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Assuming (a) an exactly ~AE~ = 2 weak Lagrangian and (b) the existence of an isospin-break-
ing term, e3u3, in the strong Hamiltonian, the ratios of reduced decay rates for K —3m and
K-271 decays, observed experimentally to vary from the EI =2 predictions by -1(@,are
well explained if e3- Q.Q5. Rare X-decay modes involving two photons are estimated.

I. INTRODUCTION

A number of authors have recently found it nec-
essary to introduce an isospin-breaking term, H„
into the strong interaction. It is usually added to
the strong Hamiltonian H„

H, = Ho+H',

Ho = SU3&SU3 symmetric,

H = Qo+ ~8@8

u,. E (3, 3)+ (3, 3) representation of SU,xSU„

e8 = —1.25,

so that it belongs to the same representation of
SUpSU3 as does H':

H3 = e3u3. (2)

The motivation for the introduction of H, varies
considerably. Coleman and Glashow' introduced
it in their tadpole model to account for the isospin-
breaking mass differences of mesons and baryons.
Harari, ' Okubo, ' and Wilson' have shown that it
appears as the effective behavior of the electro-
magnetic interaction at high energy. In the work
of Cabibbo and Maiani, ' and of Gatto e1 alt. ,

' it is
a consequence of assumed cancellations between
leading divergences of higher-order weak inter-
actions; Oakes' obtains it from the assumption
that SU,xSU, symmetry breaking and a nonzero
Cabibbo angle are due to a common source.
Finally, it has frequently been treated' as a phe-
nomenological term demanded by the g-37' decay
problem. Independently of the philosophy behind
the H, term, it is assumed to be present in addi-
tion to the conventional electromagnetic Hamilton-
ian.

The spectrum of proposed values for ~3 is equally
wide. Gatto ei al. ' find e, 1/137; the value of
Cabibbo and Maiani' is e, —1/40, and that of Oakes
is e, -l/18. Using Dashen's result' for the purely
electromagnetic part of the kaon mass difference,
Osborne and Wallace" have performed a more de-
tailed determination of e3 from the kaon and bar-

yon mass differences. They find a value in agree-
ment with that of Cabibbo and Maiani.

In a chiral-Lagrangian calculation we consider
below how H, influences the nonleptonic K decays.
Specifically, we assume that the nonleptonic weak
interaction obeys the ~ =

& rule exactly, and cal-
culate all possible tree graphs involving the
pseudoscalar mesons allowed by the weak and
strong interactions. The isospin-breaking term,
H 3 in the strong Hami ltonian al lows g - m' and
q-3m virtual transitions which lead to ~ = ~ pieces
in K-decay amplitudes. The ratios of K-3m decay
rates calculated in this way agree with experi-
ment" if Oakes's &3 is used. However, strong
final-state interactions which are considered im-
portant in the case of K-3m are not taken into ac-
count. Recent work by Mathews' indicates that
the strong final-state interactions could provide at
least a part of the ~ = 2 amplitudes observed. In
the K- 2z problem, final-state interactions are
not important, but, unlike the K-3m case, pure
electromagnetism contributes. Combining our re-
sult for Oakes's e3 with an estimate by Wallace"
of the purely electromagnetic contribution, we ob-
tain agreement with experiment.

Our notation is defined in Sec. II; K- 3m decays
are treated in III; K- 2n in IV; and rare decay
modes of kaons involving two photons are dis-
cussed in Sec. V.

II. BASIC FORMULAE

In a notation close to that of Cronin, '4 we write
the strong-interaction Lagrangian as

g,=,[-Tr& Mte M
1

+ Tr(aAO+ bks+ cka)(M+ Mt)],
where, up to fourth order,

M(Q) =1+2ifp+ 2(if/) ++(if/) +-3(if/)

and tt) is the traceless pseudoscalar-meson matrix
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FIG. 1. Tadpole graph
allowed by a general
weak Lagrangian, S„. Kp

(&w j

The constants a and c are determined by the
pseudoscalar masses:

a = (1/v 6 )(2m'+ m,'),

c = (2/v 3 )(m,' —m»'),

while b = e,a. The constant f is found by Cronin"
to be f=m, '.

