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Using an operator technique similar to one we have used in a previous paper, we study the
generalized coherent states which were introduced by Titulaer and Glauber and discussed
recently by Bialynicka-Birula. Using this technique, we provide an alternative derivation of
the most general coherent state and then derive a number of interesting properties, some of
which do not seem to be in the literature. For example, we show that the generalized
coherent states are not minimum-uncertainty packets.

I. INTRODUCTION

It has been demonstrated' that the coherent
states, i.e. , annihilation-operator eigenstates,
are not the only pure states which satisfy the con-
ditions for full coherence. There exists a larger
class of states which includes the coherent states
as a special case. This larger class, the general-
ized coherent states, gives the same results as do
the ordinary coherent states for the correlation
functions 6". The generalized coherent states dis-
play properties differing from those of the annihi-
lation-operator eigenstates for the case of pro-
cesses which are described by matrix elements
containing unequal numbers of creation and annihi-
lation operators. "

In Sec. II we develop an operator approach to the
generalized coherent states. We write these states
in the form of a unitary operator acting upon a reg-
ular coherent state. This approach yields an alter-
nate derivation of the generalized coherent states,
and provides a convenient way to calculate with
them.

In Sec. III we discuss some properties of a se-
quence of operators introduced in the process of
developing the formalism. By means of these op-
erators we show that a certain species of general-
ized coherent state are eigenvectors of integral
powers ()1)of the annihilation operator while not
being eigenvectors of the annihilation operator
itself.

In Sec. V we prove that the generalized coherent
states do not minimize the uncertainty product
Axe of position and momentum as do the ordinary
coherent states.

In Sec. VI we prove that the operators introduced
in Sec. II are unitary, which demonstrates in the
context of the present work that the generalized
coherent states completely exhaust the pure states
which satisfy the conditions for coherence. This
fact was, of course, also demonstrated in Ref. I.

II. DERIVATION OF THE GENERAL
COHERENT STATE

0 T=TnQ. (4)
The operators T„are of interest in several con-

Glauber and Titulaer have shown' that any pure
state of the electromagnetic field which possesses
first-order coherence may be thought of as one in
which only a single mode is excited. This mode
need not be a monochromatic one in general, but
can be a generalized packet mode. We are inter-
ested in the most general pure state which is co-
herent to all orders. It is convenient to discuss
this state in terms of that single mode which is
excited by virtue of the state having first-order
coherence. Let a and a~ be the annihilation and
creation operators corresponding to that mode.
We can now express the condition for full coher-
ence to all orders by the following equation:

(y)a at"(y&=(y(ata(q&" for n)1. (1)
The most general coherent state will be denoted

by ~g&. Equation (1) is identically satisfied for
n = I since, as we have just stated, any single-
mode state is first-order coherent.

We will look for the most general pure state sat-
isfying (1) by writing ~g& in the form

~P&= T~P& with T" = T ', (2)

where ~P& is a regular coherent state of the excited
mode, i.e. , an eigenstate of a. This approach of
looking for solutions in the form of a unitary oper-
ator acting on an eigenstate of the annihilation op-
erator seems quite useful and has been used by the
author in connection with a study of minimum-un-
certainty packets. ' The coherence condition then
becomes

(Pl Tta
' "a"TIP&= (Pl Ttat a TIP&" (s)

Now we define a sequence of operators, T„, re-
lated to T by means of the relation
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texts and they can be calculated once T is given.
We use (4), its Hermitian conjugate, and the rela-
tion ale&= i3IP& in Eq. (3) to get

explicit form for T, M. ultiplying (7) by a we have

aT= Pe' ~ Wsls-1&&sl
s=p

&P I T„T,IP&
= &P I T& T& IP&", all n ~ 1. (6)

= Pe' "+& v'n+1 In)(n+ ll

T a™aT=a™a,all m~ 1.

Since T is unitary, the above equation for m = 1

implies that T commutes with the number operator
a a. This means that we can represent T as an
operator which is diagonal in the number-eigen-
state basis, i.e. ,

T = Q C„In) (n I. (7)
n=p

The unitarity of T implies

T'T = &IC.I'ln&&nl =1.
n

Hence we have IC„I'=1 and C„=e'"~. So we finally
have

(8)

T = Pe'~ In&&n I,
n=p

where 0„=arbitrary real number.
Writing

It&=. -~s~'g ~ I.&
p

n 0

and letting P =~e', we get the following expression
for ly&:

QO n

lg&= TIP&=e " '~e"e"'" ', In). (10)

This is exactly the same result obtained by Titu-
laer and Glauber' in a rather different manner.
Equation (10) here coincides with Eqs. (3.16) of
Ref. 3 if one writes our 0„+nft) as simply 0„'. We
have reproduced all of the states that are termed
the most general coherent states in Ref. 3 within
the assumption that all of the T„are unitary. It
might seem that there could be even more states
which satisfy (1) than are obtained in Ref. 3,
namely, those states which correspond to nonuni-
tary T„. However, this is not the case because, as
will be proven in Sec. VI, the T„cannot be nonuni-
tary.

