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A set of "bootstrap" self-consistency conditions, obtained previously for hadron-hadron
scattering amplitudes, are generalized to amplitudes involving one external photon (defined
here as any weakly interacting boson). The hadron-hadron bootstrap conditions are known
to require that the mesons and baryons correspond to simple representations of one of the
groups SU(n). The photon conditions require that the photon-meson-meson and photon-bary-
on-baryon interactions are a sum of two parts, one part transforming as a state of the reg-
ular representation of the group, the other transforming as a singlet. If the spin and parity
of the photon are 1, this result is equivalent to vector dominance for these vertices. The
experimental implications of the results are discussed briefly.

I. INTRODUCTION

Recently, the author investigated the conse-
quences of a set of bootstrap conditions involving
the trilinear interaction constants of a hypotheti-
cal set of hadrons. ' (The symbol Rl will be used
to refer to Ref. 1.} The hadron set considered
consisted of four separately degenerate subsets,
even- and odd-parity mesons and even- and odd-
parity baryons. The number of particles in each
subset was left arbitrary, a priori. It was shown
that the bootstrap conditions imply that an SU(n)-
type symmetry must be present, and that the me-
sons and baryons must correspond to certain sim-
ple representations of the group.

The purpose of the present paper is to apply
suitable modifications of these bootstrap conditions
to interactions involving hypothetical weakly inter-
acting bosons, called "photons. " The motivation
is to see if bootstrap considerations can help ex-
plain the success of the vector-dominance model,
and predict some observable ratios of photon-had-
ron-hadron interaction constants.

In order to explain the method used, we describe
first the consistency relations of R1.' A scattering
amplitude of the type hadron+hadron- hadron
+hadron is considered. A bootstrap-type hypoth-
esis, based on duality or some other appropriate
dynamical principle, is used to relate the sums of
the residues of the pole contributions to the am-

plitude in two different Mandelstam channels.
Each such residue is bilinear in the coupling con-
stants involving the virtual hadron associated with
the pole. It is required that the set of virtual had-
rons be identical with the set of real hadrons.

In order to generalize to weak interactions, we
consider all amplitudes involving exactly one ex-
ternal "photon" and three external hadrons, and
follow the procedure outlined above in writing the
consistency equations. It is assumed that the pho-
ton interaction vertices are of the trilinear type.
The weakness of the photon interactions is ac-
counted for by omitting all contributions from vir-
tual photons. Because of this omission, two pho-
tons with different properties would not be related
to each other by the dynamical equations. There-
fore, we may assume that only one photon state
exists when solving the equations.

The consistency equations involving the photons
are written and discussed in Sec. II. The solutions
are found in Secs. IIIA to IOE, and summarized
in Sec. OI F. The physical meaning of the results
is discusst, d in Sec. IV.

II. THE CONSISTENCY EQUATIONS

We use the consistency conditions of R1 with
simple modifications. The four-particle scattering
amplitude in the s, t, and u Mandelstam channels is
given by
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G, jg =g Gj,p,fjk (2)

where g"" is the orbital parity factor of the vertex.
The factors q'j'", with three or four superscripts,
are subject to the restriction that the number of
superscripts referring to baryons is even, and the
number referring to antibaryons is even. The val-
ue of g is the product of the intrinsic parities of
all indexed meson states, and the relative parity
of any pair of baryon or antibaryon states. The
phases of the G may be defined so that they have
the "Hermiticity property" expressed by the rela-
tion

ijE fkj y

where i is a meson state. We take the meson-
meson-meson (MMM) couplings to be invariant to
particle-antiparticle conjugation of all the mesons,
l.e.y

G„, = G;;; (for MMM couplings) . (4)

The properties of photon vertices are similar to
those of meson vertices. However, we omit the
label distinguishing different photon states, since
these states are to be treated one at a time. The
small interaction constant Ej~ is associated with
the vertex k- y+ j, where the y is emitted in the
+z direction in the k rest system.

It is convenient to define coupling-constant ma-
trices G, and F., denoted with a tilde. The ele-
ments of these matrices are related to coupling
constants by the prescriptions

(G,)(, = G, &y
= G„I, E&J E,J . ——

s: a+b- c+d,

t: a+c-b+d,
K C+b» Q+d&

where the symbols a, b, etc. refer to the internal
quotum numbers and spin quantum numbers along
the z axis of hadrons or photons. Only collinear
amplitudes are considered. The symbol a denotes
the antiparticle state of i . The convention used
here, with all initial particles barred, is slightly
different from that of RI.

