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Three-body decays 1— 2 +3 +4 are considered using a frame of reference analogous to the
c.m. system for scattering. The physical decay region is mapped onto an O(4) sphere, so
that the decay amplitude f(c,6) is a function on this sphere (depending only on two of the three
angles a, 6,and ¢). The amplitude is then expanded in terms of the basis functions of O(4)
and we obtain two-variable expansions, in which all the dependence on the kinematic para-
meters is explicitly displayed in special functions. These expansions make it possible to
treat decays and scattering on the same footing, in that they are intimately related to O(3,1)
expansions of scattering amplitudes, considered previously. Some analyticity properties are
built in, so that each partial wave has the correct behavior at the threshold (mj;+ m4)2 and
pseudothreshold (m; —m,)?%. The expansions make it possible to perform a kinematically
(or group-theoretically) motivated harmonic analysis of Dalitz-plot distributions for K — 37
and n— 37 decays (the results will be presented separately).

I. INTRODUCTION

The purpose of this paper is to suggest a new
method of treating general decay processes of the

type
1-2+3+4 (1)

by making use of certain two-variable expansions,
based on the representation theory of the group
O(4). The method is an extension of one developed
in a series of previous articles mainly for two-
body scattering.!”® The aim of the method, both
for scattering and decays, is to present a reaction
theory in terms of explicit two-variable (or, more
generally, multivariable) expansions of the corre-
sponding amplitudes. All the dependence on the
kinematic parameters (energies, angles, momen-
tum transfers, etc.) is displayed explicitly in
known functions, whereas all the dynamics are
transferred to the expansion coefficients. The me-
thod can thus be considered to be a generalization
of standard partial-wave analysis, where the de-
pendence on one variable only, the scattering an-
gle, is explicit. Since this program is quite gen-
eral, it must be based only on very general and
well -established principles of scattering theory,
like Lorentz invariance, analyticity, crossing,
unitarity, etc.

The method used to generate two-variable expan-
sions for two-body scattering of spinless particles
was the following. The scattering amplitude f(s, ¢)
is considered as a function M(p,,p,, p,,p,) of all

4

four particle momenta, subject to the restrictions
imposed by the conservation laws, mass-shell con-
ditions, and Lorentz invariance. It is then possible
to choose a convenient frame of reference by fixing
the momenta of three of the particles, after which
the amplitude can be considered to be a function of
the one remaining four -momentum only. In the
case of zero-spin particles, only two of the three
independent coordinates of the chosen momentum
p are essential, so the scattering amplitude is a
function of two variables only, as it should be.
However, these variables are now interpreted as
coordinates of the momentum p; thus the amplitude
f(s, t) is a function of a point on the hyperboloid
p*=m? (the mass shell). If the coordinates are
chosen correctly, then the point p runs over the
entire upper sheet of the hyperboloid p* = m?2, as
the Mandelstam variables s and ¢ run through the
physical region of a given channel. Given a func-
tion f(p) of a point on a homogeneous manifold, it
is a simple matter to expand it in terms of the cor-
responding spherical functions, i.e., in terms of
the basis functions of the irreducible representa-
tions of the group of motions of the manifold. In
our case the group of motions is the homogeneous
Lorentz group O(3,1) and the described method
provides the required two-variable expansions.
When actually deriving the expansions we encoun-
ter the following ambiguities: (1) We can choose
an arbitrary (“convenient”) frame of reference.
(2) We must choose coordinates on the hyperbol-
oid. (3) We must choose a specific basis for the
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group representations. These three choices are
interrelated and the solution of the problem be-
comes essentially unique if we add some physical
requirements. Thus, if we wish to make full use
of Lorentz invariance by incorporating all the
single-variable expansions appearing in the litera-
ture as “little-group expansions,”®~!! we are led

to three quite definite two-variable expansions,
corresponding to the reduction of O(3,1) to differ-
ent subgroups G in the reduction chain O(3,1)DG
DO0(2). If we wish to incorporate the O(3) little-
group expansion of standard partial -wave analysis,
we choose O(3) to play the role both of the subgroup
G in the reduction (which determines the choice of
a basis and the choice of coordinates on the hyper-
boloid'~%: 7' 8), and of the little-group of a timelike
vector, namely, the total energy-momentum p, +p,,
the standardization of which [p, +p,=(Vs,0,0,0)]
determines the center-of -mass system. Similarly,
the O(2, 1) expansion of Regge-pole theory is ob-
tained by identifying the subgroup G with O(2,1)
and letting this O(2, 1) also figure as the little
group of a spacelike vector — the momentum trans-
fer, the standardization of which [p,-p,=(0,0,0,
V=1)] leads to the brick-wall frame of reference.

In both cases we obtain a standard little -group
expansion in one variable and the group O(3,1)
supplies a further expansion of the corresponding
partial -wave amplitude.

Similarly, choosing the group G to be the Euclid-
ean group E, we obtain the E, little-group expan-
sion for lightlike momentum transfer (¢=0 in non-
equal -mass reactions) and a generalization of this
expansion for ¢t+#0, supplemented by an integral
representation of the corresponding partial -wave
amplitude.