A weak Lagrangian that transforms as the sixth
component of an octet is

g„=f. 4Tr(A~8 hfS M ) (4)

is normalized so that g is equal to the Fermi
constant. An interesting point is the absence" of
the sin'6&, b factor expected from the Cabibbo"
theory of weak interactions. However, the deriv-
atives in Eq. (4) are motivated by the current x
current form of leptonic and semileptonic weak
interactions. We note that this model for 2 is
not of the most general form; Tadpole graphs such
as K-vacuum, Fig. I, are not allowed by 8 of
Eq. (4).

We comment here on the reason for working with
only eight mesons: Since we are dealing with K
decays whose mass is close to that of the q, the
propagators of q intermediate states will involve

(m»' —m„') ', which is to be compared to m '. This
ratio has the value 4.5, whereas an q' virtual state
would contribute m» (m»' —m„,') ' = 0.36. For sim-
ilar reasons one is able to ignore the spin-one
mesons as intermediate states. "

III. K~ 3n DECAYS

As early as 1963 Bouchiat, Nuyts, and Prentki"
pointed out that the g propagator is important in
the K-3~ problem. Given the assumptions of
broken chiral symmetry for the strong interaction,
a M =-', weak Lagrangian, and the isospin-break-
ing piece of the strong Hamiltonian, H„as dis-
cussed above, we are now able to perform their
calculation without any additional phenomenological
information.

We begin by noting that the purely electromagnet-
ic contribution to q-3m decay can be neglected
by the Sutherland-Veltman theorem. " We thus
consider only tree graphs allowed by 2 and Z, .
The g- ~' and g-3m vertices are allowed by the
H, term. The nine graphs contributing to K-3p
decay are shown in Fig. 2. The amplitudes of Figs.
2(al)-2(a3) have been calculated by Cronin"; they
are larger than the transitions of Figs. 2(b) and
2(c) by a factor of e, ' and lead, of course, to an
exactly valid M = —,

' rule. The remaining graphs
act as a correction to these results.

We now list the matrix elements needed for the
2(b) and 2(c) graphs:

(0 3)

n&

(b)) (b2) (b 3)

K ~W) ~3 ~s QwW~p

(C I) (c z) (C 3)
FIG. 2. Feynman graphs contributing to E 37( decay. $ denotes a strong vertex, $V a weak vertex,

and 3 the isospin-breaking vertex.
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(v, (q, )v, (q, ) l Z,(0) l v~(q3)v~(q~)) = 2f [6„6,,(t —m„)+6,,6„(u —m )+6„6~(s —m, }]
4

i=1
(6)

& v, (q, )K~(q2) l Z,(0) l v, (qs}Kt)(q~)) = ',f ' —(2t + s + u —2m 2 —2m, )6,,6

), 8~ I! q ~ (qll! 2 Q!.
i=1

(6)

&K~(q,))t(q, )l z„(0)l ()'(q, ) v-(qq)) = (q)"'g(s —,m,'),

(K (q, )l Z„(0)l v'(q, )) = -&K'(q, ) I Z„(0)l v'(q, })

=-(-')'"( gf/' }qi q2,

(9)
(10)

(11)

and, finally, those allowed by 2, = TbrX, (M+ M):

&n(a}v'(q, )l&,(0}l ~'(q, )v (q.)) =,' ~&bf', (12)

&q(q, )lz, (o)l v'(q, )) = -bus. (13)

4(,(q)q(q)lq, (o)l, (qlq(q))=qf q -,''Z„q, ' ~ l!)
(7)

&K„(q,)v (q2) l Z,(0) l KB(q~}q(q4)) = 2f 6„(m2 —m 2)a'
8

(8)

where s =-(q, +q, )', t =-(q, —
q. ,}2, and u=-(q, —q )'.

o & stands for the nP component of the ath Pauli
matrix. These results follow from the expansion
of Eq. (3) to fourth order in the pseudoscalar
fields.

The weak amplitudes are listed next:

We now write A(b)+A(c) in the form conven-
tionally' used in K- 3m work:

A =A„[1+o(s, —s,)/m, '],
where

3

s, = (k —q,.)', s, = —,'g s; .

For e., = 1/40 we find

o(b + c) = 0.09,

A„(b+ c) = 2 14 x10 '
(14)

The corresponding results for the amplitudes of
Fig. 2(a} are"

~(a) = -0.24,

A, Y(a) = -71.5 10

Equation (14) is changed to a(b+c) =0.09, A„=4.3
& 10 ' if Oakes' s value of e3 is used.

