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We present a model of symmetry breaking for a field theory of currents through the diver-
gences of vector and axial-vector currents, The assumption of partial conservation of vector
current (PCVC) and partial conservation of axial-vector current (PCAC) for the nonvanishing
divergences allows us to make an explicit connection between the form of the symmetry-
breaking part of the energy-momentum tensor and the nonlinear realization of the internal
symmetry. It is shown that for SU(2) and SU(3) the vanishing of exotic commutators fixes
uniquely the symmetry breaking as well as the nonlinear realization for the divergences of

the currents.

INTRODUCTION

Assuming that strong-interaction physics can be
described by a set of m vector currents V,f(x) and
m axial-vector currents Al (x), where m is the
number of generators of a special unitary group,
one can construct a “field theory of currents”
which is consistent with Lorentz covariance and
from which the Heisenberg equations of motion
emerge.' Many of the currents defined above are
identified with the weak and electromagnetic cur-
rents and are therefore directly observable.?'?
The basic quantities defining the theory are the
equal-time commutation relations (ETCR) between
the components of the currents with the extra
assumption that the time-time component of the
energy -momentum tensor obeys the “Schwinger
condition.”*”” Then, the complete energy-mo-
mentum tensor can be expressed as a bilinear
function in those currents and is shown to be auto-
matically invariant under the underlying group
SU(n) ®SU(%). This means that an energy-momen-
tum tensor that is a bilinear polynomial in the
currents and not invariant under the underlying
group is inconsistent either with the Schwinger
conditions or with the fact that the currents trans-
form as vectors (axial vectors) under the Lorentz
group.?

Therefore, in an attempt to obtain an energy-
momentum tensor which breaks the SU(n) ® SU(n)
symmetry while keeping the original assumption
of Sugawara' (i.e., equal-time commutation re-
lations among the currents, and the Schwinger
condition) one has to add new operators to the set
of the original vector and axial-vector currents.
Since in an invariant theory all the currents are
conserved, the most natural way to break the
symmetry is to introduce the divergences of the
currents [S*(x) =3,V i(x), P'(x)=3,A%(x)] as new
members of the original set {V}, A}}.
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In Sec. I we review briefly the main features of
Sugawara’s theory of currents. Then, in Sec. II,
along with a few algebraic assumptions, we mod-
ify Sugawara’s energy-momentum tensor by a
term 6,, ¢(x) where ¢(x) is a scalar function only
of the divergences of the currents.

Then we establish a general formalism giving a
link between the form of the symmetry-breaking
part of the energy-momentum tensor and the
transformation properties of the divergences of
the currents. It turns out that the divergences of
the currents generally form a nonlinear realiza-
tion of the SU(n) ® SU(n) symmetry. It is worth
mentioning that such nonlinear realizations are
obtained without going through Lagrangian for-
malism. One finds also that in the cases consid-
ered, the vanishing of the “exotic commutators”
uniquely specifies the symmetry breaking. Final-
ly, we notice that the existence of a canonical con-
jugate for the fields S*(x) and P'(x) is not incom-
patible with their equations of motion.

In Sec. III, we apply the formalism of Sec. II to
the cases where the underlying group structures
are SU(2) and SU(3), respectively. In a separate
publication, we will investigate the more realis-
tic cases of SU(2) ® SU(2) and SU(3) ® SU(3).

[. REVIEW OF THE SUGAWARA THEORY
OF CURRENTS

As stated in the Introduction, a field theory of
currents of the type proposed by Sugawara' as-
sumes the existence of a set of m vector currents
V,i(x) and m axial-vector currents A%(x). The
underlying group structure of the theory is sup-
posed to be that of the group SU(») ® SU(n). (We
will consider in the following only the cases n=2,
n=3.) The equal-time commutation relations of
the components of the currents are postulated to
be
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(Vi(x), V(] =[A}(x), A) ()

= b0 1044 Vi (x) + 38,4 VE(X) + g, , V()] 1}o(%
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¥) +¢06'(8,40% +0,,0%)6(X - F)
(1.1)

[ Vui (x), An]J (y)] =i {éu 4AZ (x) + %éuq[Aﬁ (%) +&u GAZ(X)]} (X - y) ’

where the {;;, are the structure constants of the
group SU(n),? c is a c-number constant, the met-
ric used is 6,, (1=1,2,3,4), g,, =(1,1,1, -1).