We define the hadron-hadron interaction constant
G,jg to correspond to the vertex k-i+ j, where the
states i and j are emitted in the +z and -z direc-
tions, respectively, in the k rest system. Our
convention is that the subscripts of G correspond
to the quantum numbers of final-state particles in
the "crossed" vertex, vacuum»i +j+k. In the case
of meson-baryon-baryon (MBB) vertices, another
convention used is that the third subscript cor-
responds to one of the baryons.

Reversal of the directions of i and j leads to the
symmetry relation

The transformation from coupling constant to ma-
trix element involves barring the last index, be-
cause the matrix notation is most appropriate
when the right-hand index refers to an initial state,
while the indices of the coupling constants all refer
to final-state quantum numbers.

We first consider the cases of MM and MB scat-
tering; generalization to photon interactions will
be trivial. The states a and c of the amplitude of
Eq. (1) are taken to be meson states, while h and
d are either both meson states or both baryon
states. The s-u channel consistency condition of
R1, which may be obtained from the application of
a duality principle to backward s-channel scatter-
ing, is given in our notation by the equation

Z ifi:ii i~fiY 1 g dull ibii ' (6)

The sums in this equation are over intermediate
states of both parities. We will not discuss the
derivation of the condition in this paper. If the
symmetry conditions of Eqs. (2) and (3) are used,
Eq. (6) may be written in a form convenient for
our purposes,

QG,~„G,„~q-' "=QG~sG, „~rl
'" .

n n
(7)

We obtain an s-t channel consistency condition
for MM scattering by making the substitutions
a = b in Eq. (7), and then using Eqs. (2), (3), and
(4) to write the result in a convenient form. This
leads to the equation

Q G, f„-G„ib= KQGiTqqG~„.

We use this as the s-t channel condition both for
MM and MB scattering. The constant z is one for
MM scattering, but is left arbitrary when b and d
are baryons.

The consistency equations for the yM- MM and
yB- MB amplitudes are obtained by replacing the
external meson a by the photon. One makes the
substitution

G &j-8
in Eqs. (7) and (8). The photon is excluded from
the sums over virtual states.

III. SOLUTIONS TO THE BOOTSTRAP EQUATIONS

A. General Equations of the yM ~MM Amplitudes

When discussing specific applications, we will
replace the G and E of Sec. II by more specific
symbols. The MM interaction constants associated
with odd and even vertex parity factors q are de-
noted by f,» and d, », respectively It follows.
from Eqs. (2), (3), and (4) that d,» is real and
completely symmetric and f„,is imaginary and
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completely antisymmetric. We denote by y, ~
and

y,',. the photon-meson-meson interaction constants
corresponding to odd and even parity factors q"",
respectively. These constants must have sym-
metry properties similar to those of MMM con-
stants, i.e., y, &

is imaginary and antisymmetric in
i and j, while y,'~ is real and symmetric.

We consider first the s-N channel consistency
condition for yM - MM amplitudes for which the
product of the intrinsic parities of the four bosons
is even. We make the photon-meson substitution
of Eq. (9) in the condition of Eq. (7), and then write
the condition in terms of the MMM interaction con-
stants d and f and the yMM constants y and y'. The
result is

p(dkay. k f.k-kr. k)= p(r«dk. k
—r«f..k), (10)

where now each sum is over virtual-meson states
of one parity only.

The s-t and N-t channel consistency conditions
for yM —MM amplitudes are equivalent to the s-u
channel condition with appropriate permutations of
the meson-state labels. Thus, the basic consis-
tency equations are Eq. (10) and a corresponding
equation that applies when the parity factor q&~"

is negative.

trices of Eq. (11), i.e.,

f~„=ATr[(BA A-B)N jj,

d~„= 1(Tr[(BA +AB)N],

(12a)

(12b)

where A. is a real constant of proportionality. ' The
subscripts range over the n' states of the singlet
and regular representations, and do not include the
parity label. The f and d may be nonzero only
when the vertex parity factor q"" is odd or even,
respectively.

The matrix corresponding to the singlet states
is a multiple of the unit matrix. The d interactions
involving singlets are included in Eq. (12b); the

f,» constants vanish if one or more indices cor-
responds to a singlet.