The motivation for the whole approach using
two-variable expansions is to achieve a greater
degree of separation between kinematics and dy-
namics than is provided by the little-group expan-
sions. This should enable us to make dynamical
assumptions about the behavior of the expansion
coefficients, leading to “predictions” for high-
energy behavior, angular distributions, etc. Fur-
ther, the separation should enable us to impose
some of the general principles of scattering theory
in a general manner (“as kinematics”®' ®). Finally,
a successful application of the two-variable expan-
sions would make it possible to perform model -
independent phenomenological fits to experimental
data of a more extensive character than using only
the single-variable expansions. Thus, the expan-
sions based on the O(3,1)D0(3)D0(2) chain are
suitable for performing energy-dependent phase-
shift analysis, i.e., describing angular distribu-
tions at different energies in terms of one set of
parameters. The O(3,1)D0(2,1)D0(2) expansions,

on the other hand, are suitable for supplementing
the complex-angular -momentum description of
high-energy scattering by an explicit parametri-
zation of the momentum-transfer dependence of
the amplitudes.

In order to actually perform such phenomenolog-
ical fits, it is still necessary to overcome certain
difficulties related to the noncompactness of the
group O(3,1). To avoid these problems we first
consider a problem that is mathematically simpler
and is of separate physical interest, namely, two-
variable expansions of decay amplitudes. The big
simplification is due to the fact that the physical
decay region is finite, so that it can be mapped
onto a manifold homogeneous with respect to a
compact group, namely, O(4). Since this group is
compact, the two-variable expansions will involve
only sums and no integrals, which makes the ac-
tual treatment of data a simple matter.

In Sec. II we consider the kinematics of three-
body decays and obtain the decay amplitude as a
function on an O(4) sphere. In Sec. IIl we discuss
some relevant results on the representation theory
of O(4) (most, if not all, of which are contained in
the literature). In Sec. IV we present and discuss
the two-variable expansions and compare them
with other treatments of three-body decays. In
Sec. V we discuss their possible applications to
processes like K- 37 or n—~ 37 decays.

An actual application of the suggested formalism
to K-~ 37 decays has been performed with encour -
aging results and will be published separately.

Let us note here that two-variable expansions
inside the Mandelstam triangle have been con-
sidered previously, not, however, for actual decay
amplitudes, but for scattering amplitudes in a non-
physical region (when all four masses m ,=m,=m,
=m, are equal).* 12, 13

II. THREE - BODY DECAY AMPLITUDE AS A
FUNCTION ON A SPHERE

Consider the decay 1~ 2 +3 +4, where all parti-
cles have zero spin and let the particle momenta
and masses satisfy

P1+D2+P3+04=0, m,2my+mz+my, (2)
and the mass-shell condition p,2=p;,2~D,>= m >
for all four particles (i=1,...,4).

The Mandelstam variables

s=(y+p.), t=(py+Dsf, u=(py+p,), ®3)
in the decay region satisfy*

stu—-K%as +bt+cu)=0,

(4)

2_ 2
K2=m?2+ml+ms+m=s+t+u,

with
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K3a=(m,2m22—m32m42)(m12+m22—m32-m42), 10 - _ =

K% =m2mi-m2m2)m - m2+mi-m?),

Kic=m*m>2-m*m>)m > —m=msZ+m,),
and

(mg+myF <s<@m,—m,),

(m2+m4)2$t$(ml—m3)2, (5) e]

tma+mo)* suslmy-mg)'. Pa="P3 Ps 3
In order to apply the same approach as for par-

ticle scattering we introduce a center -of -mass- _FIG. 1. The F'm"like ff'ame of reference for decays;
like frame of reference for the decay (see Fig. 1). |_p11=If’2}|1=mismh“1=m25mh“2; B3l = b4l =mysinhay
In this frame particle 1 decays in flight, particle =Sy
2 emerges with momentum P,=0,, and particles
3 and 4 emerge with p, = -p, and [p,| such that en- The conservation laws imply:
ergy is conserved. Using spherical coordinates,
choosing 0,, as the scattering plane and putting
D= -D,/|0,, we can write the individual momenta m, sinha, = m , sinha,, (7
as

m, cosha, = m, cosha, + m ;cosha, + m, cosha,,

m 3 Sinhag = m 4 sinha,.

py=m(cosha,, sinha, sin6, 0, sinha, cos6), Choosing a,=a, and 6 as independent variables,

p»=—m,(cosha,, sinha, sing, 0, sinha, cosb), (7) can easily be solved to express a,, a,, and a,

. (6) in terms of a. The decay amplitude is then F(s, {)
b= —m.(cosha;, 0,0, sinhay), =M (p,, s, Ps,P4)=fa, 8), i.e., a function of the co-
ps=—m 4(cosha,,0,0, -sinha,). ordinates of one single momentum p,.

In terms of the Mandelstam variables (3) we can readily obtain

2 2
= - Stmy—my 8
£=cosha 2m s (8)
2s(t-m P -m )+ (s+mP—m2)s+m- m,?)
=s+(my+m,Fl[=s+m,—m,P)[-s+0m s+ m4)2][—3 +(mg— m4)2]}1/2 ’

= = 9
z=cosé T (9)
Formulas (8) and (9) are precisely the same kinematic relations that determine the variables used pre-
viously when treating scattering in the c.m.%®-%, For scattering, the range of the variables s and ¢ is such
that 1 <¢<w, -1<z<1, i.e., 0 sa<ew, 0 <6<7 so that the point p, covers the whole hyperboloid p,2=m ?
(if we add a cyclic angle ¢). For a particle decay, however, s, f, and u are in a finite region, restricted

by the boundary (4) and satisfying (5). The range of the new variables for a decay is

mg+m) +m 2= m,?

ls¢s -1sz<1 10
g 2m1(m3+m4) ’ Z ’ ( )
so that
Osasa 0<f<m.

max ?