The Schwinger condition* ® must also be satis-
fied, i.e.,

[644(%), ©44(3)] =[O40(x) + 644(1) ;06X - 7)
(a=1,2,3). (1.2)

Here and in the following all the commutators
considered are understood to be equal-time com-

mutators. Then, the energy-momentum tensor
©,,(x) is found to be®

euu = —({V (x), V,}(x)} {A ziz(x)}

"Guu[vp(x o(x) +Ap(x A:')(x)])-
(1.3)

The currents obey the following equations of mo-
tion:

8, Vi(x) = 3,V i(x) =-21—c L4V, VA
+{Al(x), AN},

(1.4a)

0,450 ~ 2,41 (x) =5~ 1,4 [{ 41,00, V()

+HVi(x), A0} (1.4b)

From the form of ©,,(x), it follows that all the
currents are conserved:

9, Vilx)=0,
3,AL(x) =

(1.5)

This theory has been shown to be consistent with
Lorentz covariance and the Heisenberg equations
of motion.*

The generators of the Poincaré group are in-
deed

P, =if 0,4 (D d’x,

M,_n}=i f dsx[xuequ(x) - xuequ (X)] *

The Heisenberg equations of motion are expressed
by

[P,, B(x)]=id, B(x), (1.6)

where B(x) is any local operator.
Lorentz covariance is expressed by®:

[Muv)Jci(x)]=i[luu(x)]o>\‘])f(x), (1.7)

r
where J{(x) is either Vi(x) or A%(x) and

[luu(x)]akz[xuav_ xuau]bol +[6u06u)\ - 6;.1 )aua] .

(1.8)
P, and M, satisfy the well-known relations
[Py, Py[=0,
[Py,My,]=i(65, Py =65, P,), (1.9)

[MuuyMXc] =i(6u XMuo‘ Guan)\
+5,_,)\M“0 - GucMu )).

II. SYMMETRY BREAKING IN THE SUGAWARA
THEORY OF CURRENTS

A. Assumptions of the Model

As explained earlier, we intend to break the
symmetry of the original theory by keeping (1.1)
and (1.2) and by adding to the set of vector and
axial-vector currents, a new set of operators

SH=0,Vix),
Pi(x)=3,A}(x),

which are, respectively, scalar and pseudoscalar
quantities. It should be noted that some of the
S¥s are identically zero for those #’s which cor-
respond to conserved currents. Furthermore, ac-
cepting the common view in quantum field theory
about local operators, we regard S¥(x) and P¥(x)
as interpolating fields of physical particles. In
that sense, the relations (2.1) can be called PCVC
(partially conserved vector current) and PCAC
(partially conserved axial-vector current) rela-
tions. At first glance, one would think that the
simplest way to break the SU(n) ® SU(n) symmetry
would be to write an energy-momentum tensor of
the form

(2.1)

Oy = a“[V"(x)Vf(x)+ Vi V(0]
@'’ (A} (0A)(x) + Ay (0A] (x)]
+ tﬁpu[B”Vp (DVi(x)+B YA (DAL (%)].

However, such an expression for ©,, is shown in
Appendix A to be inconsistent with Lorentz covari-
ance. Therefore, the most natural way to break
the SU(n) ® SU(n) symmetry is to define a new en-
ergy-momentum tensor

0,,(x)=0)(x) +6,, p(x), (2.2)
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where eff,,)(x) is defined by (1.3) and is the part of
the energy-momentum tensor which is invariant
under the group SU(n) ® SU(n), while ¢(x) is the
part which breaks the SU(»z) ® SU(%) symmetry.

The form (2.2) of ©,,(x) will allow us to obtain
local commutation relations from integrated ones
and provides a smooth extrapolation of matrix ele-
ments of the Hamiltonian to the zero four-momen-
tum limit.'>!! Since we add new operators to the
original algebra defined by (1.1) we need to make
some assumptions concerning the equal-time com-
mutators involving S*(x), P'(x), and ¢(x). It
turns out that the most crucial commutators are

Al(x). We will assume that
[0'(x), 0 (3)]=0, (2.3)
[o(x), Ii(»)]=0. (2.4)

Now, we want to retain the original commutation
relations (1.1) and the Schwinger condition (1.2).
Therefore, we require that

[644()6), 944(3’)] =[64a(x) + Gg(y)]aié(i - )7) . (2.5)
Using (1.3) for ©{) it follows that

[o(x), (] =[ p(3), 653 ()] +[63(4), B(x)].

[0'(x), 07(y)] and [ ¢(x), J}(3)], where O(x) is ei- (26)
ther S*(x) or P*(x) and J j(x) is either V}(x) or The form (1.3) of ©(x) implies
[o(x), ¢(¥)]= —%({V‘,‘(x), [Vi(x), s} = {Vi (), [V (), (0]}
Vi), [VE), o} +{V) (), [Vi(9), 9]} +(V = A)). (2.7)

But the Heisenberg equations of motion (1.6) and
the relations (1.1) and (2.1) imply

st = [ a0, viw,
(2.8)
P (x) = f d* o(y), Ai(x)] .

