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We analyze m+p elastic scattering in terms of s-channel helicity amplitudes. We demon-
strate that the data are consistent at all angles with the picture of scattering from an inter-
action region of radius 0.8 F, witth special edge effects accounting for backward scattering.

I. INTRODUCTION

Recent experiments on the &'p elastic scattering
have provided a new wealth of data for this reac-
tion in the energy range 2.74 to 5.0 GeV/c. Many
striking features are to be observed in the data,
particularly in the differential cross sections. ' '
Near the forward direction, the differential cross
section (see Fig. 1) shows a very strong diffraction
peak which falls off by two orders of magnitude in
the comparatively small interval of momentum
transfer 0& t ~ -0.8 (GeV/c)'. Around t =-0.85
(GeV/c)', some structure develops —there is a
substantial change of slope, with a shallow valley
occurring here at the lower energies. The sub-
sequent shoulder then falls off to a very deep val-
ley in the vicinity of t = -2.8 (GeV/c)'. In the back-
ward. direction, there is likewise a sharp peak,
followed by a valley which remains at about u= -0.2
(GeV/c)' for all the energies considered. At inter-
mediate angles, where the differential cross sec-
tions become exceedingly small, there are inter-
esting indications of further structure.

While some of these features have been known
for a long time, what is important about the new
experiments is that they provide continuous mea-
surements over the gghole scattering region, and
therefore present a challenge to phenomenologists
that is considerably more intriguing than the sim-
pler game of fitting either the forward or the back-
ward scattering data.

There are also some polarization data" in this
energy range, but these at present cover only the
angles near the forward and backward directions.
Near the forward direction (see Fig. 2) the polar-
ization is positive, rising initially to about 20-
30%. Next, there is a shallow din around t = -0.6
(GeV/c), after which the polarization increases
again to more than 50%. Away from the backward
direction (see Fig. 3) the polarization is at first
positive (rising to 100% for 2.75 GeV/c), then
changes sign at about u= -0.24 (GeV/c)', roughly
the same position at which the striking backward
valley in the differential cross section occurs.

The &'p total cross section has also been mea-

sured' throughout this energy range (see Fig. 4).
It is smoothly decreasing, indicating that there are
no really prominent resonances present.

Previous attempts' ' have been made to fit and
understand separate pieces of this data. In partic-
ular, the experimental structures at the ends of
the angular region are usually interpreted in terms
of exchanges in the t and u channels. However, a
clear picture of the pion-nucleon interaction from
the point of view of these exchanges has yet to
emerge, in spite of the enormous effort put into
these models during the past decade. Even the
basic question of the dip mechanism, whether due
to nonsense wrong-signature zeros or to strong
pole-cut interference, ' is still unresolved.

In the present paper, we suggest another type of
model, based on an s-channel approach. This
model makes use of the familiar ideas of the opti-
cal and absorptive models; however, the present
model goes far beyond previous models of this
type in that it attempts to describe scattering at
all angles. In a sense, our model can also be re-
garded as an extension of the more conventional
phase-shift analyses"; however, in order to make
the expansions in angular momentum states tract-
able, we inject some physics (indeed, essentially
the same physics as went into the original Regge-
pole model more than 10 years ago).

In Sec. II we briefly describe the ideas of our
model, and in Sec. III we state our parametriza-
tion of the amplitudes. In Sec. IV the fits to the
data are presented and the contributions from the
various amplitudes examined in detail. In Sec. V
a brief comparison is made with Regge-pole fits.
Finally, in Sec. VI, we discuss the major evidence
for our scattering picture.

II. MODEL

The authors have previously outlined some of
the basic ideas of the model in their discussion of
the & p charge-exchange (CEX) reaction. " There
it was shown, through the use of s-channel helicity
amplitudes, how the well-known structures in both
the forward and the backward directions for CEX
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could be correlated. (It will be recalled that in the
usual Regge approach, these directions are treated
totally independently. ) The essential points of the
argument were the following:

(i) In the angular momentum expansion of the
s-channel helicity amplitudes"

f;,= —Q (j+ —,') T'„d i i (8),

where k is the c.m. momentum, the low-angular-
momentum states are absorbed (as a result of S,',
being small for low j), while the high-angular-
momentum states likewise give little contribution
since they are unscattered. This leads to the con-
clusion that the major contribution to the scatter-
ing for this CEX process comes from a narrow
intermediate band of angular momentum states.

