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obtained from the following approximations:
v Pz r sy, Z—
v~ 4(lnz)7?, z-0 (A8)

vr—1-[3(-1-2)]"%, z~-1.

The final mapping onto the interior of a unit cir-
cle in the y plane is given by the function

y=(v1/2—Vl/z)/(U1/2+V1/2), (A9)

where V= uv(w=0).
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Angular distributions obtained in cosmic-ray experiments are examined with a view to test
the scaling hypothesis. Using appropriately scaled parametrizations of accelerator produc-
tion data, we critically analyze the experimental results obtained at the Echo Lake facility
in the range of 150—-300 GeV. We find that the scaling hypothesis accounts for the main fea-
tures of the data, However, both uncertainties in the scaled parametrizations used and the
many experimental biases that need to be corrected preclude a critical test, We conclude
that direct measurements at the new accelerators are necessary for a definitive test of

scaling.

I. INTRODUCTION

Recently there has been much interest in reac-
tions of an inclusive nature, that is, reactions in
which only one of the final particles is observed,
regardless of whatever else may happen. It has
been conjectured by Feynman,' and by Benecke,
Chou, Yang, and Yen? that such reactions should
have many simple features at sufficiently high en-
ergies. The main aspect is the expectation that
inclusive cross sections should scale at high ener-
gies. By this we mean that inclusive cross sec-
tions, when studied as functions of appropriate

variables, should become energy-independent as
the energy increases. A number of theoretical
models for inclusive reactions have been con-
structed,® and many of them exhibit this scaling
feature. However, no model gives a value of the
energy beyond which scaling can be expected to
hold with good accuracy. It was with the purpose
of determining this energy that we have analyzed
12-, 19-, and 30-GeV pion-production data in pro-
ton-proton collisions.* The tentative conclusion,
reached after studying the behavior of integrated
quantities such as the multiplicity and the inelas-
ticity, was that scaling seemed to be approximate-
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ly valid at laboratory energies of 30 GeV for this
particular reaction. Once this is established, the
scaling hypothesis then allows detailed predictions
of 7 production in pp collisions at higher energies.
At this time, the only existing data at very high
energy come from cosmic-ray studies. Of these,
the cleanest are, without doubt, those obtained by
Jones et al.® at the Echo Lake facility. The chief
advantage of this experiment is that it has a hydro-
gen target rather than the more usual emulsion
stack. In an attempt to further explore the scaling
hypothesis and its implications, we have analyzed®
the angular distributions of charged particles pro-
duced at Echo Lake. The comparison between
theory and experiment obtained in Ref. 6 was sat-
isfactory, but not spectacular. We would like here
to critically reexamine both our work and the in-
formation provided by the experiment, in order to
probe in more detail into the validity of scaling.

II. GENERAL CONSIDERATIONS

In the reaction a +b - ¢ +anything, we can write
the differential cross section as

d’k -
doS, = i o(SINS(k, s), (1)

where k is the momentum of the detected particle

c, k°is its energy, s is the square of the c.m. en-
ergy, and o, is the total cross section. With this
normalization, (d3k/E°)N gives the average num-
ber of particles in a momentum interval d3k in a
single collision. We use invariant phase space
d3k/k° so that the number density N is a relativistic
scalar. Scaling implies that at high energy, s-«,

N:b(-l;’ S)~ Nacb(k_l. y JC) ’ (2)

where x=2k,/V's and k, and k, are the perpendicu-
lar and parallel components of k in the center-of-
mass system. We assume here that no multiplica-
tive Ins terms are present.