The existence of a ¢c-number Schwinger term in
the commutators of the right-hand side of (2.8)
can be shown to be inconsistent with (1.1) and
Jacobi identities for [[ ¢(x), V/(3)], V/(2)] and
[[¢(x), Ai(3)], Ai(2)]. Therefore,

(), Vi =5'(06E-7),

T
zero in the symmetry limit [i.e., when S%(x)
=Pi(x) =0]. Consequently, it is natural to assume
that ¢(x) is a function of the P’s and S’s only.
This assumption is further supported by the con-
ditions (2.3) and (2.10). All the assumptions in-
troduced up to now are consistent with the Jacobi
identities. At this stage, it is interesting to no-
tice that an important consequence of assumption
(2.4) is that the equations of motion for the cur-
rents retain their original form (1.4). We further
point out that sum rules not inconsistent with ex-
perimental observations have been derived'?
from equations of motion of the form (1.4). The
equation of motion for ¢(x) is readily obtained by

(2.9) s
; . - the use of the condition 3,6,,(x)=0.
i = Pi - . puv
[9(x), 4:(5)] ()5(% -7) Indeed the condition 3,6,,(x) =0 alone implies
Then it follows that (2.4) and (2.9) imply that
[o(x), ¢(3)]=0. (2.10) 3,0)=-8,¢(x) (2.11)
Furthermore, we expect ¢(x) to be identically and the form (1.3) of eff,,)(x) gives
J
3,9(x) = (1/26)[{S* (0), V,/ ()} +{V (), 3, Vi (x) = 3,V i(x)} +{P*(x), A}(x)} +{A% (»), 3,A5(x) = 9,4 (0)}].
(2.12)

Since, as noticed earlier, the equation of motion
for the currents retain their original form, one
finally obtains after successive use of (1.1)

3,0(x) = (1/20)[1S* (%), Vi (0} + {P'(x), Ak(x)}].
(2.13)

Equation (2.13) can also be obtained in a more
straightforward manner from the Heisenberg
equations of motion and the use of the relations
(2.4), (2.9), and (2.10). However, in order to

f
completely define our theory of currents with
breaking of the symmetry, one needs to know the
equations of motion for the operators S*(x) and
Pi(x).

One can easily see that the equations of motion
we are looking for are completely governed by
the knowledge of commutators of the type

[0'(x), I/ (9)],

where 0'(x) is either S*(x) or Pi(x) and where
J](y) is either Vj(y) or Ai(y).

(2.14)
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Indeed, the Heisenberg equations of motion for
0i(x) are

9, 0'(x) =[P, 0'(x)]

and therefore 3, 0'(x) involves only commutators
of the type

[0'(x), 6], [O*(%),J/(N], [0'(x),Ti(»)].

But [0°(x), $(3)] =0 according to our assumptions.
On the other hand, if we look at Jacobi identities
for quantities of the type

[77(2), [¢(x), J{ (] (2.15)
one has from (1.1) and (2.9)
[72(2), [¢(0), JiD]]=[](2), 0'(x)]6(X - F)
=[JJ(2), 3 (0]6( - 7).

But from the assumptions (2.4) and the Jacobi
identity for (2.15),

(77 (2), [ 9(x), I/ (9)]] = [ ¢(x), [4{ (5), T/ (2)]] =0.
(2.16)
Therefore,
[0 (x),J}(»]=0. (2.17)
We now study further the commutators of the
type (2.14) by taking the time derivative of the
time-time commutator in (1.1). We obtain
[$(x), VI +[V(x), $7(9)] = t;uS* (06X - F)
[S*(x), AJD] +[VE(x), PY(3)] = £, PX(0) 6(X - F)
[P(x), Aj()] +[AL(x), PY(y)] = t; pSH(x)8(X - F) .
(2.18)

This set of relations implies the following forms
for the commutators (2.14):
[S¥(x), V(9] =3;:S* 06X - 7) + M (x)6(X -7),
[P(x), Vi) = 4 5 PH(x)8(R - §) + N (x)6(% - §) ,
[87(x), Ai(»)] = N"(x)6(X - ),
[PH(x), A{(9)] = 34,8 *(x) 6% - §) + R (%) 6(% - §),
(2.19)
where M*/, N*/, and R are Hermitian with M*/
and R symmetrical in 7 and j. Also the right-
hand sides of Eqs. (2.19) are assumed to contain
no _gradieqt_ terms. Therefore, the quantities
MY (x), N*(x), and R*/(x) must be (at least from

a purely algebraic point of view) only functions of
Ji(x) and O*(x) with the following properties:

(1) When i corresponds to a conserved current
[i.e., S*(x)=0]

MY =—31,S*%. (2.20)

(2) In the symmetry limit, all these functions
must vanish identically.

