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The general structure of the two-photon process in colliding-beam experiments, e +e
—e+e+I, is studied for an arbitrary hadron final state 1. The dependence of the scattering
amplitudes on the lepton variables are explicitly factored out from the helicity amplitudes
for the basic (hadronic) process y+y —1. General formulas are given for the differential
cross section as well as for important special cases. The most important inclusive channel
(y+y- anything) and exclusive channel (y+y x+m) are studied in some detail. The first
case can yield information on the fundamental process y+y —y+y. The second case provides
a clean Inethod for extracting the S-wave ~-n. phase shifts.

I. INTRODUCTION

Colliding electron (positron) beams are a poten-
tially fruitful source of interesting information
about electromagnetic and strong interactions. The
initial results from several laboratories have fur-
nished the first clean study of the well-known vec-
tor mesons and created much incentive for theo-
retical investigations of the one-photon annihilation
process, e'+e -y-hadrons. ' It has been recent-
ly realized, however, that the cross section for
"two-photon processes" (i.e. , e+e- e+e+hadrons,
see Fig. I) is expected to be large" and will domi-
nate the annihilation process at energies above
1-1.5 GeV. This opens up a whole area of new
possibilities and information to be gained from
such processes. In particular, it provides an im-
portant opportunity to study photon-photon interac-
tions and hadronic systems of even charge conju-
gation. '

The purpose of this paper is to explore the gen-
eral features of colliding-beam processes in which
an arbitrary final hadron system is produced by
two virtual photons and to examine the possibilities
of extracting specific information on the fundamen-

tal process y+y- y+y as well as on the S-wave
m-m phase shifts. In Sec. II we treat the kinemat-
ics. Because of the many particles in the final
state, this can be rather complicated. By using
the helicity formalism for these current-current
scattering amplitudes, we factor out in an explicit
manner the dependence on the lepton variables
from that of the hadronic variables in the process
y+y —hadrons. This enables us to write down the
general formulas for the scattering amplitudes
and differential cross section for an arbitrary
final state and to give the small-angle approxima-
tion to such formulas (Weizsa. cker-Williams ap-
proximation'). In Sec. III we consider the experi-
mental situation when none of the outgoing hadrons
are observed. The cross section for that case
(when either one or both of the outgoing electrons
are observed) can be related to the absorptive
parts of the forward y +y - y +y scattering ampli-
tudes. Valuable information on the latter process
can be gained from such measurements. We also
study, in this section, the full consequences of
gauge invariance for these y —y amplitudes and
some of their scaling properties. In Sec. IV we
study the most important final hadron state for the
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FIG. 1. Two-photon pro-
cesses in colliding-beam
experiments. The dashed
lines are the incoming and

outgoing leptons, the wavy
lines are the virtual pho-
tons, and the solid lines
are final-state hadrons.

two-photon process —the two-pion state. The em-
phasis is on ways to extract the S-wave m-m phase
shifts from this interesting channel. In Appendix
A we give some detailed formulas on the kinemat-
ics and the differential cross section for a general
two-photon process. Appendix B contains the de-
finition of invariant amplitudes for photon-photon
forward scattering.

For clarity, we do not discuss the background
problem in this paper. We refer the readers to
related works for general qualitative considera-
tions along that line."

II. GENERAL KINEMATICS

We consider the process

e+e- e+e+I'

in the two-photon-exchange approximation" (Fig.
1). In (1), e represents either e or e' and I'
stands for some arbitrary hadron state. The pro-
cess can be either exclusive (all particles in I'
measured) or inclusive (final-state I' partially
measured or unmea. sured). As shown in Fig. 1,
the incoming and outgoing momenta of one elec-
tron are labeled by k, and k„ those of the other
by q, and q, . The momenta of the virtual photons
are, therefore,

k=k, —k~,

+y-r. (5)

To take advantage of this simplifying feature, it
is essential to choose a set of variables which
completely separates the known dependence on the
lepton vertices from the unknown dependence on
the hadronic amplitude, (5), in an explicit manner.
The obvious choice of hadronic variables is that
appropriate for the process (5) with virtual (space-
like) photons of "masses" k' and q', respectively.
It is not hard to see that the natural vaHables for
the leptons are those specifying the lepton config-
urations in the "rest frame"' of the corresponding
virtual photons. We shall define those variables
explicitly in Sec. II B and derive the connection
between processes (1) and (5) for a general final-
state I" in Sec. IIC. First, however, let us famil-
iarize ourselves with the process (1) by introduc-
ing the laboratory-frame variables which are the
experimentally measured variables.

E:
e, L9, $:

energy of the incoming particles,

energy and polar angles of the out-
going particle with 4-momentum ka,

e', 8', g': energy and polar angles (with re-
spect to a set of axes related to the
above by 180' rotation around the
y axis) for the outgoing particle q2,

A. The Laboratory-Frame Variables

In colliding-beam experiments, the lab frame is
just the c.m. frame for the incoming particles. We
choose the z axis to be that of the incoming beams.
We further specify the x-z plane to be defined by
a vector p, belonging to the hadronic system F.
Then the lab-frame kinematics is as illustrated in
Fig. 2. The independent variables in this frame
can be chosen as,

We also define

s = -p' = -(k+q)'. (4)

The kinematics of the over-all process (1) is
considerably simplified by the assumed two-photon
exchange structure of the amplitude (Fig. 1). The
amplitudes for (1) can be expressed in terms of
those describing the simpler process,

K=k, +k2,

Q = gg+g2.