The average multiplicity of the detected particle
¢ is generally

a’k .=
oo = o Nl o). 3)
If Nj, scales, with N5(k,, x) regular at x=0, we
have

(nS,(s)) =f d®k,N5(k,,0)Ins +constant

=C¢,Ins+DS,. (4)

In the work of Ref. 4, one important piece of evi-
dence for the scaling hypothesis wasthe near agree-
ment of the coefficient C, obtained from the inte-
gral of Nf at accelerator energies with the direct
measurement of the growth of the multiplicity at

the Echo Lake experiment.
The particular parametrization of N§(k,, x) used
in Refs. 4 and 6 was

N (ky, x) = NE exp[-b(k, + &, ?/M)]e~"*. (5)

It provided a good fit to the data with a~=12.1, a*
=7.6, and b*=b"=b=2.44 (GeV/c)"'. The normali-
zation factor Nj still exhibited some energy depen-
dence at accelerator energies. If we assume that
the transverse momentum distribution is essential-
ly energy-independent, as appears to be the case,
then any energy dependence in N, will reflect it-
self in an energy dependence of the coefficient of
the logarithm

ct, = f A%k, Nj(k,,0). 6)

A Regge analysis along the lines of the work of
Mueller® indicates that one should expect a residual
energy dependence in C which is controlled by some
fractional power of s. Abarbanel® argues, more
specifically, that the approach to the scaling limit
should be like s~/4, However, more recent con-
siderations based on duality’ tend to favor a
perhaps more rapid approach to the scaling lim-

it for proton-proton reactions than the one in-
dicated by Abarbanel. To get a feeling of how

fast the scaling limit is attained, we have made

a least-squares fit of the energy dependence of

C;, obtained in Ref. 4,° assuming that the ap-
proach to the scaling limit goes like s™1/¢, s~1/2,
and s~!. Our uncertainty in the value of C is such
that we cannot pretend to extract the “correct” en-
ergy dependence. Figure 1 displays the result of
such a fit. We constrained out fit so that C;,(«)
=C,p(»), since we must conserve charge. As can
be seen, none of the plots in Fig. 1 are particularly
good, although the faster approach to scaling is
somewhat “more likely.” We should remark that

if the approach to the asymptotic region is indeed
given by s/, contrary to what was said in Ref. 4,
we are still far away from the scaling limit at 30
GeV/c. Furthermore, the region of 150-700
GeV/c, characteristic of the Echo Lake experi-
ment, is not yet itself asymptotic. However, the
value of C,, obtained with this energy behavior is
far too high to be in agreement with the multiplicity
obtained by Jones etal.’ This value also implies
that the pions carry away a much greater fraction
of the total energy ~60-70% than is observed in
cosmic-ray experiments. We shall use in this
work a value of Nj(~) that corresponds to Cj,(«)
=0.42, i.e., Ni(»)=1.1 (GeV/c)™2. We feel that
this is a reasonable compromise between the values
obtained in Fig. 1, for the s™!/2 and s~! depen-
dence. We should point out that this value of C is
somewhat in disagreement with the multiplicity
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FIG. 1. Variation of C,, with energy assuming an
approach to the scaling limit like (a) E™!, (b) E-V2,
(c) E~V4, We have indicated our uncertalnty in the values
of C’*p by assuming, somewhat arbitrarily, a uniform
error of 10%. The actual error may in fact be more,
especially for the 19.2-GeV data where a large extra-
polation was necessary to obtain the value at x =0 in
Ref. 4. Here E is the lab energy.

determination of the Echo Lake experiment, but
we feel, and shall comment on it later, that the
authors of Ref. 5 underestimate their multiplicity.
We should emphasize that the value of the normali-
zation parameter is the one which we know with
the least accuracy. Thus our error in N, could
well be as much as 15%.

The parametrization of Eq. (5) involves an as-
sumption of separation of the dependence of N on
x and k, into two separate factors, an assumption
that has nothing to do with scaling. Although it
does not follow from any theoretical model,? it
seems to be remarkably well satisfied by pp data
at various accelerator energies.? We shall call
this feature “longitudinal decoupling.” The number
function Nj5(%,, x) can, however, be expected to
have “factorization” properties characteristic of
Regge exchange. In an appropriate range of x, the
produced particle does not “remember” the initial
projectile and/or target.’® Thus, if various pairs
of initial particles are selected from the set a, b,
d, e, and x>0 indicates that the detected particle
¢ moves in the direction of the incident particle
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(first subscript below),
N&(ky, x)=N5(ky,x), x>0
N&(ky, %) =Nk, , %), x<0 )
acb(kj_’x) =Nfe(kl, x), x=0.