(3) By commuting both sides of (2.19) with ¢
one has

[o(x), M ()] =[ p(x), N*(y)]
=[¢(x), R ()]=0. (2.21)

Therefore, it is reasonable to assume that
M¥(x), N'(x), and R¥(x) are functions of the

P’s and S’s only. This assumption shows that the
P’s and S’s form a nonlinear realization of

SU(n) ® SU(n) if they correspond to interpolating
Heisenberg fields. (Nonlinear realizations of
chiral symmetry in particular have been investi-
gated by Weinberg.!®) The equations of motion
for S*(x) and P*(x) can now be obtained:

3,5 (0) =31 {HmsS* () +M™(3), V2 (1)}

+{N™(y), AT(N}],
(2.22)

8P () =5 [ 13ty ") + BP(3), AT}
ALmaP0) + N(), VR0

B. General Constraints on the Functions
MY NY RY and ¢
The functions M*/, N*/, R¥ and ¢ are not in-
dependent of each other since there are numer-
ous Jacobi identities connecting them. Then, the
constraints imposed on those functions will take
the form of functional differential equations. In
order to have more compact notations, we will
drop the arguments of the operators as well as
the 6(X - y) and we will write J,/(x) as J*.
Thus,‘ from the Jacqbi identities for
([s*, v7], v*], [[s*, V7], 4%, [[P', V], VH],
[[P%, V7], A*], and [[P', A?], A*] one obtains, re-
spectively,
(MY, VE - [M*, v']= itiplimS™+ tjklM“
+ et M = 3t MY,
(MY, A*] =[N, V'] = £, N¥ = 38;,N*
[N”, Vk] - [Nuy Vj] = tiklN”+ tmN” - tulek,
(2.23)
[N”,Ak] _[Rik’ Vj] = %t‘” t,-,,,,s"'+ t/ktR“
+ %tiklM” - b ka' s
[R”, A*] -[R™, All= Lirrti imP™ + tmN“
+ %tiklN“ = %tuxNk L
The differential equations obtained from (2.23)
are explicitly written in Appendix B. Now using
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the relation (2.9) for the symmetry-breaking part
of the energy-momentum tensor, one obtains

Si:%timlsmal¢+m” al¢+tim,P"‘5,¢+N”51<p,

, = - (2.24)
P'=3t;S™0,0+R" 0,0+ N''0,0,

where 9,=9/3S" and 3,=3/3P".

In order to achieve a consistent field theory of
currents with symmetry breaking, the equations
of Appendix B and (2.24) are fundamental since
they relate, although not necessarily in a unique
way, the form of the symmetry-breaking part of
the energy-momentum tensor to the transforma-
tion properties of the divergences of the currents.
For example, it will be shown in Sec. III that
when the underlying group structure is that of
SU(2) or SU(3), the vanishing of those commuta-
tors [S?, V7], which are exotic, determines ¢
uniquely.

C. Possible Existence of Canonical Conjugates
for the Fields S?(x) and P¥(x)

Since, according to our PCVC-PCAC assump-
tion, we interpreted the nonzero fields S¥(x) and
Pi(x) as interpolating fields of physical particles,
it might be helpful in order to find, eventually, a
particle interpretation of a field theory of cur-
rents, to investigate whether or not such a theory
is incompatible with the existence of canonical
conjugates 7(x) and #(x) such that

[7(0), S(»)]=~66(x -7,

[77(x), P/(y)]=-8"6(x - 7),

(7700, 7/ (N =[7(x), P(y)]
=[7'(x), S'(y)]=0,

where 7°(x) and #%(x) are defined only for those
i’ s which correspond to S*(x) #0 and P*(x) #0.

By commuting 7(x) and 7(x) with both sides of
the space part of Eqs. (2.22) we obtain equations
defining [7'(x), V()] and [#¢(x), A™(»)]:

(2.25)

(2.26)

-6'226(% - §) ='21—c([ timeS *(¥) +2M7™ (][ 7 (x), V)] = {0: maS *(3) + 2M ()]} V() 5(X - 7)

+2 N"(y)[ (%), AT()] - 2[3; N'™(3)] AT () 6(Z - 7)),

(2.27a)

-84926(% - §) =L([t,-mk5 H)+ 2RI (x), AT()] - 2[R (M)IAT(3)6(X - F)

2¢

+ 2 P (9) + N[ (), VD] = 208, £mePH(3) + N(3)] FAT(5) 6% - 7))

(2.27p)

0=[£;meS*(») +2M " ()][7*(x), V,"(3)] = 2[5, M ™(D)] V() 6(X - F)

+2 NN 7 (x), AZ()] - 2(3, N (N AT(3) 6E - 7)

(2.27¢)

0=[t;meS"(9) +2R™™()][7(x), AT(5)] = {8:[ LimeS*(3) + 2RI™(3)]}AT(5) 6(% ~ )

+ 2 imeP*(¥) + N(9)][7(x), VM(3)] - 2[ 8, N ™(3)]AT(3)6(% - F) -

Thus we see from the above relations that there
is no obvious incompatibility between the equa-
tions of motion and the existence of the canonical
conjugates 7'(x) and 7'(x). In fact, in some sim-
ple cases it is possible to find an explicit form
for the 7*(x) and 7'(x). We refer the reader to
Sec. III for a brief study of a particular form of
canonical conjugates in the case of SU(2) and
SU(3), respectively.

IIIl. APPLICATIONS OF THE GENERAL
FORMALISM TO THE CASES
OF SU(2) AND SU(3)

A. The case of SU(2)

Let us assume that we deal with a world where
we have no axial-vector currents and no strange
currents. Then, the energy-momentum tensor
describing strong and electromagnetic interactions

(2.27d)

is such that the third component of the isospin
current is conserved,

S%=2,V2=0.