C. Antisymmetric Photon - Meson Interactions

If Eq. (10) is summed over the six permutations
of the meson states 5, c, and d, with a factor of
-1 included with the odd permutations, the d„.„
terms drop out. If use is made of the antisym-
metry of the y, ~ and the complete antisymmetry of
the f,», the result of this permutation sum may be
reduced to the form

(13)

B. The NNN Coupling Constants

We review in this subsection the results of R1
concerning the quantum numbers of the mesons
and the values of the d and f of Eq. (10). The f„
must be proportional to the structure constants of
one of the groups SU(n). ' We assume that n& 2.
The solution is parity-doubled, in that there are
n' meson states of each parity, corresponding to
the regular and singlet representations of SU(n).
(In the formulation of RI, the doubling is between
Regge trajectories of opposite signature. )

The interaction constants may be expressed in
terms of a quark-antiquark picture. We denote the
n states of the fundamental (quark) representation
by Q, , and the antiquark states by Q, . The quan-
tum numbers of any state c of the regular or sin-
glet representations may be expressed by pictur-
ing the state as a quark-antiquark composite, i.e.,

c= QC((Q(((j;,
4j

where the sum is over the n' orthonormal QQ
states. The matrix denoted by the capital letter
(in this case C) represents the meson state denoted
by the corresponding small letter; the matrix is
normalized by the condition P j C„)'= 1. The ffj
and d coupling constants are each invariant to
changing the parities of any two mesons of the ver-
tex. They are given in terms of traces of the ma-

This is the basic equation for y,z. The rest of this
subsection consists of a proof of the following the-
orem.

Theorem: The condition of Eq. (13) implies that
the antisymmetric yMM interaction matrix is pro-
portional to a generator of the group. In symbols,
the result is

rk, = QV(f(~ (14)

QN((Nk( 5((5(k(
N

(15)

where N is the matrix corresponding to n (N=N ).
It is easy to use this condition to show that Eq. (14)
satisfies Eq. (13) if the f(~k are given by Eq. (12a).

where the p. , are constant coefficients.
The fact that Eq. (14) does satisfy the condition

follows immediately from the fact that the replace-
ment y,(-f„( leads to one of the conditions satis-
fied by the f's. (This is the Jacobi identity condi-
tion, which implies that the f's are proportional
to structure constants. ') However, we will demon-
strate this fact directly, since the tools used will
be needed later. The sum in Eq. (13) may be ex-
tended from the n' —1 states of the regular repre-
sentation to n' orthonormal states by adding a sin-
glet state, since f,» vanishes if one of the indices
refers to a singlet. The n' orthonormal matrices
N satisfy the closure condition
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We have left to prove that Eq. (13}is violated if
y~ has a component that does not transform as the
regular representation .In the case of SU(2), all
antisymmetric triplet-triplet states transform as
triplets, so the result is trivial. Hence, we con-
sider only SU(n), with n& 2. We construct a spe-
cial state with the quantum numbers of two quark-
antiquark pairs, labeled the U pair and the V pair.
The state is

(16)

where the subscript denotes the state of the quark
representation. The first term in this expression
is represented by a pair of matrices U and V, de-
fined by the prescription of Eq. (11) to be

Uf~ = &fs&gu Vf) = &f3&&2 ~ (17)

It is shown in the Appendix that y has no compo-
nent in either the singlet or regular representa-
tions, for any SU(n} (with n& 2).

We consider the following specific, hypothetical
interaction y„,

y~, = k Tr(UBVC —UCVB), (18)

where k is a constant, U and V are the matrices of
Eq. (17), and B and C are the QQ matrices of Eq.
(11}representing the meson states 5 and c. If all
matrices represent QQ pairs, the trace of a pro-
duct corresponds to a singlet. Therefore, the anti-
symmetric state of the mesons b and c that inter-
act with the photon in Eq. (18) transforms under
SU(n) like the conjugate of the state y of Eq. (16).

If use is made of the closure property of Eq. (15),
substitution of Eq. (18}into the bootstrap condition
of Eq (13) lea. ds to the requirement W=O for all
regular-representation meson states b, c, and d,
where TV is the quantity

W= +Tr[(UBV —VBU)(DC —CD)], (19)

and ~ is a sum over the three cyclic permuta-
tions of B, C, and D. A straightforward calcula-
tion shows that if U and V are given by Eq. (17),
the following choice of meson QQ matrices leads
to a nonzero 8'.

~fz~gsy Cfj f2 )3 fg fs gs (20)

The matrix D of Eq. (20}corresponds to a combina-
tion of singlet- and regular-representation states,
However, since the matrix corresponding to a pure
singlet is a multiple of the unit matrix, it is easy
to see that the W in Eq. (19)vanishes if either B,
C, or D corresponds to a singlet. This completes
the demonstration that the consistency condition
rules out the specific yMM interaction of Eq. (18).