(ii) By considering the oscillations of the cor-
responding d'~„(8) functions, it was shown that this
band shouldbe centered around j=j, , where j, +&
=kA. Here R is the appropriate radius for the in-
teractions, estimated qualitatively to be about 1 F
in order to give the forward and backward CEX
dips at their observed positions, t= -0.6 and
u= -0.2 (GeV/c)', respectively. As a consequence,
we anticipated that if R is more or less a constant,
then j, should move with energy in proportion to
the c.m. momentum k.

We now carry over these same ideas to the case
of &'p elastic scattering, one of the few reactions
where good data' ' are available at all angles.
Elastic scattering has, of course, the added com-
plication of diffraction, and this must be taken in-
to account. The low-angular-momentum states
which get absorbed out in many of the inelastic re-
actions such as CEX are just those which give rise
to the strong forward diffraction peak in elastic
scattering, analogous to Fraunhofer diffraction in
optics. In the present situation, where the proton
has spin —,', this effect might be expected to be
much more pronounced in the helicity-nonflip am-
plitude f'„ than in the helicity-flip amplitude f,
which vanishes in the forward direction by angular
momentum conservation.

TABLE I. Values of our parameters for fits in Fig. 1.
Dimensions of aR, a, v, x, y, and z are

gamb

GeV

p~, b (GeV/c)

R R
G+~ a++

2.74 3.0 3.5 4.0

-0.46 -0,46 —0.47 —0.49
Rb++
R

C++

0.94

1.88

0.45

1.64

0.32

1 ~ 72

0.26

1.90

I IG++ a++
bI

1.16

0.28

2.43

1.22

0.24

2.70

1.21

0.15

3.28

1.28

0.14

3.33

GR Ra+ -0.06 -0.05

bR

R
C~

1.65

1.05

2.99

1.54

Here G, G' were taken as Gaussians of the form
a exp[-b(j —c)']. These weight the low angular
momentum states (see Fig. 8), in accordance with

the relation T' = i(1 —S') and the property that the
S-matrix elements for low j are small. It is the
Gaussian iG'„which gives rise to the large for-
ward-diffraction peak; loosely speaking, it corre-
sponds in Regge language to the Pomeranchuk
contribution, though, as we shall see later, the
contributions of this Gaussian and the Pomeran-
chukon to the scattering are markedly different in
detail.

The Breit-Wigner terms are meant to represent
the peripheral interaction; that is, the contribution
from the band of angular momentum states being
scattered from the edge of the absorbing proton
target. The choice of a Breit-Wigner form is of
course very restrictive. It correlates both the
magnitudes and phases of adjacent angular momen-
tum states within this band, and therefore repre-
sents some kind of a collective effect. This form
also has a certain amount of appeal, however,
since it corresponds to a simple Regge pole in the
s channel; it is the well-known form which de-
scribes grazing rays in classical scattering the-
ory. The parameters j, and F were taken to be the
same in both helicity-nonflip and -flip amplitudes.

Therefore, for a given energy in which the dif-

Ia -0.09 -0.05
III. PARAMETRIZ ATION

The parametrization we choose is intended to re-
flect the physical ideas discussed in Sec. II. We
took the angular momentum s-channel helicity am-
plitudes in the following form:

(j +-,') T~„=G„+iG„+,'F(v+ix)[(j —j,) —-iF/2] ',

(j + —,) T', =G", +iG', +-,F(y+iz)[(j j,) —iI'/2] '. —

(I)