Since we have no axial-vector currents, Egs.
(2.19) reduce to the form

[SH, Vi]=4€,,S*+MY, (3.1)

where ¢;;, are the SU(2) structure constants.

At this point, it is more convenient to express
the equations (3.1) in terms of lowering and
raising operators. Therefore, we define in a usu-
al manner

Vr=VieiVe, VT =Vioiv?,

Since $°=0, it follows that the S’s transform
linearly with respect to V3.
Indeed S®=0 implies



M¥ =3¢, 8" =M%, (3.2)
which leads to

[S7, V3] =€;5S". (3.3)
Then, when expressed in terms of S*, S3, V*¥,
V3, the Egs. (3.1) become

[s%Vvi=isT,

[S*, V'] =M" —M?+2iM™2, (3.4)

[SH VT ]=M"+M?,

The remaining commutators are obtained by tak-
ing the Hermitian conjugate of (3.4).

Now, one notices that each commutator in (3.4)
belongs to the class of operators { T} of infinite
polynomials in S¥, S~ such that

[T, V3] =iqT,

[TY, V3] =-iqT (¢=0,1,2,...,7).
We show in Appendix C that

T=g(X)(S™), (3.6)

where

(3.5)

X=87S"

and g(X) is any infinite polynomial function of X
which commutes with V3.

Therefore, we define two functions f and #,
which commute with V3, such that

[ V']=4/(s")?,
[S*V]=2h.

(3.7

It is easy to see that one obtains a first funda-
mental differential equation relating ¢ to f and &
through the relations

[(P, V+] =S +’ (388.)
[¢, V¥]=0. (3.8Db)

But, from (3.5) and (3.8b) ¢ is only a function of
X so that according to (2.24) one obtains

2(0,0)h+2fX)=1. (3.9)

Since ¢ is Hermitian as well as k, f must also be
Hermitian. The other fundamental differential eq-
uations relating f and % are obtained by using
Jacobi identities of the type (2.23). For example,
the Jacobi identity for [[S ™, V*], V7] gives the rela-
tion

S*=2(S")f, V'] +8fnS* =[n, V*]. (3.10)

Since, for any function g(X)

[0, vV1=B[xX, V]=25 i +2fX005g,  (3.10)
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Eq. (3.10) becomes

S =28 [2(0x )k +2f X)X +4fh — (3 yh)(h + 2 X)],
or (3.12)
1=2[2(3xf)(h +2f X)X +4fh - (3,h) (h + 2 X)] .

It turns out that all the Jacobi identities of the
type (2.23) reduce to the same Eq. (3.12) which
therefore becomes one fundamental differential
equation. Thus Egs. (3.9) and (3.12) tell us how
the form of the symmetry breaking is related

to the transformation properties of the S’s. In
particular, Eq. (3.9) shows that if the functions

h and f are known and obey (3.12), then ¢ is
uniquely determined. For example, let us assume
that the so-called “exotic commutator” [S*, V*] is
identically zero (i.e., f =0). Then

haxh="'é,
h=(a-X)"2,

(3.13)

where a #0 and (@ - X)!’2 is understood to be the
corresponding polynomial expansion in X.
From (3.9) one obtains
dod= 1
x® a-x)"7’
(3.14)
p=—(a-X)1"+8.

1t is easy to see that in this case ¢ transforms
like the third component of an SU(2) triplet. It is
interesting to notice here that ¢ can always be
made positive definite by choosing >0 and 8= Va.
Then ¢ takes the form

1X 1 2 3
oo [2 A5V (2 L oo

which ensures the positive definiteness of the en-
ergy spectrum. Conversely, if one fixes the form
of the symmetry-breaking ¢(X), one can obtain
the transformation properties of the S’s in a
unique way.

For example, let us assume that ¢(X) = aX.
Then Eq. (3.9) gives

h+2fX=1/2a. (3.16)

From the Eq. (3.12) one obtains the relation
1=2( 2 xo f-8f2X+§f) (3.17)
S Xox 2 ) .

The first terms of the polynomial expansion in X

give

_o 208, 16 e
f‘6+45 X+(7)(135)aX2+ . (3.18)
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B. Conditions for the Existence of a Particular
Canonical Conjugate

Let us now investigate the possible existence of
a canorical conjugate 7°(x) (¢=1, 2) for the fields
S*(x). We look for an operator 7(x) such that

[7(x), S/(y)]=-6"8(X-7).
From (2.22), the equations of motion for S’(y) are
3,87(9) = (1/20){Z €;meS *() +M™(¥), VM(5)}] .

(3.19)
Commuting 7°(x) with both sides of (3.19), Eq.
(2.28a) takes the form

8030 =) =2 {[ &y + 2,M™(3)]V(3)5(% =)

+[2€;meS ") +M™()][ 7 (x), VD),
(3.20)

where use has been made of [[7°(x), V,"(3)], S’(z)]=0.