Thus, the physical decay region does not get mapped onto an entire hyperboloid, but only onto a finite
“cup” close to the vertex of the hyperboloid p,? =m 2. Such a region is certainly not convenient for writing
expansions in terms of the representations of O(3,1), since this group acts transitively on the whole upper
sheet. Besides, one point on the boundary of the physical decay region, the singular point s=(m+m,)?,
where cosf changes from +1 to -1, gets mapped onto an entire circle on the hyperboloid a=a,, , 0 <6 <.
If such a mapping is used, analyticity properties of f(s, ) must be imposed artificially, this leading to var-
ious difficulties, like kinematical constraints on partial-wave amplitudes. To get rid of these difficulties
we make use of the finiteness of the decay region to perform a further mapping of the physical region from
the hyperboloid onto a sphere, this being similar to going into the Euclidean region of momentum space.
The simplest way of doing this is simply to construct a parallel mapping of our section of the hyperboloid
onto a hemisphere having the same radius as the maximal circle on the hyperboloid (see Fig. 2). This can
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be done by performing the mapping parallel to the axis of the hyperboloid onto a hemisphere with its center
at (0,0,0,0). Instead of momentum space let us consider relativistic velocity space, defining relativistic
velocity as v=p/m. Thus, in velocity space we have

v =(cosha, sinha sinf cos¢, sinha siné sin¢, sinha cosb),

(11)

Osasa O<f<m O0<¢<2m,

max ’

where cosha and cosf are given by relations (8) and (9). We project the point v on the hyperboloid onto
point v, on the sphere (“Euclidean velocity space”), satisfying
vy =R(cosp, sinf sind cosd, sinp siné sing, sinscosé), (12)
0<B<im O0<fOs7, 0<¢p<2m

Since the mapping is parallel to the timelike axis the angles 6 and ¢ in (11) and (12) are the same and we
have

R sinp= sinha. (13)
In particular the radius of the sphere is

{[(m.l + mLZ_(m'a + m4)2][(m 1= mz)z‘ m g+ m4)2]]ll/2
2m m s+ my) ’

R =sinha,, = (14)

Using (8), (13), and (14) we finally obtain the coordinates of point v, on the sphere as cos6, given by (9),
and

s[mlz__ m22 +(m3+m4)2]2—(m3+ m4)2(5+ m12_ Wng)z 1/2
cosp= 2 2 2 2 . (15)
Slm,+m, P =mg+m P n = my) = (m g +m,)?]
r
However, the singular point s=(m,+m,)* is now easily achieved by introducing a new variable
mapped onto the equator of the sphere and this -2 (16)
still leads to difficulties. We prefer to map both A=k
singular points in s, namely the “threshold” given in terms of the Mandelstam variable s as
_ 2 13 ” — 2
§—(m3+m4) and “pseudothreshold s—(n‘zl-j m,), _ [om, + myP = s)[om = m, )= s] .
into the two poles of the O(4) sphere. This is cosa=1- 2 2R%s , (1m)
1
0 with Os g <.

‘ To each point on the Dalitz plot for the decay (1)

we can ascribe coordinates @ and 6, given by ex-
pressions (9) and (17) (the coordinate ¢ determines
the position of the decay plane and the amplitude
v cannot depend on it). From the Dalitz plot we can
reconstruct the decay amplitude f(a, 6). This is
now a function defined on an entire sphere and it
| can be expanded in terms of the irreducible repre-
| sentations of the group O(4), rather than of the
homogeneous Lorentz group O(3,1), which provides
-> expansions of scattering amplitudes. The O(4) ex-
pansions are given in Sec. IV and we shall see that
the correct threshold behavior, occurring in the
new variables at ¢ =0 and a=7, is ensured automa-
tically by our choice of variables.

III. SOME RESULTS ON THE
REPRESENTATIONS OF O(4)

The group O(4) has received extensive treatment

FIG. 2. Mapping from hyperboloid onto sphere. in the literature.’®~!” To define our notation and
R =sinha ,; sinha =R sinza; 0<a=<a,,, 0sa=r, conventions we shall give a few results relevant
0=0=m,

for our purposes. Readers who are only interested
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in the resulting expansion may wish to skip to
Sec. IV.

A. The Algebra and its Invariants
Using the notations
L;=3€ My, A;=Mgy, (18)

for the six generators of O(4), we can write the
commutation relations as

[Li,Lj]:ifijk L, [Li,AjJ'—‘iEiﬂeAh:
[A;,A;]=d€;; L.

The local isomorphism between O(4) and O(3) xO(3)
is demonstrated by putting

Ji=3(Li+Ay), Ji=5L;- A, (19)
yielding

i, d;] =€ ey iy d ;)= i€ s,

[J,,J,] =0.