These results follow from the multiperipheral mod-
el or from Mueller’s analysis® with a factorizable
Pomeranchuk singularity.

In order to gain some insight into the form of the
angular distribution, it is convenient to study the
dependence of N on the rapidity rather than on x.
We define the rapidity of a paticle of mass p and
four-momentum £ as

20+ E°
-

o R e e BT

where we choose the third axis as the incident di-
rection. Under Lorentz boosts along the incident
direction, R simply translates by the boost param-
eter. The phase-space factor now becomes

d3k

TR, ©)

so that do¢,/dR is invariant under longitudinal
boosts (e.g., boosts going from the lab to c.m.
frame or to the target rest frame). If » is the
rapidity in the c.m. frame, then

2y1/2
(k hi “ ) sinhr = 7-=L sinhy, (10)

with m, a “transverse mass.” The scaling hypoth-
esis now reads

1 dog, f c 2m
ab(s) d?’ = d?k Nab( . 7—“‘ smhr> .
(11)
In particular, we note that the density at » =0 is
the coefficient of the logarithm in the multiplicity
dng,
dr

=C¢, . (12)
r=0
If the factorization described in Eq. (7) holds, C¢,
is independent of both the type of projectile and
target, and we can write simply C°. The well-
established experimental fact that the produced
particles are limited in their transverse momen-
tum k, allows us to obtain a qualitative picture of
dn°/dr as a function of ». For large enough s,
(2m, /V's) sinhr is practically zero until = Ins.
Thus we expect that in this region, dn®/dr=~C°. As
» reaches ~Ins, we expect that dn°/dr should rapidly
go to zero, since the integral constraint
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FIG. 2. Rapidity plots at various energies (unnormal-
ized). The incident energies are (a) E=30 GeV, (b) E
=250 GeV, (c) E=4000 GeV, (d) E=100000 GeV,

C
f ar ¥ < colns (13)
dr

must be satisfied. The picture that emerges is a
boxlike shape of the number distribution dn®/dr
with a height C° and width ~Ins. As the energy s
increases, the width of the box increases like Ins
but its height remains constant. In Fig. 2 we ex-
hibit rapidity plots obtained using the parametriza-
tion of Eq. (5) for 7~ production.

III. ANGULAR DISTRIBUTIONS IN COSMIC-RAY
EXPERIMENTS

The qualitative features of the high-energy in-
clusive cross section discussed in Sec. II have
direct implications for cosmic-ray experiments.
In this discussion we shall limit ourselves to the
cosmic-ray data of the Echo Lake experiment,®
because they are the only high-energy data current-
ly available which have a proton target. Although
there is a wealth of information on the interaction
of high-energy protons with emulsions, it is very
hard to extract from this data the behavior of the
nucleon-nucleon inelastic cross sections. The
chief reason for this is, of course, the complica-
tions due to rescattering in large nuclei. This
complexity can be readily understood once one
realizes that the secondaries of a primary colli-
sion have a mean free path in nuclear matter of
only ~1 F. Thus the incoming energy is not pumped
directly into a set of secondaries and a fast and a
slow proton, but rather it is further degraded by
multiple collisions inside the nucleus. The net re-
sult is a marked increase of the multiplicity (at
1000 GeV, where (n) in protons is 7-8, the mea-
sured multiplicity in nuclei can be 13 or more) and
a distortion of the angular distribution, with the
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slower particles multiple scattering into relatively
large angles. We have made Monte Carlo estimates
of these effects, and have achieved a qualitative
understanding of emulsion data at about 1000 GeV,
but considerable work remains to be done in order
to fully understand emulsion data.