Now Eq. (3.20) suggests that
[75(x), V] =Fi") VI (3)6E -F) + G ™(x) 6% - ),

(3.21)
where Fi™ and G'™ are functions of S’s only. The
above equation suggests in turn that 7(x) might be
of the form

7' (x) = 3{H* (%), VE)}, (3.22)

where H'™(x) is a function of S’s only. Thus we
look for the constraints imposed upon the function
H'*(x) in order for 7(x) to be a solution of (3.20).
Putting

Alm=Le; W SE+MI™, (3.23)
one finds the following conditions:
im_ im
G, (3.24)

F:I"I:Hikehmn ’
which imply that '™ must obey the constraints
5“ = gimaim
’. ‘ (3.25)
0=0; A’ + H*[ €4, A’ + (3, A7%)A'],

where we recall that i=1, 2 and the other indices
run from 1 to 3.

Furthermore, the constraints (3.25) have to be
consistent with the differential equation (3.12).
For example, if one assumes that 7°(x)=2,5"(x),
one finds that such a canonical conjugate is not
compatible with (3.12). It also turns out that when
the exotic commutators vanish, Eqgs. (3.25) are
incompatible.

Therefore, the form (3.22) for the canonical con-
jugate imposes additional constraints on the non-

linear realizations of the SU(2) symmetry.

C. The Case of SU(3)

The case of SU(2) gave us some ideas about the
manipulations involved in the applications of the
general formalism developed in the previous sec-
tions. The results obtained for SU(2) look indeed
very simple and we are encouraged to apply the
same methods to the case of SU(3).

In a theory where the underlying group structure
is SU(3) we will assume, in order to describe
strong interactions, that the total isospin and hy-
percharge are conserved, i.e.,

Sl=82=83=88=0.

Because of this fact, some of the operators M’
can be determined. Indeed [with f;;, being the
structure constants of SU(3)]

[S, Vi]=3finS*+MY =0 (i=1,2,3,8) (3.26)
implies

Mt =MY=—-{f,.8" (i=1,2,3,8), (3.27)
so that

[SL, VI]=fiuS* (j=1,2,3,8). (3.28)

This equation shows that the S’s transform linearly
under the isospin and hypercharge generators.
Now, as we did in the case of SU(2), we express
the commutators [S’, V'] in terms of raising and
lowering operators:
Vi=V11iV2,
S;=S*+iS5% S:i=5%+iS7,

Vi=VesivT,

(3.29)
Vi=Visivs

Then, when expressed in terms of (3.29), the com-
mutators containing the unknown M*/ are easily
seen to belong to the class of operators T for
which

[T, V]=n3iT, n=0,x1,22, ...
(3.30)
[T, Ve ]=mi3V3T, m=0,+1,42,....

Then we show in Appendix C that such an operator
can be written as

T=g(X, Y)(S f(n+m))e(n+m)(n+m)/2(sge(m-n))e(m-n)(m—n)/z ,

(3.31)
+, n+m>0
e(n+m) =
-, n+m<0,
+, m=n>0
e€m —n)=

-, m-n<0,
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where g(X, Y) is some function of the variables
X=S!S7 and Y=S}S;.

Then, using (3.31) we can express the commutators
(3.26) in the following form:

[S1, Vil=47(S]),
[S;, V-l-]=2h’

where f and k are functions of X and Y only. Then
the rest of the commutators (3.26) can be gener-
ated by some Jacobi identities of the type [[Sf, V'],
V*]. One obtains

[S2, Vi]=4fS;S],

(S}, VS ]=2FS}s ,
[S2, Vi]=4/(S,)%,
[SF,Vi]=2r-2F(X-Y),

(3.32)

(3.33)

where F=(dy— dy)k. The use of Jacobi identities

of the type [[S}, V], V*]=0and [[S;, Vi],V"]=0 im-

poses further restrictions on f and %:
(aX -0 Y)f =0 ’
(0 = 0y)2h=(0x— 0y)F=0.

(3.34)

Similarly, from the fact that the symmetry-break-
ing part ¢ commutes with V * and V-, one deduces

(0x=23y)p=0. (3.35)
Then the conditions
[¢)V1]=Sl, (3.36)

[, Vi]=S]

lead to two fundamental differential equations re-
lating ¢, 4, f, and F:

1=20x¢[(h+2X)+(F+27)Y],
1=20,¢[2f(X+Y)+FY+Hh].

(3.37)

It follows from (3.37) that f is Hermitian. Then
the remaining of the Jacobi identities of the type
(2.24) will provide differential equations relating
F, h, and f. Those differential equations are

3=(2X3yf = Axh)[h+FY+2f (X +Y)]

+4f h+F(F+21)Y,
i=2fh-F(h-FX+2fX),
0=(20yf - 0xF)h+FY+2f(X+Y)|+F(2f -F).