The total 4-momentum of the hadronic system I'
is given by P(=k+ q), while the individual particle
momenta will be denoted by P„p„..., P„. The
squared effective mass of the state I is designated
by s with

X .'
P
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I
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FIG. 2. Kinematics in the

laboratory frame which is also
the c.m. frame of the colliding
beams. Note the x-z plane is
determined by one of the had-
ronic momenta p&.

plus other "intrinsic" hadronic variables, if any.
Although experimentally the lab variables are

directly measured, they are not very useful in ex-
hibiting the structure of the two-photon exchange
amplitude, Fig. 1. The expression for the cross
section is exceedingly complicated and without ex-
plicit physical interpretation. We shall therefore
go over to the "natural variables" alluded to pre-
viously.
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B. Natural Variables

The use of leptonbrick-wall (BW)-frame variables
for current-current amplitudes and its close as-
sociation with helicity amplitudes (or form factors)
for current-hadron scattering has been discussed
in the context of electron-hadron and neutrino-had-
ron scattering. 9" The same analysis can be eas-
ily carried over to our process, Eq. (1). There
are two separate BW frames ("rest frames" for the
virtual photons') associated with the two pairs of
leptons. In either frame we define the photon 3-
momenta to be along the z axis. The two frames
are further specified by requiring the time com-
ponent of one or the other photon 4-momentum to
be zero. Thus in the BW frame of the "k electron"
we have

k=v k2(0, 0, 0, 1)

and

q =~qz (sinhu, 0, 0, —coshu),

where coshu =-k q/(k'q')' '. An arbitrary config-
uration of the k electrons in this frame can be
specified by two variables (p, X) which parametrize
the transformation O(g, X) which brings the vectors
k, and k, along the z axis and which leaves k, Eq.
(f), invariant. Explicitly, O($, X) consists of a
rotation around the z axis by the azimuthal angle

X and a boost along the x axis by the hyperbolic
angle tII). The 4-momenta k„k, are therefore speci-
fied by Eq. (7) together with

K=~k' (cosh/, sinhgcosX, sinhgsinX, O).

Similar definitions of the variables (g', X') asso-
ciated with the "q electron" in its own BW frame
when transformed" to the "k electron" BW frame
yield the following form for the vector Q:

Q = ~q& (cosh/' coshu, -sinhg' cosy', sinhg' sinX', -cosh/' sinhu) .

Equations (7)-(9) specify all the relevant vectors in one frame in terms of the independent variables

q', k', s (or k ~ q) and

(9)

(10)

The kinematic configuration in this frame is depicted in Fig. 3. The configuration of these vectors as well
as their explicit expressions in terms of the variables (10) in the "q electron" BW frame are exactly the
same as shown here with the roles of the k electron and q electron reversed. The connection between
these variables and the lab variables is given in Appendix A along with other detailed kinematic facts.

The utility of the set of variables (10) lies in the fact that each electron-photon vertex function can be
written as a known function of its BW-frame variables while the rest of the over-all amplitude is indepen-
dent of these variables. For instance, it is easy to see that

&k,x, lj~(0) I k,x,& =sf &(k)&k,x, Ie'" + j(0) I kg, &

=e~(„)(k) &k xalo '(0, x)e"-* j(0)o(0, x)lk, xi&

= ".(k)D(0 X)"s&)i.X. I

'"'* j(0) lk X )

=e(.,(k)D(q, X)",jP', (k') .

Here kz, = —,
' ~k' (1,0, 0, +1); and e ~& &(k) (n = 0, 1, 2,

3) are a set of helicity polarization vectors" for the
virtual photon. O(|)I, X) is the SO(2, 1) transforma-
tion introduced earlier and D(p, X) s is the trans-
formation matrix for j in the spherical basis. "
The lepton "form factors" j~~ ~~ (k') can be easily
calculated. The only nonzero ones are,

j1/2, 1/2(~) j-I/2, -1/2(k (12)

C. Scattering Amplitude and Cross Section

With these preliminaries, we can now write
down the transition amplitude for process (1).

T =e'&k.x. Ij„(o)lk&x & &qax2 Ij.(o) I q,x,'& —.—1 1

xJtd'xe' &rl T(Z&(x)Z'(0)) IO&

= (e'/k'q )T s (k', q', s, ...)D(g, X)

D(0 X) "s jx",~,(k'). jx'i (q'). (13)

The amplitude is thus in a manifestly factorized
form with the dependence on the leptonic variables
explicitly displayed. The hadronic part is isolated
in the factor T s(k', q, s, ...) which is nothing but
the helicity amplitude for the process y+y- I with
virtual photons of masses k', q' and helicities a, P,
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FIG. 3. Kinematics in the
brick-wall frame of the k
electron. The hadronic vector

p& which defines the x-z plane
is not shown. The azimuthal
angle between the two planes
for the k electrons and q elec-
trons is X+X'.

respectively,

T„,(k', q, s, ...) = Jd'x (r ~
7 (d„(x)Z„(0))

~
0)

x e' "e (" &(k)eg }}}(q). (14)

We note that for e e collisions, because of iden-
tical particles, an additional term in Eq. (13) is
required. It can be obtained from the expression
given by interchanging k, and q, .