The two invariant operators (Casimir operators)
of O(4) can be written as

L =L2+A%=2(J* +§2),

L=T-R=3-7, (20)
and their eigenvalues can be written as

L=2[7(j +1)+ j(j+1)]=n(n+2) +v?,

L=3( +1)=7(j+1)=(n+1)p, 21
so that

n=j+j, v=j-j. (22)

Since j and j can only be positive integers or
half-integers, we obtain that #» and v are integer
or half-integer and

n=|vl. (23)

Among the different possible parametrizations
of a group element two are particularly useful.
One corresponds to the O(3)x0(3)D0(2)x O(2)
reduction of O(4):

g=e'spi%2 el 373 pi%alg picshy eiasf:,, (24)
the other corresponds to the O(4)D0(3)D0(2) re-
duction

g=eVil3pif1Ls pid Ly picds pi05Ls HidyLg (25)
and is particularly suitable for our expansions,

being intimately related to the O(3,1)D0(3)D0(2)
reduction of the homogeneous Lorentz group.

B. The Basis Functions for Irreducible
Representations

The group O(4) is compact; thus all its irreduc-
ible representations are finite-dimensional, uni-

tary, and can be labeled by the two numbers v and
n.

We shall make use of two different sets of basis
functions, corresponding, respectively, to the re-
ductions O(3)x O(3)D0(2)x0(2) and O(4)D0O(3)
D0(2).

The first set will simply consist of products of
basis functions of O(3) and can be written as

[imim)y=Y (6, ) Y56, H). (26)

The O(4)D 0(3)D0O(2) basis functions are eigenfunc-
tions of the operators I,, L, L% and L, and can be
defined to be

lvnLM)=35 Gmim|LM)|jmim), 27)

where (jmjm|LM) are Clebsch-Gordan coefficients

of O(3). Note that the definition (27) not only en-

sures the proper transformation properties of

|vnLM) but also contains a phase convention.
Indeed, the phase convention in (26) is such that

the matrix elements of all the generators J; and

J; are real and satisfy

Hylimim)=[i(j+ DI 2Gm1uljm + )| jm+ uim),

(28)
Ayl imim)=[7(7+ D 2(mip| fm+ p) |l jmim+p),
where

Hy=dJy, H, =% (J,zi,),

(29)
A,=dy, Hy=5G2(J,2id)).
Putting
L,=H,+H,, A;=H,-H,, (30)

and using (27) and (28), we can use standard angu-
lar momentum theory to obtain

LyvnLM)=[L(L+1)]*>(LM1yLM + p)|lvnLM + )y,

AylvnLm) (31)

=3 (-1¥R%(LM1U|L + kM + ) |vnL + kM + p)
k

with
nv  _ [(n+ 1)2—L2](L2— V2] 1/2
RL-“( LEZL-1) ) ’
w_ __(n+1)y
Re= o nre= (32)

pv o (L4 1P= (L + 1DPI(L +1P - v?]\V/2
“1“( (L +1)(2L +3) ) )

Thus, in the “canonical” basis (27) the phase con-
vention is such that all matrix elements of L, and
A, are real.

We are actually interested in the O(4) spherical
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harmonics, i.e., in basis functions |vnL M) real- &—=T,, T flx)=flg ), (34)

ized as ﬁ?nctions on an O_(4) sphere.. i where f(x) belongs to the Hilbert space of functions
Let us introduce spherical coordinates, putting over the sphere, satisfying

x,=sina sinf cos¢, x,=sinacosd, (33) f‘ﬂa’9’¢)1251n2asin0dad9d¢<oo. (35)
o _ 3
%, =sinasindsing, x,=cosa. It is a simple matter to find the generators of O(4)

Consider the quasiregular representation!® as differential operators on the sphere:

. d 9
L,=i (smzp PY cotf coso, 5) ,

9 9
L,=i (—cos¢ 5ot coté sing £>,

9

L3=_l%’

(36)
. a 9 i 9
A= z'(sme cos¢ Py cotacosfcose 36" cota% £> )

9 . 9 cosd 8
A, = i(SiHB sin¢g ba +cota cosd sing v cota ;ngl 55) ,

. 3 . 9
Ay=i (cos@ Py cota sing 86)‘

Writing down the operators [,, L?, and L, as differential operators, noticing that /,=0 identically, so
that the only representations realized in this space are those with v=0, and solving the equations

L&y e, 0,0)=nn+2)®y,la,6,0),
L?®yy(a, 0,9)= LIL+1)® y(a, 6, ), 37)
L®y(a,0,0)=Mdy,(a,b,d),

we can check that the normalized spherical functions satisfying (31) are

(L-M)! (N+1)I(N-L + 1)]1/2
(L+ M) T(N+L+2)

L+1/2
IONLM>=‘I’NLM(0-’, 6,¢)=e it/ g—#I—)[(ZL =

X (sina)*CE*L (cosa)PY(coso)e #®. (38)

Here PY(cos6) and CEtl(cosa) are Legendre and Gegenbauer polynomials, respectively. An equivalent
form, more similar to the one figuring in O(3, 1) expansions, is

2L+1 (L=-M)! T(N+L+2)(N+1)
41 (L+M)! T(N-L+1)

. 1/2 1 .
[ONLM)=® y;,(, 6, 0)=e "("/2)"[ ] Ginal 7 PN ?(cosa)P)(cosp)e™?.