We now have the amplitude for K~- v'm m' decay
due to the Feynman graphs of Fig. 2. In order to
get all the remaining K-3m amplitudes, we note
the following relations":

When collected together these results give the
following values to the amplitudes of Fig. 2(b1) to
2(c3) for the process K~(k) —v'(q, ) + v (q, ) + v'(q, ):

A„(00+)= —,'A„(++-),

A„(+-0)= (
—', )'"A,„(000).

(16)

2

A(bl) = f—b

2 2

A(b2)=- ~ ~
3&2 m '-m, 'm~' —m„''

v 2 5m, '/3+ (k —q, )'

1 m'
A(c2) = ~ gb

my) mg

A(c3) =

On general grounds one expects the A(b1) ampli-
tude to be dominant; the above results show that
some of the remaining graphs contribute signifi-
cantly.

Equations (16) are true in the approximation in
which the H3 term appears only once in any given
diagram. This means there will be no diagram
containing a &I= —, part, and the final pions must
be in isospin-1 states. " From A„(+-0) we get the
A„ for all the remaining modes. Using Eq. (16)
we get A, „(000) from A„(+-0). The other two
amplitudes are obtained by noting that the graphs
of Fig. 2(a) determine the EI= —,

' part of A„(+-0)
from which one can get the &I= —,

' part of A„(++-).
But A,„(++-)has no other part because the graphs
of Figs. 2(b) and 2(c) involve q intermediate states
and do not contribute to a final state with no neu-
tral pions. The last amplitude, A„(00+), follows
from A„(++-); again by Eq. (16).

One can now compare with experimentally de-
termined reduced decay rates y defined by

y=r/4,
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TABLE I. Comparison of theoretical and experimental ratios. The theory columns contain
the results of the calculations described in Sec. III. Experimental nuInbers are from B. E7. Kel-
lett, Nucl. Phys. 826, 237 (1971). The 2 I='- rule column indicates the value of the ratio if Z„,
is strictly hI = &- and there are no isospin-breaking mechanisms available.

Ratio

"Y(++-)
4y(00+)

Y(000).'-'-W(+-0)

'Y(+-0}
2'Y(00+)

7(000)
7{++-) —7{00+}

Theory {e,=~)

0.88

Theory (cp 4p)

0.935

0.935

Expt.

0.955 + 0.09

0 ~ 94 +0.09

0.835 ~ 0.11

0.835 + 0.13

d I = '- rule

where P is the phase space available in the pro-
cess whose decay rate is I . We use a recent com-
pilation of experimental results by Kellett. " The
results" are shown in Table I.

We end with a comment on final-state interac-
tions. The energy release in the K- 3m decay is
small, and the final pions move slowly. Thus, one
expects final-state interactions to be non-neg-
ligible. The electromagnetic contributions have
been ca.lculated and subtracted" from the experi-
mental data presented in Table I. The strong
final-state interactions are not well understood
and are for that reason ignored. Recent work of
Mathews" suggests that at least a part of the
AI= 2 rule violation in the K-3m decays comes
from the strong final-state interactions. It is still
possible that the smaller (and more realistic) value
e, = 1/40 can account for the data.

If the nonleptonic weak interaction satisfies ex-
actly the 4I= ~ rule, the K+- ~'n' decay must be
due to some isospin-breaking mechanism; if this
is electromagnetism the ratio of amplitudes

A(K'- m'v')

A(K. - m"v )

is expected to be of the order of n/m. The experi-
mental number is R =». There has been a number
of explanations of this difficulty. " Riazuddin and
Fayyazuddin" were the first to consider virtual q
particles and their mixing with v' in this context.
In an order-of-magnitude calculation they obtained
good agreement with experiment while maintaining
the 4I=-,' rule for the weak vertex. Of the papers
on this subject the work of Goyal, Li, and Segre"
is closest to what is done here.