III. PROPERTIES OF THE T

Using the expression {7)for T, we can obtain an

So we have translated the coherence condition from
a condition involving the matrix elements of known
operators in unknown states to one involving matrix
elements of unknown operators in known states.
It is clear that the coherence condition will be sat-
isfied if the T„are unitary, i.e. , if T„T„=1. We
shall, at this point, assume this to be the case.
By multiplying (4) by its Hermitian adjoint and us-
ing the unitarity of the T„, we get

n= 0

= Z '-'I &( I)n=p

Hence we have the result

T, = Pe' "-~ln&&nl.
n=p

(12)

In the same manner one can show that, in gen-
eral, we have

T, = Pe'" -~In)(nl. (13)

a'(T„T„i)= (T„„T„.„)a', (15)

so the product of two T„'s is of the same type as
the T„'s. We can use the properties of the T„'s to
study the general coherent states.

IV. PROPERTIES OF THE GENERAL
COHERENT STATES (GCS)

From the form lg&= TIP&, it is clear that the GCS
share the properties of the coherent states as to
overcompleteness, representation of operators,
etc. For example, by multiplying the relation
(1/v) f IP)&PId'P = 1 on the left by T and on the right
by T~, we have

P P q')(P d P =1. (16)

An interesting subset of the GCS is the set of
states whose phases 6„are periodic, i.e. , 0„,„
=0„ for some N and all n. These states have cer-
tain properties which simplify calculations involv-
ing them. Bialynicka-Birula' has stated that such
states may be written as a discrete superposition
of N coherent states of the form lpe' K) where
u„= 8+2m~/N and n =1, 2, ... , N

We can see how this comes about by noticing that
for 0,„=0„ the operator

T„=pe'" sin&&nl
n=0

From (13) we see that T, is gotten from T by shift-
ing the phase of In)(nl upwards by l units. Equation
(13) can be derived directly by using a relation
which follows from (4) and is independent of the
explicit form of T„, namely,

(14)
Another relation, also independent of the explicit
form of T„, that follows easily from (14) is
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is equal to T itself. Denote a state whose phases
have periodicity N by I/N&. Then by multiplying

IP„& by a", we have

It may be shown' that any state which minimizes
the uncertainty product Axsj is a solution of the
following eigenvalue equation:

a" ly )=a Tlp&= T„a"lp& (c„a+s„a )Iy&= uly&, (22)

(17)

so we see that Ig„) is an eigenstate of a" with the
eigenvalue p". Next we note that the Ir/r„&'s are not
the only eigenvectors of a". Any coherent state of
the form IX, o&, where X, is one of the Nth roots of
unity will be an eigenvector of a' with eigenvalue
cy". Since the N states of this type are linearly in-
dependent, we may orthogonalize them and con-
struct a set of X orthogonal eigenvectoxs of a".
The Ig„& may then be expanded in terms of this or-
thogonal set. Since each member of the set is a
linear combination of the (A, o&, so also is Ip„&.
The set of vectors built up out of the X eigenvec-
tors of f2~ for all N may be a useful one in com-
putations because of its "pockets of orthogonality. "
The states I&„& have the property that they maxi-
mize the modulus of the expectation value of a .
This result is easy to prove and seems nontrivial
since a is not self-adjoint. The proof proceeds
as follows: For an arbitrary (GCS) Ig&, we have

where C„=coshy', S„=sinhx, p. is a complex num-
ber, and r is real. In Ref. 3 we have shown that
any minimum-uncertainty packet (m. u.p. }can be
written as

lm. u.p.&= U, lo&=lr; a&,

where

U, =exp| r(a' —a '}] (24)

U„aU~ = C„a+S„a~. (25)

(c„a+s„at)TI@=GATI@ (26)

for some T, P, and p. If we use (25} in Eq. (26)
we get

U,aU,'TIP&= u TIP& (27)

In view of the above facts, we see that if one of
the GCS minimizes the uncertainty product it must
satisfy the equation

(ala" IO&=(plT'a"Tlp&

=(pl T' T. I p&p" (18)

or, since U~ = U„' = U „,
a(U, T)lk= p(U, T)I@. (28)

l(ylxlo&l- 2
I pl, (20)

with the equality holding only when I(& is a coherent
state, i.e. , for Ty: T.