We now extend the argument to show that the
bootstrap condition is violated if the photon inter-

@ = gaB(CD}R]t) (22)

where (aP), denotes the antisymmetric combination
of the regular-representation states e and P to
form the state j, + is a sum over cyclic permu-
tations and R is a regular-representation state.
The fact that the W of Eq. (19) does not vanish for
all choices of the matrices B, C, and D is equiva-
lent to the statement that a state can be formed
according to the prescription of Eq. (22) with SU(n)
quantum numbers conjugate to those of the cp of
Eq. (16).

One can produce any state or linear combination
of states of the representation TT* by operating
on the state of Eq. (22) with a suitably constructed
polynomial composed of raising and lowering op-
erators and the particle-antiparticle conjugation
operator. ' Such an operator would not change the
symmetry of the state; i.e., the resulting state
would still be of the type shown in Eq. (22). This
implies that for any state in T T*, matrices B,
C, and D can be found for which Eq. (13) is violated.
Therefore, any antisymmetric yMM coupling that
satisfies Eq. (13) for all 5, c, and d must corre-
spond to the regular representation.

For definiteness, we now limit ourselves to the
"physical" case in which the photon parity is odd.
The antisymmetric yMM interactions then connect
mesons of the same parity. We consider first the

acts antisymmetrically with any MM state that has
a component not in the regular representation. The
antisymmetric terms in the reduction of the direct
product R SR are

(21)

where R is the regular representation, T and T*
are conjugate, and T is given (when n& 3) by
(A.„.. . , A„» A.„,) =(2, . . ., I, 0).4'~ All the X, omit-
ted here are zero. The quantity Af is the number
of boxes in the ith rom of the Young tableau of the
representation, minus the number of boxes in the
(i+1)th row. In the case of SU(3), the representa-
tion is (&„A,) = (3, 0). The argument of the Appen-
dix shows that the state y of Eq. (16) is completely
in the representation TS T*.

The meaning of a nonzero W in Eq. (19) may be
understood in terms of a wave function constructed
in a particular way from the three meson states
b, c, and d. One forms a regular-representation
state antisymmetrically from c and d, and com-
bines this state antisymmetrically with b to form
a state conjugate to the photon state represented
by Eq. (16). Then one adds the three cyclic permu-
tations of the states b, c, and d. In symbols, this
prescription for forming the MMM state (denoted
by 4 ) is represented by
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yM - MM amplitudes where all the mesons are of
odd intrinsic parity. All the y, &

of Eq. (13) then
refer to couplings between odd-parity mesons.
The result of the last paragraph shows that these
coupling constants are given by

the photon couplings y' and y, respectively, the
result is the two equations

(25a)

(25b)

y~S = &fa~& y (23)

where a is one of the states of the regular repre-
sentation and p. is a constant of proportionality.
We choose our basis for the odd-parity meson
states of the regular representation to consist of
the state a and states orthogonal to a.

We next consider the amplitudes for which the
parities of the mesons b, c, and d are even, odd,
and even, respectively. We use the symmetries
of the f's and y's to rewrite Eq. (13) as the bd ele-
ment of the following matrix equation:

y~y
= ~ da~y +

aery y (26)

where p. is the proportionality constant of Eq. (23).
If Eqs. (23) and (26) and the expressions for d and

f of Eqs. (12a) and (12b) are used, the conditions
of Eqs. (25a) and (25b) may be reduced to the form

where P, =f, + d, , m, =f, —d, , and the tildes denote
matrices, defined in terms of the coupling con-
stants by Eq. (5).

We define the matrix y by the equation

[y, f.] = Q& f; . (24)
[p„y]=[m„y]=0. (27)

The matrices are related to the coupling constants
by the prescription of Eq. (5). We define a matrix
xby the condition y=gf, +x. The result of Eq.
(23) (which we have derived for the case that i and

j are odd-parity states} implies that x„can be
nonzero only when i and j are even-parity states.
In Eq. (24}, the y matrices on the left refer to cou-
plings between states of even parity, while the
y on the right refer to meson states of odd parity.
If we substitute Eq. (23) into the right-hand side
of Eq. (24), the latter equation reduces to the con-
dition [x,g,]=0. Because of Schur's lemma, this
implies that x transforms as a singlet. Since
there is no antisymmetric singlet coupling, x must
be zero. We conclude that Eq (23) applie. s to the
coupling of the photon with two states of even par-
ity, as well as two states of odd parity. The con-
dition of Eq. (23}is equivalent to Eq. (14) if the
state a is chosen properly. The theorem is proven.