(3.38)

We notice that the conditions (3.34) and (3.35)
imply that F, f, and ¢ are only functions of the
single variable X+ Y and that % can be written in
the form

h=K+XF=K-YF, (3.39)

where K and K are also functions of X+ Y only.
Again, we see from (3.37) that if F, f, and % are
known, then ¢ is completely determined.

As a particularly interesting solution to our sys-
tem of differential equations (3.38) let us consider
the case when the exotic commutators!* are zero.
Then, f =0 and & obeys the differential equations

3=—(34h)(h+FY) +F?Y,
%= "F(h-FX),
0=+ (0xF)(h+FY)+F?%.

(3.40)

The most general solution to (3.40) is

X+Y))"2-Va}, with a>0
(3.41)

{la- X+ -Va},

1
Fampil

Y

h=b—(X+Y)]1/2—2(X+Y)

where use has been made of (3.39).
Eqs. (3.37) give

s 1
x50+ YF)’

the solution of which is

p=-[a-(X+1]"+p, (3.42)

where §is an integration constant of no physical
significance. The positive definiteness of the en-
ergy spectrum is again obtained by choosing 8 = Va
(@>0). Let us investigate further the consequences
coming from the conditions that the exotic commu-
tators are zero.

From (3.41) and (3.42) one notices that

o(X, V) =-%[2n- (X - Y)F]+3Va + 8.
Defining
Ug=-[2r-F(X-7Y)],

it is possible to show, by using successively the

commutators of U, with V¥, that one generates

seven other quantities U* such that [U*, V'] =f,,,U*.
Those U'’s are

U'=-F(S{S;+S7S;V3,
U*=iF(S;S; -S{S;)V3,
U=-F(X-Y)V3,
U*=-V3S°%,

U®=V3s*,

Ut=-v3S7,

U'=V3s°®,

Therefore, the fact that the exotic commutators
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are zero implies that ¢(x) transforms like the
eighth component of an octet and fixes completely
the nonlinear realization of SU(3). Conversely, it
is well known that if ¢(x) is proportional to the
eighth component of an octet, then the exotic com-
mutator vanishes.

Finally, what we have said about the existence of
canonical conjugates in the case of SU(2) applies
also in the case of SU(3), i.e., there exists a class
of nonlinear realizations of the SU(3) symmetry
which is not compatible with the existence of canon-
ical conjugates of the form (3.22).

CONCLUSION

In this paper we presented a model of symmetry
breaking in a field theory of currents. It is very
interesting to notice that starting with a few simple
assumptions we were able to develop a complete
framework of symmetry breaking which has many
common features with nonlinear Lagrangian theo-
ries.

In fact, once we fix the scalar and pseudoscalar
interpolating fields by the PCVC-PCAC assumption,
we find [at least for SU(2) and SU(3)] that the van-
ishing of the exotic commutators fixes the symme-
try breaking as well as the nonlinear realization in
a unique way. This uniqueness property is beyond
the restrictions of group theory and shows that the
above PCVC-PCAC assumption is a very strong

| >

one. Although the examples considered in this
paper are not physically very interesting, many of
the features discovered appear also in more real-
istic cases. Indeed, in a subsequent paper'® we
investigate in detail the case of SU(2) ® SU(2) [with
SU(2) conserved] and find that the formalism pro-
posed above leads uniquely to the o-model type of
nonlinear realization of symmetry breaking. There
are many problems to be investigated in this mod-
el. The basic question is that of the realization of
the algebra and we believe that the existence of a
canonical conjugate for some of the variables will
help in this respect.

One can also investigate the breaking of scale
invariance in this model. In fact, within our as-
sumptions, scale invariance is obviously broken.
Since ¢ is only a function of S’s and P’s and Ofﬁ?
is only a function of V’s and A’s, ©,, cannot be
Zero.

Finally, it should be pointed out that there have
been many attempts to introduce symmetry break-
ing in Sugawara’s model.'*"'° Those attempts,
among which Refs. 18 and 19 display great simi-
larity with our work, deal with linear realizations
for the divergences of the vector currents while
we allow a more general transformation. A com-
mon feature of all these models including the pres-
ent one is that the equations of motion for the cur-
rents are unaffected by the symmetry breaking.

APPENDIX A: COVARIANCE AND THE FORM OF THE ENERGY-MOMENTUM TENSOR

We show in the following that an energy-momentum tensor bilinear in the currents is inconsistent with
Lorentz covariance when the internal symmetry is broken.