For a general experiment of the type (1), let us

split the final phase space for the final hadron
system into two factors,

dI =dI"dI'",

x [d(}I})',d(() 1 +d(q)', d(q)",]
x [d(y')'d(q'),"+d(y')- d(q')"- ] (16)

where we have used (12) and the explicit form for
D(g, X)." We also introduced

where dI" is associated with the observed vari-
ables while dI"' with the unobserved variables.
The differential cross section, after averaging
(summing) over the initial (final) lepton polariza-
tions can then be written

do = » —», d(cosh/)d(cosh/')dy dy'dr'
29&2 E2 k2 q2

k2 2 s 4e-i (m-l))(e i (n-j)q, s, ...,e

kk„„„(k',q', , ...} fdk (2 =}'k'(k"~'k —k} k', (k q', s,", ... }'k,
' „(k', k', , . . .},

which is clearly the contribution to the absorptive
part of the y -y forward elastic scattering ampli-
tude due to the state I' summed over dl"". These
functions satisfy the Hermiticity relation

=W*~/j, mn mn, l j &

in general, and the parity relation

(16)

W, 1. „=(-1)' 1' "W, (19)
for processes where the detected hadron(s) lie in
the same plane as the virtual photons.

Equation (16) can obviously be further expanded
out using the explicit expressions for d(}I})"„as
given in Ref. 13. We give the full expression in
Appendix A. For purposes of discussion, Eq. (16)
is, in fact, more concise and clear.

D. Small-Angle Approximation

Because of the presence of the factor (k'q') ',
the bulk of the cross section is confined to the
small-momentum-transfer region, as in the fa-
mous Mott cross-section formula. In other words,
the photons are mostly near mass shell and the
laboratory scattering angles 8 and 0' for the lep-
tons are small. In this limit our BW-frame vari-
ables are simply related to the laboratory vari-
ables,

k'=q'=0

where

da„4m'n'
drk s ( 11,11 Wl-l, l 1)

and

f (x) = (2+x')' ln(1/x)-(1 —x')(3 + x') .

(21)

(22)

The total cross sections for various hadron pro-
cesses based on these approximate formulas were
calculated by various authors before. ' "

III. CONNECTION WITH FORWARD ELASTIC
PHOTON-PHOTON SCATTERING

AMPLITUDE

If none of the final-state hadrons are observed,
we sum over all possible states 1 in Eqs. (14) and
(17). The functions W» „(k', q', s, ...) then become
the absorptive part of the forward elastic helicity
amplitudes for the fundamental process, ' Fig. 4,

Thus, if the outgoing leptons are not observed one
can easily integrate over the small-angle region,
setting k' = q' = 0 in the photon-photon amplitudes
W„. „, and obtain the mell-known expression for
the cross section of process (1) in the
"Weizsgcker-Williams approximation. "

n' E ' 4'ds s

x=4 x'=0'
s =-2(k q) =4(E —e)(E —e')

k

cosh' = (E + e)/(E —s),
cosh}I}' = (E + e')/(E —e').

(20)
y (k, m) +y(q, n) - y(k, l) + y (q, j) .

Explxcxtly, we have

(23)

W„. „„(k',q', s) = e ~,}(k)e&,}(q)W„, 1,(k, q)e~„}a&'„}(q),

(24)
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FIG. 4. Forward photon-pho-
ton scattering; m, n, l, and j
are helicity indices.

where

k, m

q, n

these forward elastic amplitudes satisfy

Wt~...-5(1 H~ .)Wt~

(angular momentum conservation) (26)

W„,)d, d)=Id'*d'dd'*e ' ' '

x &0 I V'(Jp(x) J„(y))T(J1(z}d,(0)& I0&

(25)
and T denotes the anti-time-ordered product. In
addition to the symmetry relations (18) and (19),

W» „=W,*, „„(time-reversal invariance). (27)

By making use of these symmetry relations, one
can write down the explicit formula for the differ-
ential cross section for the over-all process (1)
summed over F,

do = 0» d(cosh)1))d(cosh)l)') dy2 mE' k'

x[(cosh')I) +1}(cosh g'+1) 2(W1, 11+W1 11 1) +(cosh )})+1)(cosh g' —1)W 0 10+(cosh )}) —1)(cosh g'+ 1)W0, 01

+ (cosh'p —I)(cosh')})' —1}(WM 00+-,' cos2&W, ) 1 1) + sinh2)}) sinh2$' cos1 2(W11 pp W1p p 1)], (28)

where now the x-z plane is defined by the outgoing
q electron. It is obvious from the above expres-
sion that by measuring the outgoing leptons, one
can determine, in principle six combinations of
the eight independent forward elastic (virtual)
photon-photon scattering amplitudes.