(39)

C. Spherical Functions and Finite - Transformation Matrices

Making use of the local isomorphism between O(4) and O(3) xO(3), it is quite simple to obtain the matrix
elements of finite transformations, i.e., the O(4) D functions. We do not need their explicit form but only
the relation between the D functions and the spherical functions (38). Consider again the quasiregular rep-
resentation (34). By definition, we have

q’NLM(g-lx) = qu)NLu(x) =2 DOLIgM'.LM(g)q,NL’M’(x)' (40)
LM’

Consider the point x,=(0,0,0,1), i.e., put =0 in (33). The function ® 40,6, ¢) cannot depend on 6 and
¢, since these angles have no meaning for @ =0. Indeed we have
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N+1
QNLM(O:G’q)):aLoéMO\/’z—-ﬂ J (41)

Substituting (41) into (40) we have

- N+1
Syulg ’xo) = ‘7'2‘—",'7" Dgg,LM(g)'

Putting
g=eilaPrpilany gilsps pids 0 pilefpilsln=0) (42)

with p,, p,, and p, arbitrary, we have

N+1
q’NLM(a,@,‘b): ﬁDgg,LM(g)' (43)

D. The Clebsch - Gordan Series

Let us define the Clebsch-Gordan coefficients for O(4) by the relations

_ VN, Uon, |vn 44

]V1n1L1M1>|U2n2L2M2> v,?[?,u(LxMx L,M, LM)IWLLM>, (44)
_ mn, v,n, |vn

IVnLM>_L1_M§2_”2<L1M1 LM, LM>|V1n1L1M1>fV2”2L2M2>' (45)

Our notations are such as to stress the analogy with the O(3,1) case.!® Equation (27) and its inverse make
it possible to express the O(4) Clebsch-Gordan coefficients in terms of purely O(3) quantities and we obtain

/

%(7’11+V1) %(”1‘1/1) L,

(Vlnl Lo, >_[(2L1+1)(2L2+1)<n+v+1)(7l— V+1)]1/2(L1M1L2A42,LM) i(ny+vy)  3(ny—w,) Ly S , (46)

LM, LM,

M)
sn+v)  3n-v) L

where the curly brackets denote a 9-J symbol (for definitions and properties see, e.g., Ref. 20).

Let us note that v, =v,=0 does not imply v=0 in (46), i.e., the direct product of two “degenerate” repre-
sentations with v; =0 will contain general “nondegenerate” representations. However, a special case of
interest when v, = v, =0 does imply v=0 is

On, Ony|vm \ n+1 1/2
( LM)— éyoﬁLoﬁuo[m—l—)] . (47)

00 00
Performing a general O(4) transformation on both sides of (45) and making use of the orthogonality rela-
tions for the basis functions, we obtain

vn

12Y] 12
v o’ LIM1> Dllf"'M’,LM(g)' (48)

vnLML'M’ <L1M1 LzMz

Using (43), (47), and (48) we obtain an expansion formula for products of spherical functions (evaluated at
the same point):

<I>rtlm(a’ 9) qb)én’l'm’(a’ 9; d’)

viny vang
DLiMi,LlMl(g) D:,éué ’L2M2(g) =

vn \[vin, Von,
LM)\L; M LiM,

m s 1
1
:\/2_”[(n+1)(n'+1)(21+1)(2l’+1)]‘/2Z(N+1)‘/2(lml’m'[LM) ' s U S@yina, 6, o).
NLM
3N N L

(49)

Note that the 9-J symbol in (49) is equal to zero unless n+n’ +N+I+1’+L is even.

IV. TWO - VARIABLE EXPANSIONS OF DECAY AMPLITUDES

Let us now consider the decay amplitude f(s, ) as a function f(a, 6) of a point on an O(4) sphere, indepen-



2346 H. R. HICKS AND P. WINTERNITZ 4

dent of the azithumal angle ¢. Expanding in terms of the functions (38) satisfying the normalization condi-
tion

m m o
f sinzadaf sin@def dq;én,m(a,e,zp)@:l,,m,(a,9,¢>)=6,,,,'6,,,6,,,,,,:,
0] 0 0
we obtain

2 & 1+1/2 _ 1/2
Aa, 9)="Z:% ;a",e"wz” .2—21;(1_’:9_[(2“1)%}_)} (sin@)'C}} (cosa)P (cosb), (50)
(n+1)I'(n-1+1)

am=ei("/2)'2“1/21"(l+1)[(21+ R PN

1/2 r
jl fn sin®a daf 5in6 do f(a, 6)(sina)'C}!}(cosa)P,(cosh).
0 0

(51)
If particles 3 and 4 are identical we must have

fs, t,u)= f(s,u, t), ie., fle,0)=Aa,1-0), (52)

so that a,; =0 for odd values of . The same symmetry (52) results from C invariance in n— 37 decay where
the 7° is particle 2. For kaons, CP conservation and the Al= 5 rule also relate the amplitudes for various
decays (see Ref. 21).

If particles 2, 3, and 4 are all identical (e.g., K°~ 7°7%°) then f(s, t,u) must be invariant under arbitrary
permutations of s, ¢, and #. This is somewhat more difficult to ensure; however, use can be made of the
O(4) partial -wave crossing matrices derived in a previous publication.*

Expansion (50) of the decay amplitude can be used directly to fit experimental data, considering the a,,
to be arbitrary complex numbers. It is, however, convenient to also have an expression for the decay
probability directly, i.e., an expansion of the square modulus |f(a, 6)[?.

