular momentum distribution of
the statistical bootstrap is not yet known, but there
is an analogous problem in nuclear physics® (al-
though it is of course not a bootstrap scheme).
This was first stressed by Lovelace.®

The nucleons are regarded as a free Fermi gas,
confined to a spherical volume of radius R, with
equally spaced energy levels (spacing 6) into which
the individual nucleons can be excited. The total
level density is found by counting all possible com-
binations of excitations, and is evaluated exactly
as in the Veneziano model.®* The density of levels
at excitation energy E is??

5 - 2 T (E 1/2
n(E)~E exp[ ¢6_<6> J (3.4)
and the temperature is given by
2
E =£6-T26 . (3.5)

Here, E is of course the eigenvalue of the nuclear
Hamiltonian. Expressions (3.4) and (3.5) should be
compared with the corresponding Veneziano case,
Egs. (1.1) and (2.6). With our remarks of Sec. II B,

| >

N-E,
(a')'=5,

and we have an exact correspondence between the
two cases (when the Veneziano oscillator dimen-
sion D = 1),

Further, the orbital angular momentum distri-
bution of the excited nucleus is given by??

_ @+ %)e"(H—l/z)Z/ZyT
p@) = [27(yT)° ]

(3.6)

This is also given by considering the addition of
the components I, as a random walk.?* Here,

iy = émyAR?

the rigid-body moment of inertia of a nucleus of A
nucleons of mass m,.

The distribution (3.6) is somewhat similar to the
Veneziano case (2.17): linear for small I, and with
a sharp cutoff for large I. The shape of this cutoff
is, however, different in the two cases: The Vene-
ziano case does not have the Gaussian falloff char-
acteristic of random-walk problems, but only an
exponential. In the nuclear case, the cutoff occurs
at

1,~(yT)?
~(AT)Y2,

If we reinterpret this in terms of the variables of
the Veneziano model, we may expect that [Eq.
(2.22)] for a highly excited nucleus

A=(9)~VN InN,
T-~VN,

so that
1,~~VN (InN)2,

This is similar to the Veneziano case, Eq. (2.20),
within the logarithmic factor.?? So there is an in-
triguing analogy between the results of the Vene-
ziano and statistical kinds of model, and it would
be interesting to derive results for the statistical
bootstrap model of hadrons to compare with our
results for the Veneziano model.
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