In view of the importance of the fundamental
process (23), it is worthwhile to look into the
structure of the helicity amplitudes, Eq. (24),
arising form the gauge-invariance properties of
the photon interaction. These can be written

k"Wq„&, =q'W~p ), ~ =Wq, ), 0 =Wqp gaq =0.

It is well known that these conditions give rise to
low-energy theorems for the helicity amplitudes.
The full content of (29) can be explicitly displayed
by expanding W„, q, in terms of a minimal poly-
nomial tensor basis {L,j which satisfies all the
requirements of Lorentz transformation, gauge
invariance, and symmetry conditions (18), (19),
(26), and (27),

Wp" "' =Q W, (k' q', s)L,""'" (k, q). (30)

The coefficients W, (k', q', s) are then (absorptive
parts of) invariant amplitudes which are free from
all kinematic singularities and zeros (constraints)
A general procedure for constructing such a tensor
basis exists. " Some of the explicit formulas for
the resulting gauge-invariant fourth-rank tensors
are rather lengthy. We give the detailed results
in Appendix B. Here we only exhibit the kinematic
structure of the helicity amplitudes by expressing
them in terms of the analytic invariant amplitudes
W;,

I

WM 00=k'q (W, +W2+2W0+q W0+k Wp),

10 = -q (k [W2 +k W, +Wp + (k q)W0] + (k q) WQ,

W01 p, =-k (q [W2+q Wd+Wp+(k q)W0]+(k q)'Wp],

W„, , =(k q)'W, +k'q'[W, -(k. q)W, ],
2 (Wll, ll Wl-l, l-l}

=(k' q) f~~W~+q Wd+k Wp+Wp+(k q)W0]

+ 2k'p 2W2 + Wp -(k q)W0], (31)

2(W„~-W10 0,) = —2(k'q') [(k q)(W2+W, )-k'q Wp],

2(W11,11 W1-1.1-1&

= —', (k q)[2W, + (k. q)W, ]+ —,'k'q [Wp —2W, —(k q)W0],

11,00 + 10,0-1}

= —(k q ) [W, + 2 (k ~ q) (W2 —Wp + 2W„) + k'q Wp] .
One well-known consequence of these relations is
the low-energy theorems for W» „ that they dis-
play explicitly. Thus the factor of (k )' ' or
(q'}' ' associated with each longitudinal virtual
photon emerges as expected. In addition, Eq (31).
shows that the first six amplitudes, which are the
ones appearing in the cross-section formula (28),
each vanishes as the square of the momentum com-
ponents when either k„-0 or q„-0.

With gauge invariance and other kinematical re-
quirements explicitly taken care of, one may ex-
amine dynamical problems associated with the
photon-photon elastic scattering amplitudes. We
shall not go into much of these more speculative
topics and shall confine ourselves to a simple dis-
cussion of possible scaling behavior for this pro-
cess.

The motivation for looking into the scaling be-
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v"iW,.(k', 0, s) - F(&u),

where

v=-k. q,
u&=-k. q/k,

1 for i=1,
N, = 2 for i =2, 3, 6, 7,

3 for i =4, 5, 8,

(32)

and the limit is taken with k'- ~, -(k q) —~, and
~ fixed. The expression for the cross section then
takes the form

havior comes, of course, from the rather dramat-
ic results found in deep-inelastic electron-nucleon
scattering. "'" In trying to apply similar considera-
tions to the two-photon process, one immediately
recognizes some differences. For instance the am-
plitudes for our process, e+e- e+e+anything, de-
pend on three invariant variables (k', q', s) [cf. Eqs.
(24) and (30)] . One must, therefore, decide on
which of the many possible scaling limits to take.
Here, our freedom of choice is limited by some
serious practical considerations. Since the cross
section drops off very fast when either k' or q be-
come large, it is impractical to look in the region
where both variables are large. This suggests that
we should look at the situation where one electron
(say, the k electron) is detected at large 4-momen-
tum transfers and the other (the q electron) remains
inside the small-momentum-transfer forward peak.
This situation is then very much similar to the
inelastic electron-nucleon scattering case with
the low-energy photon emitted by the q electron
playing the role of the target nucleon in the pre-
vious case.

Since the most striking aspect of scaling, so far,
has been its experimental verification rather than
its theoretical elucidation, it appears appropriate
to apply the simplest possible arguments in order
to find the scaling behavior of the various ampli-
tudes. In the present case where there is no mass
variable to set the scale, dimensional analysis is
almost sufficient. One can invoke analogs of
Bjorken's heuristic relations to argue that the rel-
evant quantities tend to nonvanishing limits in the
sealing region. Thus, for q~ almost on the mass
shell, one can obtain,

cosh& = [E + e cos'( ,'8-)]/[E —e cos'(-,'9)],
cosh/ —(E + E )/(E —E ) yi

k' = 2Ee(1 —cos8),

-k q= 2(E —e')[E —e cos'(-,'0)].

(34)

If the q electron is not detected experimentally,
the above expression for the differential cross
section must, of course, be integrated over e'.
This integration cannot be done without knowing
the &u dependence of the structure functions F(ru)
and F((u).