V. NONMINIMALITY OF THE GENERAL

COHERENT STATE

We now prove that the only pure states which
satisfy the coherence condition (1) and which are
also minimum-uncertainty states are the annihila-
tion-operator eigen states.

We define position and momentum operators as
follows:

1x= ~(a+a'),

Schwarz's inequality then implies that

Kala IO)l' =-
I
pl'", (19)

with the equality holding when T„IP) is proportional
to Tlp) or T=e'"T„This impli. es that Ip)=lp„&.
Q.E.D. Making use of Eq. (19) for g=1 and the
triangle inequality, we can easily show that, for
x-(a+at), we have

So if TIP) is to be a minimum-uncertainty packet,
then U, TIP) must be an eigenvector of the annihi-
lation operator with eigenvalue g, i.e. , it must be
a regular coherent state Ip&,

U .TIP)=le& (29)

Making use of the relations Ip)=D(p)IO&, where
D(u) is the Weyl operator exp(pat —p*a), we see
that U „T-D(p, —P) or T- U„D(p —P). In arriving at
this result we have used the multiplication property
of the Acyl operator, namely,

(1IUD(g P)IO)=(llr u, P) (30)

This quantity may be obtained from Eq. (15') of
Ref. 3 and is given by'

(p- )c -'" — lupi + " p'

2 2C„

D(a)D(P) = expl (nP*- e*P)]D(n+ P).

Since T is diagonal in the number-state basis,
the off-diagonal matrix elements of U„D(p. —P)
must vanish in that basis. Consider, for example,
the off-diagonal matrix element

where A. is an arbitrary scale factor.

(21) This will vanish only for p, = P, in which case we
have T- U„. But U„ is diagonal in the number
basis only for r =0. Hence T-1 and TIP) can only
be a regular coherent state. Q.E.D.
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(l Ia"T Im) = (l I
T„a"Im) .

Using the relations

a" Im)= [m(m —1) (m —n+1)]' Im —n),

(l Ia" = (l + n f[(l + 1)(l + 2) ~ ~ (l+ n)] 'l

in (31), we get

(r+n)!s! 'l'
(rIT Is)= '; (r+nITIs+n).(s+n !r!

(31)

(32)

(33)

This generalizes the result of Eq. (13) which was
derived under the explicit assumption that the T„
are unitary.

From Eq. (4) for n=1 we see that aTIO)=0, so
that we have the result that (lIaTIO)=0 for arbitrary
values of /. This yields the result that

(mITIO)=0 for m=1, 2, 3, . . . , . (34)

Now T T= 1 implies that P",I(mITIO)I'=1 so that
(34) implies (OITIO)=X, where X is a complex num-
ber of unit modulus. In a similar way TT~ =1 im-
plies that+", , I(OITIl)I'=1. Since I(OITIO)I'=1, this
last result implies (OITIl)=0 for l ~ 1. Hence
(mITIn) is zero if either m or n is zero.

Next we make use of Eq. (14) which implies that

aT„IO)=0.

VI. UNITARITY OF THE T„

In this section we will show that Eq. (4}, which
defines the T„, and the unitarity of T imply that
T is diagonal in the number-state basis which fur-
ther implies that the T„are unitary.

First we establish the connection between the ma-
trix elements of T and T„ in the number basis.
Taking the matrix element of Eq. (4) between arbi-
trary number eigenstates, we have

Taking the inner product of this relation with an
arbitrary number eigenstate, we find that (mIT„IO)
=0 for all values of m (and n) greater than or equal
to unity. This result and Eq. (33) then imply

(r + n I
T In) = 0, (36)

and is, therefore, unitary.

where r, n=1, 2, . . . , .
So the matrix representing T has a triangular

form with all elements below the principal diagonal
equal to zero. For such a matrix, unitarity implies
that it is diagonal. This is easily seen to be true.
Consider the matrix [C,&], which has the upper tri-
angular form which we have shown T to possess
and is also unitary. Vnitarity of the matrix implies
that its columns are orthonormal. Since the first
column contains only a single element, namely C»,
we have IC,J' = 1. Now the orthogonality of all the
other columns to the first one implies that all the
entries in the first row are zero (except C»). Now

we can consider the matrix obtained by deleting the
first row and column of [C„.]. It is clear that the
columns of this matrix are also orthonormal, and
that the first column here, too, has but one entry
(C») which therefore has unit modulus. Orthogo-
nality then, as before, implies that all the elements
in the first row are zero (except C»}. This proce-
dure may be continued indefinitely to show that
[C,,] is a diagonal matrix whose elements are of
unit modulus.

So we have proved that T is diagonal in the num-
ber basis and has the form P",e' "In)(nI. From
this result it follows that
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