Using (50) and (49) such an expansion can be readily obtained. Indeed writing (50) in the form

Aa,8)=2a,®,(a, ), (53)
n,l
we have
|f(ll,9)'2: > anza:’z’q’ntq’:’t': 2 eim,anla:'l'énlén'l"
n,d,n" 1’ n,l,n" 1"
Thus
o N
[fla,0)F= 3 25 byr@yila,0), (54)
N=0L=0
with
n in 1
(N+1)1/2 ’ ’ ’ iri’
b~L=—7—2—}—",;'11[(%1)(#+1)(2z+1)(zz+1)]*/2(zozo[L0) m' o U oye’ ayal. (55)
IN N L

The relation (55) immediately supplies useful selection rules. Thus b, #0 only if
I+l'+L=even, n+n’+N=even, |l-U|<sL<l+l', [n-n|sNsn+n’, O<L<N. (56)

In particular, if / and !’ are even, then L must also be even. The amplitudes b, are of course real num-
bers. The correct threshold behavior of our partial waves is ensured by the presence of the factor (sina)’
in (50), since

{[omy+m, P = slm; = m,)* = sl[s=(my+ m )2 [0m 2= m,2 = my+m,)?s|}/? (57)
2m 2m,+m,)R3s

sina =

vanishes correctly for s=(m,- m,)* and s=(m,+m,)? [the additional zero of sina at s = (m,2— m,?)?/
(m ;+ m,)* has no physical meaning, since it lies in the physical scattering region, where we use the origin-
al O(3,1) mapping].

In a separate publication® we apply the presented method, in particular, expansions (50) and (54) to treat
the Dalitz-plot distribution of K*— 7*7*7" decays®. In doing this we must naturally restrict ourselves to
a finite number of terms in each sum, e.g., by taking 0 <n <n, for some fixed n, and considering all ac-
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ceptable values of . The relation between the amplitudes a,,; in (50) and b, in (54) for low-lying values of
n and [ is given in Appendix A.

Let us now discuss the relation between our analysis and the usual one in terms of Dalitz variables (see,
e.g., Refs. 21 and 23).

The Dalitz variables x and y are introduced when considering a three-body decay in the rest frame of the
decaying particle. Let the kinetic energies of the produced particles 2, 3, and 4 in the rest frame of par-
ticle 1 be T, (k=2,3,4) and introduce

Q=T,+ Te+Ty=m = My—my=m,. (58)
Then we define
Ta_ Tq’ y= 3T2-Q . (59)
Q Q

Our variables @ and 6 can easily be related to x and y (see Fig. 3):

2Q  (1+y)[6m,+Q1+y)] (60)
3R? 30m - m, P -2m,Q(1+y)’

x=v3

cosa=1-

cos6 ={ Q1 +y)6my+ Q1 + W[, = m,P=m g+ m, 2 =2m, QL+, - m,)—my—m )-3m,Q1 +p)[y/2
X{"[(m 1— mg)z—%le(l +,\')][6m3+Q(2 +\/—3— X—,V)]
+[30m ;= my)= QU+ M) [m = m,)* + m2—m 2= 5m,Q(1 + )] (61)

The most common way of treating, say, K- 37 decays is to expand the amplitude in a power series in x
and y:

fls, )= 3> Ry, x™y". (62)

m,k=0
Let us compare this expansion with the O(4) expansion (50) which we write as
f(S, t) = i i anl <I:‘nl(a7 8)'
n=01=0

Making use of the inverse formula (51), we obtain

arﬂ: ”2 [:'lanm» (63)
m,k=0
with
2 +1)(n+ )= 1" . )
1;;":2'”/211[( “(n)i"l‘; 1))('” D J e’W“‘”[ da(sina)’ ZC,’,:i(cosa)yk["x"‘P,(cosG)sianB. (64)

Similarly, making use of the fact that
1 gmth

ka=m Wﬂs’n,:y:o
we find that
0 n
ka:ZOIZ_:OJ::nanl ’ (65)
with
It 2" @I+ D)+ D=2 am**
. nl _ : s 1 1+1
ka m k! \/‘2—77[ (n+l+1)’ ] axmayk Sin (!CV,_I(COSCY)PI(COSH) x=y=o~ (66)

The “overlap coefficients” 7%7 and J! can easily be calculated explicitly and we discuss them further in
Appendix B. In any case, it is obvious that the relation between the two types of expansions is not trival
and that a finite number of terms in one expansion corresponds to an infinite number in the other.

In particular, if we use the linear approximation for f(s, ¢) (as is often done when presenting decay data),

(s, )=Rq+R oy, (67)

then the nonzero terms in the O(4) expansion will be
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by and 6, given by expressions (9) and (17). The O(4)
a-180° -group expansion of f(a, 0) is then provided by for-
10 mula (50), or alternatively, the decay probability
a=[160°

FIG. 3. Dalitz plot for K — 37 decay parametrized
in terms of the Dalitz variables (x,y) and the O@4)
variables (¢,8). The boundary of the physical decay
region is cosf = = 1.

_ 700 10
Aoo=IgoR oo+ 100 R 10

_ 710,
Apo=InoR 10,

(68)
lsn<ew,
The first few coefficients IS and J,3 have been

evaluated numerieally for K*—~ n*7*7" decays and
are presented in Tables I and II.

V. CONCLUSIONS

Let us summarize the contents of this paper.
Two variable expansions previously developed for
scattering amplitudes,’™® have been modified to be
applicable to general three-body decay processes
(1) involving particles of spin zera. The physical
decay region is mapped onto a three-dimensional
sphere in Euclidean velocity space, so that the
decay amplitude is a function of the variables a

|f(a, 6)? is expanded using formulas (54) and (55).
Important features of this method are:
(1) Scattering and decays are treated on the
same footing, the only difference being that the ex-

2-100° s pansions for scattering must be provided by the
/ ( o noncompact group O(3,1), since the physical region
a=-80° is infinite.