IV. THE TWO-PION FINAL STATE AND
S-WAVE n-m PHASE SHIFTS

P+P~ P+F (35)

for almost on-shell photons. The kinematics for
this process in the c.m. frame is illustrated in
Fig. 5. We denote by 8, the scattering angle in
this frame and define

p =pl +p2 =k+q,

r = 2(Pi -f.).
Let T„„(m,n =+1) be the helicity amplitudes for

As mentioned previously, when two high-energy
electrons collide in process (1), the bulk of the
cross section is confined to the region with small
scattering angles for the electrons. In this region,
the electrons also carry away most of the incoming
energy, leaving relatively small energy transfer
to the hadron system. This is reflected, for in-
stance, in Eq. (21) by the damping factor (1/s) in
the hadron mass spectrum. Consequently, as a
probe for hadronic structure, this process is most
useful in studying low-energy hadronic systems
which have the quantum numbers of two photons.
The most important of these, by far, is the two-
pion channel, which must be in a I=0 or 2, J
=even, and I' =+ state. We shall investigate the
possibilities of extracting the S-wave m-m phase
shifts from this type of experiment. '

For practical reasons, we assume the outgoing
electrons are not observed. Then, we can make
the small-angle approximation, and relate the ob-
served cross section to that of the process

do a E
dkad d ' 15E4 ln —, k~

(cosh g'+1)

x (cosh'g-1)F(up)- — (F&u), (33)

where F(&u) = —', F2+Fe —F, We note that w. hen q'-0,
the connection between the natural variables and
the lab variables is rather simple. From Appen-
dix A, we have

FEG. 5. Kinematics in the pion-
pion c.m. frame. The lepton mo-
menta are not shown. Their configu-
ration is the same as in Fig. 3 since
the two frames are related simply
by a boost along the z axis.
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the processes (35) [cf. Eq. (14)]. Then the differ-
ential cross section for the over-all process e+e- e+e+m+m becomes

(37)
In the absence of strong final-state interactions,

the amplitudes T „are given by the gauge-invari-
ant Born term. Thus for the charged m'm final
state (superscript c), we get

Strong-interaction effects modify these simple
expressions. In the low-energy region where
elastic unitarity approximately holds [from thresh-
old (s =4p, ') to slightly above the inelastic thresh-
old (s =16',')], most of these strong-interaction
corrections can be incorporated in the form of
final-state interaction through Watson's theorem. "
We expect such corrections to be only important in
the lowest partial wave (i.e. , the S wave) and for
the isospin channel I =0." Therefore, we can
write the scattering amplitudes as

T;, = la'"(s)
l exp(i5,")--,a' '(s)+T2~s,'(s, cos8,),

= 2 —2p~ sjn g
1 1' p'- t p'-u T,",= —

l
a' )(s}

l exp(i 5,'") + -', a' s"(s),
(40)

2 jl
(P' —&)(u'-(2) '

T(a)c =2p2 sin~8 +
1 1

1,-1

where

p' = —,'(s —4 p, '),
)u' —i = pv s [g s/2p)- cos8,],

(38)

T~ =2-~/'2T& +T&o&
(41)

T, , —0,

where a ) (s) is the I =0 S-wave partial amplitude,
50 is its phase, and a(s)'(s) is the S-wave projec-
tion of the Born term for the charged final state
(v'v ), Eq. (38}. In deriving Eqs. (40), we have
used the relations

(39)

p2 —u = pv s[(Ws/2p) + cos8, ] .
The corresponding amplitudes for the neutral m n

final state (superscript n) are obviously

T (B)n 0

T &0&

where T~" are amplitudes with given isospin I. We
can now write down the differential cross section
for these two final states:

da' do'"'
8 )

—
d d( 8 )

=Ã(s)(la'"(s) --'.a'"'(s) l'+2[la'"(s) lcos5,'"--',a' '(s)]T,','(scos8, )],
Qv

ds d(cos 8,)
=N(s)l-a "(s)+-',a' '(s) l'

(42}

where

Cta"'
d, d(„,8 )

=N(s)(ITi".2" I'+ IT2",-'2I')

(s)~( )
2p, Ws+2p0 S

and T(s~„' are given by Eq. (38).
There are two unknowns in these formulas,

la (s)l and 50 (s). By making full use of the in-
terference effect between the S-wave correction
term and the Born term in the first equation of
(42), one can determine these two unknowns inde
pendently. Thus one can fit the data with an ex-
pression like

Tll 2s(A1+ 2p A2)t

T, , =-,'SP' sin'6), A, . (45)

for the right-hand side and solve for the unknowns
from A(s) and B(s).