It should be emphasized that this solution for
yo is independent of the symmetric MMM inter-
action, and so does not depend on the extent that
the values of d„„predicted in R1 agree with ex-
periment.

We have made use of the fact that the equations for
MM scattering that are analogous to Eqs. (25a) and
(25b) are satisfied. [These are Eqs. (3.8) and
(3.10) of Rl. ]

It is shown in R1 that p, and m, correspond to
two conjugate fundamental representations of SU(n),
which we call the quark and antiquark representa-
tions. ' The meson states interact like direct prod-
ucts of these two representations, i.e., like quark-
antiquark states. Because of Schur's lemma, Eq.
(27) implies that y transforms as a singlet. Fur-
thermore, this singlet must be coupled equally to
all the meson states In ot.her words, Eq. (26) may
be replaced by the equation

y,',. = pd„&+ v5„., (28)

where v is a constant.
There is no consistency condition for yM —MM

scattering that relates p. and v, the proportionality
constants of the regular-representation part and
singlet part of the yMM interaction. This contrasts
with the consistency conditions for the MMM cou-
plings, where the occurrence of the M as both real
and virtual states leads to the prediction of all cou-
pling ratios. '

D. Symmetric Photon - Meson Interactions

We now consider the symmetric yMM interactions
y' of Eq. (10). If the photon parity is odd, these
interactions connect meson states of opposite par-
ities.

It is convenient to start with the s-t channel
MM -MM condition of Eq. (8), with ~ set equal to
one. One writes this equation for the two cases of
even- and odd-parity factor g' ', adds and sub-
tracts the two resulting equations, and antisym-
metrizes with respect to the labels a and c. If one
then replaces the a-meson couplings d, and f, by

E. Coupling of the Photon to Baryons

We next consider the yB- MB processes, using
the results of R1 for the MBB and MMM interac-
tion constants. As mentioned in Sec. III 8, the me-
son states of each parity correspond to the n'
states of the regular and singlet representations of
SU(n). Furthermore, it is shown in Rl that the
constants of interaction with any pair of baryons of
the corresponding mesons of opposite parities are
equal. On the other hand, the representations of
the baryons of opposite parities are not the same.
We use the symbol D, to denote the coupling ma-
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[p„r'- r] = o,

[M„r'+ r] = o.
(29a)

(29b)

The s-t and u-t channel conditions are obtained by
writing Eq. (8) for the two parity cases, and adding
and subtracting. One then symmetrizes and anti-
symmetrizes with respect to the indices a and c,
and makes the replacements D, —I', E,- r', f, -y,
and d, —y'. [An alternate method of deriving all
the conditions is to make these hadron- photon re-
placements in Eqs. (4.9)-(4.13) of Rl. ] The results
are

[p. , r'+r] =2~g~,„p„,
[M, , I'' —I']=-2vgy, „M„,

~h

{p,, I"+r), =2zgy, '„p„,

(30a)

(30b)

(30c)

(M„ i"'- r],= -2~ay,'„M„. (30d)

We now define the matrices X and Y by the equa-
tions

r'+r =q(P. +D,)+x,
r' —r =q(P. 8,)+Y, - (31b)

trix between baryons of the same parity of the me-
son c (of either parity) and P, to denote the corre-
sponding coupling matrix between states of opposite
parities. We define "plus" and "minus" coupling
matrices by the equations

Pc =Fc+Dc & Mc = Fc Dc '

The vector space includes the baryon states of both
parities, ordered so that even-parity states have
the lowest indices. The D are nonzero only in the
diagonal quadrants of this vector space, and the
F are nonzero only in the off-diagonal quadrants.
We use the capital letter I' to denote the matrix of
the photon coupling between baryon states of the
same parity, and I" to denote the corresponding
matrix between states of opposite parity.

Since the baryonic couplings of corresponding
mesons of opposite parity are the same, the s-u
conditions are independent of the meson parity. In
the s-t channel conditions, the roles of odd- and
even-parity mesons in the t channel are reversed
if one reverses the parity of the external meson.
However, when one sums over all virtual particles,
these conditions also are independent of the parity
of the external meson. There are only two differ-
ent parity cases; the two baryons have the same
parity in one case and opposite parities in the oth-
er. The s-u channel conditions are found by writ-
ing Eq. (7) for these two parity cases, adding and
subtracting the results, and replacing the MBB
coupling matrices D, and F, by l" and f". The re-
sults are

(P, , Xj,= 2xvP, ,

(M„Y/+ = -2a'vM, .
(33a)

(33b)

It is shown in Rl that if c is the SU(n) singlet
state, the matrices P, and M, are nonzero multi-
ples of the unit matrix. (We are assuming a solu-
tion of the type that is not parity-doubled for the
baryons. ) It follows from this fact and Eqs. (33a)
and (33b) that X and Y are given by

X] ~ = Kv5]g y Y) ~ = —KP5]g . (34)

If one adds and subtracts Eqs. (31a) and (31b) and
makes use of Eq. (34), the result is

r'=qF„ (35)

I'= p.D, +zvl, (36}

where 1 is the unit matrix. It is seen that the sin-
glet part of the yBB interaction contributes only
when the parities of the two baryons are the same.