(2) The fact that the expansions are explicit in
both kinematic parameters makes it possible to
represent the total information contained in the
Dalitz plot in terms of a few parameters —the
O(4) amplitudes a,; in (50). These amplitudes
should then be sensitive to the actual dynamics of
the decay, i.e., to questions like CP violations in
K- 37 decays, the Al=3 rule in nonleptonic weak
decays, etc.

(3) The partial -wave amplitudes have the correct
threshold and pseudothreshold behavior built in
explicitly, since the basis functions contain a fac-
tor(sina)’ vanishing as [s—(m,+m,)*]”? and
(6n,- m,)*~s]"?, respectively.

(4) A “fringe benefit” obtained by using the O(4)
expansions (50) is that the statistical errors in the
expansion coefficients a,; are (at least in a some-
what idealized case) uncorrelated, since the func-
tions ¢,, are orthonormal when integrated over the
physical decay region only. Indeed, the phenome-
nological coefficients a,; are obtained by minimiz-
ing the y? function

K
x2=2:
=0

where the # summation is over all experimental
points (or over the centers of each bin in the Dalitz
plot, or some other such quantities, depending on
how the data are presented). Here A, is the exper-
imental error in f(a,, 6,). The n,! sums are over
finite numbers of terms. The errors on the coeffi-
cients are uncorrelated if the inverse error matrix

2
flon, 6)= 2 amdnlay, 6,)

= (69)

TABLE I. The overlap coefficients 1%} expressing the O(4) expansion coefficients a,, in terms
of the power-series coefficients R, for K* — m*r*r¥ decays.

R\ n 0 1 2 3 4 5 6 7 8 9 10

0 4.443 0 0 0 0 0 0 0 0 0 0

1 0.767 -2.027 -0.294 -0.050 -0.010 -0.002 s e cee .

2 1.077 -0.426 0.890 0.267 0.066 0.016 0.004 0.001 cee .

3 0.318 -0.973 0.091 -0.405 -0.185 -0.060 —0.017 -0.005 —0.001 oo .
4 0.498 -0.261 0.647 0.069 0.205 0.177 0.047 0.016 0.005 0.001 oo
5 0.161 —0.567 0.109 -0.389 -0.112 -0.119 =-0.074 -0.034 -0.013 -0.004 —0.001
6 0.283 -0.157 0.458 0.007 0.231 0.104 0.077 0.048 0.024 0.010 0.004
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TABLE II. The overlap coefficients J,';O expressing the power—serles coefficients R, in terms
of the O(4) expansion coefficients a,, for K*—n*r*r¥ decays.
n \% 0 1 2 3 4 5 6 7 8 9 10
0 0.225 0 0 0 0 0 0 0 0 0 0
1 0.114 —-0.446 -0.137 -0.03¢ -0.008 -0.002 see s cee . s
2 -0.168 -0.452 0.747 0.510 0.209 0.072 0.023 2.027 0.002 0.001 XN
3 -0.199 0.550 1.513 -0.890 -1.280 -0.780 -0.357 -0.141 -0.051 -0.017 -—0.006
4 0.067 1.124 -0.952 —4.267 —0.089 2.370 2.198 1.315 0.637 0.271 0.106
5 0.232 -0.115 —4.265 -0.075 10.110 4.857 -2.516 -4.824 -3.887 -2.316 -1.163
6 0.051 -1.643 -1.119 12,725 7.959 -19.283 -=19.100 -3.195 7.413 9.318 7.017
1 X Remmel and Dr. P. A. Souder for sending us
H v =3 (70) ies of thei blished th
. 3a,;0a, copies o eir unpublishe eses.

is diagonal. We have
®,(ay, 6,)0 ’1’(‘11“ 9;;)

Hnl,n'1'=kz 25k kAkg . (71)
Consider now the ideal case of a very large num-
ber of measurements [K -« in (69)]. We can re-
place the sums over experimental points by inte-
grals over the Dalitz plot (the physical decay re-
gion), so that

Spla, 0)d, 5 (a, 6) ., .
Hoy o 1"£ f A(a, 6) sinada siné db.
(72)

However, if we assume that the errors are uniform
over the Dalitz plot A(a, ) =A =const, we can make
use of the orthogonality properties of ®,, to obtain

eint 1
nl.n'l'z—szénn'Gll" (73)

H

so that the errors are indeed uncorrelated.
Important questions which should be settled by an
actual treatment of data, e.g., for K-~ 37 and
n- 31 decays are the following: How fast do the
O(4) expansions converge for physical amplitudes?
How stable are they with respect to the cutoff 7,?
How sensitive are the expansion coefficients a,,
with respect to interesting features of the decay?
How do the O(4) expansions compare with other
treatments? Some answers to these questions are
contained in Ref. 22.
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APPENDIX A: REMARKS ON THE DECAY
PROBABILITY

If a decay amplitude is expanded using formula
(53), then the decay probability will be represented
by (54). The general connection between b, and
a,; is given by (55). The amplitudes a,; are in gen-
eral complex, whereas the by, are real. In practice
we always consider a finite number of terms only.
Since the phase of f(q, 6) is arbitrary, we can fix
an over-all phase for the coefficients q, ,e.g., by
putting a,, =real, positive.