Because cosmic-ray measurements cannot, in
general, determine the energy of a produced parti-
cle, but only the scattering angle, the data are usu-
ally presented in terms of the Castagnoli vari-
ables' u=Intan36. ,, and v=Intané,, These vari-
ables, for most of the range of x, are closely re-
lated to the rapidity,

_ k, _ k°/k+cosf.
r ‘ln[(klz ; uz)uz] ‘ln[(smzec.m. T 12T
(14)

Clearly, for u—0, we have

7~ —Intan}6, , =-u (15)

so that, if the mass of the produced particle may
be neglected, these variables are equivalent. For
forward or backward angles in the c.m. system,
where k%> p?, the mass is clearly negligible, and
the plots vs » or —u are identical. For 6., in the
neighborhood of 90° the produced particle may be
slow, its mass cannot be neglected, and there will
be a difference between the two plots, as was
pointed out by Lyon, Risk, and Tow*? (see Fig. 3).
Neglecting for the moment this effect, we can ex-
pect that the angular distribution in » should be
quite similar to the distribution in » discussed in
Sec. II. We thus infer that the angular distributions
will also exhibit a boxlike shape, with a width
growing like Ins. This last feature, although very
important, also indicates that cosmic-ray angular

T T T T T T T T T T T T 7T
— K =140 MeV
o k=0
// / \ N
y/ l \
J/ +8 \“
+6
dn
du 7
+4
d c b /a (<] b c d
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-8 -6 -4 -2 o] 2 4 6 8
u=Intan(6/2)

FIG. 3. The effect of the pion mass in plots of dn /du
versus « is illustrated at the same energies as in Fig. 2.
The dashed lines are the corresponding zero-mass plots.



2764 BALI, BROWN, AND PECCEI 4

distributions should vary very slowly with the total
energy, and in general exhibit little structure.
Thus we do not expect these distributions to pro-
vide verydelicate tests of the function N°as a func-
tion of x, k,, and s. It is only with exceedingly
large changes of the energy, such as going from

s =60 to 6000 GeV?, that marked changes in these
angular distributions should be manifest.

In order to compare the parametrization of Nf,
given in Eq. (5) with the Echo Lake data, a number
of rather crucial experimental biases have to be
taken into account. The principal ones are the fol-
lowing:

(i) The experiment cannot determine the type of
the produced particle, and only distributions for
all charged particles are obtained. Thus produced
m’s, K’s, and recoiling nucleons are all lumped to-
gether. Their angular distributions can be ex-
pected to differ from one another.

(ii) The data contains a sizable contamination of
e'e” pairs arising from y-ray conversion in the
walls of the chamber. Moreover, the spectra is
contaminated by hadron rescattering.

(iii) The experiment cannot determine real space
angular distributions but only distributions on a
“projected” plane.

(iv) There is a strong variation of the detection
efficiency with production angle due to limitations
of the spark chambers at large angles.

(v) Small angles (less than 2 mrad) cannot be re-
solved. .

(vi) There is contamination due to the fact that
the incident “beam” contains 30% pions.

We shall now briefly discuss each of these effects.
The inability to determine the type of produced
particle is a serious difficulty, as it entails the
knowledge of N, for all c. At the energies of the
Echo Lake experiment (150-700 GeV), the major-
ity of the produced particles are pions; neverthe-
less there is 20-25% proton and about 10% K pro-
duction. It is well known from accelerator ener-
gies that the K distributions are substantially the
same as the pion ones, except possibly at very
large and very small angles in the c.m. frame.
For the protons, however, the picture is quite dif-
ferent. On the one hand, we do not expect substan-
tial NN production and thus N/, should nearly vanish
at x=0. On the other hand, the two nucleons pro-
duced in the collision carry away, on the average,
about 60% of the energy of the incident particle.
These two reasons indicate that the p distribution
is markedly different from the 7 and K distribu-
tions, and should not look at all like Eq. (5). In
order to estimate the proton contribution to the
spectrum, we have assumed that the proton dis-
tribution, like the 7 distribution, nearly scales at