Consider the most general form for a symmetrical energy-momentum tensor bilinear in the vector and

axial-vector currents:

0, = A [ VLI Vi(x) + V() V()] + @A (0DANx) +ALDAL ()] + 8, [ BV E(x) V(%) + BYAL (0)AL (%)

(A1)
Then, using the Heisenberg equations of motion,
ovi= [ a%0u(n), Viw]  and  2,410= [ a*l6u(n, AL,
one obtains
9,V =[(2aV + BIf jy+ @ + IO ] VIV I +[ QA7 +BY)f sy + (R + B 1]V A0 AL 3)
+(BYf s+ BT 50) Va(V 2(9) + (BYf saa+ B jn) AL(DALD) = c(B* + 578,V i(3), (A2)

9,A5(y) 2[(25“ + B”)fjkl +(207" + ﬁ“)fjki]Ai( y)V,i(y) +[(2a“ + Bij)fjkl +(2a" +le)fjki] Vz(y)A;(y)

+[ﬁ”fjm + lefjki]vi(y)Aal(y) +[B“fjkl + B”fjki]A:(y)VaI(y) - C{Bkj + Bjk]a,.A.{(y) . (A3)
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Therefore, Lorentz covariance implies

Hf i+ atf =0, (Ada)
G i+ @ =0, (A4b)
Qi s+ @ =0, (A4c)
GYf y+ ' f =0, (A4d)
B+ B7*=(1/c)0™, (Ade)
B¥ +B*=(1/c)6%. (A4f)
But the conditions (A4a) and (A4c) imply
atl=gh, (A5)
Now the Heisenberg equation of motion
V0= [ a0,y Vi
gives
ot +at =~ (1/c)8'%, (A6)

where use has been made of the relations (Al).
Now assuming that

Vi) Vi(x)= Vi)V +Lm[ vV, (0, Vi,
(A7)
with
Lim [V} (x), Vi(5)]
=S lim{B,,Vi(x) +36,, [V (0 + VI*) P - 7),
(A8)

IN A FIELD THEORY... 2975
one has
N 1, .
a”V:,(x)V,’,(x)=-2—CVL(X)V;(X)
+3(a” o) Um[ Vi, (), V).
(A9)

But from (A4a) it is easy to see that (a'/ - o’*)f,,
=0. Similarly, from (A2) one deduces that

Bijfjm + ﬁ”fjki =p ”fjki + Bjifju (A10)
so that

(ﬁ” - Bji)fj”=0 R
Therefore using (A4e) one has

L ) 1 . .

BYV (D) Vi(x) =32 Vi(x)V(x). (Al1a)
Similarly,

S ) 1 )

BUAL(AY(x) =5 AL (DAY (A11b)
Consequently,

047 =~ 34V 49, Vi) +1ab(9, A0}

=8, Vi(x)Vix) +AL ()AL (%)) .
(A12)

APPENDIX B: DIFFERENTIAL EQUATIONS RELATING THE FUNCTIONS M/, Nii_ AND R4

2 lomiS ™ MY = 11y ST M) + (M3, MY = M3, M™) + (s P™3, M —t,,, P™ 3, M) + (N'*3, MY ~N' 5, M%)

= %tjklti lmsm + tjklM“ +étlklel - %tl'lekl ’
(B1)

2lemiS™0, MY + R0, MY 4 N¥3, MY — 41,,,S™8, N** -MU3,N* - ¢, P"3 N** - NY5 N** = 1, N — L4, N¥,

(B2)

(2temiS ™0 N = 51y S™8,N*®) + (M ™3, N7 — M3 N**) + (4, P"8,N* = 1, P"5,N**) + (N"*5, N = NY5,N*¥)

=t N+ 1y NV — 1, NT*,
(B3)

%tk””smg’Nij_*‘lea lNij+Nkla'Nij —%tjmlsmalR‘k—M‘ja,R”'— jm‘PmélRik_NU‘é‘Rik

_1 m T 1j I
=atiplimS "+ LR + 3, MY — 8, R,

(B4)

(%tkmlsmglRij—%tjmlsma;Rik)‘F(lea;R” —R”alRik)+(NklalRij—Nj'a,Rik)

- m i, 1 it _ 1 k1
=tiplymP " + N + 2l N7 = 3 N©°.

(B5)
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APPENDIX C: STUDY OF A CLASS OF OPERATORS
CARRYING GIVEN ISOSPIN AND HYPERCHARGE
QUANTUM NUMBERS

We will consider only the case of SU(3) but the
same reasoning can apply to SU(2).

Let us define an infinite polynomial function of
the nonzero S’s by

T

T Carst(SNUST(S)(SS) (C1)

U
with the following properties:
[T,V3]=ismT,
[T, V®])=i3V3nT.

(C2)

Since the S’s transform linearly with respect to
the conserved generators one obtains

q-7r—-s+it=m,
g-r+s—1t=n
or

g-r=3m+n), (C3)
t

Let us consider the case m +n>0, m —n>0.
One can write

T=Z)C""s (S 1+)r+(m+n)/2(s ;)'(S;)S(S 2—)s+(m-,,)/2 ,
r.s
(C4)
Where C, o= Cy +(mm/ar.s.5stmen)a

But (C4) can be written as

T=(S])mm/2(s;)m=m257 ¢, (STST)(S5S5)°.
r,s

(C5)
Putting X=S/S;, Y=S;S;,
&X, V) =rZZ C, (X)(Y)°, (C6)
one has
T=(S)m (s ) mmlg(x, 1) . (&)

Following the same reasoning for different signs
of m +n and m — n, one obtains the desired result
(3.31).
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