Let us consider the case when we cut off the sums
in (53) at n,=2,1i.e., consider only ay, >0 and q,,,
@y, and a,,, which are complex. Further, assume
that particles 3 and 4 are identical so that [ and I’
are even. The selection rules (56) show that these
a,, contribute to b,, with 0 sN<4, 0 <L <N. Ex-
plicitly evaluating the 3j and 9j symbols in (55), we
find:

)

1
booz‘[?——; ( |a00 |2+ ' ale + Iazol2 + lazzlz))

V2
b= . Rea,o(af, +af,),

1
b0 =E (layol®+ lag, [* —%]azz [2+2 Reagyaf,),
1
byp = 2_' =lag,* + 22 2 Rea,qaf, - ‘/—Reazoazz)r
V2
by = ' Rea,,a%,, (A1)
1
by, = p Rea qaf,,
1
b40=T Iazol +1'Glazzl )
1 1
by = o \E__ !azzl +TV2 2 Rea,qa,),
9 1
b= TN lay, [*
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It follows from the above relations that a three- parameter fit to the decay probability [the param-
parameter fit to f(a, 6) (the parameters being a,, eters by, ..., by, of (Al)], with two (nonlinear) con-
>0, Rea,,, and Ima,,) corresponds to a simple straints on the b,;,. These constraints can readily
three-parameter fit to |f(a, 6)1? (the parameters be obtained from Egs. (A1), however they are too
are by, b,,, and b,;). On the other hand, a seven- inelegant to merit publication.

parameter fit to f(a, 6) corresponds to a nine-

APPENDIX B: RELATION BETWEEN O(4) AND DALITZ VARIABLE EXPANSIONS

The overlap coefficients, /5"and J.,, relating the two different types of expansions, have been defined
in Sec. IV [see formulas (64) and (66)]. Let us first discuss /*™. In order to perform the integrations in
(64) we first express x and y as functions of { =cosa and z=cosf. We then expand x™ and v* and (1 =¢)*/2
in powers of ¢ and z, so that finally the only integrals actually needed are®

b VT C(a+1)
f_lzP,(z)dz=[1+( 1 ]2““ L(:(I+a+3))T(3(-1+a+2) (Rea > -1) (B1)
and
2\1+1/2 +1 n- m(n+1+1)!T(b+1)
f (1= €3 =1+ (1) e S e GG T DT Re 0> -1,

(B2)
Expressions (60) and (61) can be inverted, to give

1
2m1Q}

y= —-6m m, -2m @ —3m *R%+3m 2 R* +3m °R*cosa

2) m *R? _ R? _ m 2R%/m ? 1/2 B
+3m m, I:(2+R <2+ o >(1 2—+R2cosa) 1 2————+m12R2/m22 cosa , (B3)

and a somewhat more complicated expression for x as a function of « and 6.
We have obtained a general expression for /%], which is, however, quite cumbersome, containing one

infinite sum and many finite ones. If we only consider a special case when m =0, then we obtain a some-
what simpler result, namely,

2¥"(6m, +2Q + 3m R2\*/m ,\*"
R0 _ 1)k W £ 2 s 2
I1:9="08,,(=1)*"v2 11(n+1)k.(R> < 30 )(”h)

xiii‘Z(_l)C (2p =n)IT (c/2+1)
4

2=0 b=0 ¢=0 (F=D)lc(b=c)1(2p—a=b+c-n)1(2a+b—c+n=2p)1(p+1)1(p=n)'T (c/2 —a+1)

2\ 2p-a=b+c/2 2 2a+b —c+n =2p
b=c— m m m
< 92arb = 4’(31le)°<— L R (1+ 12+ 2 R?
My m, m,

x’:(2+R2) <2+ R)} T 6y 4 2Q + 3m B2 (B4)

Expression (B4) was actually used to calculate the first few coefficients numerically. The program was
so arranged that all terms in the finite sums were taken and the infinite sum over « was cut off as soon as
the sum over the last three terms in ¢ was less than 1% of the total value of the corresponding coefficient
I¥9. The results are presented in Table I.

The coefficient J, of (66) can also be calculated in general. To do this we need an expression for the
nth derivative of a comp031te function, which can be written as

d"F(9(1)_ o it
e Zzb,a Sy [ 015 L0017 22 Fio). (B5)

a=0 b=0

The general coefficient J} is again quite complicated, the special case [=0 is simple enough to be presented
here. Indeed, we have
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kR

1 d
no
" = "'°k1\/— dy —¢ Cl(cosa)

y=0

(B6)

We can now directly apply (B5) with ¢ =cosa and F(¢)=Ck(cosa), cosa being given by (60). The result can

be presented as

Y’2%u 1T (~a+b+c+d+k)

1 om ,Q k min(k,n) a a=b
= mﬂkl\/’n(ﬂl_> E ZEZ b'(a b

a=0 b=0 ¢c=0 d=0

o)l (c-d)!d'T (-a+b+c+d)

x|cospCiti(cosp)] |, .o(s)*0em0k| _ AP e B e (BT)
where
2 6m, + p
cospl, =1 —31% Som in,:, )?—Zm 0 Sly=o=(m, -m,)* —3m,Q ,
1 2 1
- 1 _m>+m;’ +m *R* =_M (B8)
A=- 2m 2R?’ B= m R? » € 2m °R?

Formula (B7) was used to calculate the first few values of J}o numerically, as presented in Table II.
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