In order to clarify this result, we review briefly
the results of RI concerning the MBB interaction
constants, obtained from the MB-scattering con-
sistency equations. ' In the solution that corre-
sponds most closely with experiment, the baryons
have the symmetry of three-quark composites, and
the parity of the baryon corresponds to the sym-
metry under interchange of two of the quarks. In
this solution, the predicted even-parity and odd-
parity baryons correspond to the SU(6) representa-
tions 5670 and 7020, respectively. Only the
even-parity 56 and the odd-parity 70 are observed
in nature. The D, and F, of Eqs. (35) and (36) are
the SU(6}v-symmetric interactions of the meson
state a between baryon states of like and opposite
parity, respectively. ' The physical significance
of our results for the EBB interactions is discussed
further in Sec. IV.

F. Summary of Predicted Form of Photon
Interactions

The implications of the bootstrap conditions on
the weak couplings of a boson state to the various
mesons and baryons are given in Eqs. (23), (28),
(35), and (36). The ratios of all photon couplings
to hadron-hadron-hadron couplings are given in
terms of the regular-representation state denoted
by a and the two proportionality constants p. and v,
which refer to the regular-representation part and

where p. is the yMM proportionality constant of
Secs. III C and III D. If Eqs. (31a) and (31b) and the
expressions for y and y' of Eqs. (23) and (28) are
substituted into Eqs. (29a), (29b), and (30a)-(30d),
and the MB scattering conditions [Eqs. (4.9)-(4.13)
of Rl] are used, the results are

[X,P, ]= [X, M, ] = [Y, P, ]= [Y, M, ] = 0, (32)
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singlet part of the photon interactions, respec-
tively.

IV. PHYSICAL INTERPRETATION

It is pointed out in Sec. I that if more than one
boson state is weakly coupled to the hadrons, the
consistency equations apply separately to each such
state. If one such state is not its own antiparticle
state, CPT invariance implies that the antiparticle
state must exist and be coupled also. In our for-
malism, where the indices refer both to spin com-
ponents and internal quantum numbers, the physi-
cal photon is a pair of conjugate states, corre-
sponding to positive and negative helicities.

The consistency equations do not predict particle-
mass ratios, and certainly do not predict the mass-
lessness of the photon. However, the photon mass-
lessness causes no difficulty in the derivation of
the consistency conditions. ' It is assumed in the
derivation that the Regge residues for similar types
of couplings are proportional as functions of the
various energy and momentum-transfer variables.
Our use of these conditions in this paper involves
the assumption that this proportionality condition
applies also to photon-hadron vertices of hadronic
Regge residues. This assumption enables us not
only to use the consistency equations, but also to
apply the results directly to ratios of observed
yMM and yBB interaction constants.

Physically, the symmetry group that involves
both spin and internal quantum numbers of the had-
rons is SU(6), with the spin treated by the W-spin
prescription. ' The parity-doubling condition for
mesons implies that each Regge trajectory through
an odd-parity meson state should be exchange-
degenerate with a trajectory of opposite signature.
The lowest states on these latter trajectories are
meson resonances of even parity. Similarly, the
odd-parity baryons are resonances with masses
larger than those of the nucleon octet and 6 de-
cuplet. Many of the predictions of this paper con-
cern the photon couplings of these resonances;
these predictions are difficult to check. The pre-
dictions most accessible to experimental check
concern the photon couplings of various states of
the vector- and pseudoscalar-meson nonets [which
correspond to the 35 81 representation of SU(6)v],
and the couplings between the 56 states of the nu-
cleon octet and 6 decuplet. These are couplings of
the types denoted by y and F in Sec. III.