I
C+

IPc+2
r

4.16
0.95
0.33
0.31
0.55

-0.24

4.31
0.92
0.20
0.28
0.52

-0.15

1.01

1.37

4.89
0.95

-0.09
0.15
0.29

-0.21

2.50

0.50

5.03
0.95
0.03
0.16
0.27

-0.14
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ferential cross section at all angles, the available
polarization, the total cross section, and the ratio
of the real to the imaginary part of f'„at t = 0 are
all fitted simultaneously, there are, all together,
18 parameters. (The two Gaussians in the flip
amplitude, however, give fairly small contribu-
tions, so that all the basic structures are given,
essentially, by 12 parameters. ) We also make
sure that the parameters change smoothly on going
from one energy to the next (see Table 1).
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FIG. 2. Fits to the forward n+p elastic-scattering
polarization. Data from Ref. 5 (0) and Ref. 2 (&&).
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FIG. 1. Fits to n+p elastic-scattering differential cross
section atP~~b=2. 74, 3.0, 3.5 and 4.0 GeVjc. Data from
Ref. 1 (, 8), Ref. 2 (x), Ref. 3 (0), and Ref. 13 (0).
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FIG. 3. Fits to the backward n+P elastic-scattering
polarization. Data from Ref. 5 (0).
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EFIG. 4. Fits (*) to the 7I+P total cross section. Data
from Ref. 6 (0).

IV. FITS TO THE DATA; ANALYSIS
OF OUR AMPLITUDES

~ Ol

Our fits to the differential cross sections at all
angles for four energies (2.74, 3.0, 3.5, and 4.0
GeV/c) are presented in Fig. I, the correspond-
ing values of the parameters being given in Table I.
In Figs. 2 and 3 we make comparisons with the
available polarization measurements in the for-
ward- and backward-scattering regions. Figure 4
shows our fits to the total 7I'P cross sections. The
total cross section, of course, restricts the imag-
inary part of the nonflip amplitude at t =0 through
the optical theorem. In order to pin down also the
real part of this amplitude at t =0, we used the
results of Hohler and Strauss, "who have calcu-
lated the real and imaginary parts of the &N non-
Qip amplitude at t =0 from forward dispersion
relations; we constrained the real-to-imaginary
ratio to give close agreement, as shown in Ta-
ble II.

These fits seem sufficiently reasonable to pro-
vide substantial justification for the simple physi-
cal picture behind the parametrization. As far as
we are aware, no other model (except, of course,
the standard phase-shift analyses at much lower
energies) has been able to correlate so much data
throughout the whole scattering region in such a
unified way, and this is the major achievement of
the model.

We turn now to a more detailed analysis of our
fits. As we shall show, the experimental features

l
i .~~ -.--L

—4.0
t (GeV/c)~

,OOI
0 —6.0—2.0

come about in a natural way from the oscillations
of the amplitudes. In order to avoid repetition,
we shall concentrate on our fit to just one of the
energies, namely 4.0 GeV/c; our fits to the other
energies being similar.

A. Nonflip Amplitude

First of all, we show in Fig. 5 the contribution
to the differential cross section from the s-channel
helicity-nonQip amplitude, indicating also the
separate contributions from G"„and iG'„. We see
that the nonflip amplitude provides most of the
differential cross section" all the way out to about
t = -1.5 (GeV/c)'. The forward-diffraction peak
arises primarily from the imaginary term iG„,
whose main contributions come from the km' angu-
lar momentum states. To further illustrate this
last point, we have drawn in Fig. 6 the shape of
ImT'„arising from iG'„alone lremember to di-
vide out the j+ & factor on the left-hand side of
Eq. (I)] as a function of j.

In all our fits, the break at t = -0.85 (GeV/c)'
arises from the first (diffraction) zero of Imf;, ;
the hole there being filled up mainly by Ref;, .
The real part of the nonQip amplitude, which is
often ignored in many calculations (in spite of the
fact that it is known" to be about 30% of the imag-

TABLE II. Comparison of Ref+'+/Imf+'+ at t =0 with
values obtained by Hohler and Strauss (Ref. 13) from for-
ward dispersion relations.