accelerator energies. We can then take the Ander-
son et al.*® parametrization at 30 GeV and “scale”
it to the desired energy. We have from Ref. 12 at
s=30 GeV:

da(fgp

5 =610k, €7 mb (GeV/c)™® (16)
or
3
dng,=5k—§[;1— 610klk°e‘°'°3kl] . (1)
24

Scaling implies that the bracketed quantity is s-in-
dependent, or

3 0
an}, = % % 4.67x10%, % e~ 8:0%ky | (18)
The above formula scales everywhere except for
very small x, where an s dependence is introduced
through the k°/V's factor. The above parametriza-
tion does a reasonable job in fitting the data at 18
and 30 GeV and is consistent with preliminary data
at much higher energies.’* For produced kaons
we adopt, for lack of anything better, a parametri-
zation like Eq. (5) with N,=0.1 (GeV/c)~?, or about
10% of the charged-pion normalization.

The pair contamination comes chiefly from y rays
arising from the decay of the 7°. As the produced
pairs have a very small opening angle, they are not
resolved. Thus the final pair tracks will corre-
spond to the folding of the 7° distribution with its
decay into 2y. The result of these effects is a pair
distribution with very nearly the same form as the
charged-r distribution.® Since 8% of the 7%s give
rise to pairs in the apparatus, this effect can be
accounted for roughly by an appropriate change in
the pion normalization. The hadron regeneration
in the chamber is of the order of 3% per track, and
thus much larger per event. It can be taken into
consideration in similar fashion as the 7° effects.

We turn now to point (iii) above. The Echo Lake
experiment is not able to measure the real space
angle between the incident particle and a second-
ary particle, but rather it measures dn/d(In cos6,),
where 6, is the projected angle between the inci-
dent particle and the secondary particle in a plane
containing the incident track.® The real angle be-
tween the incident and secondary tracks cannot be
reconstructed. Thus in order to match the experi-
mental distributions, it is necessary to subject the
theoretical distributions to an analogous projection.
There is no unique relation between the real scat-
tering angle and the projected angle, unless the
incident proton is coming vertically, which is not
the case in the experiment. Fortunately, cosmic-
ray protons are strongly peaked about the zenith,'®
so that one can assume that approximately the pro-
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jection procedure is unique, and hope that the er-
rors introduced will be small.

The last major correction to consider in the data
is due to the presence of a strong bias against
large laboratory angles produced by the peculiari-
ties of spark-chamber triggering. The efficiency
of the detection chambers as a function of the angle
is not completely known to us at this time, except
that it is essentially 100% for zenith angles less
than 40° in the lab frame and zero for angles
greater than 55°. In particular, this means that
most of the slow-proton tracks are not detected,
as well as the very large angle 7’s and K’s. In cor-
recting for this bias, it should be noted that the
varying cosmic-ray proton flux as a function of the
incident angle gets folded into it, as the cutoff is
effective in real lab angle, and not in the projected
scattering angle. We have corrected for this ef-
fect by putting a sharp cutoff at 45° (real angle).
Varying the cutoff to 50° does not affect our distri-
butions markedly.

The corrections due to lack of resolution at very
small angles are negligible for all practical pur-
poses.

Finally, at the altitude of Echo Lake, the cosmic-
ray flux can be expected to contain a contamination
of 30% high-energy pions whose products cannot be
resolved from the ones produced by protons. As
discussed in Sec. II, the pion-originated events can
be expected to differ from the proton ones for x>0,
but should be essentially the same for x<0, if the
factorization hypothesis holds. We have not cor-
rected for this effect.