Strictly speaking, the photons considered here
are real, and hence are in states of helicity ~1.
The yMM and yBB vertices are of the magnetic
type. Qf course, electrical charge may be mea-
sured by the Compton scattering of electrically
coupled, real photons, but this process involves

vertices of a type different from that considered
here. (For example, the Thomson limit of photon
scattering from mesons involves the A' term in
the interaction Lagrangian. ) The SU(6)v singlet
term [v term of Eqs. (28) and (36)] cannot contri-
bute to the coupling of helicity states ~1. The pre-
diction of Sec. III is that the magnetic photon cou-
pling is proportional to the coupling of the helicity
states of a linear combination of the po, u, and y
vector mesons. The observed --', neutron/proton
magnetic-moment ratio, predicted originally from
SU(6) symmetry, is a confirmation of a combina. —

tion of our photon predictions and the predictions
of R1 concerning vector -meson interactions. ' '"

Our predictions involve real photons. However,
if one can extend the treatment to longitudinally
polarized virtual photons, a similar prediction may
be made for the electric coupling. Again, the pre-
diction is that the coupling is proportional to the
coupling of a linear combination of the p„~, and

The vector-dominance hypothesis usually is ap-
plied to observed amplitudes involving photons. "
Our predictions apply only to photon-hadron-hadron
vertices. However, if amplitudes are dominated
by poles in various channels, it is clear that vertex
vector dominance can lead to amplitude vector
dominance. The success of the vector-dominance
hypothesis may be the result of consistency con-
ditions of the bootstrap type.

The present approach is complementary to the
"octet-dominance" approach to electromagnetic in-
teractions, used by Dashen and Frautschi and oth-
ers several years ago." In both approaches it is
assumed that the strong interactions are SU(n)-
symmetric. Dashen and Frautschi show that if ba-
sic EM (electromagnetic) interactions correspond-
ing to different representations of the group are
present, the effect of the strong interactions may
be such as to enhance the observed effect of the
regular-representation type, EM interactions. On
the other hand, our result is that self-consistency
conditions may force the basic EM interactions to
correspond to the regular and singlet representa-
tions.
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APPENDIX

We prove here that the Q,Q, Q2Q, state of Eg. (16)
has no component in the singlet or regular repre-



3004 RIC HARD H . CAPPS

sentation for any SU(n), n & 3. The algebra of
SU(n} contains n —1 independent, commuting, Her-
mitian, n-by-n matrices. We diagonalize these
matrices simultaneously, denoting by H, the nth
eigenvalue of the ith matrix. We choose the n —1
matrices H, to satisfy the following orthogonality
and normality relation,

(A1)

We define an nth matrix H„ to be a multiple of the
unit matrix, with diagonal elements H„equal to
n '". The requirement that the generators be
traceless then allows us to extend the range of i
and j in Eq. (A1) from n —1 to n If .His defined to
be the n-by-n matrix whose elements are H, , Eq.
(Al) is equivalent to HHr = 1, where T denotes the
transpose. Since the dimension is finite, this im-
plies that H~H=1, or

PH, „H,s= 5„s .
t= 1

(A2)

We consider only states that are eigenvectors of
the diagonal generators H, to H„,. For every such
state of every representation there exists a
"weight" vector in the (n —1)-dimensional space
defined by the generators. The ith component of
the weight vector is the eigenvalue of H, . We use
the norm, or length squared, of the weight vectors
to classify states. The quark states are those

whose eigenvalues are the elements H, of the ma-
trices Hy to H y The norm N~ of any state Q„of
the quark representation is given by g,",H,„', or

Ho = 1 —H„„'= (n —1}/n . (A3)

The cosine of the angle 8 8 between any two dif-
ferent quark states Q„and Qs, is P", ',H, „H,s/Xo,
or

cose„s = 0 —H„H„s/No

=-(n —1) '. (A4)

The weight vector of an antiquark state is the neg-
ative of that of the corresponding quark state.
Thus, the cosine of the angle 8

&
between the vec-

tors corresponding to Q and Qz is

cose.s=(n-l)-' (lf a~ p). (A5)

The weight vector of a composite state is the sum
of the weight vectors of the constituents. The norm
of the vector of a singlet state is zero. The norm
for the regular-representation state Q„Q s(for n
o P), computed by using Eqs (AS). and (A5) and the
law of cosines, is two. Thus all states of the sin-
glet and regular representations have norms of 0
or 2. On the other hand, a quick calculation shows
that the norm for the state Q,Q,Q, Q, is 6. This
concludes the proof that the state y of Eq. (16) has
no component in the singlet or regular representa-
tion.