P )~b (GeV/c) 2.74 3.53.0 4.0

Ref+, /Imf++ (Ref. 13) -0,315 -0.334 -0.312 -0.310

Ref /Imf ' -0.31 -0.33 -0.31 -0.31

FIG. 5. Total contribution of the helicity-nonflip ampli-
tude (G+++ + iG+I+ +BW++) to the differential cross section
(solid line). We also indicate the contributions from 6++
alone (dotted line) and G++ alone (dashed line).
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FIG. 7. Total contribution of the helicity-flip amplitude
(6@+ i 6+ +BW+ ) to the differential cross section
(solid line). We also indicate the contributions from
&+ + N+ (dashdotted line), Re(BW, ) (dotted line},
and Im(BW+ ) (dashed line) separately.

FIG. 6. Contribution to Iml'~++ (expressed in dimension-
less numbers) from i 6++ as a function of j.
inary part at t = 0), is therefore very important
to us in our fitting scheme.

The role of the nonQip Breit-Wigner term is in-
teresting. In contrast to the Gaussian terms, the
Breit-Wigner term is centered around a higher
angular momentum state with j,+ ~ =5.03 (for 4.0
GeV/c). The former rapidly die away beyond
t = -2.8 (GeV/c)', whereas the Breit-Wigner term
pops up at large angles, helping in particular to
fill the backward valley at u = -0.2 (GeV/c)'.

B. Flip Amplitude

In Fig. 7, we have drawn the contributions from
the s-channel helicity-Qip amplitude, as well as

the separate contributions from Re(BW, ),
Im(BW, ), and (G," +iGI ) .The flip amplitude
clearly provides the dominant contribution at the
larger angles, just as the nonQip amplitude dom-
inated in the forward-scattering region, as dis-
cussed above. The oscillatory character is pro-
vided by the Breit-Wigner term. The width I' of
the angular momentum band is (see Table I) about
1.0, so the band is reasonably narrow; the oscil-
lations correspondingly remain sizeable at all
angles. In contrast, the Gaussian terms yield a
featureless background (they contain only a few low
angular momentum components). They assist
mainly in damping out the vigorous oscillations of
the Qip Breit-Wigner term at the center of the
scattering region where the differential cross sec-
tion is exceedingly small.

One immediate test [see Sec. II, paragraph (ii)]
of our ideas concerning the flip term ig that the
band of important angular momentum states de-
scribed here by the Breit-Wigner term should
move up in energy as the laboratory momentum
increases, according to j,+ &

= kB. In our fits to
the data, we found (see Table I) that for P„b=2. 14,
3.0, 3.5, and 4.0 GeV/c, the corresponding values
of j, + -,' were j,+ -,' = 4.16, 4.31, 4.89, and 5.03.
Recalling that for these momenta k = 1.05, 1.10,
1.20, and 1.30 GeV/c, respectively, we see that
the energy dependence of j, is indeed indicative of
this relation, with the radius of interaction A taken
as about 0.8 F=-4 (GeV/c) '. The actual values of
A for the various momenta are 0.80, 0.78, 0.81,
and 0.78 F, which are remarkably constant at
around 0.8 F.

C. Polarization

As a last comment on our fits, we mention how
this model accounts for the observed features of
the polarization near the forward and backward
directions. One can easily see what happens by
noting from Figs. 5 and 7 which are the dominant
amplitudes in the various regions and where their
zeros occur. The forward polarization arises
primarily from the product of the dominant Imf;,
and the much smaller Ref;; the interesting dip
at t = -0.8 (GeV/c)' in the polarization then arises
from a zero in Ref; at t = -0.4 (GeV/c)' and in
Imf;, at t = -0.85 (GeV/c)'. The zero in the back-
ward polarization at u= -0.24 (GeV/c)' arises from
the zero in the dominant Breit-Wigner flip ampli-
tude, which also causes the backward valley in the
differential cross section at this position.

Even a cursory examination of the fits shows how
the amplitudes are closely tied together. The
smaller oscillations of an amplitude which may be
dominant elsewhere can be crucially important in
fitting the data, and there is not too much room
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for leverage.