If one is willing to use more dynamical input, he
can do better than outlined above by attempting to
relate

l
a(0)(s)

l to 52()(s) through dispersion rela-
tions. To do this, we first need amplitudes which
are free from kinematic singlarities and zeros.
For on-shell photons, two such amplitudes (A„A,)
can be defined by

T""=[(k ~ q}g)'"—q)'k'] A, +[(k q)r" r" (k r)q"r"-
-(q ~ r)r" k'+(k ~ r)(q r}g"']A2. (44)

It is easy to verify

A(s} + B(s}T,'2s'(s, cos 8,) (43) This implies T»/s and T, ,/s(s —4p'} sin'8, are
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regular amplitudes. We shall be only interested
in the first one. In writing down the fixed-t dis-
persion relation for T», we assume: (i) the right-
hand cut is dominated by the elastic unitarity and
(ii) the only important contribution to the left-hand
cut comes from the gauge-invariant Born term.
The kinematic zero at s =0 enables us to make a
free subtraction at s =0. We have, therefore,

OO

7T 4~2 S S —S

Projecting out the S-wave part of this equation, we
get

s ",a'(s) sinbo("exp(-ib, (")
v ,„~ s'(s' —s}

(47)

This is a standard Omnes equation which has the
solution

se ' ",a ' (s')sinb ~(s')exp[-Reh~(s')]a'(s) =a' "(s)+ ds'
7T 4 2 s'(s' —s) (48)

a' ~'(s)=, b =14.7p', c =3.35g',
S+C (50)

which is accurate to within 4% throughout the elas-
tic-unitarity range, s =4p, ' to 16'.'. Now, rewrite
our solution to the Omnes equation, Eq. (48}, in
the form

a((s) a(all(s)

sexp[&'(s)1, a( "(s') exp[-a'(s')]2((i, s'(s' —s)
ds'

(51)

with the contour cR circling the cut on the positive

c3 Cz C(

4p CR

FIG. 6. The singularities of the integrand in Eq. (48)
in the s plane and contours of integration for Eqs. (51)
and (52).

where

s "' 5'"(s')
b. '(s) = — ds' (49)

m 4&2 S (S —S)

The dependence of a'(s) on bo" (s) as expressed in

Eq. (48} is too indirect to be of any practical value.
To simplify this solution into a manageable form,

we notice that, because of the rapid convergence
factor, only the low-energy portion of the integral
on the right-hand side is important. (This is, of
course, necessary in order for the elastic-unitar-
ity approximation to hold in the first place. ) Over
this range, the Born term can be well approximated
by a pole on the negative real axis." By using the
explicit formula for a' s', Eq. (42}, we obtain an
approximate expression,

real axis as depicted in Fig. 6. Inserting the ap-
proximate form for the Born term, Eq. (50), into
the right-hand side of this equation, one can de-
form the contour of integration until it is reduced
to three circles (c„c„and c„Fig. 6) around the
three poles of the integrand. One obtains then

gl )—s exp[6. '(s)] (s+c)s

exp [-a'(0)] exp [-n, '(-c)]~
+

cs c(s+ c)

1a'(s) =b'
S+C

yl
exp[a'(s}] 1 — exp [-a((-c)]~,

C S+C

(52)

where

P(o) 2g 9 8

6 "=—,
'

v 25 =6.94'.'

Equation (52) furnishes a simple relation for the
magnitude of a'(s) in terms of its phase:

yI
/a'(s}

/

= — 1—
C

where

exp[-a'(-c)] exp[Res'(s)],

(53}

5 ((l
Re~'(s) = —P

and P denotes the principal part of the integral.
The constant —A'(-c) is also, in principle, given
once the phase shift is known. But in practice one
can regard it as a parameter (same for all ener-
gies) which is positive and small. "

Equation (53) can be used as constraints to the
program for extracting the phase shifts from data
as discussed in the first part of this section [where

~

a'"(s)
~

and 5(" were regarded as independent of
each other]. With these constraints available one
may. even try to put in correction effects in the
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I = 2 channel, which has been neglected so far, and experimentally verify whether it is indeed small. Thus,
Eq. (42) will become

d ' dg (B)c
= N(s)(

~

a "(s)+ (I/v 2 )a~"(s) —a~s'(s) ~'

+Z'„s'(s, cos8, )[2(a~ '(s)
~

cos5O" +W2 (a"(s)
~

cos5O"-2a '(s)]},

ds d(cos8, )
= N(s)

~

-a"'(s)+ W2a'"(s) ~',

(54)

where the various quantities have the same mean-
ing as defined there. These equations must be
used in conjunction with the constraint equations,
(53), in order to be useful for the extraction of
information on the phase shifts 50

' and 60". If the
correction effects due to strong interaction are
small, then we can neglect the square of the cor-
rection terms in Eqs. (42) and (54} for der'/ds

d(cos8, ). With only the interference term on the
right-hand sides of these equations, and with

~a (s)
~

related to 5,' (s) through Eq. (53), one may
even attempt to invert these equations and express
5O"(s) directly in terms of the measured quantities.
Such a program, however, does not seem to be
especially efficient and practical. We shall not
pursue it here. "

We close this section by remarking that although
the extracting of S-wave m-m phase shifts from the
two-photon process is not without its difficulties,
the present method does have considerable advan-
tage over the other available methods. We only
point to the absence of other strongly interacting par-
ticles in the final state which could make the extraction
of relevant information theoretically ambiguous (as in
the vN- vs' case") as well as the absence of the
P-wave final channel which strongly dominates
over the S-wave channel and makes the extraction
of information practically difficult (as in K„de-
ca '}.