"Part of this work was done while the author was
visiting the Israel Institute of Technology (Technion)
in Haifa, Israel.
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'In Rl it was shown that the matrices P& = f&+ Z; have
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a linear combination of the p& and the identity matrix, in
any irreducible subspace of the p;. It was stated without
proof that this requires the p; to be the fundamental
representation of one of the groups SU(n). It has since
been pointed out to the author by Dr. T. K. Kuo (private
communication) that this follows from Burnside's theorem
for group representations. See Hermann Boerner, Rep-
resentations of Groups (North-Holland, Amsterdam,
1963), p. 69. The theorem was pointed out to Dr. Kuo
by Dr. S. P. Wang.

A similar expression is derived in R1 for a repre-
sentation in which all meson states are self-conjugate.
We emphasize that the meson states in the present treat-
ment need not be self-conjugate.

4Rules for decomposing the direct product of two rep-
resentations of SU(n) are given by C. Itzykson and
M. Nauenberg, Rev. Mod. Phys. 38, 95 (1966).

~The separation into symmetric and antisymmetric
states may be performed by the following procedure.

One takes the direct product of the symmetric two-quark
state and the antisymmetric two-antiquark state, and
adds to this the direct product of the antisymmetric two-
quark state and the symmetric two-antiquark state. This
leads to the representation RRTT*, as can be seen
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in exchange of the two quark-antiquark pairs. The R state
resulting from the antisymmetric singlet-R combination
must be subtracted, yielding Eq. (21).

8The raising and lowering operators of SU(n) groups
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of the BS conditions here. The fact that BS consistency
conditions of this type are not satisfied by three-quark
representations has been emphasized by J. L. Rosner,
Phys. Rev. Letters 21, 950 (1968); 21, 1468(E) (1968).

W spin is defined and discussed by H. J. Lipkin and
S. Meshkov, Phys. Rev. 143, 1269 (1966).

This bootstrap condition, used in R1, is derived by
R. H. Capps, Phys. Rev. D 2, 2640 (1970).

It is well known that the first derivations based on
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SU{6) of the neutron/proton magnetic-moment ratio
were wrong, essentially because the moment operator
did not behave properly under particle-antiparticle con-
jugation. However, the discovery of 8'spin made possible
a correct derivation, given by K. M. Bitar and F. Gursey,
Phys. Rev. 164, 1805 (1967).

The prediction of the moment ratio does not follow from
our results alone. One must use the requirement that the

SU(3) structure of the state that corresponds to the mag-
netic interactions is the U-spin scalar state of the octet.
Since the electric charge is proportional to the U-spin
scalar of the octet, this requirement may be obtained
from the requirement that the charge and magnetic-mo-
ment operators [within the regular representation of
SU(6)] have the same SU(3) structure.

' The vector-dominance hypothesis has been discussed
in many papers. Some references to early papers are
contained in the review talk of N. M. Kroll, in Proceed-
ings of the Fourteenth International Conference on High
Energy Physics, Vienna, 1968, edited by J. Prentki and

J.Steinberger (CERN, Geveva, 1968), pp. 75-86. A more
recent paper on the subject with some references, is
A. P. Contogouris, R. Gaskell, and M. Svec, Phys.
Rev. D 3, 145 (1971). The extent of the validity of the
vector-dominance hypothesis is not yet clear.
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A complete X-matrix unitarization of the Veneziano amplitudes for pion-pion scattering is
carried out. In contrast to previous works on this subject, the correct behavior of the par-
tial waves at the left-hand cut threshold is taken into account. Crossing symmetry is en-
forced by determining the parameters from the Roskies sum rules, and the Martin inequali-
ties are used to limit further the range of solutions. The resulting s and p waves are in good
agreement with the most recent experimental information.

I. INTRODUCTION

The problem of pion-pion scattering has been a
very fundamental subject in hadron physics and
has served as a model example in the S-matrix
approach to strong interactions. ' The development
of current algebra coupled with the hypothesis of
the partially conserved axial-vector currents
(PCAC) on the one hand and the discovery of the
Veneziano model on the other have stimulated
many authors' to have a renewed interest in the
quest for pion-pion interactions.

The Veneziano model is based on Regge asymp-
totic behavior, crossing symmetry, and real lin-

ear trajectories. However, the resulting ampli-
tudes lack unitarity and cut-plane analyticity. Fur-
thermore, while the K-matrix method, suggested
for example by Lovelace, ' can remedy the unitarity
to some extent, the resulting partial-wave ampli-
tudes do not possess the crossing symmetry of the
original Veneziano amplitudes. Though some at-
tempts' have been made to retain the crossing sym-
metry in the course of unitarization, no complete
K-matrix unitarization, which is consistent with
cut-plane analyticity and crossing symmetry, has
been available till now.

The purpose of this paper is to carry out a com-
plete K-matrix unitarization of the Veneziano am-