We view the K'- n'm' transition as proceeding
through an g intermediate state. The q-m vertex
is calculated from the model for H, and is given
by Eq. (13). R is now written as"

&K'(Z„).'q&(m, -' —m )-'& q'Zj "&
&K,i/„(0)i2'&

The ratio

&K'~ Z. (0)~ ''0&
&K,~S (0)(2m&

(18)

is calculated by expanding to third order in the
fields. We find A~ = —1/v 3. Goyal ef af. obtain the
same result using the K*-pole model of Sakurai. "
With this value of A„and Eq. (13), we find A = —~»

for Cabibbo's e, and A = —1/34. 5 for Qakes's e, .
Unlike the K- 3m case, K'-

m n' can proceed
via pure electromagnetism. A rough estimate of
this contribution to A has been made by Wallace, "
who finds REM —-~5 ~ Thus, together with our result,
when Oakes's ~, = „is used, the q pole in the
K'- ~'m' decay is seen to provide an explanation
of the anomalously large B.

V. RARE DECAY MODES

The K decay modes involving two photons can be
simply understood as virtual weak decays of the
kaon into m' and/or 0 states which then decay into
2y's. This picture is due to Oneda. " Diagrams
for K~-2y and K~- v'+2@ are shown in Figs. (3)
and (4).

The transition of Fig. 4(a) involves a CP-violat-
ing vertex. We thus neglect it in comparison with
Fig. 4(b). We use Eq. (9) for the weak vertices
and the experimental numbers" for the electro-
magnetic vertices and obtain

W2 ' '-,'+ &3

&&(m„/m„)'F(n-2r), (»)
where A is defined by"
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FIG. 3. Model for Kl 2y decay. FIG. 5. Model for K+ 7t+ +2y.

I'(q- 2y) 1 my
I'(w'- 2y) 3 m, o

Experimentally, "8' = 5.2 and Eq. (19) leads to

2y) =1.9x10 "eV.
The measured decay rate" is I'(Kz-2y)-6. 3
x 10 "eV. It is surprising that, in spite of the
cancellation occurring in Eq. (19), we get a num-

ber too large by nearly two orders of magnitude.
If we take the attitude that A changes in value when

the particles are off the mass shell, and, in par-
ticular, if we assume it to have its SU, -symmetric
value 8 = 1, we find I'(K~- 2y) = 3.9 x10 "eV. This
is larger than F,„„by a factor of 7.5. The q'-2y
decay mode is not known very well experimentally,
but its rate could possibly" be considerably (by
two orders of magnitude, say) larger than I"(q- 2y).
In that case the Tt'-pole contribution could lead to
a significant cancellation in Eq. (19).

Turning to the KL —m'+ 2y process, we first note
that a w' intermediate state is equally possible. As
can be seen from Fig. 4(b} this would involve a

m + 2y vertex, about which there is no phenom-
enological information. The q intermediate state
leads simply to"

(
o

)
g PBg Sfg

xI (q v'+ 2y) .

Experimentally, this process is hard to detect,
and it is not listed by the Particle Data Group.

Last of all we wish to consider K'- m'+2y. The
experimental upper limit on this partial decay is
1.1 &&10 ' of the total decay rate. We assume that
the dominant amplitude is that of Fig. 5.

The K'- m'q vertex is given by

(K'(k)~Z (0)~ v'(q, )q(q, )) =-i f (2k' —q,
' —q,—').

The off-shell amplitude for q decay into 2y is now

needed. The simplest effective Lagrangian for q

decay is

yFu F

~W

KL

KL

q, mo

(b)

where I'„, is the electromagnetic field tensor and
I ""its dual. Such a Lagrangian was first consid-
ered for the above purposes by Okubo and Sakita. "
More recently Adler" has shown that I „,E"' arises
in perturbation theory as an anomalous part of the
axial-vector divergence and leads to a good pre-
diction for the m' lifetime.

We fix the value of the constant y from the ex-
perimental decay rate of q-2y. It is straightfor-
ward now to write down the amplitude. Integrating
over the two independent variables, conveniently
chosen to be the energies of the two photons, one
obtains

I'{K+—~' + 2y) = 2.2 x 10 "eV.

The experimental limit on the partial rate is

I',„„(K' v'+2@) &5.5x10 "eV.

FIG. 4. Possible KI 7|0+ 2y transitions. (a) includes
CP-violating vertex and is ignored in text. It could pro-
vide a model forK& ~ + 2y decay. EM stands for an
effective electromagnetic vertex.
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