IV. COMPARISON WITH ECHO LAKE DATA

When all the corrections described in Sec. III are
taken into account, it becomes possible to calculate
the angular distributions of cosmic-ray secondar-

ies with no adjustable parameters. The procedure
is, of course, to take the parameters describing
N,; and Nf, and N5, which were fixed by our analy-
sis of accelerator data and the scaling hypothesis,
and use them to calculate the distributions at the
much greater energies of the Echo Lake experi-
ment, taking care to include all the biases and
corrections discussed in Sec. IIL.'® A very primi-
tive attempt in this direction was described in
Ref. 6. However, in that work not all the correc-
tions and biases were included, and, moreover,
the mass of the secondary particle was neglected.
This last point is well worth emphasizing. In

Fig. 3 we exhibit the pion distributions that follow
from the parametrization of Eq. (5) for several
energies. The dashed curves are the correspond-
ing zero-mass distributions. The effect of the
“pion-mass hole” is significant. Of course, we
do not expect this “hole” to be present in the lab-
oratory distributions, since the approximation of
neglecting the mass is valid everywhere except
for extremely large angles. We show laboratory
pion distributions in Fig. 4. Figure 5 exhibits the
proton distributions in the laboratory, obtained
by using Eq. (18). The two-“horned” distribution
is typical of the strong forward and backward
peaking of the proton distribution.

In Figs. 6 and 7 we present our final projected
charged secondary distributions at the two ener-
gies given by the Echo Lake experiment. We
stress once more that essentially #o free param-
eters go into the construction of these curves.
The agreement of the distributions with experi-
ment is reasonably good. The calculated distri-
butions are somewhat larger than the experimental
ones at very small angles. There may be an ex-
perimental bias involving the resolution of final
trajectories by the apparatus when extremely

2.5 T
2.0+
FIG. 4. Distributions of 1.5+

pions in the laboratory dn

frame at the same ener- dv

gies as in Fig. 2.
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FIG. 5. Proton distributions in the laboratory frame.
Again the energies are as in Fig, 2, The two-horned
structures and the limiting behavior of the large-angle
part of the spectrum are evident.

small angles are involved, but this does not seem
to be a large effect. The theoretical peak slightly
undershoots the experimental one. This discrep-
ancy is not understood. The largest discrepancy
between theory and experiment occurs at large
angles, where the theoretical curve lies substan-
tially above the experimental points. It is in this
region, however, that the rapid drop in detection
efficiency can be expected to dominate the distri-
bution. In fact his effect practically controls the
shape of the distribution for 6,>45°.

The detailed nature of this cutoff is not com-
pletely known to us at this time, but it would seem
to be more severe than presently estimated by the
experimentalists. It is very unlikely that the
large-angle overshoot can be accounted for by
nonscaling effects or changes in the parameters
of our distributions, because these would also
imply discrepancies in the small-angle region,
where the fit is reasonable. Calculations by
Caneschi, Lyon, and Risk,'” of these same distri-
butions, using a different form for N,,, but taking
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into account most of the experimental biases
seems to bear this out.'” It should be pointed out
that with our value of N,5~1.1/(GeV/c)? the multi-
plicity we obtain is about 15% higher than that
measured by the Echo Lake experiment. However,
we believe that the missing experimental multi-
plicity is in the large-angle region, where, it
would seem, the details of the cutoff are not com-
pletely understood.

In spite of these troubles, the scaled N,, func-
tions seem to reasonably account for the angular
distributions at cosmic-ray energies. This we
take as a qualified support for the scaling hypothe-
sis.’® The gross change in the angular distribu-
tion as the energy increases from 30 to 250 GeV
are well accounted for by our calculations, and
this change is much greater than the discrepancies
between theory and experiment. The size of this
change is indicated by the curves at 30 and 250
GeV that are displayed in Fig. 4.

On the other hand, it should be pointed out that
the angular distributions, once the scaling hypoth-
esis is accepted, depend little on the detailed
parametrizations of the N,, functions. Rather
large alterations in the parameters produce mini-
mal changes in the angular distributions. Thus
only very high-precision experiments on angular
distributions can be expected to yield detailed in-
formation on the scaling functions N,,. For this
purpose, cosmic-ray experiments are probably
not as well suited as are the very high-energy
laboratory experiments which will be soon carried
out with accelerators.
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