V. CONCLUDING REMARKS

In this paper, we have only exhibited the most
general kinematic structure of two-photon pro-
cesses in colliding-beam experiments and examined
possibilities for extracting interesting information
from the most important inclusive (y+y- anything)
and exclusive (y+y- v+ v) channels. There are ob-
viously many more interesting possibilities that
can be explored.

The kinematics for these processes are a bit
more complicated than the cases we are used to,
because of the presence of tsvo outgoing electrons
accompanying the final hadron state. Here, the
helicity formalism proves to be instrumental in
explicitly factoring out the dependence on the lepton

variables from the essential hadron amplitudes to
keep the physics transparent and the kinematics
always manageable. The possibilities of learning
something about yy elastic scattering and m-m

S-wave phase shifts, while in neither case is this
the only method available, do seem to be extremely
interesting and theoretically clean. We have not
discussed at all the background problem in this
paper. General qualitative investigations indicate
it should not be serious at high energies and small
virtual photon mass." However, at large 4-mo-
mentum transfer, the background may become
significant. In these kinematic regions, detailed
investigations on this problem, taking into account
practical experimental conditions, is certainly
called for.

APPENDIX A

We give the details of the kinematics for two-
photon processes in colliding-beam experiments.

A. Relations Between Various Sets
of Variables

The momentum labels are assigned in the text
and in Fig. 1. We introduced two sets of indepen-
dent variables; the lab variables (E, e, 8, P, s', 8',
p'} and the BW-frame variables ]s, k', g, y, q', P',
y'}. There is a third set, the invariant variables
]s,k', q', q. K, k Q, K. Q, k. PQ, which is useful in
providing the connection between the two previous
sets. It is easy to verify (we neglect the lepton
mass throughout),

k' =4Eesin'(~8),

q' =4Es' sin'(28'),

s =4(E —s)(E —e') -4se' sin'(M),

-q ~ K=2(E+ c)(E —e') +2ee' sin ( —',8)-—,'(k —q )

=[(k. q)' -k'q']'~' cosh', (AI)
—k ~ Q = 2(E —e)(E + e ') + 2 e e ' sin'( —,'8) + —', (k' —q ')

=[(k q)' —k'q'] '~'cosh/',

-K ~ Q = 2(E + s)(E + e') -2 me' sin'(W) -—',(k' + q ')
= -(k ~ q)cosh/ cosh''

—(k'q')' ' sinhy sinhy'cos(x+ }t'),
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where 8 is the angle between k, and q, in the labo-
ratory frame, i.e.,

cose = cos 8 cos 8'+ sin 8 sin 8' cos(p + p ') .

(i} E fixed,
(ii) 8, O', P, Q', their usual range,
(iii) e, e', bounded by e =0, e' =0, (A6)

These relations enable one to solve one set of vari-
ables in terms of the other. We shall not do this
explicitly. The formulas become considerably
simplified when one of the electrons (say, the q
electron) is scattered in the forward cone where
one can use the small-angle approximation; then

8' =0, q' = 0, cose = cos8,

s=4(E —e}(E—c') 4s-s' sin'(-,'8),
cosh& = [E + e cos'(-,'8)]/[E —e cos'(-', 8)], (A2)

cosh&' =(E+e')/(E —s'),
E ™

2 (-k ~ q}(cosh&+ 1)(cosh p' + 1) .

[E —s cos ( e)][E—s cos (-',e}]
= I cos'(M&) +E' sin'(-', e) .

(ii) k'&0, q'&0, s&4p2,

(iii} (k -q)(1+cosh/ coshg')

+[(k. q)' k'q']-'~'(coshg+coshp')

(k'-q')' 'sinhg sinhg' cosh(X+X') =8E', fixed.

(AV)

The last condition simplifies considerably if k = 0
or q'=0. One gets

The corresponding region in terms of the BW-frame
variables is specified by

(i) X, X', their usual range,

B. Phase Space

The invariant phase-space element

dp =(d'k, /k,')(d'q, /q, ') (A2)

4p &s& 4E' —2(k +q ),
SE' 16E'

(coshg+ 1)(coshg' + 1) =
-k q k+q +4@,

(As)

takes the form

dp = ee' d~ de' d(cos8)d(cos8'}dp dy'

in terms of the lab variables and the form

dp =~~dk dq d(cosh/)d(cosh/')dX dX'

(A4}

(A5)

in terms of the BW-frame variables.
The region of integration in the lab variables is

defined by

C. Differential Cross Section

The general expression for the differential cross
section, Eq. (16), can be expanded out using the ex-
plicit expressions for d(P) „. For exclusive pro-
cesses involving two hadronic particles (or less)
and inclusive process with one particle (or less)
detected in the final state, the symmetry relations
(18) and (19) apply; the explicit formula for the dif
ferential cross section then takes the form:

4

dh = +, , dI" ((coshpp+1)(cosh2$'+1) x —,'[W,z„+W. .. ,]SmE kq

+(cosh'g+1)(cosh'g' —1}[Wlq, lp —cos2X'x —,'(W», , +W», ,)]
+(cosh'P —1)(cosh'g'+1)[Wp», —cos2Xx -', (W,„»+W, „,,)]
+ (cosh g —1)(cosh g' —1)[W~~ —cos2X W,q, p