V. CONTRAST WITH REGGE MODELS

Those who are familiar with Begge-pole analy-
ses" will realize that the way the experimental
structures are explained is considerably different
for the two models. A detailed comparison of the
models is presently under way; we shall therefore
content ourselves here with a few brief remarks
on some of the main differences between the Regge
fits and our own fits (Sec. IV).

In the usual Regge fits,"the imaginary Pome-
ranchuk contribution is supposed to represent dif-
fraction. However, it is always parametrized as
a smooth exponential in t, completely structureless
(in both the t channel and s channel), with no zero
at t =-0.85 (GeV/c)', as we have in our Imf;, ."
Furthermore, because the Pomeranchuk contribu-
tion is large, "the choice for its parametrization
substantially determines many other matters in the
subsequent fitting. For example, the dip in the
polarization at t = -0.6 (GeV/c) is obtained in the
Regge fits through the double zero of a no-compen-
sation coupling for the P', or through a nonsense
wrong-signature zero from the p coupling together
with a vanishing of the relative phase of the p and
P+P' contributions. These explanations illustrate
what has been done if one chooses a smooth Pome-
ranchuk contribution.

There are differences also in the backward direc-
tion, where Regge fits" rely on structure in the
A and B amplitudes arising either from a nonsense
wrong-signature zero of the nucleon coupling or
from cuts. The s-channel helicity-flip amplitude,
which dominates in the backward direction, actual-
ly goes over to the A' amplitude there (and not to
A or B). It is therefore our A' which is most
directly associated with the experimental data and
gives rise to the observed features.

Our model also differs from the one recently
proposed by Harari. " He likewise bases his argu-
ments on a smooth imaginary Pomeranchuk con-
tribution, this assumption being taken from the
smoothness of the differential cross section for
elastic proton-proton scattering. Structures in
differential cross sections, such as are observed
in v'p scattering at t =-0.85 (GeV/c)', then come
about from destructive interference with s-channel
resonances. However, as is evidenced by the
strong shrinkage of the forward peak, the effec-
tive trajectory'8 for (t

~

& 2.0 (GeV/c)' obtained from
the elastic pp differential cross section in the in-
termediate energy region has a steep slope, about
I (GeV/c) ', in contrast to the flat slope usually
associated with the Pomeranchuk trajectory. Also,
even though the pp differential cross sections are
smooth at lower energies, they begin to develop

+
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l+ ~

~~ +

X

X
(b)

—.2—

.2 .4
I

.6
b (F)

.8
I

I.Q l.2

FIG. 8. (a) Graph of the contribution of iG~+ to ImT~++
V'mb GeV as a function of the impact parameter b (in
fermis) for the momenta 2.74 (), 3.0 (4), 3.5 (g), and
4.0 (x) GeV/c. (b) Graph of contribution of G+++ to
ReT~++ v'mb GeV as a function of b (in fermis); same
convention as in (a).

structure at t = -0.85 (GeV/c)' above 10 GeV/c, a
well-defined shoulder" being clearly visible at
20 GeV/c. This trend seems to run counter to the
idea of a smooth Pomeranchuk contribution, which
should presumably become the more dominant the
higher the energy. Again, Harari's smooth Po-
meranchuk contribution necessitates a double zero
in one of his amplitudes (Ref; ) to accommodate
the v'P polarization dip at t = -0.6 (GeV/c)'.

VI. ENERGY DEPENDENCE AND
CONCLUDING REMARKS

To understand the energy dependence of our fits,
it is important to ask the question, "What is ener-
gy-independent? ".

So far, we have been able to find three things
that do not change much in the energy region we
have investigated:

(i) In Fig. 8(a), we have drawn a graph of the
contribution of iG'„ to ImT'„as a function not of
j but of the impact parameter b = (j + 2)/k for th-e

four energies considered. We see that the shape"
is more or less the same for all the energies. The
graph indicates that absorption is substantial for
low b, but rapidly decreases around a radius of

.5
(o)

X ~
x 4
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about 0.8 F.
(ii) ln Fig. 8(b), there is a similar graph of the

contribution of G„ to ReT'„ for the four energies.
Apart for one point, the shape again seems to be
the same for all the energies.