—cos2X' Wpqp,

+ 2 cos2(X + X ) Wll l l + 2 cos2(X X )Wl l ll]
+2 sinh2$ sinh2$'[-2' cos(X+X') x-,'Re(W l,pp Wl„p l) + 2 COS(X X ) x ~2Re(W ppl Wl 2 pp)]

+&2sinh2$(cosh'g'+1)cosXx —,'Re(Wpl »+Wp „,,)
+ v 2 (coshpg+1)sinh2P' cosy' x —,

'
Re(Wla, , +W,z, ,)

+ v 2 sinh2$(coshpp' —1)[-,' cos(X + 2X') ReW, „, , + cosy ReW~ „+—,
' cos(X —2X') ReW, &pl]

+ W2(cosh'g —1)sinh2p' [-', cos(X' + 2X) ReW, „»+cosy' ReW~p, + 2 cos(X' —2X) ReW, &lpn.

(A9)
The quantities W» „contain kinematic factors (k2)'~2 or (q')' ' whenever the helicity indices are zero
(longitudinal virtual photon). Therefore, Eq. (A9) simplifies when one or both of the photons are near their
mass shells. Also, if none of the final hadrons are measured, we can choose the x-z plane to be defined by
one of the outgoing leptons. All terms in the above expression which depend on X —X' then drop out.
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APPENDIX B

Following the procedure of Ref. 15, we can construct the minimal gauge-invariant tensor basis [L,"" 'j
for the forward photon-photon scattering amplitude defined by (25). Through a straightforward, albeit

tedious, calculation, we obtain the following set:

L, =g" k"q +q"k'g" g"—'q k' q"k-g"'+(k. q)(g""g"'-g"'g" ) „

(quk -k. qgu )(q ko k. qg o)

Lu=(kgu kuk )(q g q q

L4 [k*-quq (k. q)(kuq~+quk )+(k. q) gu ](q g q qo)

L, =(k g" —kuk )[q'k"k' —(k q)(k"q'+q"k')+(k q)'g"']

Le=q k*gu"g" +(q'k) g" g"'+k q"q g" +q g" k"k +g""[(q'k)k q kq —q qk k-]
+[(q. k)kuq k quq q kuku]g (q. k)[gu (q ko+k qo)+(quk +kuq )g o)+kuk q qo+quq k k

L, =k q (guog gu g o) (q. k)(gu k q +kuqug o guoq k kuqog»)+guu(k&q qo+quk~ko)

+(k quq +q kukqg o guo(k q q +q k k ) (k quqo+q kuko)g +kuquq ko+qukuk qo kuk q qo quq k"k',

Le=@ q*(g""q"k'+q"k'g"')+(k ~ q) g" g"'+(k q)[q g" k"k'+k'q"q"g" k'q g"-"g ]
(k. q) [gu (k qo+q k )+(kuq +quk )g o]+(k. q)(quk +kuq )(k qo+q k )

kuquq (k qo+q k ) q (quk +kuq )kuk

We see that, although the first five tensors can be
easily anticipated, the last three involve entirely
nontrivial combinations of the elementary tensors.
Not all of the terms written down in these equations

contribute to the physical helicity amplitudes (24).
When contracting with the helicity polarization
vectors, terms with k„, q„, kz, or q, vanish.
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We discuss the contributions of the combined first-order-weak plus higher-order-electro-
magnetic effects to several K-meson decays. It is shown that if one uses a chiral SU(3)
xSU{3) pole model to explain both K&-27' and KI -2y one needs an effective nonleptonic
interaction Lagrangian which contains 8 and 27, AI =2 pieces. This gives results for K'
—~+Ll compatible with the experimental data. We also calculate within this model the real
part of the Kz -El amplitude, which results in a very small contribution to the decay rate.

I. INTRODUCTION

R(K~ —2y) =5.2x10

R(K' —~'p'p ) & 2.4x 10 ',
R(K'- w'e'e ) &0.4x10 ',

and for R(K~0 —l l) we quote the results:

R(K~ —p, 'p ) & 2.6 x 10 ',
obtained by Darriulat et al. ,

' and

R(K~o —g'p. ) &1.82x10 ',

(1.1a)

(1.1b)

(1.1c)

(1 2)

In the last few years the rare decays K~ - 2y,
Kl. - l l, and K' - m'l l have become more accessi-
ble to experiment. Calling R(K-A) the fraction
for the decay K-A, recent data give'

measured by Clark et al. ' The last authors also
obtained

R(K~ —e'e )&1.57x10 '. (1.4)

Theoretically the decays K~- El and K'- m'l l
could proceed through at least three mechanisms:

(a) second-order semileptonic weak interaction;
(b) possible weakly coupled neutral lepton cur-

rents;
(c) combined first-order-nonleptonic-weak and

higher-order-electromagnetic interactions (WE).
On the other hand, the decay K~-yy would pro-
ceed predominantly through (c). Since the data
are already in the neighborhood of the predictions
obtained considering only WE effects, it would be
useful to have at least that part of the amplitude