(iii) The third energy-independent feature has
already been mentioned in Sec. IV, where we re-
marked that the Breit-Wigner j-pole position in-
creased with energy in a manner consistent with
scattering from the edge of an object whose radius
remains approximately constant at 0.8 F. It is
important to realize from point (i) above that this
is exactly the same radius where the absorption is
rapidly decreasing.

Our conclusion therefore is that all the &'p data
we have fitted are consistent with the picture of
scattering from an interaction region which is
strongly absorbing out to a radius of about 0.8 F,
at which range substantial edge effects (in the form
of resonances) are important.

Since the main experimental features we have
been discussing [forward-diffraction peak and
backward peak with a valley at u =-0.2 (GeV/c)']

occur at higher energies without any ne'er type of
feature appearing, one might speculate that gll the
data we have at present on &'P elastic scattering
are describable essentially in terms of the above
physical picture. In one sense, it would of course
be good to know that such a simple description is
applicable; in another, it would be disappointing
since it would mean that we have learned little
about the deeper nature of the interaction itself.
The dynamics are (still) wrapped up in exactly
what is causing the internal absorption and the
edge effects.

We are at present examining other processes
(such as & p, CEX, and pp) to see if our model
applies equally well in these situations. Our pre-
liminary results indicate that this is indeed the
case.
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Two methods are described for interpolating the energy dependence of phase shifts. Both
methods are based on normed analytic approximation theory. The Qrst method interpolates
the D function of the N/D method; the second interpolates the logarithm of this function. As
an illustration, the methods are applied to the So and P& n-p phase shifts below 400 MeV.

I. INTRODUCTION

This paper is devoted to a first exploratory at-
tempt to apply the concepts of modern analytic
interpolation theory'~ to the problem of describing
the energy dependence of phase shifts obtained
from analysis of scattering data. By formulating
new methods of analysis based on approximation
theory, we may expect to obtain both a greater
economy of parametrization and a more rigorous
accounting for the effects of experimental uncer-
tainties. To illustrate our method, we begin, in
this first paper, by discussing a problem {n-P
scattering) where there is no great controversy
about the general trend of the phase shifts. Our
aim is to explain our procedures by showing how
they can be used to fit the phase shifts obtained by
MacGregor ef al. (the results of other groups'
are similar). In particular, we shall show that
our interpolation formulas, with fewer parameters,
can reproduce the given phase shifts within a rea-
sonable tolerance, thus showing the greater effi-
ciency of the parametrization suggested by ana-
lytic approximation theory.

Techniques based on the theory of approximation
have been developed already for use in connection
with partial-wave analyses (at a fixed energy), fi-
nite-energy sum rules, representation of form

factors, and related miscellaneous topics, ' "and
the value of these techniques has been demonstrat-
ed in several practical applications. " " Although
we are able to make extensive use of the concepts
and techniques already developed, the parametri-
zation of the energy dependence of partial-wave
amplitudes is a more complicated problem, for
several reasons: (I) The analyticity information
refers to a domain of meromorphy, rather than to
a domain of holomorphy. (2) The unitarity rela-
tion ought to be treated exactly, which can be done
most conveniently by linearizing it, at the cost of
nonlinearizing either the relation to the data, or
the relation to input ("left-hand") discontinuities.
(2) It is necessary to make use of second-sheet
analyticity and boundedness properties, which are
not only more conjectural, but require use of
more intricate conformal mappings. (4) With the
exception of thresholds for opening of two-particle
channels, the nature of even the branch points
which lie in the physical region is not fully known;
furthermore, there is always an enormous num-
ber of these, too many to treat explicitly. The
first two points merely involve unpleasant techni-
cal complications, but the second two will also
lead, unavoidably, to some residual model depen-
dence in practical applications. It is important to
try to find simple ways to overcome these diffi-


